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Abstract

We examine random fields defined by a linear filter of heavy-tailed input random
variables, and establish limit theorems for the sample mean and sample variance, as well
as for their joint laws; in addition we establish limit theorems for the “heavy-tailed linear
periodogram.” Lastly, a discussion of subsampling methodology is given, and its utility

in producing valid inference for the mean is demonstrated.

1 Introduction

1.1 The Statistical Problems

Consider a strictly stationary random field { X (t),t € Z%} , observed over some region K C
74 In this paper we are concerned with estimating the mean and heavy-tailed spectral density
of this random field under the assumptions that the marginal distributions are heavy-tailed
and that the dependence structure is linear. We focus on the sample mean |K| ™" doex X(t)
as an estimator of the mean 6 := EX(t), which is assumed to be finite, and the periodogram
K| D oex X(1) exp{—it’w}|? as an estimator of the heavy-tailed spectral density, which is
defined subsequently.

The Sample Mean Problem Our point of view is one of generality: the sample mean
is a ubiquitous estimate of location; in particular, it is generally consistent for 6 even if the
regularity condition of finite variance breaks down. Also, since we allow for asymmetric data,
the sample mean is typically preferable to the sample median. Now inference (i.e., confidence

intervals and hypothesis tests) for 6 are based on the distribution of the sample mean, which



is crucially affected by dependence and/or heavy tails. Self-normalization and subsampling
were used in the context of a time series to estimate the limit distribution without knowledge
(or explicit estimation) of either the dependence or the heavy-tailed index, in McElroy (2001).
Here we consider the case of random fields, and investigate the statistical behavior of the

normalized sample mean in higher dimensions.

The Spectral Density Problem In classical time series analysis, the spectral density
gives a measure of the oscillatory character and dependence structure of the stochastic process.
However, when the marginal distributions have infinite variance, it is unclear how to even define
a spectral density. Fortunately, there is an intuitive way to do this when the process has a
linear form: autocorrelation coefficients are well-defined for heavy-tailed moving averages (see
Davis and Resnick (1986)), and thus one considers the Fourier Transform of this sequence.
Consistency of a “heavy-tailed” periodogram was first considered by Kliippelberg and Mikosch
(1993) for time series; this paper extends their results to random fields using slightly different

techniques.

Subsampling The normalized sum of iid (independent and identically distributed) heavy-
tailed random variables converges weakly to a non-normal limit (a stable law); thus it satisfies a
non-central limit theorem. In order to develop confidence intervals for 8, we need the quantiles
of this stable law, which, unfortunately, are generally unknown, because both the scale and the
index of stability (the heavy-tailed index) will generally be unknown. The recourse is to use
subsampling methodology to estimate the limit quantiles; cf. Politis et al (1999). A second
practical problem is that the rate of convergence of the sum is generally unknown (it is not
the common /n which occurs in the Central Limit Theorem), which prevents us from forming
the correct statistic. This is solved by self-normalization, i.e. by dividing by some appropriate
measure of scale, such as the square root of the sample variance. If this is done, the limit is no
longer a stable random variable, but has a well-defined continuous cdf (cumulative distribution
function), so that subsampling theory can still be applied. The iid case has been extensively
studied; viz. Logan et al (1973), Arcones and Giné (1989), Romano and Wolf (1999), and
Politis et al (1999, Chapter 11). Similar difficulties exist with the periodogram, which are also
resolved by self-normalization — see Kliippelberg and Mikosch (1994).

The paper at hand endeavors to generalize these results to dependent data defined by a

linear random field. In particular, we establish new limit theorems (of the stable type) for the



self-normalized sample mean and self-normalized periodogram of random fields. In addition

we show how subsampling can be used for practical statistical inference.

Other literature on this topic includes: Davis and Resnick (1985, 1986), Resnick (1986,
1987), Davis and Hsing (1995). The first two papers are primarily concerned with the limit
behavior of sample autocorrelations for this linear model, while Resnick (1986, 1987) considers
point process techniques used to prove many of these results. Davis and Hsing (1995) examine
models with long range dependence which are not linear. Resnick (1997) discusses an estimator
for the heavy-tail index, and the attendant weaknesses, such as large volatility. Many of the

proofs in Sections two and three are based on techniques from Davis and Resnick (1986).

This paper is organized in the following manner: Subsection 1.2 discusses the theoretical
background for the model considered. Section 2 deals entirely with the random fields results,
and is centered around three propositions: the partial sums, the sample variance, and their
joint convergence respectively. Section 3 is concerned with the mathematics of the heavy-tailed
self-normalized periodogram. Next, Section 4 discusses subsampling and its applications to the
asymptotic results of Sections 2 and 3. Finally, Section 5 is an appendix with some of the more
technical proofs. Due to the length of the paper, much of the background material on random
fields, heavy-tailed random variables, and subsampling will be assumed (but references are

given).

1.2 Background: The Model

Let Z% denote the integer lattice in d-dimensional Euclidean space, and let K be a subset
of Z% which is the “observation region” of the data, i.e. the locations at which the data is

collected. We consider a random field {X (¢)} which has a linear dependence structure:

X(t) =Y ()2t -j) (1)

jezd
The random variables {Z(t), t € Z%} are independent and identically distributed (hereafter
abbreviated as #id). This model is a generalization of infinite order moving average time
series to random fields. Throughout this paper we will use the term “linear” to denote this
infinite order moving average with iid residuals. The filter coefficients {1(j)} need to satisfy
a summability condition, which is discussed below. We use Z without an index to denote a

common version of the Z;’s which is equal in distribution. We also assume that the Z;’s are



Heavy-tailed random variables of parameter «, for some « € (0,2). We define HT'(«), the
collection of Heavy-Tailed random variables of parameter «, as follows: Z € HT'(«) if and only

if

Pl Z]| > z] = 2~ “L(z) (2)
P[Z > z] P[Z < —x]
Plz|>2] P Plz]>a ¢ )

as © — oo. Here p and ¢ are between 0 and 1 and add up to 1. L(x) is a “slowly varying”
function, i.e. L(uz)/L(z) — 1 as x — oo for any fixed u ; an example of a slowly varying
function is the logarithmic function. Note that it easily follows that the right and left tails of
Z behave like

P(Z > z] ~ pz~“L(x), P[Z < —z] ~ qz"“L(x)

where “~” denotes that the ratio tends to unity as x — oo. We require the filter coefficients
{¥(4)} to be in 5 for some § < o — see Brockwell and Davis (1991, Chapter 13) — in order to

ensure that the sum on the right hand side of (1) converges almost surely.

The terminology is descriptive and fairly standard: “heavy tails” refers to the slow (poly-
nomial) rate of decay of P[|Z| > z]. Let DOM («) denote all random variables that obey an
a-stable limit theorem, i.e. if Z;,4 = 1,2,--- is an 4id sequence from DOM («), then there

exist real constants a,, > 0 and b,, such that
a;! (Z% - bn)> £.5 (4)
i=1

where S is an a-stable random variable, and the convergence is weak.

Note that for o« € (0,2), HT (o) = DOM(«); for a = 2, DOM (2) contains all square
integrable random variables, as well as the random variables in HT'(2). We will think of the
data as being in HT'(«), but will extensively use the fact that for 0 < a < 2 this is the same

as DOM («) when deriving results.

Of course if Z is itself an « stable random variable, then Z € DOM (). If in addition it is
symmetric (written Z is sas), then X (the common version of X (¢) ) has the law of a sas as

well, but scaled by (ZJ |¢(j)|a)é.



There are a few facts about the choice of a,, in equation (4): first, the sequence should satisfy

e

nP[|Z| > apx] — x~

as n — oo for every positive z. (In particular, if we take a, that satisfies this, then we can
prove the limit result for the domain of attraction.) It is easy to check that a, := inf{x :
P[|Z| > z] < n~1} satisfies this condition. It is well-known — see Bingham, Goldie, and Teugels
(1987) — that this sequence can be expressed as a, = na L(n) (where L is slowly varying, but
is not necessarily the same slowly varying function in (2) ). Given this, a suitable choice for
b, is

b, =E[Z;|Z] < ay). (5)

1

Notice that since {1(j)} € Iy, ie. (35;[¥(4)]")* < oo, they are also in I, since p < a, so
(> |¢(j)|0‘)é < 00. The following notation will be used: ¥ will denote the whole sequence of
{4(4),j € Z4}, and ¥, will denote its [, norm. It is true that {X(t),t € Z?} forms a strictly
stationary random field, since applying a shift operator to the law for the Z-series does not
effect the distribution. Now if we take o > 1 (this assumption is made, for obvious reasons,
in the sample mean problem), the mean does exist, and we shall call it n := E(Z). Thus
EX(t) = ¥oon =: 0, where oo := ZjeZ (7). For the first half of the paper, when dealing with
the sample mean problem, we make the assumption that « € (1,2). For the second portion of

the paper that deals with the periodogram, this assumption is relaxed to « € (0, 2).

2 Sample Mean Results

For notation, let n be the d-dimensional vector with components ni,ns,--- ,ng4, and let
N = TI%_,n;. Also, let 1 be the vector (1,1,---,1) in Z¢ . By op(1) we denote a random
variable that tends to zero in probability as min;n; — oo (so that all components grow,
though not necessarily at the same rate). The observation region K mentioned in the previous
section will be the d-dimensional cube (0,n;] x (0, ng] X - - - x (0, ng] intersected with the integer
lattice Z?. This choice of K is for simplicity; more general shapes for K could be considered,

but the mathematics gets extremely complicated.

This section will treat the convergence of the partial sums of our random field model (1).
Since we are interested in the estimation of the mean, we will always assume that the heavy-

tailed parameter « is strictly greater than one. This section is broken down into the following



subsections: first there is a treatment of the convergence of the partial sums, and then a
discussion of the partial sums of squares (the sample variance statistic); finally these results

are combined into the desired joint limit theorem.

2.1 Partial Sums

Let Y3ty = >0 D02 - > 1y, and let a, be the rate which satisfies (4) for the given
random field {Z(t),t € Z?}. The size of our observation region is N, so we will use ay as the

appropriate rate. We begin with the following basic lemma:

Lemma 2.1 For any j € 74,

%ZZ@)ZOP(”‘F%ZZ@_]) (6)
t=1 t=1
%;Zz(t)—OP(l)‘F%;Z%t_]) (7)

Proof Consider the first line above — equation (6). We examine the difference (so without
loss of generality we assume that Z has mean zero)

iZZ zn:Zt—j 1 Z Z(t)
t:l

N i1 KA(K—j)

for any fixed vector j = (41,72, - ,Ja), where A denotes the symmetric difference of two sets,
and the set K — j denotes K shifted by the vector —j. Upon examination of the set KA(K —j),
we see that we can chop it up into (overlapping) blocks of various sizes: there are two blocks
of size j1 X ng X -+ X ng, and two blocks of size n; X ja X -+ X ng, and so forth. Thus in the
1th pair of blocks, there are n’ = N - fl—’ terms present in the sum; these terms are iid, and

converge to an a-stable law at rate a;,l . So if we denote this block by A;, then we have

1

Qp/

Z(t) = Op(1).

teA;

Hence

_tgz an’ <n L(?\/f )E;Z ( EEE?V/;)

’ 1
The term ig?\,g cannot tend to infinity (if it diverges at all) faster than n/, since L is slowly

varying. Therefore the whole expression above tends to zero. Since this can be easily established

for each of the d block pairs, the first part of the Lemma is proved. For the second line (7), we



observe that the iid random variables Z?(t) are in DOM (% ); thus, using the same notations,
1 1 2(n') —2 L2(n)
3y st0- 2 (BE0) o, (54 58).
a?\, tEZB ai/ 7’L L2 N tEZB L2 (N)

This completes the second part of the Lemma. 7

The following result is elementary:

Lemma 2.2 Assume that the random variables Z(t) have been centered to have mean zero.

Then

1 & C
— > Z(t) =S
N 3
as min; n; — oo, where S is an a-stable law with some scale o > 0, skewness 3, and location
w. Even if the Z(t)’s do not have mean zero, the following convergence holds:
1 & 9 L =
> 7't =§
N ¢=1
as min; n; — oo, where S is an S -stable law with some scale o, skewness 3 =1, and location

W, i.e. it is a totally right skewed stable random wvariable. The symbol £ is used to denote

convergence in law.

Proof The random variables Z(t) are summed over the region K; so the left hand side is
a sum of N = |K| iid random variables. The first result then follows from the fact that
Z € DOM (). For the latter result, the normalized sum is asymptotically the same as a mean

zero version; the convergence follows from the fact that Z2 € DOM(§). 1

Theorem 2.1
n

1
i _0 :>woc

as min; n; — oo, where Yo, = ZjeZd ¢(])

Proof The proof of this Theorem will be broken into several parts, due to the intricacy of

the calculations. For notational convenience, we introduce the centered versions



Let B,, be the cube in Z% of width 2m + 1 centered at the origin, so that the coordinates
of each side run between —m and m. We consider the field W(t — j) for j € B,,; the result
of Lemma 2.1 holds true for each j € B,,, and hence it will also hold true when we apply the

continuous mapping

(A(j) JE€Bm)— > vY(HA()

JeBTTl
for any field {A(j)}. If we arrange the field as a long vector, using some arbitrary choice
of ordering (such as lexicographical), this mapping amounts to a dot product with the same

ordering of the coefficient field {¢(j),j € By }. Thus we obtain

1 O ‘ , 1 o ‘
Y S WD) —orM)+ -3 3 v, )
t=1j€By, t=1j€B,,
Let us abbreviate the sum on the left hand side by defining
Y () = " i)Wt - j).
jeB7Yl
Then it follows from Lemma 2.2 — since W (t) has mean zero — that for fixed m
1 & om c )
—D Y= > v0)-S,
Nz JEBm
where S is an a-stable random variable (the same as that occurring in the first part of Lemma
2.2). We wish to now let m — oo on both sides of this convergence; the right hand side

converges almost surely to ¥, - S. For the left hand side we have the following Lemma:

Lemma 2.3 Consider the difference

n

Ly v Ly veon, )

the limit as m — oo of the limsup,_, ., in probability of this expression is zero.

Proof The difference easily decomposes into three terms:

% D> ) (W= Dlgwe—j)i<ant — bN)

t=1j€Bg,

1 ¢ . .
o= 2 YOWE =Dl gweisex)
t=1 jeBE,
Nb ,
+ NN > v,

a .
JjeBY,




where by was defined in (5). We divide each of these terms up into 2d terms, according to a
division of B¢, into (overlapping) chunks. Each piece is defined by fixing one index j; to range
between either m + 1 and oo or —(m + 1) and —oo; all other indices may take on any integer
value. This produces 2d blocks, and the sum over each individual block will be shown to tend

to zero in probability. The proof for each block is quite similar, so we prove only the first case:
Dy :={j €Z%: j; >m}. (10)

Thus, we must show that

— Z > ) (Wt = Dwe-pi<an) — bx) (11)

t—1J€D1
1 o ‘ :
+ CTZ > VHWE = DIgw - >an} (12)
N %21 jep,
Nb
NS (13
N JjE€D1

has the desired limit behavior described (9) (see Billingsley (1995)).

The Third Term (13) First note that
by =E [Wlywicany] =EW] = E [Wlwisany] = —E [Wlwisan]

so that the absolute value of the third term is bounded by

- Z 1/] ‘bN‘ Z W} ‘E |W|1{|W\>aN}

N jeD, N jep, J€D1
by Karamata’s Theorem — see Feller (1971) — where the limit is taken as N — oo (which is
implied by min; n; — 00); thus the limit of this as m — oo is zero, due to the summability of

the filter coefficients.



The Second Term (12) If we write out the second term in full vector form, we consider

the following probability, and use Markov’s Inequality for any v > 0 with the L' norm:

Play D> Wi DLW t=j)>ant| >

teK jeD,

< B[S IW D

VAN | K jeDy

Z D WDE[IWLgwisany]

tGK jE€Dy

7
1N
=—-— Z [ DIE [[WLgwi>an))
va J€D1

1

«
- a_lzlw

as N — oo, due again to Karamata’s Theorem. Recall that the set D, was defined in equation

(10). Finally, we let m go to co and obtain zero, due to the summability of the filter coeflicients.

The First Term (11)  First we introduce the notation Dy := {k € Z% : k; > m —n;} and
Cy := (0,n2] x - x (0,n4] (N Z41, which is a subset of the hyperplane on axes 2 through d.

The first term has the following form:

ay' > G (Wt = Dlgwe-s)i<an) — bn)

teK jeD4
=an' 2 { D S ke + oo kot td)} (W(=E)Lgw(—m)<any — bn)
kGDl teCy

where = is defined as follows:

Yim4+1,8)+ - +9ny+ki,s) —ni+m+1<k <m

Ekl;nl(s) =
2/1(k1+1,8)+"'+w(k71+178) ki>m

for any s € Z4'. Now we apply the Chebyshev Inequality to the following probability:

Play'| > {Zakl,m<k2+t2,~~,kd+td)}(W(k)lHW(_k)@N}bN) >y

keD, \teCiy
2
11 _ N
SaN > {Z Ekey o (k2 + o, 7kd+fd)} 2 Var Wliwicax)
keD, \teCi N
In squaring out the expression in the first line, we note that any “off-diagonal” terms are

independent, and thus the expectation of those terms is zero (since by is the centering of the

10



random variables). So this leaves only the “diagonal” terms in the squaring, which are written
in the second line. The last term has finite limsupy_, .., due again to Karamata’s Theorem.

As for the sum of coefficients, the following technical claim holds:

Claim 2.1

2
L 1 -
lim hmsupN Z {Z Ekyng (k2 +ta, - - 7kd+td)} =0

m—oo
N—oo keﬁl teCy

Together, the three parts of the difference over block D; tend to zero, and the Lemma is

established.

The proof of Theorem 2.1 now follows immediately from Lemma 2.3.

2.2 Sample Variance

The proofs for the sample variance are extremely similar to those for the partial sums, so

some of the more laborious details are omitted.

Theorem 2.2 N
1 -
SoX2(t) £ w38

t=1

a

oy
N
as min; n; — 0o, where Vo = (3 4 V2(j))2 and S is the S totally right skewed stable random

variable from Lemma 2.2.

Proof Because the random variable X (¢) is squared, this proof is a bit more complicated

than Theorem 2.1. Thus, we first establish the following preliminary Lemma:

Lemma 2.4

LX) = o) + 5 30 Y G2~ ) (14)

2
N t=1 N t=1 jezd
Proof of Lemma  The difference between the right and left hand sides of (14) is
1 ¢ o ‘ .
=30 S @02 - )2 - )
N =1 izjezd
which in the L' norm is bounded by

%Z S BOGIEIZE) < CB1Z1)7 | 3 o |

t=1#£5€74 i€24

and this tends to zero as N — oco. This proves the Lemma. 7

11



Now we return to the proof of Theorem 2.2 , which follows similar lines to that of Theorem

2.1. By the previous lemma, it suffices to examine the convergence of

Again we consider this sum on the d-dimensional cube B,,, and by Lemma 2.1 we have

QZ SR 2t — ) =op(1) +ay® Y > V()21 (15)

t=1jE€B,, t=1 jE€B,,

so that

2ZZw N2t —5) = Y w*()- S (16)

t=1j€B,, JE€EBm
by Lemma 2.2. The idea is now to let m increase to infinity on both sides of this convergence.
On the right side this is clearly valid, and almost sure convergence to W3 - S is obtained. As
for the left hand side, we must demonstate that the limit as m — oo, for any choice of v > 0,

of
limsup P aNQZ Z N VA ) |

min; n; — oo t=1 jeBe,

is zero, just as in (9). We decompose this sum into two terms:

1 ¢ , , 1 ¢ . ,
o ST WG 2 - Dgze-g)<ant + oy ST PG 2P - DIz an)

N t=1 jeBe, N t=1jeBg,
and each term is further divided into 2d overlapping blocks as in Theorem 2.1. Considering

only the sum over the first block Dy, we have

1 -~
_QZ Z '(/J Z2 t—J)l{|Z(t NI<an} + a_QZ Z ’(/J2 22 t_J)l{|Z(t NI>an}- (17)

a
N t=1 jeD, N t=1 jeD,

12



The Second Term of (17) Choose any v > 0, then by the use of Chebyshev’s inequality

with E| - \%, we have

Play® D> P02t — D)z >an}| > 7
t=1jeD;

 — , .

< \TGNIZ > WGIE[1Z(t = )ILgze-si>any]
7 t=1jeD;
1 e .

< —a WG)IE 121141 25an}]

1 N
< = 71[}] E Zl a
7y an jezl;l DIE (121141215 an1]

1 . a
v DIl

jE€D1

where the limit is as min; n; — oo, and we have used Karamata’s Theorem. The sum of the

coefficients now tends to zero as m — oo, and thus the second term is accounted for.

First Term of (17) Now the first term can be rewritten as

ay’ Y { D Y (ko +to, - kg + td)} Z*(= k)11 2(-k) <an)

keD, teCy

with € defined for any s € Z4~! by

Y (m+1,8)+- -+ % (ng +k1,8) —nmi+m+1<k <m
leﬂh (8) =
2 (k1 +1,8) + -+ Y% (k1 +1,8) k1 >m
We next apply the Markov Inequality to get the L! norm of the previous quantity, for any
v>0:

P 0&2 Z { Z le,nl (kQ +to, - akd + td)} Z2(*k)1{|Z(—k)|§aN} .
kebl teCy

11
<S5 ) {Z | (k2 + b+ K +’fd)|}]E [Z2(=k)1{12(-k) <an?]

,yaN ke[)l teCy
1N 1
= 2Bl zican] > {Z |y (k2 + L2,k +td)|}
N k€D1 teCy

The first term in the product has finite limit superior as min; n; — oco. The following claim

finishes the proof of the theorem:

Claim 2.2 The sum of the filter coefficients are bounded as n — oo, and the limit of this as

m — 0o s zero. |

13



2.3 Joint Convergence

In this next part we demonstrate the joint convergence of the random variables previously
studied, i.e. sample mean and sample variance. As a consequence, a limit theorem for the

self-normalized quantity

S (X() - 6)
VEn (x() - X)°

is obtained. As usual, X = N1 Y"7' | X(¢) denotes the sample mean.

Theorem 2.3 The scaled first and second sample moments converge jointly to a nondegenerate

bivariate distribution:

(1 S (X0 - 0), - ZX%)) = (vo0S, 935)

and hence

SELX() -6 o S
VI (xm-%)° VS

as min; n; — oo. The joint characteristic function of S and S is given by

E [exp{iqu + 275}] = exp{/R (exp(iy(b +iyr) —1 — iqu) |y\_(1+a)K(y) dy}

where K is equal to ap or aq, depending on whether y is positive or negative respectively, with

p and q given by equation (3). The limit variable S/\/§ is nondegenerate.

Remark If the random field Z(¢) actually has a finite variance, then the above ratio will
converge to a normal distribution, as is well-known. Thus, centering the denominator by the
sample mean costs us nothing when a < 2, but also has the advantage of giving a nondegenerate

limit when the variance is finite.

Proof We first observe that the limiting distribution of the sample variance and the sample

second moment are the same, when o < 2:

ay’ zn: (X(t) - X)" —ay' ZX

X% = 0p(1/N)

zw\ =

. <2 . .
since X~ = Op(a3 /N?). Next, we introduce some notation:

n

T i Y (X0 - 0™ W Y (x0)°

2
N33 N =1

14



where

X (@)= 3 ()2t j), 0 =E[XM()],

JjEBm

with B,, defined in the proof of Theorem 2.1. From that proof we also know that
Ty L W £ wem

with

T = Ny wim = %" 4*(j)8

JEBm JE€EBm
More precisely, we can write, from (8) and (15),
Ty =op(V) + TG, TV == 1™

W = op(1) + WY, W L wm

where
= Y vl Y W= 3 ) Y 20,
JEBm t:1 JEB, N t—1

We may concatenate these statements to produce the joint convergence

(1§, W) = op(1) + (T4, W) (18)
(T4, W) £ (16, W) (19)

This second line (19) holds true because it holds true for éid sequences (see Logan et al (1973))
for the first demonstration of this in the case that the inputs Z’s are actually stable random
variables; Resnick (1986, page 95) handles the case of éid inputs in DOM («)) and therefore
also for finite linear combinations of such. The characteristic function of the limiting variables

S and S will be, according to Logan et al (1973),

B [exp(ioS + ir5}] = expl [ (exp(ivo+ iv?r) 1 ine) ™+ K ) do)

This function K, as mentioned in the theorem, is either ap or ag depending on whether y is
positive or negative respectively, and is connected to the skewness of the original variables.
Hence, there is significant dependence between S and S. If ¢ = 0 or 7 = 0 it is easy to see
that we recover the «/2 stable and « stable characteristic functions for S and S respectively.

Thus putting (18) and (19) together, we find that

(T4 W) £ (0, wem). (20)

15



All that remains at this point is to take the limit in probability of these expressions as m tends

to 0o, as in the Propositions. Now we also know that

lim TI(Vm) =Ty, lim W( m =Wy

m—0o0 m—0o0

(the limits are in probability) from Lemma 2.3 and (16), where

n

1 1 —
Vo= — X(t)—-6), =) X%t
‘thzl( (t) —0) a%;

On the right side of (20), we also know that
T 25 7= S, WM 25w = w28

which gives the joint weak convergence

(ai S0 -0+ Y X2(t)> £ (s, 038)

Finally, if we apply the continuous function f(z,y) = ﬁ to the above convergence, the proof
is complete. The ratio S/ V'S s not constant, because if it were one would deduce that the
square of the a-stable variable S has a positively skewed «/2 stable distribution, which is never

true.

3  Self-Normalized Periodogram

Classical Spectral Density In classical time series, where the data has finite variance, the

spectral density is defined to be the Discrete Fourier Transform of the autocovariance sequence:
w) = Zexp{—ihw}’y(h)
hez
for w € (—m,w], where v(h) := EX(t)X (¢t + h) — EX(#)EX (¢t + h). Some may notice that the
spectral density is typically defined by fo/27; we have omitted the constant 27 for ease of

presentation. In the case of a linear model

= W()Z(t—j)

JEZL

for finite variance, mean zero iid inputs Z(t), we know that the autocovariance is given by

Zw (i +h) Var(2)

JEZ

16



so that the autocorrelation is simply

a0 + )
e ?G)

notice that this does not depend on Var(Z). Therefore, we may write the spectral density as

p(h) = (21)

the Fourier Transform of the autocorrelation sequence, multiplied by Var(X):

felw) = Zexp{—ihw}p(h) Var(X). (22)
h€Z
The classic estimator of fo(w) is called the “periodogram”:

n 2

I(w):=|n"2 ZX(t) exp{—itw}

t=1
which happens to be inconsistent; typically it is smoothed over a band of frequencies to obtain

consistency.

All of this theory can easily be generalized to d-dimensions; the model is given by equation

(1), and we replace the exponents by inner products.

Heavy-Tailed Spectral Density Now suppose that the data is heavy-tailed as in Section
2 with « € (0,2), so that covariances do not exist. However, in the linear model (1), we can

define “autocorrelations” by ' '
> jeza V(Y +h)
Z_jezd ¢2 (.])
in analogy with (21) — see Davis and Resnick (1986). Carrying the analogy forward, we define

p(h) =

the “heavy-tailed linear spectral density” by
far(w) =" exp{—ih'w}p(h)
hezZd
for any vector of frequencies {w1,ws, - ,wq} each in (—m,7]. Note that this formula differs

from equation (22) only by Var(X). The periodogram is now

I(w) == % > X (t) exp{—it'w}

where the sum is taken over the observation rectangle K, and a’b denotes the dot product of

two vectors a and b.
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Normalizing the Periodogram  Unfortunately, I(w) grows at rate ay, so we are in the
same difficulties as with the sample mean. By normalizing the periodogram, we remove the
rate problem, and obtain fyp times a random variable for the limit. Thus we introduce the

“self-normalized periodogram” as follows:

|, X0 explitw)
| S X2

which is I(w) divided by the sample variance. This normalization is suggested to us by the

IN((U)

classical case, since the Var(X) term occuring in equation (22) will be exactly accounted for

by the limit of the sample variance.

Now by Theorem 2.2

for an g-stable positive random variable S. Thus we might expect that Iy(w) has a well-
defined limit. As long as the random variables are appropriately centered, this is indeed true,

as the following theorem to demonstrates:

Theorem 3.1 Let a € (0,2), and a vector of frequencies w with each component a rational

multiple of 2m. Also assume that the sequence by = 0 for N sufficiently large. Then

1 2, vt v

(U +77?)
SN \I’% S g

Iy(w) =

= fur(w) (23)

as min; n; — 00. The random variables U and V are a-stable random variables, which have

the following joint characteristic function with S:
E {exp{imU +inV + ingg}}

=172, exp{a/ (COS(ysz*””‘) exp(iy®nz Q%) — 1) y~ () dy}
0

which is valid for all values of a € (0,2). The constants Q and f; depend on the frequencies

w, and are described in the proof of Proposition 3.1.

The assumption that by = 0 is easily satisfied by X (¢) with a distribution symmetric about
zero. The Theorem is important, as it in fact suggests that after some smoothing, our nor-
malized periodogram will be a consistent estimator for the heavy-tailed linear spectral density
function. For random fields this is still an open problem, though it has been dealt with in the

d =1 case by Kliippelberg and Mikosch (1993, 1994).
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Remark We have restricted the components of w to be rational multiples of 27. The proof
for irrational multiples of 27 is far more complicated (see Klippelberg and Mikosch (1993,
1994)); but for most applications, one typically evaluates the periodogram only at frequencies

of the form 2?—’“ for k =0,1,--- ,n — 1. In signal processing, for example, one takes n to be a

power of 2 and plots the periodogram at all points 2”’“

Theorem 3.1 will follow immediately from Theorem 3.2, which is stated in what follows.
Throughout, we employ the same random field notations introduced at the beginning of section
2. We begin with the following proposition; the joint convergence below is the first building

block of the proof’s architecture.

Proposition 3.1 Fiz w such that each component is a rational multiple of 2w. Let a € (0, 2).

Define centered variables Z(t) = Z(t) — by. Then the following joint convergence result holds:

< Z Z2(t i i )cost'w, % tzj; Z(t) sint’w) £ (S*’ U, V) (24)

a?
N =1

where S is a totally right skewed % -stable random variable, and U and V' are a-stable random

variables. Their joint characteristic function is given in Theorem 3.1.
Proof This proof is deferred to the appendix.

We will now develop this result to investigate the joint asymptotic properties of I(w) and

the sample variance 2. Suppose again that by = 0, so that Z(t) = Z(t). First observe that

Zzw Z(t — j) cost'w (25)

t=1 jEB,,
n—j n—j
= Z (j) cosj'w Z Z(s) cos s'w — Z p(j) sin j'w Z Z(s)sins'w
JjE€EBm s=1—j JjEBm, s=1—j
n n
=op(an) Z (g cosj’wZZ(s)coss'wf Z w(j)sinj’wZZ(s)sins’w
JEBm, s=1 JEB., s=1

by the law of cosines and application of Lemma 2.1. In a similar fashion, we obtain

Z Z W(§)Z(t — j)sint'w (26)

t=1jEBy,
+ Z w(j)cosj’wZZ(s)sins/w+ Z w(j)sinj’wZZ(s)coss’w
s=1

Jj€Bm s=1 JEBm
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by using the law of sines. These statements (25) and (26), together with (14), produce the

joint statement

QZ Z V()27 712 Z V() Zi—j cost’w,afvlz Z P(§)Zi—jsint'w
t=1 j€Bm t=1 §€Bm t=1jE€B,
n
; ( S 02() a2 v ()22
JEBm t=1
Z P (j) cos j'w a;vlzZ(s) cos s'w — Z P(j) sin j'w a&lzZ(s) sin s'w, (27)
JE€EBm s=1 JEBm s=1
Z P(j) cos j'w a;,lzZ(s) sin s'w + Z P (j) sin j'w a;,lzZ(s) coss’w)
JE€Bm JEBm s=1
=S | N PGS YU — VeV + U
JEBm

by using Proposition 3.1. The constants 7" and ¢." are defined by the formulas
= Y Wd)cosjlw Y= > P(f)singw.
JEB, JEBm
Next apply the continuous mapping (z,y,2) — (x,3% + 22) to the weak convergence in (27),
and we obtain

n n

aN' D D VD2 =)y Yo D v()AE— et (28)
t=15€Bm t=1jEB,
L | S )3 () + @)U + V)
jeB’NL

after using the simple identity (all — bV)*+(aV + bU)> = (a>+b*)(U2+V?2). So we are finally
in the situation of Lemma 2.3 | so that we should take the limit as m — oo in the convergence
(28). The right hand side clearly converges almost surely to
(W3S, S w()ed (U2 + v?).
jezd

So if we can handle the left hand side of (28), we have proved the following theorem:

Theorem 3.2 Let « € (0,2), and consider a vector of frequencies w such that each component
is a rational multiple of 2m. Also assume that the sequence by = 0 for N sufficiently large.

Then the periodogram and sample variance converge jointly
2

(1@;),&2") =[S w)e| U +v?), w28

JjEZd
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as min;n; — oo, and the self-normalized periodogram therefore obeys

2
£ 1 ez (e (U2 +V2)
Iy(w) = —2 ~ : (29)
v25
The random variable (U? + V2)/5’ is nondegenerate, so the heavy-tailed periodogram is not

consistent. The joint characteristic function of U, V, and S is given in Theorem 3.1.

Proof The previous discussion leading up to (28) is the bulk of the proof. We must show
that the periodogram for the truncated series is asymptotically the same as the periodogram;
as for the sample variance, this was already established in (14) and (15). But by applying the

same techniques used to prove (9), we can establish

n

n
ay' ZX(t) cost'w = op(1) + ay' Z Z W(§)Z(t — j) cost'w
t=1 t=1j€B,,

n

ay' ZX(t) sint'w = op(1) +ay' Z Z () Z(t — j)sint'w

t=1 t=1jEBm
with some minor adjustments (since Z;cost'w and Z;sint'w are not identically distributed;
however, by partitioning them into orbits, as in the proof of Proposition 3.1, after much labor

we get the same result). Put in a vector format, we have

<a&1 Z X(t) cost'w,ay Z X (t) sin t'w)
t=1 t=1

n

=op()+ ay' Y. > ()2t —j)costw,ay' Y Y (i) Z(t - j)sint'w

t=1 jEBm t=1 jEBm
where op(1) here is a short hand for the limit superior of the probability of the difference over
main;n; — oo tending to zero as m increases to infinity. Now applying the continuous functional

(x,y) — 22 + y?, which preserves the op(1) relation, we have

2

I(w) =op(1) +|ay' Y D 20t - j)e'™™

t=1 j€EBm
The nondegeneracy of (U2 + V?2)/S follows from the fact that U2 + V2 can be expressed as
a sum of squared a-stable variables, which never has an a/2 stable distribution. All of this
argument goes smoothly for a < 1; in the case that o > 1, we should replace Z by Z — EZ
to make Proposition 3.1 work out correctly. However, it is easy to check that this makes no
difference asymptotically to Iy (w), because both its numerator and denominator grow at rate

ay .
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Remark As mentioned in Kliippelberg and Mikosch (1994), the self-normalized periodogram
has the nice property of being independent of the possibly unknown parameter «. Just as the
self-normalized sample mean enjoys robustness under « € (1,2) as discussed in Section 2, the

self-normalized periodogram is robust for a € (0, 2).

4  Subsampling Applications

The objective of the previous limit results for the sample mean in Section 2 is to establish con-
fidence intervals for the mean via the quantiles of the limiting distribution. Self-normalization
by the sample variance was used to remove the unknown rate ay of convergence (see Theorem
2.3), so that the ratio of partial sums and sample variance could be formed by the practitioner.
The second ingredient we need is a way of estimating the quantiles of the limit, which is the

complicated random variable

(30)

U,\V/S

this can be accomplished by subsampling.

The concept of subsampling is developed in the book by Politis, Romano, and Wolf (1999).
Subsets of the observation region K are chosen, for each set K, and the statistic is calculated
over the random variables in that subest. This is done for all the subsets that can fit into K,
and then an empirical distribution function is calculated from those values. The result is an

estimate of the limit cdf, and its quantiles may be used as approximations.

Let us denote the ratio in Theorem 2.3 by

T (0) = \/N@K _ 9) _ Yo (X(t)—0)

T JE e (X - %)

7

where Oy := Y e X(t) and 65 = \/ZteK (X(t) —7)2. From here on we utilize the
notation of Chapter 5 of Politis, Romano, and Wolf (1999), so let b be a vector with components
(b1,ba, -+ ,bg), which give the various dimensions of a “rectangular” subset of K, i.e. the subset
is by by by by b3 , etc. B will denote this set, and we let b = TI%_,b; be the volume that it
encloses. The vector q gives the positions of the various subsampling blocks within the larger
blocks, so ¢; = n; —b; + 1 fori=1,2,--- ,d. Thus ¢ = [1%_,g; gives the total number of those
blocks. Next we define the “subsampling distribution estimator” of Tk () to be the following
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empirical distribution function (edf):

1 qa
Ln,b(:c) = 5 Z 1{Tb,i§$} (31)
i=1

where Ty, ; is essentially the sum Tk () evaluated on the subseries {X (¢)} with ¢ in a scaled
version of K with side lengths given by the vector b (but with the unknown 6 replaced by the

estimate éK) . Thus
Ty == Vb éBtii_éK-
OB+i

Now we must briefly discuss mixing conditions — see Bulinskii (1981) or Bulinskii (1986),
p. 311 for a discussion of numerous related mixing conditions. Let éx(k;l;) be the mixing
coefficients discussed in Politis et al (1999, p.122), i.e.

ax(k;ly):= sup |P(A1NAy)—P(A)P(Ay)]
Ey=FEy+t

with Ay € F(Ey), As € F(E2) , |E1| <1y, and p(E1, E2) > k. Here, Eq1 and E, are subsets
of Z%, and |E| denotes the cardinality of E while p is the Euclidean distance metric. Also,
F(FE;) is the o-algebra generated by random variables X; with ¢t € E;, and ¢ = 1 or 2. These
coefficients are actually dominated by the strong mixing coefficients introduced by Rosenblatt
(1956) — general conditions for a linear series (the d = 1 case) to be strong mixing are given by
Withers (1981); they require that the ¥(j) tend to zero fast enough (with j), and that the Zs
have an absolutely continuous distribution. We make the following assumption on the mixing
coefficients of the random field:

N7 Tk ax (kib) — 0 (32)
k=1

where 7 := max;n; . This mixing condition (32) is easily seen to be satisfied if the random
field has a compactly supported filter function 1, for example. Now we can state the desired

corollary:

Corollary 4.1 Let J(-) be the cdf of the limit random variable given in (30), and choose the
vector b = by such that b; — oo and b;/n; — 0 as n; — oo, fori =1,2,---d; also assume

that the mizing condition (32) holds. Then

Lob(z) = J(2)

s

for every continuity point x of J(-).
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Proof This result follows immediately from Theorem 2.3 and Corollary 5.3.1 of Politis, Ro-
mano, and Wolf (1999) (notice that 7, = v/u, S0 Tb/Tn — 0, as required ). i

Remark Since the limit random variable in Theorem 2.3 is absolutely continuous, we may

form the asymptotically correct (1 — ¢)100 percent equal-tailed confidence intervals for 6 :

A — OK /A — 0K
O — Lab (1= 1/2) - 2 0 — L4, (1/2) - 2K

for a 1 — ¢ confidence level (here, L™!(-) denotes the quantile function of a cdf L(-) ). Notice
that nowhere in our procedure or in the interval construction do we need explicit knowledge

of the value of a; herein lies the advantage of our method.

As with the sample mean, subsampling can also be used to approximate the limit distribution
of the periodogram I(w). Corollary 4.1 above will hold for the self-normalized periodogram if
we just let J(-) be the cdf of the limit random variable of Iy (w), which is given by (29). Then
the subsampling distribution estimator Ly n(x) must be alterred slightly: we use the same

equation (31), but now Ty ; is defined by

Ipi
Tb,i = B:+ (w>;

023+i

then the corollary still holds as stated.

5 Appendix

This appendix contains proof of Proposition 3.1.

Proof of Proposition 3.1 We center all variables Z(t) by by, in view of equation (4); thus
we consider the centered variables Z(t) = Z(t) — by. Fix w, and let U(t) := Z(t) cost'w and
V(t) := Z(t) sint’w. Then choose any real numbers 7y, 7, 73, so that the characteristic function

of the left hand side of (24) is

E exp {ima&l Z U(t) + ingay’ Z V(t) +inzay’ Z Z? (t)} (33)

t=1 t=1 t=1

=Eexp {iaj_\,l Z Z(t) (1 cost'w + ma sint'w) + inzay? Z Zz(t)} .

t=1 t=1
Now let f(t) := 1 cost’w+ns sint’w, and notice that this function is periodic in each component

t; if we fix the other components, due to the choice of the w;’s. This makes f into a periodic
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function on Z¢ with a finite orbit, say of length Q. Thus we can partition the observation
region K into regions G}, each of which consists of all points ¢ € K such that f(t) is constant.
Thus we set f; to be the value of f(¢) on the set G, and we know the size of G is G = %
Note that f; does not depend on N, even though it is the value of f() on the subset GI¥. Now

we use this in (33) along with independence of the inputs to obtain

Eexp { iay Z Z Z —i—mgaN Z Z Z2

I=1teGlN I=1teGlN

_Hl 1Eexp le Z fl—i—mgaN Z Z2
teGN teGN

L(N) _ 1 L(N)\
=12 Eexp {zfl Q_ G ) o Z —&-1773( Q= L) ) ag’ Z Z2(t

teGN teGN

_>HLQ:1EQXP if1QTw S +insQ aSl}

Q
= Eexp {’LQ_é ZflSl + iQ_gngzgl}

=1 =1

Q Q Q
=Eexp {imQ_i ZC}SZ QT Z 7S + ins Q' Z Sl} .
t=1

1=1 =1
The limit in the middle lines was taken as min; n;, — oo, which forced N — oo and G —

0o. Also we used the simple identity ay = Qa LE]C\?? ac, and % = LL(?GC? —1las G —
oo since the function L(-) is slowly varying. Finally, ¢/ and cl2 are the constants obtained
when we decompose f; = ni¢j + m2ci. Now {S;;1 = 1,2,---,Q} are independent a-stable
random variables, and {S'l;l = 1,2,---,Q} are independent totally right skewed §-stable
random variables. The third equality is valid due to the joint convergence of the terms for

Z:172,”' 7Q~

In the previous calculation we have used the fact that

05" Y 20057 Y 24| £ (s.9)

teGY teGY
jointly, which is the generalization of Theorem 2.3 to the case that a € (0,2). The proof is

similar, the main difference being the centering by by when o < 1.

Thus we may conclude that



which is the right hand side of (24) when we make the following associations: let S :=
Q= 2162:1 So, U = Q= ZlQ:l et S, and V = Q= ZlQ:l ¢}S;. The joint characteristic func-
tion for U, V, and S may be deduced from the expression

M2 Eexp {ifiQ % S+ imsQ # 5 |
Now for each [, the pair (S, S’l) has the characteristic function given in Theorem 2.3; putting

these facts together produces the characteristic function given in Theorem 3.1. T
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