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Model-free prediction with application to
functional data analysis

Dimitris N. Politis

Abstract We show how the Model-Free Prediction Principle of Politis (2013)

can be applied to nonparametric regression with a univariate response and re-

gressors that are high-dimensional or even infinite-dimensional, i.e., functional.

Without assuming an additive model with i.i.d. errors, the Model-Free Principle

is capable of yielding both consistent predictors as well as prediction intervals.

39.1 Introduction

Consider regression data of the type (Y1, x1), . . . , (Yn, xn) where Yk is the response

associated with a regressor value xk. Based on such data, statistical inference

can be of two flavors: (a) explaining/modeling the world, and (b) predicting a

future state of the world. In step (a), the issue is to discover and describe the re-

lationship between the response variable Y to the regressor variable x. Step (b)

amounts to predicting a yet unobserved response Yn+1 associated with a regres-

sor value xn+1. If the modeling step (a) has been accomplished, then the predic-

tion problem can be solved by using the fitted model as if it were exact.

Since fitting a model gives the practitioner the ability to predict future re-

sponses one can ask if the converse is also true. The answer is yes: if one is able

to predict the future response that is associated with any regressor value x, then

an implied model-fitting is taking place as the curve explaining/predicting Y on

the basis of x is being constructed.

But how can one predict without a model? The Model-Free Prediction Prin-

ciple of Politis [2] substitutes the notion of transformation in place of a model,

and places the emphasis on observable quantities, i.e., current and future data,

as opposed to unobservable model parameters and estimates thereof. To briefly

describe it, consider the vector of responses Y m = (Y1, . . . , Ym)′. Thus, Y n con-
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216 Model-free prediction

tains the already observed responses while Y n+1 contains Y n plus the future (yet

unobserved) response Yn+1 associated with regressor value xn+1.

The Model-Free (MF) Prediction Principle amounts to using the structure

of the problem—that also utilizes the regressors—in order to find an invertible

transformation Hm that can map the vector Y m to a vector ǫm = (ǫ1, . . . , ǫm)′ that

has i.i.d. components conditionally on the regressor values x1, . . . , xm; here m
could be taken equal to either n or n+1 as needed. Note that the functional form

of Hm is allowed to depend on the regressor values x1, . . . , xm although this is not

explicitly denoted. Letting H−1
m denote the inverse transformation, we then have

ǫm = Hm(Y m) and Y m = H−1
m (ǫm), i.e.,

Y m

Hm7−→ ǫm and ǫm
H−1

m7−→ Y m. (39.1)

If the practitioner is successful in identifying the transformation Hm, then

the prediction problem is reduced to the trivial one of predicting i.i.d. variables.

To see why, note that eq. (39.1) with m = n + 1 yields Y n+1 = H−1

n+1
(ǫn+1) =

H−1

n+1(ǫn, ǫn+1). But ǫn can be treated as known given the data Y n; just use

eq. (39.1) with m = n. Since the unobserved Yn+1 is just the (n + 1)th coordi-

nate of vector Y n+1, it follows that Yn+1 can also be expressed as a function of

the unobserved ǫn+1 (given the additional regressor value xn+1 of interest). Fi-

nally, note that predicting a function, say g(·), of an i.i.d. sequence ǫ1, . . . , ǫn is

straightforward since g(ǫ1), . . . , g(ǫn) is simply another i.i.d. sequence.

Under regularity conditions, such a transformation Hm always exists

although it is not unique. The challenge to the skills and expertise of the statis-

tician is to be able to devise and estimate a workable such transformation for the

problem at hand. In what follows, we show how this task can be accomplished in

the nonparametric regression paradigm where the regressor x takes values in a

high-dimensional or even a function space.

39.2 Nonparametric regression models

Throughout the paper, we consider regression data (Y1, x1), . . . , (Yn, xn) where

Yk is the univariate response associated with a regressor value xk that takes

values in a linear vector space E equipped with a semi-metric d. The space E

can be high-dimensional or even infinite-dimensional, e.g., a function space; see

Chapter 5 of Ferraty and Vieu [1] for details.

The regressors x1, . . . , xn are either assumed deterministic, or represent a

realization of the random variables X1, . . . , Xn. In the latter case, it is often

assumed that

(Yj , Xj) for j = 1, . . . , n are i.i.d. (39.2)

The above is a vague structural assumption, and does not constitute a nonpara-

metric model per se.

In the case of deterministic regressors, two popular additive models for non-

parametric regression are given by

Yj = µ(xj) + εj for j = 1, . . . , n (39.3)
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and

Yj = µ(xj) + σ(xj)εj for j = 1, . . . , n (39.4)

where µ(x) = E(Yj |Xj = x), σ2(x) = V ar(Yj |Xj = x), and the errors εj are

i.i.d. (0, σ2); in the case of (39.4) it is assumed that σ2 = 1 for identifiability.

The above two models have their analogs in the random design case, namely

Yj = µ(Xj) + εj for j = 1, . . . , n (39.5)

and

Yj = µ(Xj) + σ(Xj)εj for j = 1, . . . , n (39.6)

under the typical additional assumption that the i.i.d. errors (ε1, . . . , εn) are in-

dependent of (X1, . . . , Xn).

39.3 Model-Free regression with functional data

The term ‘Model-free’ refers to the absence of a model equation such as (39.5) or

(39.6). The pairwise i.i.d. assumption (39.2) is only a vague structural assump-

tion, and therefore qualifies to be called ‘Model-free’. Throughout the rest of the

paper, we will work with an even weaker version of (39.2) that is described in the

next paragraph.

Model-free set-up. The dataset is {(Yt, xt), t = 1, . . . , n} where the E–valued

regressors x1, . . . , xn are either deterministic, or represent a realization of the ran-

dom variables X1, . . . , Xn. In the latter case, it will be assumed that Yj is inde-

pendent of {Xk for k 6= j}, and inference will be conducted conditionally on event

Sn = {Xj = xj for j = 1, . . . , n}. Conditionally on Sm, for any m ≥ 1, the responses

Y1, . . . , Ym will be assumed independent although not identically distributed. Also

assume that the conditional distribution P{Yj ≤ y|Xj = x} does not depend on j.

Remark 39.1. In the case of random design, the above Model-free set-up implies

(39.2) if one additionally assumes that X1, . . . , Xn are i.i.d.

For nonparametric estimation, some smoothness assumption is typically needed.

We will work under the simple assumption that the common conditional distri-

bution Dx(y) = P{Yj ≤ y|Xj = x} is continuous in both x and y. Consequently,

we can estimate Dx(y) by the ‘local’ weighted average

D̂x(y) =

n
∑

i=1

1{Yi ≤ y}K̃

(

d(x, xi)

h

)

(39.7)

where K̃
(

h−1d(x, xi)
)

= K
(

h−1d(x, xi)
)

/
∑n

k=1
K

(

h−1d(x, xk)
)

, the kernel K is a

bounded, symmetric probability density with compact support, and h > 0 is a

bandwidth parameter.

For any fixed y, estimator D̂x(y) is just a Nadaraya-Watson smoother of the

variables 1{Yi ≤ y} for i = 1, . . . , n. As such, it is discontinuous as a function of y;
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to come up with a continuous estimator, we can replace 1{Yi ≤ y} by Λ
(

Yi−y

b

)

in

eq. (39.7), leading to the estimator

D̄x(y) =

n
∑

i=1

Λ

(

Yi − y

b

)

K̃

(

d(x, xi)

h

)

(39.8)

where b is another bandwidth parameter, and Λ(y) =
∫ y

−∞
λ(s)ds with λ(·) being

a symmetric density function that is continuous and strictly positive over its

support. As a result, D̄x(y) is continuous and strictly increasing in y.

Under model (39.2) and additional regularity conditions, e.g., that as n → ∞,

max(h, b) → 0 but not too fast, Theorem 6.4 of Ferraty and Vieu [1] shows

D̄x(y)
a.s.
−→ Dx(y) for any y, and D̄−1

x (α)
a.s.
−→ D−1

x (α) (39.9)

for any α ∈ [0, 1] as long as Dx(y) is strictly increasing at y = D−1
x (α). It is

conjectured that a similar consistency result can be obtained in the case of deter-

ministic regressors that follow a regular design.

39.4 Model-Free prediction with functional data

Conditionally on Sn, the Yts are non–i.i.d. but this is only because they do not

have identical distributions. Since they are continuous random variables, the

probability integral trasform is the key idea to transform them towards ‘i.i.d.–

ness’. To see why, note that if we let

ηi = Dxi
(Yi) for i = 1, . . . , n

our goal would be exactly achieved since η1, . . . , ηn are i.i.d. Uniform(0,1). Of

course, Dx(·) is not known but we have the consistent estimator D̄x(·) as its

proxy. Therefore, our proposed transformation amounts to defining

ui = D̄xi
(Yi) for i = 1, . . . , n. (39.10)

Eq. (39.8) then implies that u1, . . . , un are approximately i.i.d. Uniform(0,1).

We can now invoke the Model-Free Prediction Principle of Politis [2] in or-

der to construct optimal predictors of g(Yn+1) where Yn+1 is the out-of-sample

response associated with regressor value xn+1, and g(·) is any measurable func-

tion. The L2–optimal predictor of g(Yn+1) is the expected value of g(Yn+1) given

xn+1 that is estimated by

Π2 = n−1

n
∑

i=1

g
(

D̄−1
xn+1

(ui)
)

. (39.11)

Similarly, the L1–optimal predictor of g(Yn+1) suggested by the Model-Free Pre-

diction Principle is Π1 = sample median of the set {g
(

D̄−1
xn+1

(ui)
)

, i = 1, . . . , n}.
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For simplicity, focus on the case where g(y) = y, and note that one can con-

struct alternative estimators of the L2 and L1–optimal predictors of Yn+1; these

are respectively given by

π2 =

n
∑

i=1

YiK̃
(

h−1d(xn+1, xi)
)

and π1 = D̄−1
xn+1

(1/2).

Eq. (39.9) shows that π1 is a consistent estimator of the theoretical L1–optimal

predictor D−1
xn+1

(1/2). Under some additional regularity conditions, Ferraty

and Vieu [1] also show that π2 is consistent for E(Yn+1|Xn+1 = xn+1) under

model (39.2).

The new predictors Π2 and Π1 look quite different from the traditional pre-

dictors π2 and π1 but, surprisingly, they turn out to be asymptotically equivalent.

For example, Π1 = median{D̄−1
xn+1

(ui)} = D̄−1
xn+1

(median{ui}) ≃ D̄−1
xn+1

(1/2) = π1

since the uis are approximately Uniform (0,1), and D̄−1
xn+1

(·) is strictly increasing.

Similarly, for any distribution F , we can define the quantile-inverse of F , i.e.,

F−1(u) = inf{y such that F (y) ≥ u}; from the identity
∫

yF (dy) =
∫ 1

0
F−1(u)du it

then follows that

π2 =

∫

y D̂xn+1
(dy) =

∫ 1

0

D̂−1
xn+1

(u)du ≃

∫ 1

0

D̄−1
xn+1

(u)du ≃ Π2.

Remark 39.2. All the aforementioned predictors are based on either the estimator

D̄xn+1
(·) or D̂xn+1

(·) whose finite-sample accuracy crucially depends on the num-

ber of data pairs (Yj , Xj) with regressor value that lies in the neighborhood of the

point of interest xn+1. If few (or none) of the regressors are found close to xn+1,

then nonparametric prediction will be highly inaccurate (or even impossible).

Remark 39.3. The original assumption that Dx(y) is continuous in y can be

relaxed; see Politis [2] for a discussion on how to deal with discrete responses. In

brief, when Dx(y) is not assumed continuous in y the smooth estimator D̄x(y) is

not useful, and this precipitates two main changes to the methodology: (a) the

ui are not defined from eq. (39.8) any longer— rather we generate u1, . . . , un as

i.i.d. Uniform(0,1); and (b) we use D̂−1
x (u) instead of D̄−1

x (u) at all instances.

39.5 Model-Free bootstrap and prediction intervals

As already mentioned, the Model-Free Prediction Principle suggests the predic-

tors Π2 and Π1 which are asymptotically equivalent to the traditional predictors

π2 and π1 respectively. Nevertheless, the main advantage of the Model-Free,

transformation-based approach is that it allows us to go beyond point prediction

and obtain valid predictive distributions and intervals for Yn+1. To do this, how-

ever, some kind of resampling procedure is necessary in order to also capture the

variance due to estimation error, e.g., the error in using Π2 (or π2) instead of the

true E(Yn+1|Xn+1 = xn+1), etc. For example, consider the prediction interval

[D̂−1
xn+1

(α/2), D̂−1
xn+1

(1− α/2)] (39.12)
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given in eq. (5.10) of Ferraty and Vieu [1]; this interval is indeed asymptotically

valid as it will contain Yn+1 with probability tending to the nominal (1−α)100%.

However, interval (39.12) will be characterized by under-coverage in finite sam-

ples since the non-trivial variability in the estimated quantiles D̂−1
xn+1

(α/2) and

D̂−1
xn+1

(1− α/2) is ignored.

Now, having mapped the responses Y1, . . . , Yn onto the approximately

i.i.d. variables u1, . . . , un, it is natural to perform an i.i.d. bootstrap on the latter,

and then transform back to obtain bootstrap pseudo-responses. This is the idea

for the Model-Free bootstrap described in Section 2.6 of Politis [2]; in particular,

the bootstrap algorithms given in Sections 4.4 and 4.5 of Politis [2] apply

verbatim to the current set-up of nonparametric regression with univariate

response and functional regressors.

Note that the Model-Free bootstrap is performed treating the design points

x1, . . . , xn as fixed; hence it is akin to the well-known residual bootstrap available

when a model such as (39.3) holds true. One may consider instead resampling

pairs which is associated with the pairwise i.i.d. assumption (39.2). However, by

resampling the i.i.d. pairs (Yj , Xj) we run a great risk of obtaining a bootstrap

pseudo-sample {(Y ∗

j , X
∗

j ) for j = 1, . . . , n} for which few of the X∗

j are found in the

neighborhood of the point of interest xn+1, thus making nonparametric estima-

tion impossible in the bootstap world; see Remark 39.2. By contrast, the Model-

Free bootstrap does not have this potential disadvantage. In addition, it is valid

under a slightly weaker set of assumptions than eq. (39.2); see Remark 39.1.

Finally, it is interesting that the Model-Free bootstrap can also be used to

yield confidence bands for the conditional expectation and conditional variance

functions µ(·) and σ2(·) without assuming an additive model such as (39.5) or

(39.6); the algorithms given in Politis [3] apply verbatim to the case of functional

regressors.
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