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This paper presents a sequential estimation procedure for an unknown mul-
tivariate regression function. Observed regressors and noises of the model are
supposed to be dependent and form sequences of dependent vectors and num-
bers respectively. Two types of estimators are considered. Both estimators are
constructed on the basis of Nadaraya–Watson kernel estimators.
First, sequential estimators with given bias and mean square error are defined.
According to the sequential approach the duration of observations is a special
stopping time. Then on the basis of these estimators, truncated sequential es-
timators of a regression function are constructed on a time interval of a fixed
length. At the same time the variance of these estimators is also bounded by a
non-asymptotic bound.
Together with finite-sample, asymptotic properties of the presented estimators
are investigated. It is shown, in particular, that by the appropriately chosen
bandwidths both estimators have optimal (as compared to the case of indepen-
dent data) rates of convergence.

1. Introduction

In many problems of identification the solution is reduced to finding some
statistics in the form of a ratio of some random functions as estimators (e.g., ratio
estimators). Such situation arises in the regression estimation problem by use of the
Nadaraya–Watson estimators. There are a lot of results and publications dedicated
this problem for independent and dependent observations, in asymptotic and non-
asymptotic problem statements (see, e.g, [1], [3]-[6], [8], [9], [16], [20]-[27], [30]
etc.) It should be noted, that often regressors X (see (1) below) are supposed to
be non-random or bounded and noises ∆ of the model are independent [1, 4, 8, 17],
[22]-[26] etc.

If, in general, the denominator of such ratio may be small enough with positive
probability, then the functional is no longer finite and one has, e.g., to use some
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variants of Cramer’s theorem [3] to find even the first moment of such estimator.
Furthermore it is not trivial to find dominant sequences for moments of ratio
estimators (see, e.g., [30]).

The functionals of this type were unified in [30] (see also references therein)
into the class of functionals with singularities and special estimation procedures
for them, called piecewise smooth approximation, were considered. The method
proposed in [30] gives a possibility to get estimators based on dependent obser-
vations with known principal term of the mean square error (MSE) and known
asymptotic properties (when the sample size unboundedly increases).

However in practice the observation time of a system is always finite which
does not allow us to judge the quality of such estimators. One of the possibilities
for finding estimators with a guaranteed quality of inference is provided by the
stand-point of sequential analysis; this approach presumes a special choice of the
time for stopping observations with the help of some functional of the process un-
der observation. The principle of sequential analysis has been primarily proposed
by A.Wald for a scheme of independent observations [33]; later, the sequential ap-
proach was applied to parameter estimation problem of one-parameter stochastic
differential equations in [15, 18] and for multiparameter continuous and discrete-
time dynamic systems in many papers and books (see [2], [7], [10]-[14], [28]-[32]
among others). Sequential approach has also been applied to non-parametric re-
gression and density function estimation problems as well (see, e.g., [4]-[6], [9],
[23, 28, 30, 32] and references in [6]). Peculiarities and difficulties of sequential
approach to nonparametric problems are discussed in detail by Efroimovich in [6].

In this paper (see Section 3) we solve the problem of estimation of a regression
function with a prescribed statistical quality using a sequential approach, which
supposes unboundedness of a sample size. In Section 4 we consider the most real-
istic problem statement, where the observation time of a system is not only finite
but bounded. One of the possibilities for finding estimators with the guaranteed
quality of inference from a sample of fixed size is provided by the approach of
truncated sequential estimation.

Truncated sequential estimation method was developed by Konev and Perga-
menchtchikov [11]-[13], as well as in [7] for parameter estimation problems in dis-
crete and continuous time dynamic models. Using sequential approach, they have
constructed estimators of dynamic systems parameters with known variance from
samples of fixed size.

Non-parametric truncated sequential estimators of a regression function pre-
sented in this paper constitute Nadaraya–Watson estimators calculated at a special
stopping time. These estimators have known mean square errors as well. The du-
ration of observations is also random but bounded from above by a non-random
fixed number.

Non-asymptotic and asymptotic properties of estimators of both types are
investigated. It is shown, that truncated sequential estimators coincide with the
afore-mentioned sequential estimators (i.e. with the Nadaraya–Watson estimators
calculated at a special stopping time) for sufficiently large sample size.

The assumption on the independence of observations is often not satisfied in
practice and is an essential restriction. In this paper the sequential analysis ap-
proach is employed in the procedures of non-parametric estimation of a regression
function from dependent observations. In particular, model inputs and noises can
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be dependent and unbounded with a positive probability. The example of estima-
tion of a nonlinear autoregressive function is considered.

2. Problem statement

This paper considers the problem of non-parametric kernel estimation of a
regression function f(x) with multivariate argument x ∈ Rm, m ≥ 1 at a point
x = x0 satisfying the equation

(1) Yi = f(xi) + δi, i ≥ 1,

in the case of dependent regressors X = (xi)i≥1 and noises ∆ = (δi)i≥1. It is
supposed, that pairs (Yi, xi), i = 1, 2, . . . are under observations but the errors δi

are unobservable. We allow for general dependence conditions on random variables
(xi) and (δi) supposing mutual dependence of the processes X and ∆. In particular,
model inputs can be unbounded with a positive probability.

The main goal of the paper is twofold. We will construct sequential and trun-
cated sequential estimators. Estimators of both types have known upper bounds of
mean square errors. Non-parametric truncated sequential estimators of a regression
function presented in this paper are constitute the Nadaraya–Watson estimators
calculated at a special stopping time. These estimators have known upper bound
of mean square errors as well. The duration of observations is also random but
bounded from above to a non-random fixed number.

Now we give some needed notation and definitions. The notation 1, m means
the set of integers 1, 2, . . . ,m, and χ(A) is the indicator function of set A.

For a fixed vector of nonnegative integers a = (α1, . . . , αm), we consider the
partial derivative

f (α)
a (x) =

∂αf(x)

∂xα1
1 . . . ∂xαm

m

, f
(0)
0 (x) = f(x)

of a function f(x) at a given point x ∈ Rm, where α1 + α2 + . . . + αm = α.
Denote by β(k) the set of all vectors b = (β1, . . . , βm) with nonnegative integer-

valued components β1, . . . , βm such that β1 + . . .+βm = k. Omitting the subscript
b = (β1, . . . , βm) of partial derivatives f

(k)
b (x) will mean that the set of indices

β1, . . . , βm is not specified.
In the sequel, we will use the following notation:

∑
β(k)

means the summation

over all b ∈ β(k); we write xk = xβ1

1 · . . . · xβm
m for vector x = (x1, . . . , xm)′ and

|k|! = β1! · . . . · βm!, where k = β1 + . . . + βm.
We suppose that the function to be estimated satisfies the following assump-

tion

Assumption 1. The function f(x) is p-th differentiable at a point x0, p ≥ 0 and
for some positive numbers Cf,i, i = 0, p (p ≥ 0), Lf , γf ∈ (0, 1], such that

|f (i)(x0)| ≤ Cf,i, i = 0, p

Труды IXМеждународной конференции «Идентификация системи задачи управления» SICPRO’12,Москва 30января-2февраля 2012г.

Proceedings of theIX International Conference ’System Identification andControl Problems’ SICPRO’12,Moscow,30January - 2February, 2012



4

and for every x, y ∈ Rm,

|f (p)(x)− f (p)(y)| ≤ Lf ||x− y||γf , ‖x‖2 =
m∑

j=1

x2
j .

For estimation of the function f(·) at a point x0, f = f(x0) we use so-called
sequential estimators, constructed on the basis of kernel Nadaraya–Watson esti-
mators of the form

(2) f̂N =

(
N∑

i=1

K

(
x0 − xi

h

))+

·
N∑

i=1

YiK

(
x0 − xi

h

)
, N ≥ 1,

where a+ = a−1 for a 6= 0; a+ = 0 when a = 0; K(·) is a kernel function and h is
a bandwidth, satisfying the Assumptions 4 and 5 below respectively.

Define for every i ≥ 1 density functions fi−1(t) of conditional distribution
functions Fi−1(t) = P (xi ≤ t|Fx

i−1), Fx
i = σ{x1, . . . , xi}.

As regards to the regressors X and ∆ we suppose

Assumption 2. Assume the conditional density functions fi−1(t), i ≥ 1 are q-th
differentiable at a point x0, q ≥ 0 and for some positive numbers c0

x, Cx,k, k = 0, q
(q ≥ 0), Lx and γx ∈ (0, 1] the following relations

inf
i≥1

fi−1(x
0) ≥ c0

x,

sup
i≥1

|f (k)
i−1(x

0)| ≤ Cx,k, k = 0, q

and for every x, y ∈ Rm,

sup
i≥1

|f (q)
i−1(x)− f

(q)
i−1(y)| ≤ Lx||x− y||γx

are fulfilled.

Assumption 3. Let the noises ∆ be conditionally zero mean E(δi|Fx
i ) = 0, i ≥ 1

and for some monotonically non-increasing as k →∞ non-negative function ϕ(k),
k ≥ 1 the following "general mixing condition" for the sequence ∆ holds true

|E(δiδj|Fx
i∨j)| ≤ ϕ(|i− j|), i, j ≥ 1.

We now define admissible sets of kernels K(·) and bandwidths h as follows.

Let

Tj =

∫
Rm

uα1
1 . . . uαm

m K(u) du,
m∑

i=1

αi = j,

where α1, . . . , αm are nonnegative integers.
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Assumption 4. Let the function K(·) is uniformly bounded from above:

sup
z
|K(z)| ≤ K < ∞

and such that∫
K(z)dz = 1,

∫
|zsK(z)|dz < ∞, 0 ≤ s ≤ q + 2p + 3.

Moreover, we suppose that the integrals Tj = 0, j = 1, p + q.

Assumption 5. Let (hn)n≥1 be a sequence of monotonically decreasing to zero
positive numbers such that nhm

n →∞ as n →∞ and h1 ≤ 1.

It should be noted that, according to Assumption 4, the kernel K(·) does not
have to be nonnegative. For example, the infinite-order flat-top kernels of Politis
[19] are allowed, including the infinitely differentiable flat-top kernel of McMurry
and Politis [16].

3. Sequential estimation of the regression
function f

In this section we consider sequential estimators of the regression function f
at a point x0 with a given variance, calculated at a special stopping time. These
estimators are constructed on the basis of Nadaraya-Watson kernel estimators.
Bandwidth giving an optimal convergence rate of estimators (which coincides with
the rate of Nadaraya-Watson estimators constructed by independent observations)
is found.

According to sequential approach we introduce the following definition.

Definition 1. Let (Hn)n≥1 be an unboundedly monotonically increasing given se-
quence of positive numbers and (hn)n≥1 satisfies Assumption 5.

The sequential plans (τn, f ∗n), n ≥ 1 of estimation of the function f = f(x0)
will be defined by the formulae

τn = inf{j ≥ 1 :

j∑
i=1

K

(
x0 − xi

hn

)
≥ Hn} ,

(3) f ∗n =
1

Qn

τn∑
i=1

YiK

(
x0 − xi

hn

)
, Qn =

τn∑
i=1

K

(
x0 − xi

hn

)
,

where τn is the duration of estimation, and f ∗n is the estimator of f with given
accuracy in the mean square sense.

We have introduced in Definition 1 the sequence of sequential estimation plans.
At the same time Theorem 1 below gives non-asymptotic properties of these plans
for every n ≥ 1, in particular, upper bound for the MSE of the estimator f ∗n. It
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gives a possibility to investigate asymptotic properties of defined plans as well (see
Section 3.1.).

To formulate this theorem we need the following notation.
Assume (ln)n≥1 to be an arbitrary non-decreasing sequence of positive num-

bers.
Define the function γx,δ = 0 if processes X and ∆ are independent and 1

otherwise; γδ = 0 if ϕ(k) = 0, k > 0 and 1 otherwise; the numbers

ϕn = ϕ(ln), Kα(γ) =

∫
|zα| · ||z||γ · |K(z)|dz, α ≥ 0, γ ≥ 0, K0 = K0(0),

κ =
Lx

|q|!
∑
β(q)

Kq(γx), C1 =

p∑
j=1

∑
β(q+j)

1

|q + j|!
Cf,jKq+j(γx)χ(p > 0),

C2 =
1

|p|!
Cx,0

∑
β(p)

Kp(γf ), C3 = Cx,0

∫
K2 (y) dy,

C4 = 4K(p + 2)

q+1∑
j=0

p+1∑
k=0

∑
β(j+2k)

1

|j|!(|k|!)2
Cx,jC

2
f,kKνj,k

(µj,k),

Cx,q+1 =
1

|q|!
Lx, Cf,p+1 =

1

|p|!
Lf ,

νj,k = j+2k−χ(j = q+1)−χ(k = p+1), µj,k = γxχ(j = q+1)+2γfχ(k = p+1),

as well as
n0 = inf{n ≥ 1 : c0

x − κhq+γx
n > 0},

tn =
(Cx,0 + κhq+γx

n ) ·
√

C3(Hn + K)

(c0
x − κhq+γx

n )5/2hm
n

+

+

√
[C3(Cx,0 + κhq+γx

n )2 · (c0
x − κhq+γx

n )−3 + 2K
2
(c0

x − κhq+γx
n )−1](Hn + K) + H2

n

(c0
x − κhq+γx

n )hm
n

,

wn =

√
ϕ(0)K

2
γδ

ln
H2

n

(1 + 3ln) + C3ϕ(0)(c0
x − κhq+γx

n )−1
1

Hn

(1 +
K

Hn

)+

+2γδϕ(0)K0K(c0
x − κhq+γx

n )−1
ln
Hn

(1 +
K

Hn

) + 2γδK0Kϕn
hm

n t2n
H2

n

,

bn = (c0
x − κhq+γx

n )−1[C1h
q+1+γx
n + C2h

p+γf
n ]

(
1 +

K

Hn

)
+ wn

and

Vn = 2

{
(2C3C

2
f,0 + (1 + γx,δ)C4)(c

0
x − κhq+γx

n )−1 1

Hn

(1 +
K

Hn

)+

+(1 + γx,δ)w
2
n +

2(C1h
q+1+γx
n + C2h

p+γf
n )2h2m

n t2n
H2

n

}
.
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Theorem 1. Under model (1), let the Assumptions 1-5 be fulfilled and n ≥ n0.
Then the sequential estimation plans (τn, f

∗
n) are closed, i.e. τn < ∞ a.s. and have

the following non-asymptotic properties:

1. for the expected duration of observations
a)

(4) (Cx,0 + κhq+γx
n )−1h−m

n Hn ≤ Eτn ≤ (c0
x − κhq+γx

n )−1h−m
n (Hn + K),

b)

(5) Eτ 2
n ≤ t2n;

2. for the bias
|Ef ∗n − f | ≤ bn;

3. for the MSE
E(f ∗n − f)2 ≤ Vn.

Remark 1. From Definition 1 it follows that the presented sequential estimators
coincide with the usual Nadaraya–Watson estimators (2) calculated at a special
stopping time. It follows that, at least in the case of independent inputs of the
model, these estimators have the same asymptotic properties as Nadaraya–Watson
estimators (see Section 3.1.). However, as shown in Theorem 1, sequential esti-
mators have the above exact, non-asymptotic properties, that may be important for
practitioners.

3.1. Bandwidth choice for sequential estimators

From Theorem 1 follows, that it is natural to define Hn = nhm
n . In this case

and under the condition on the bandwidth nhm
n →∞ as n →∞ from Assumption

5 the mean of the duration of observations is proportional, according to (4) to n,
i.e.,

C−1
x,0n−

C−1
x,0κhq+γx

n n

Cx,0 + κhq+γx
n

≤ Eτn ≤

≤ (c0
x)
−1n +

(c0
x)
−1κhq+γx

n n + Kh−m
n

c0
x − κhq+γx

n

, n ≥ n0,

as well as, from (5) it follows,

Eτ 2
n ≤ (c0

x)
−2n2 + o(n2) as n →∞

and

|Ef ∗n − f | = O

(
h%

n +
√

ϕnh−m
n +

1 + γδ

√
ln√

nhm
n

)
, % = (q + 1 + γx) ∧ (p + γf ),

E(f ∗n − f)2 = O

(
h2%

n + ϕnh
−m
n +

1 + γδln
nhm

n

)
as n →∞.
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From these formulae it follows, that for the asymptotic unbiasnessy and L2-
convergency of f ∗n we have to use the sequences (ln) and (hn) satisfying the con-
dition

(6) ϕnh
−m
n +

ln
nhn

= o(1) as n →∞.

Remark 2. If the regressors xi form a sequence of i.i.d.r.v’s, then c0
x = Cx,0.

Moreover if the number c0
x = fi(x

0) is known, we can put Hn = c0
xnhm

n . In this
case

n− κhq+γx
n n

c0
x + κhq+γx

n

≤ Eτn ≤ n +
κhq+γx

n n + Kh−m
n

c0
x − κhq+γx

n

and
lim

n→∞
[(hq+γx

n n)−1 ∧ hm
n ]|Eτn − n| < ∞,

where a ∧ b = min{a, b}, as well as

Eτ 2
n ≤ n2 + o(n2) as n →∞.

It should be noted that in the case of i.i.d. noises (δi) and by q ≥ p the MSE of
the constructed sequential estimator has similar to the i.i.d. or non-random case
for the regressors (xi) optimal decreasing rate

E(f ∗n − f)2 = O

(
h

2(p+γf )
n +

1

nhm
n

)
as n →∞.

In particular, for the case p = 0, γf = 1 (see, for comparison, [8] among
others),

E(f ∗n − f)2 = O

(
h2

n +
1

nhm
n

)
as n →∞.

4. Truncated sequential estimation of the
regression function f

We shall consider in this section the problem of estimation of the regression
function f with a known mean square accuracy based on observations of the pro-
cess (Yi, xi) for i = 1, . . . , N on the time interval [1, N ] for a fixed time N.

Such possibility gives the truncated sequential estimation method, developed
by Konev and Pergamenchtchikov [11]-[13], as well as in [7] for parameter estima-
tion problems in discrete and continuous time dynamic systems.

Definition 2. Let H and h be positive numbers.
The truncated sequential plans (τN(h,H), f∗N(h,H)), N ≥ 1 of estimation of

the function f = f(x0) will be defined by the formulae

τN(h,H) = inf{j ∈ [1, N ] :

j∑
i=1

K

(
x0 − xi

h

)
≥ H}

Труды IXМеждународной конференции «Идентификация системи задачи управления» SICPRO’12,Москва 30января-2февраля 2012г.

Proceedings of theIX International Conference ’System Identification andControl Problems’ SICPRO’12,Moscow,30January - 2February, 2012



9

with the provision that inf{Ø} = N,

f ∗N(h,H) = f̂N(h,H) · χ

(
N∑

i=1

K

(
x0 − xi

h

)
≥ H

)
+

+
Cf,0

2
· χ

(
N∑

i=1

K

(
x0 − xi

h

)
< H

)
,

f̂N(h,H) =
1

QN(h,H)

τN (h,H)∑
i=1

YiK

(
x0 − xi

h

)
, QN(h,H) =

τN (h,H)∑
i=1

K

(
x0 − xi

h

)
,

where τN(h,H) is the duration of estimation, which is bounded by construction
(τN(h,H) ≤ N) and f ∗N(h,H) is the estimator of f.

The parameters H and h will be defined in a special way as functions of N
for optimization of a convergence rate of the estimator f ∗N(h,H) as N →∞ in the
mean square sense.

Assume l(H) to be an arbitrary non-decreasing function of positive numbers.
Define

VN(h,H) = 2

{
(2C3C

2
f,0 + (1 + γx,δ)C4)

hmN

H2
+ (1 + γx,δ)[2γδK0Kϕ(l(H))

hmN2

H2
+

+C3ϕ(0)
hmN

H2
+ 2γδϕ(0)K0

l(H)hmN

H2
+ ϕ(0)K

2
γδ

l(H)

H2
(1 + 3l(H))]+

+
2(C1h

q+1+γx + C2h
p+γf )2h2mN2

H2

}
+

C3C
2
f,0Nhm

4[Nhm(c0
x − κhq+γx)−H]2

.

From the proof of the following Theorem 2 it follows that the number H
satisfies the condition

(7) Nhm(c0
x − κhq+γx)−H > 0.

Thus it is natural to put

(8) H := HN = Nhm
NC−1

α ,

where
Cα = (c0

x − κhq+γx
n0

− α−1/2)−1, α > (c0
x − κhq+γx

n0
)−2

and (hN) is a sequence satisfying Assumption 5. It should be noted that, according
to the assumptions of the theorem below the number Cα and the sequence (HN)
are assumed known.

Then, denoting lN = l(HN) and ϕN = ϕ(lN), we have

V 0
N := VN(hN , HN) = 2

{
[(2C3C

2
f,0 + (1 + γx,δ)C4)C

2
α +

C3C
2
f,0α

8
+ (1 + γx,δ)·

·(C3C
2
αϕ(0) + 2γδϕ(0)K0C

2
αlN)]

1

Nhm
N

+ (1 + γx,δ)[ϕ(0)K
2
C2

αγδ
lN

(Nhm
N)2

(1 + 3lN)+

+2γδK0KC2
αϕNh−m

N ] + 2C2
α(C1h

q+1+γx

N + C2h
p+γf

N )2
}

.

The main result of this section is the following
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Theorem 2. Under model (1), let the Assumptions 1-4 be fulfilled, where the
number Cf,0 in Assumption 1 is supposed to be known. Then:

1) for every positive numbers h, H satisfying the condition (7) the truncated
sequential estimator f ∗N(h,H) has the MSE:

E(f ∗N(h,H)− f)2 ≤ VN(h,H);

2) for H = (HN) defined in (8) and h = (hN) satisfying (7) it holds

E(f ∗N(hN , HN)− f)2 ≤ V 0
N ;

3) assume there exists a number r > 2, such that the bandwidth h = (hN)N≥1

from Assumption 5 satisfies the additional condition

(9)
∑
N≥1

1

h
m(r−1)
N N r/2

< ∞

and H = (HN) is defined in (8). Then

lim
N→∞

τN(hN , HN)

N
< 1 a.s.

and the estimator f ∗N(hN , HN) is non-degenerate as N →∞ in the following sense:

P (f ∗N(hN , HN) = f̂N(hN , HN)) = 1 for N large enough.

Remark 3. From the third assertion of Theorem 2 it follows, that similarly to se-
quential estimators, the truncated sequential estimators have the asymptotic prop-
erties of Nadaraya–Watson estimators (2). However, in distinction from the se-
quential estimators considered in Section 3., the truncated estimators have known
variance for fixed sample sizes.

Remark 4. If the number Cf,0 in Assumption 1 is unknown, then the Definition
2.2 of sequential estimator is modified as follows:

f ∗N(h,H) = f̂N(h,H) · χ

(
N∑

i=1

K

(
x0 − xi

h

)
≥ H

)
.

All assertions of Theorem 2 will be fulfilled with slightly changed (but having sim-
ilar structure) functions VN(h,H) and V 0

N . More precisely, the number 4 in the
denominator of the last summand in the definition of VN(h,H) should be omitted
and the number 8 in the denominator of the third summand in the right hand side
in the definition of V 0

N should be changed to the number 2.

4.1. Bandwidth choice for truncated sequential estimators

From Theorem 2 it follows, that by the definition of V 0
N and assertion 2)

of Theorem 2, the truncated sequential estimator f ∗N(hN , HN) has similar to the
sequential estimator (3) rate of convergence (as N →∞).
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In the case of i.i.d. noises (δi) the MSE of the constructed sequential estimator
has following decreasing rate

E(f ∗N(hN , HN)− f)2 = O

(
h2%

N +
1

Nhm
N

)
as N →∞.

Then the bandwidth h with the optimal rate is proportional to

hN ∼ N− 1
(2%+m)

and the condition (9) is fulfilled for % > m/2 and

r >
4%

2%−m
.

In particular, for the case p = 0, γf = 1, m = 1,

E(f ∗N(hN , HN)− f)2 = O

(
h2

N +
1

NhN

)
and r > 4.

Remark 5. Theorems 1 and 2 give known upper bounds for the bias and the MSE
of presented estimators as well as for the mean of observation time in Theorem
1 if the parameters of classes of functions, introduced in Assumptions 1 and 2
are known (Cf,k, p, γf , etc). In this case ’optimal’ bandwidth can be found from
minimization of the upper bounds for the MSE’s.

At the same time the assertions of Theorems 1 and 2 are fulfilled even if
some of these parameters are unknown. Estimators with such properties can be
successfully used in various adaptive procedures as pilot estimators (see, e.g., [28]-
[32]).

5. Examples

In this section examples of various dependence types of regressors and noises
of the model (1) are given.

5.1. Case of independent regressors X and ∆

Consider examples of inputs of the model in this case. We consider a scalar case
m = 1 for simplification only. The extension to the multivariate case is immediate.

5.1.1. Example of regressors X. Assume that regressors (xi) satisfy the
following equation

(10) xi = Ψ(xi−1, . . . , xi−r) + εi, i ≥ 1,

where Ψ(·) is a bounded function |Ψ(y)| ≤ Ψ < ∞, y ∈ Rr, r ≥ 1.
Assume that the input noises εi in the model (10) are i.i.d. with the density

function fε(·). In this case fi−1(t) = fε(t−Ψ(xi−1, . . . , xi−r)|Fi−1).
Thus Assumption 2 holds true if the density function fε(·) is q-th differentiable,

q ≥ 0 and for some positive numbers c0
x, Cx,0, Lx and γx ∈ (0, 1] the following

relations
inf

|t−x0|≤Ψ
fε(t) ≥ c0

x,
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sup
|t−x0|≤Ψ

|f (i)
ε (t)| ≤ Cx,i, i = 0, q

and for every x, y ∈ R1,

|f (q)
ε (x)− f (q)

ε (y)| ≤ Lx|x− y|γx

are fulfilled.

5.1.2. Example of noises ∆. Assume that noises (δi) satisfy the following
autoregressive equation

(11) δi = λδi−1 + ηi, i ≥ 1,

which is supposed to be stable, |λ| < 1, and ηi are i.i.d., Eηi = 0, Eη2
i ≤ σ2

η, i ≥ 0;
η0 = δ0. Then

ϕ(k) =
|λ|kσ2

η

1− λ2
.

In this case we can put (after optimization of the upper bound of the MSE)

ln ∼ (1 + µ) log|λ|
1

n
, µ > 0

and the summands

ln
nhn

∼ log n

nhn

, ϕnh
−1
n ∼ 1

n1+µhn

= o

(
1

nhn

)
.

Then the condition (6) (which is necessary for truncated estimators as well)
is fulfilled if

log n

nhn

= o(1) as n →∞.

It is clear, that this example can be easy generalized for the stable autoregres-
sive process (11) of an arbitrary order.

5.2. Case of dependent regressors X and ∆

Consider the estimation problem in the nonlinear autoregressive model

Yi = f(Yi−1) + δi, i ≥ 1,

where δi, i ≥ 1 form the sequence of zero mean i.i.d.r.v’s with a density function
fδ(·) and finite variance Eδ2

i = σ2, i ≥ 1; Y0 is a zero mean random number with
finite variance and independent from δi, i ≥ 1.

Then xi = Yi−1, i ≥ 1 and ϕ(k) = σ2χ(k = 0), k ≥ 0, as well as in this case
fi(t) = fδ(t− f(Yi−1))|FY

i−1), FY
i = σ{Y0, δ1, . . . , δi}.

Thus Assumption 2 holds true if the function f(·) is uniformly bounded
sup
t∈R1

f(t) ≤ Cf , the density function fδ(·) is q-th differentiable, q ≥ 0 and for

some positive numbers c0
x, Cx,0, Lx and γx ∈ (0, 1] the following relations

inf
|t−x0|≤Cf

fδ(t) ≥ c0
x,
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sup
|t−x0|≤Cf

|f (i)
δ (t)| ≤ Cx,i, i = 0, q

and for every x, y ∈ R1,

|f (q)
δ (x)− f

(q)
δ (y)| ≤ Lx|x− y|γx

are fulfilled.

6. Conclusion

The sequential approach for the problem of estimation of a multivariate re-
gression function from dependent observations is developed. It is supposed, that
the function to be estimated belongs to the Hölder class and input processes of
the model can be unbounded with a positive probability.

Two types estimators are presented. Sequential estimators give the possibility
to get estimators with an arbitrary mean square accuracy by finite stopping time.
Truncated sequential estimators have known variance and constructed by a sample
of a finite (fixed) size.

Both estimation procedures work under general dependency types of model in-
puts. Asymptotic rate of convergence of both estimators coincides with the optimal
rate of Nadaraya–Watson estimators constructed from independent observations.
At that we consider the mean Eτn having the rate (4) as a duration of obser-
vations in sequential approach for comparison with Nadaraya–Watson estimators
calculated by the sample of the size n.

Presented estimators can be used directly and as pilot estimators in various
statistical problems.
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