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Abstract

The problem of nonparametric estimation of a smooth, real-valued function of
a vector argument. is addressed. In particular, we focus on a family of infinite-
order smoothing kernels that is characterized by the flatness near the origin of
the Fourier transform of each member of the family; hence, the term ‘flat-top’ ker-
nels. Smoothing with the proposed infinite-order flat-top kernels has optimal Mean
Squared Error properties. We review some recent advances, as well as give two new
results on density estimation in two cases of interest: (i) case of a smooth density
over a finite domain, and (ii) case of infinite domain with some discontinuities.



1 Introduction: a general family of flat-top kernels
of infinite order.

Let f : R — R be an unknown function to be estimated from data. In the typical
nonparametric set-up, nothing is assumed about f except that it possesses a certain
degree of smoothness. Usually, a preliminary estimator of f can be easily calculated
that, however, lacks the required smoothness; e.g., in the case where f is a probability
density. Often, the preliminary estimator is even inconsistent; e.g., in the case where f is
a spectral density and the preliminary estimator is the periodogram. Rosenblatt (1991)
discusses these two cases in an integrated framework.

In order to obtain an estimator (denoted by f) with good properties, for example,
large-sample consistency and smoothness, one can smooth the preliminary estimator by
convolving it with a function A : R — R called the ‘kernel’, and satisfying [ A(z)dr = 1;
unless otherwise noted, integrals will be over the whole of R¢. It is convenient to also
define the Fourier transform of the kernel as A(s) = [ A(z)e!*®dx, where s = (s1,. .., 54),
r=(z1,...,79) € R, (s-1) =X spy, is the inner product between s and z.

Typically, as the sample size increases, the kernel A(-) becomes more and more con-
centrated near the origin. To achieve this behavior, we let A(-) and A(-) depend on a real-
valued, positive ‘bandwidth’ parameter h, that is, we assume that A(x) = h=%Q(z/h),
and A(s) = w(hs), where Q(-) and w(-) are some fixed (not depending on h) bounded
functions, satisfying w(s) = [ Q(z)e’*®dx; the bandwidth h will be assumed to be a
decreasing function of the sample size.

If Q has finite moments up to gth order, and moments of order up to ¢ — 1 equal
to zero, then q is called the ‘order’ of the kernel 2. If the unknown function f has r
bounded continuous derivatives, it typically follows that

Bias(f(x)) = Ef(z) = f(z) = cpa(z)h* + o(h*), (1)

where k£ = min(g, 7), and ¢;(z) is a bounded function depending on €2, on f, and on f’s
derivatives. Note that existence and boundedness of derivatives up to order r includes
existence and boundedness of mixed derivatives of total order r; c¢f. Rosenblatt (1991,
p. 8). )

This idea of choosing a kernel of order ¢ in order to get the Bias(f(z)) to be O(h¥)
dates back to Parzen (1962) and Bartlett (1963); see also Cacoullos (1966) for the multi-
variate case. Some more recent references on ‘higher-order’ kernels include the following:
Devroye (1987), Gasser, Miiller, and Mammitzsch (1985), Granovsky and Miiller (1991),
Jones (1995), Jones and Foster (1993), Marron (1994), Marron and Wand (1992), Miiller
(1988), Nadaraya (1989), Silverman(1986), and Scott (1992).



Note that the asymptotic order of the bias is limited by the order of the kernel
if the true density is very smooth, i.e., if r is large. To avoid this limitation, one can
define a ‘superkernel’ as a kernel whose order can be any positive integer; Devroye (1992)
contains a detailed analysis of superkernels in the case of (univariate) probability density
estimation. Thus, if f has r bounded continuous derivatives, a superkernel will result in
an estimator with bias of order O(h"), no matter how large r may be; so, we might say
that a superkernel is a kernel with ‘infinite order’.

However, it might be more appropriate to say that a kernel has ‘infinite order’ if it
results in an estimator with bias of order O(h") no matter how large r may be regardless
of whether the kernel has finite moments. It seems that the finite-moment assumption for
() is just a technical one, and that existence of the Lebesgue integrals used to calculate the
moments is not necessarily required in order that a kernel has favorable bias performance;
rather, it seems that if the integrals defining the moments of €2 have a Cauchy principal
value of zero then the favorable bias performance follows, and this is in turn ensured by
setting w to be constant over an open neighborhood of the origin.

A preliminary report on a specific type of such infinite order kernel in the univariate
case (that corresponds to an w of ‘trapezoidal’ shape) was given in Politis and Romano
(1993); consequently, in Politis and Romano (1996, 1999) a general family of multivariate
flat-top kernels of infinite order was proposed, and the favorable bias (and Mean Squared
Error) properties of the resulting estimators were shown in the cases of probability and
spectral density estimation.

Presently, we will propose a slightly bigger, more general class of multivariate flat-top
kernels of infinite order with similar optimality properties—as will be shown in section
2. Finally, in section 3 we will address the interesting case where the unknown function
f possesses the required smoothness only over a subset of the domain; in particular, we
will investigate to what extend the performance of f (x) is affected by a discontinuity of
f (or its derivatives) at points away from x.

The general family of multivariate flat-top kernels of infinite order can be defined as
follows.

Definition 1. Let C be a compact, convezr subset of R? that contains an open neighbor-
hood of the origin; in other words, there is an € > 0 such that eD C C C € 'D, where D
is the Euclidean unit ball in RC.

The kernel Q¢ is said to be a member of the general family of multivariate flat-top kernels
of infinite order if

Qclr) = 2m)~" [we(s)e Cds,

where the Fourier transform wc(s) satisfies the following properties:



(i) we(s) =1 forallseC;
(ii) [ |we(s)Pds < oo; and

(iii) we(s) = we(—s), for any s € RY.

Property (i) guarantees the favorable bias properties and the ‘infinite’ order, while
property (ii) ensures a finite variance of the resulting estimator f ; finally, property (iii)
guarantees that (¢ is real-valued.

In practically working with such a flat-top kernel, one must choose C. A typical
choice for C' is the unit ball in /,, with some choice of p satisfying 1 < p < oo; see Politis
and Romano (1999). In addition, it is natural to impose the condition that we be a
continuous function with the property |we(s)| < 1, for any s € R%. Nevertheless, only
properties (i), (ii), (iii) are required for our results.

2 Multivariate density estimation: a review

Suppose Xi,..., Xy are independent, identically distributed (i.i.d.) random vectors
taking values in R?, and possessing a probability density function f; the assumption of
independence is not crucial here. The arguments apply equally well if the observations
are stationary and weakly dependent, where weak dependence can be quantified through
the use of mixing coefficients—see, for example, Gyorfi et al. (1989).

The objective is to estimate f(x) for some x € R?, assuming f possesses a certain
degree of smoothness. In particular, it will be assumed that the characteristic function
¢(s) = [ €' f(z)dz tends to zero sufficiently fast as ||s||, — oo; here s = (s1,. .., 84),
= (x1,...,74) € R%, (5-x) = ) sy is the inner product between s and z, and || - |,
is the [, norm, i.e., ||s||, = (X |sk[P)/?, if 1 < p < 00, and ||5||ee = maxy, |sg|.

We define the flat-top kernel smoothed estimator of f(z), for some z € R?, by

flz) = % Z Ao (z— Xy) = (2—;lr)d /)\c(s)d)N(s)e_i(s"”)ds, (2)

where \c(s) = [ Ac(2)e!®?dz, Ac(x) = h=¥Q¢(x/h), for some chosen bandwidth h >
0, and ¢ satisfies the properties of Definition 1; also note that ¢x(s) is the sample



characteristic function defined by
1 N
Z Xp)
N £ o

Now it is well known (cf. Rosenblatt (1991, p. 7)) that if f is continuous at x, and
f(z) > 0, then ,
Var(j(s)) =
Hence, the order of magnitude of the Mean Squared Error (MSE) of f(z) hinges on the
order of magnitude of its bias. To quantify the bias (and resulting MSE) of f(z), we
formulate three different conditions based on the rate of decay of ¢ that are in the same
spirit as the conditions in Watson and Leadbetter (1963).

x)/sz?(x)dx+0(1/zv). (3)

Condition Cy: For some p € [1,00], there is an v > 0, such that [ ||s|[7]|¢(s)|ds < oo

Condition Cy: For some p € [1,00]|, there are positive constants B and K such that

|p(s)| < Be Kllsllo for all s € R?.

Condition C3: For some p € [1,00], there is a positive constant B such that |¢(s)| = 0,
if ||sllp > B.

Note that if one of Conditions C; to C3 holds for some p € [1,00], then, by the
equivalence of I, norms for R¢, that same Condition would hold for any p € [1,00],
perhaps with a change in the constants B and K.

Conditions C; to C'3 can be interpreted as different conditions on the smoothness of
the density f(z) for x € R% cf. Katznelson (1968), Butzer and Nessel (1971), Stein and
Weiss (1971), and the references therein. Note that they are given in increasing order of
strength, i.e., if Condition C; holds, then Condition C holds as well, and if Condition
C3 holds, then Conditions C; and C5 hold as well. Also note that if Condition C; holds,
then f must necessarily have [r] bounded, continuous derivatives over R? where [-] is
the positive part; cf. Katznelson (1968, p. 123). Obviously, if Condition C5 holds, then
f has bounded, continuous derivatives of any order over R¢.

The following theorem quantifies the performance of the proposed family of flat-top
estimators. It was first proved in Politis and Romano (1999) in the case where C' is the
[, unit ball with 1 < p < oo; we restate it below in this more general case.

Theorem 1 [PoLITIS AND ROMANO (1999)] Assume that N — occ.
(a) Under Condition Cy, and letting h ~ AN~Y @+ for some constant A > 0, it follows

5



that
sup MSE(f(zx)) = O(N—2/Cr+d)y,

TERY

(b) Under Condition Cy, and letting h ~ A/log N, where A is a constant such that
A < 2K, it follows that

. log? N
sup MSE(f(x)) = O(=%
rER?

).
(¢) Under Condition C3, and letting h be some constant small enough such that h < B™!,
it follows that

sup MSE(f(x)) = O(1/N).

rERA

Remark 1a. The special case where we(s) = 0 for all s ¢ C, has been considered
by many authors in the literature, e.g. Parzen (1962), Davis (1977), and Ibragimov and
Hasminksii (1982). Nevertheless, the choice we(s) = 0 for all s ¢ C is not recom-
mendable in practice; see Politis and Romano (1999) for more details on such practical
concerns, including choosing the bandwidth A in practice.

Remark 1b. A rather surprising observation is that smoothing with flat-top kernels
does not seem to be plagued by the ‘curse of dimensionality’ in case the underlying den-
sity is ultra-smooth, possessing derivatives of all orders, i.e., under Condition Cy (or Cj).
For example, in Theorem 1b under Condition Cy, the MSE of estimation achieved by
flat-top kernel smoothing is of order O(lﬂg]dV—N), i.e., depending on the dimension d only
through the slowly varying function log? N. A more extreme result obtains under Con-
dition C3: Theorem 1c shows that in that case the MSE of estimation becomes exactly
O(1/N) which is identical to the parametric rate of estimation, and does not depend on
the dimension d at all.

Remark 1c. It is also noteworthy that, even in the univariate case d = 1, the MSE
of estimation is identical to the O(1/N) parametric rate of estimation under Condition
Cj3, and is very close to O(1/N) under Condition C5. In other words, if a practitioner is
to decide between fitting a particular parametric model to the data vs. assuming that the
unknown density has derivatives of all orders (i.e., Condition C5) and using our proposed
flat-top kernel smoothing, there is no real benefit (in terms of rate of convergence) in
favor of the parametric model. As a matter of fact, the smoothness Condition C5 may be



viewed as defining a huge class of functions that includes all the usual parametric mod-
els; the proposed flat-top kernel smoothing can then proceed to estimate the unknown
function with accuracy comparable to the accuracy of a parametric estimator.

Remark 1d. It is well-known in the literature (see, for example, Miiller (1988) or
Scott (1992)) that kernel density estimators corresponding to kernels of order bigger than
two are not necessarily nonnegative functions; it goes without saying that the same ap-
plies for our estimators f that are obtained using kernels of infinite order. Nevertheless,
the nonnegativity is not a serious issue as there is a natural fix-up, namely using the
modified estimator f*(z) = max(f(z),0); see also Gajek (1986) and Hall and Murison
(1992). Note that the estimator ft (x) is not only nonnegative, but is more accurate as
well, in the sense that MSE(f*(z)) < MSE(f(z)), for all z; this fact follows from the
obvious inequality | f*(z)— f(z)| < |f(x)— f()|. In addition, if f(z) > 0, an application
of Chebychev’s inequality shows that Prob{f(z) = f*(z)} — 1 under the assumptions
of our Theorem 1; on the other hand, if f(x) = 0, then the large-sample distribution of
either \/de—Nf+($), or \/hd—Nf(x), degenerates to a point mass at zero.

Remark le. By the formal analogy between probability spectral density estima-
tion (see e.g. Rosenblatt (1991)) it should not be surprising that flat-top kernels might
be applicable in a context of nonparametric spectral density estimation. In Politis and
Romano (1995, 1996), kernels belonging to a subset of the family of flat-top kernels are
employed for the purpose of spectral density estimation using data consisting of a realiza-
tion of a stationary time series or a homogeneous random field. Incidentally, note a typo
in the statement of Theorem 2 in Politis and Romano (1996): instead of M; ~ dc; log N;
it should read m; ~ dc;log ;.

3 Further issues on density estimation

In this section we will continue the discussion on probability density estimation based
on i.i.d. data Xy,..., Xy, and will investigate to what extend the performance of f(x)
is affected by a discontinuity of f (or its derivatives) at points away from .

3.1 Case of smooth density over a finite domain

To fix ideas, consider first the univariate case d = 1; it is well-known that, if the random
variables X1,..., Xy are bounded, that is, if the density f has domain the finite interval



[a, b] as opposed to R, then the characteristic function ¢ will not satisfy the smoothness
Conditions C7, Cy, or C3. The situation is exemplified by the smoothest of such densities,
namely the uniform density over the interval [—6, 8] whose characteristic function is given
by ¢(s) = #585; ¢f. Rao (1973, p. 151).

In general, suppose f is a very smooth density function (e.g., satisfying one of the
smoothness Conditions Cy, Cy, or C3), and let f(z) = ¢ f(x)1[_p4(z), where 19 (z)
is the indicator function, and ¢ = 1/ /%, f(z)dz. Then the characteristic function of f
is given by ¢(s) = 20c ¢(s) * %8¢ where ¢ is the characteristic function of f, and *
denotes convolution. In other words, the term % seems unavoidable, and is due to the
truncation of the random variables.

Nevertheless, it seems intuitive that for the ultra-smooth uniform density over the
interval [—0, ], smoothing should give good results; this is indeed true as the following
discussion shows. First note that if § = 7, then 5% = 0 for all s € Z — {0}; this
observation naturally brings us to Fourier series on the circle defined by ‘wrapping’
the interval [—m, 7] around on a circle, or—in high dimensions—Fourier series on the
d-dimensional torus.

So, without loss of generality (and possibly having to use a linear/affine transfor-
mation in pre-processing the data), assume that Xi,..., Xy are i.i.d. with probabil-
ity density f defined on the torus T = [—7,7]%. Now let the characteristic function
¢(s) = [p e f(z)dz, and the sample characteristic function ¢y (s) = & S5, ellsX0).
Recall the Fourier series formula

flx) = (@2m)~" 30 e Pg(s),
seZzd

and define our estimator

~

flz) = (2m)7" 32 Ae(s)e Do (s),

sczd

where A\¢(s) was defined in Section 2. As before, we define some smoothness conditions
based on the characteristic function ¢.

Condition K: For some p € [1,00], there is an r > 0, such that 3 cza ||s|[}]¢(s)] < oo

Condition Ky: For some p € [1,00], there are positive constants B and K such that
1p(s)| < Be~Klslle for all s € Z°.

Condition Ks: For some p € [1,00], there is a positive constant B such that |¢(s)| =0,
if |sl|, = B (with s € Z4).



The following theorem quantifies the performance of the general family of flat-top es-
timators; its proof follows closely the proof in Politis and Romano (1999) and is omitted.

Theorem 2 Assume that N — oo.
(a) Under Condition Ky, and letting h ~ AN~YC+d_ for some constant A > 0, it
follows that

sup MSE(f(x)) = O(N~2/@r+d),

zeT

(b) Under Condition Ky, and letting h ~ A/log N, where A is a constant such that
A < 2K, it follows that

N log? N
sup MSB(f(z)) = O(=
x€T

).
(¢) Under Condition K3, and letting h be some constant small enough such that h < B!,
it follows that

sup MSE(f(z)) = O(1/N).

zeT

Remark 2. It is easy to see that the uniform density on 7" satisfies condition K3, and
thus smoothing with a flat-top kernel achieves the parametric v/ N-rate in this case (with
no dependence on the dimensionality d) which is remarkable. Nevertheless, Conditions
K, K,, K3 are quite stringent as they imply smoothness/differentiability of f over the
whole torus T'; this is equivalent to assuming that a periodic extension of f over R? is
smooth /differentiable over the whole of RY.

To fix ideas, we again return to the case d = 1, and note that Condition K; implies
that f has [r] bounded, continuous derivatives over T, where [-] is the positive part; this
implies, in particular, that f(—n) = f(xr), f'(=7) = f'(n), f"(—7n) = f"(7), and so forth
up to the [r]-th derivative. If f is smooth/differentiable over (—m,7)¢ but not over the
whole torus 7" then the Fourier series method is not appropriate; rather, a technique
of extension of f over the whole of R¢ might be useful as elaborated upon in the next
subsection.

3.2 Case of infinite domain with some discontinuities

We now return to the set-up of Section 2 where Xy,..., Xy are i.i.d. random vectors
taking values in R? possessing a probability density function f. The objective is to es-
timate f(z) for some x in the interior of I, where I is a compact rectangle in R? over
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which f possesses a certain degree of smoothness. Again without loss of generality (and
possibly having to use a linear/affine transformation in pre-processing the data), assume
that I = [—a,a] X [—a,a] X -+ -[—a,a] for some a > 0. Outside the rectangle I, f and
its derivatives might have discontinuities, and f might even be zero (bringing us to the
set-up of bounded random variables as in the previous subsection). We now define the
following condition which is related to our previous Condition C}.

Condition C*[r]: For some positive integer v, f has r bounded, continuous derivatives
over the closed region I.

Again define the flat-top kernel smoothed estimator of f(z) by

1

k=1

fla) =

where A¢(s) is defined in Section 2.

It is intuitive that, if the tails of Q¢ (x) were negligible, the influence on f(x) of some
X}, observations that are far away from = (and may even correspond to a region where
f is not smooth) would be insignificant; this is indeed a true observation, and leads to
the following result. To state it, we define the smaller rectangle J = [—b,b] x [—b,b] X
-+« X [=b, b] where 0 < b < a; b should be thought to be close to a such that the point x
of interest will also belong to .J.

Theorem 3 Assume that
Qc(x) = O((1 + max|a]) ), (5)

for some real number q > d. Let p = Prob{X, € I} = [, f(x)dx be strictly in (0,1).
Under Condition C*[r + 1], and letting h ~ AN~Y@"+4 " for some constant A > 0, it
follows that

sup MSE(f(x)) = O(N /@)

zeJ

as N — oo, where r* = min(r,q — d).

Proof. The order of MSE(f(x)) again depends on the bias of f(z) since Var(f(x)) is
of order 1/(h?N) as before. To estimate the bias, consider the following argument.

Let f be a probability density that has (at least) 7 + 1 bounded derivatives over the
whole of R?, and such that f(z) = f(x) for all x € I; this extension of f over the whole
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of R¢ can be done in many ways—see e.g. Stein (1970). Re-order the X;s in such a way
that Xy,..., Xk are in I, whereas Xgy1,..., Xy are in 1€ i.e., the complement of I.
Construct a new sample Y7, ..., Yy with the property that V; = X, for:=1,... K,
and such that Yxi,...,Yy are drawn i.i.d. from density f(z)l.(x)/(1 — p), where
p = Prob{X, € I} = [; f(x)dz. It is apparent now that the sample Y3,...,Yy can be
considered as a bona fide i.i.d. sample from density f(z) for x € R%
Now recall that (together with the re-ordering) we have

NZAC (- X) + (NZ_VK)UI.

() N Z Ao (v — Xy) =
Note that, due to assumption (5), and to the fact that an observation outside I will be at

a distance of at least a —b (in an [, sense) from the point 2 € J, we have u; = O(£55)

(a—b)2
almost surely.
Finally, observe that
1 & 1 & N-K
—>» A — X)) == -Y;) A -Y
Nkz::l c(x k) Nz:: (z — Yi) NZ c (v =Yg +( N Juz,
. ha—d
where again uy = O((a_b)q) almost surely.
To summarize:
. 1 X N-K
f(z) = 5 22 e (@ = Yi) + (w4 wo) () (6)

k=1

Taking expectations in equation (6), and recalling that E(¥%) =1 — p, and

1 X _
E{ 2 Ac(@=Yy) | = f(x)+o(h),

N =
and that f(r) = f(z) for all z € I (and thus for all z € J as well), the theorem is
proven.U

Remark 3a. Theorem 3 shows that, in the possible presence of discontinuities in f
or its derivatives at points away from the target region I, it is important to use a flat-top
kernel ¢ (x) that is chosen to have small tails. For example, the case where we(s) =0
for all s ¢ C' that was considered by Parzen (1962), Davis (1977), and Ibragimov and
Hasminksii (1982) satisfies equation (5) with ¢ = 1 and is not recommendable. By con-
trast, the simple kernel ATROP(z) of Politis and Romano (1999) satisfies (5) with ¢ = 2
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as long as ¢ > 1.

Remark 3b. It is easy to construct flat-top kernels satisfying equation (5) with
q > 2; all it takes is to make sure that wc(s) has a high degree of smoothness (e.g.,
high number of derivatives) for all s. To do this, one must pay special attention at
the boundary of the region C since, inside C', w¢(s) is infinitely differentiable with all
derivatives being zero. We now give an explicit construction of a flat-top kernel satisfying
(5) with an arbitrary exponent ¢ in the case where C' is the [, unit ball. Let w;(s;) be
a member of the flat-top family in the case d = 1, and having the following properties:
wi(s1) = wi(—s1) for all 53 € R; wi(sy) =1 for all |s;| < 1; wi(sy) =0 for all |s;| > ¢
for some ¢ > 1 (¢ = 2 is a useful practical choice); wi(s;) is monotone decreasing for
1 < 51 < ¢; and wi(sy) possesses n continuous derivatives for all s; € R. Then, the
d-dimensional flat-top kernel Q¢ (x) with Fourier transform equal to we(s) = [T, wi(s;)
satisfies (5) with exponent ¢ > n + 1.

As a last remark, note that Condition C*[r+ 1] in Theorem 3 can be relaxed to C*[r]
if Qc(x) is chosen to have r finite moments which in turn can be guaranteed by hav-
ing ¢ > r+1 in equation (5). The following corollary should be compared to Theorem 1a.

Corollary 1 Assume Condition C*[r], as well as equation (5) with some q¢ > r + 1
and ¢ > r+d. Let p= Prob{X, € I} = [; f(x)dx be strictly in (0,1).
Letting h ~ AN—YC@+d) " for some constant A > 0, it follows that

sup MSE(f(z)) = O(N 2/Cr+a)

zeJ

as N — oo.
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