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Abstract

A general method of tail index estimation for heavy-tailed time series, based on
examining the growth rate of the logged sample second moment of the data was
proposed and studied in Meerschaert and Scheffler (1998) as well as Politis (2002).
To improve upon the basic estimator, we introduce a scale-invariant estimator that
is computed over subsets of the whole data set. We show that the new estimator,
under some stronger conditions on the data, has a polynomial rate of consistency
for the tail index. Empirical studies explore how the new method compares with
the Hill, Pickands, and DEdH estimators.

1 Introduction

Let X1, ..., X,, be an observed stretch of a linear dependent time series satisfying
Xo=) % (1)
JEZL

for all t € Z, where {Z;} is iid (independent and identically distributed) from some
continuous distribution F'; the case where 1); = 0 for j # 0 is the special case of {X;}
being iid, and is considered in detail throughout Section Two. We assume that F
belongs to D(«), the domain of attraction of an a-stable law; however, the heavy tail
index « is unknown and must be estimated from the data. In this context, there exist
sequences a, and b, such that a, 1 (Z?:l Zy —by) é Sa, where S, denotes a generic
a-stable law with unspecified scale, location and skewness, and a € (0, 2); it is always
true that we can write a,, = n'/*L(n) for some slowly-varying function L. If L is either
constant or asymptotically tends to a nonzero constant, we say that F is in the normal
domain of attraction, denoted by ND(«a). We restrict to the case that o < 2 to ensure

that the variance of the data is always infinite.



Estimators of the tail index are often constructed from extreme order statistics —
see Csorgd et al. (1985) for a general class of such estimators. The well-known Hill
estimator H, falls into this class. A challenging problem lies in choosing the number of
order statistics g to be used in practice; see Embrechts et al. (1997) and the references
therein for a discussion of this topic. The work of Politis (2002) presents an alternative
estimation approach that is based on empirically examining the growth of appropriately
chosen diverging statistics. A prime example of such a statistic is given by the sample
variance that diverges to infinity in the absence of a finite second moment. As a
matter of fact, a consistent—albeit with logarithmic rate—tail index estimator can be
constructed by simply taking the ratio of the logarithm of the sample variance to the
logarithm of the sample size; see Meerschaert and Scheffler (1998). For a survey on
nonparametric methods for heavy-tailed data, see Meerschaert and Scheffler (2003);

these authors also extend their methodology to heavy-tailed random vectors.

In this paper, a new class of tail index estimators are presented, which are in the same
philosophy as the estimators of Meerschaert and Scheffler (1998) and Politis (2002);
in particular, they do not rely on extreme order statistics. The main estimator is an
effort to improve on the convergence rate of the tail index estimator of Meerschaert
and Scheffler (1998), hereafter referred to as the M .S statistic. Our approach is simple
and intuitive, and can also be generalized to rate estimation settings other than the
heavy tail problem. We also propose some ways to improve upon the basic form of
the new estimators, and give some finite-sample simulation results. Section 2 covers
the theoretical results that establish the asymptotics of the tail index estimator, while
Section 3 deals with the more practical issues of how to conduct inference for a, and

presents the result of several simulation studies. All proofs are placed in the Appendix.

2 Theory

2.1 Motivation for the New Approach

The theory developed in this section motivates the construction of the tail index
estimators that we explore empirically in Section Three. In order to facilitate simple
proofs, the results in this section are presented for iid data, i.e., the case ¢; = 0 for
j # 01in (1). Some notations that are consistently used in this paper: E denotes the

expectation operator, whereas D is the variance operator (D for dispersion). By the



notation D[A, B], we denote the covariance between variables A and B. Also, when

we write a random variable without a subscript, we indicate a common version.

Let us define the sum of squares process S, (X?) = > p; X7 It is well-known
(see, for example Theorem 4.2 of Davis and Resnick (1985) for the M A(oo) case) that
S, (X?) diverges (when a < 2) at rate a2, i.e., the normalized partial sums of squares
U, = a,25,(X?) converge in distribution to a nondegenerate random variable. Since
an = n'/*L(n), the rate of divergence of S,(X?) may give crucial information about

. So define ¢ = 1/a and M = L?, and consider the identity
log S, (X?) = 2¢logn + log M (n) + €, (2)

where the random variables
€n = log(a;2Sn(X2))

can be thought of as “residuals” in a regression of log S, (X?) on logn. This is the
basic motivation behind the regression estimator of Politis (2002), as well as the M S
statistic:

'S =logt S,(X?)/(21og n)

Here log™ 2 = max{log z,0}. This differs from the statistic defined by Meerschaert and
Scheffler (1998) in that the sample second moments rather than the sample variance
is computed; the centering makes no difference to asymptotics when o < 2. In this
paper we shall use log rather than log™: the latter function has the advantage of
disregarding the behavior of X? near zero, which negative values of log X? essentially
explore. However, the logarithm allows for the intuitive decomposition given by (2). As
suggested in Meerschaert and Scheffler (1998), these estimators can be easily adapted
to handle the case that a > 2 by computing fourth or six sample moments; thus, we
define
CBAST _ 10g 5, (X?")/(2rlog n)

where the integer r is taken sufficiently large such that the 2rth moment of the data’s
distribution does not exist. The notation denotes a “Basic” estimator, dependent on a
user-defined integer r. The following result is similar to Lemma 2.1 of Politis (2002),
but goes deeper in producing convergence of certain moments, which will be important

for our later results.



Proposition 1 Assume that the probability density function fx of X ewists and is
bounded, and also that fx(x)/x is bounded in a neighborhood of zero. Also assume
that the distribution F' € D(«a) for some o € (0,2), and that {X;} are independent.
Defining the normalized sample second moments by U, = a,,2S,(X?), then U, N
and log U, £ casn— oo, where U has the distribution of an a/2 positively skewed
stable random wvariable, and € has the distribution of logU. The random variable U
has scale parameter C depending on « and the scale of the original data. In addition,

for any p < /2, we have

E[UP] — E[UP] (3)

for j =1,2. Moreover, the probability density functions (pdfs) of the random variables
U, exist and converge uniformly to the pdf of U.

Remark 1 The weak convergences in this proposition are also true for the M A(c0)
case (as demonstrated in Davis and Resnick (1985)), but the uniform integrability
results (3) have not been established by the authors for the case when serial correlation

is present. The last statement of the theorem is not new, but is stated for enunciation.

There are many distributions in D(a) — these distributions are characterized by
their regularly varying tail probabilities, as discussed in Theorem 2.2.8 of Embrechts,
Kliippelberg, and Mikosch (1997). Thus, Proposition 1 covers a wide-range of dis-
tributions. As pointed out in Meerschaert and Scheffler (1998), the trade-off of this
nonparametric approach is a slow convergence rate for the estimator éM S, This pa-
EMS and (BAS1

per investigates some variants of in the hopes of obtaining a faster

convergence rate.

2.2 Some Growth Estimators

We first investigate the properties of f BASI. these are quite similar in spirit to results

obtained for QQM 9 in Meerschaert and Scheffler (1998), but we use log instead of log™.

Theorem 1 Under the same assumptions as Proposition 1, we have the following



convergences as n — Q!
*BAS1 P
n —C

]EéBASl N C

n
MSE (}?ASl) 0

210gn<AfA51 —C—cn> Ny

for some sequence ¢, — 0 (if F € ND(«), we can take ¢, equal to a constant divided
by logn). As usual, MSE(CA) = IE[QC — C]2 The variable € is defined in Proposition 1.

The proof of Theorem 1 reveals that the bias of fBASl

decreases quite slowly; by
altering the estimator, we hope to produce a statistic with smaller bias. Toward that

end, consider the following simple “centered” estimator of (:

coBN _ log S, (X?) —log S /(X?)
L 2log \/n

(4)

Note that
log(M(n)/M(v/n)) | e~ €yn

SCEN _
n ¢+ logn logn

by equation (2). The differencing may reduce the bias of the BAS1 estimator '. To
see this, observe that
log M (n) Ee,,

2logn 2logn

. Ee, — E
Bias(CCOFN) — log(M (n)/M(y/n)) et cvn
logn logn

Bias(fBASl) =

n

To see why this may be helpful, suppose for concreteness that F' € ND(«a) and that
|E[e] — Elen]| = O(n™?) for some p > 0; then it is easy to show that Bias(CSEN) =
O(n=?/2/logn) whereas Bias(CBA51) = O(1/logn). Thus we may expect (CEN to
have superior bias properties in small samples. As for the overall Mean Squared Error,

in the ND(«) case we have
_
4(log n)?

copny _ L e —e ~)2
MSE((S )_4(log\/ﬁ)2E[(n i)l

!This question, under the further assumption that F' € ND(«), is explored in Section 2.4

MSE((Z) = Ele;]




Now E[(e, — € \/5)2] is difficult to analyze, but may well be smaller than E[¢2] for
small and large samples. In the case where F' ¢ ND(«), the bias w of

ogn
é CEN may be smaller than the corresponding term % for é BASL  For example, if
M (x) = log z, the respective biases are
log 2 loglogn
and ———
logn 2logn

showing that the bias of é CEN ig of smaller order. Of course, there are many choices
of M(n) for which this does not hold.

Since the logarithm of any slowly-varying function is o(logn), it is easy to see that
6CEN will be consistent for ( as n — oco. Now to further optimize this estimator’s
properties, we chop the data { X7, --- , X, } into non-overlapping blocks of size b, where
b is to be determined. Then (3 FOEN g computed over each separate block, and finally
is averaged across all K = |[n/b?| blocks. Let the CCEN statistic evaluated on data
points with indices {(k — 1)b? + 1,--- ,kb?} be denoted by {CEN ) for k = 1,---,K;

then our block-smoothed estimator is
SCEN CEN (k)
&S § jc (

Under our assumption of independence on the {Xt} series, the variance will be greatly
reduced from the averaging. The following theorem describes the asymptotic properties

(as both b and n — o) of the block-smoothed estimator flngN.

Theorem 2 Under the same assumptions as Proposition 1, the following conclusions

hold as b — oo:

e (i). The squared bias of each block estimator Cb2 N®) tends to zero and the
FOENK) s O((logb)72).

variance of Gy

e (ii). The squared bias of the block-smoothed estimator CESEN iso(l) as b and n

tend to infinity, and its variance is O(b>n~(logb)™2) as b and n tend to infinity.

e (iii). The Mean Squared Error ofél;ggEN — 0 as byn — 00, so long as b is chosen
such that b/(log by/n) — 0.

Remark 2 This bound on the error is not sharp, and in some special cases it can be

substantially improved — for example, if we assume that F' € ND(«); see Theorem 3

of Section 2.4 below. In practice, b must be small relative to n, e.g., b = nt/3.



2.3 Variance Reduction via Additional Smoothing

In the construction of éb, data points X7, --, X2 were compared with the data
points X1,---, Xp; however, this was a somewhat arbitrary choice, since we could
have used Xpy1,---, Xop or Xopi1,- -+, Xsp and so forth for the secondary subsample.
A block of size b? contains precisely b disjoint blocks of size b. If we smooth over
these additional smaller blocks, a reduction of the MSE of CSCEN can be achieved;
in addition, this innovation should be robust against data anomalies arising from the

subjectivity inherent in selecting only the first block.

For any integer n and series {A;}, we define

SP(A) = JZ Ay (5)

t=(j—1)n+1

for j =1,2,--- ,n, and define a smoothed block estimator by

log Sp2 (X logS(J)(XQ)
(RCEN _ b
G b Z log b (6)

Let the statistic (AleCEN evaluated on data points {(k — 1)b? +1,--- ,kb?} be denoted

*RCEN (k).

by (. ; then our resulting estimator is

SRCEN RCEN (k
G Zc

The following proposition is useful for determining the second-moment asymptotics of

our estimators of (.

Proposition 2 Under the same assumptions as Proposition 1, the following results
hold

E |:(€b2 - 61,)2] — 2]
Dley2, 5] — 0
€p2 — €p é Y1 - Y,

as b — oco. The random variables Y1 and Yo have the same distribution as € given in

Proposition 1, and are independent.



Remark 3 Note that € and ¢, are asymptotically uncorrelated. An intuitive expla-
nation for this is that the proportion of random variables common to both quantities

is 1/b, which tends to zero as b — oo.

As a corollary to this proposition, we have the finite sample and asymptotic variances
of the basic (BAS1), centered (CEN), and robust centered (RCEN) estimators:

Corollary 1 Under the same assumptions as Proposition 1, we have the following

formulas for the variance of our estimators:

:pas1;  Dleg]
Dleie™"1 = 4(log 172)2
SCEN7Y _ D[Qﬁ - €b]
D™ ] = 4(log b)2
*RCEN7 _ D[€b2 - Eb] — (11— 1/5)]1)[%]
Df b2 I= 4(log b)2

Asymptotically, as b — oo, these become

Die]
16(log b)?

Dle]
2(log b)*

*RCEN D[e]
D[ * ] ~ 2(logb)?

]D)[AbB;ASI

| ~

iGN

| ~

This result indicates that C}fgoEN is preferable to ébsg EN in terms of variance. Their
bias is of course identical. Both have more variance than g:fAS 1 though the order of
the variance is the same. Hence, the focus of our empirical studies in Section Three
will be an MSE comparison of SRCEN and BAS1.

2.4  Stronger Assumptions and Bias Reduction

Under some stronger assumptions on F', it is possible to prove that the bias of the
CEN and RCEN estimators can be dramatically superior to the bias of BAS1, as
alluded to in the discussion after Theorem 1. In particular, we will obtain a polynomial
rate of decay for these new estimators, which is superior to the logarithmic rate of
BAST.



Proposition 3 Suppose that the assumptions of Proposition 1 hold, and also assume
that F' € ND(«). Further suppose that the cdf Fx2 and Fy satisfy

o0
/ |Fx2(z) — Fy(z)] dx < oo. (7)
0
Then there exists p > 0 such that, as n — oo,

Ele,] — Ele] = O(n7P).

The proposition does not assert that this is the optimal rate; determination of the
optimal rate is a difficult problem, related to the theory of local limit theorems. Putting
everything together, the following theorem gives the asymptotic orders of bias and
variance for the BAS1, SCEN, and SRCEN estimators. For wise choices of the
block size b, as a function of n, a polynomial rate of convergence is obtained for the

MSE of the latter two estimators.

Theorem 3 Under the same assumptions as Proposition 3, the asymptotic biases of
BAS1, CEN, and RCEN are given by:

Bias(CBASY) = Ele] O(1/logb)

~ 4logb -
Bias(¢GEN) = Bl =9 _ o4 jpp1og 1)
b2 2logb
s Eley — €]
BZ(IS( gCEN) = Tgb = O(l/bp lOgb)
The asymptotic biases of ffASl, CESEN, and flffCEN are given by:
.z Elen]
BAS1y __ nlo__
Bias((,"°") = Slogn O(1/logn)
s Eleye — ep]
B SCENy _ Bl — O(1/1
ZG’S( b,n ) 210gb O( /bp Ogb)
. Elep2 — ey
Bias(GyROEN) = ;Tgb = O(1/bP log b)

Given the asymptotic variances for these estimators stated in Corollary 1, the choice
of block size b equal to a constant times n*/?0+P) gives an MSE of order

1
np/ (1) (log n)2

for SCEN and SRCEN , whereas MSE(CEASTY = O(1/(logn)?). Here, p > 0 is any

number satisfying the conclusions of Proposition 3.



Remark 4 This theorem tells us that, for an appropriate choice of b, SCEN and
SRCEN have MSE converging to zero at polynomial rate, which is superior to BAST.
This rate b = nl/20+) (up to a constant) is obtained by equating the asymptotic
order of variance and squared bias. Note that this is not the optimal rate, since the
order of convergence in Proposition 3 is not sharp. More practically, it is difficult to
see how p may be determined from the data. Since an unknown constant also figures
into this result, it is imperative to empirically investigate the choice of b, relative to
n, that produces the lowest MSE. These issues are investigated in Section Three. By
examination of the proof of Proposition 3, one might conjecture that smaller values of
« allow one to take p larger, whereas lighter tails force a smaller value of p. This is

borne out, to some extent, in the studies of Section Three.

2.5 Moving Averages

Here we return to our original linear model (1), in order to indicate which results can
be easily extended from the iid case. It is quite possible that all the previous results
are valid for infinite order moving averages, but we only discuss those results that are

easily proved.

Theorem 4 Assume that F € D(«) for some a € (0,2), and that the linear model (1)
holds for a sequence of coefficients {1;} satisfying

> Iil° < o0

JEZ
for some 6 < a, 6 < 1. Then the following results hold true:
e From Proposition 1, as n — oo, for any p < o /2
U, = U
L
€n = €.
e From Theorem 1, as n — o0
CABASI £, ¢
n

2log n(CPAST — ¢) £ e

e From Proposition 2, as b — oo

L
Ebz—eb:>Y1—Y2

10



e The formulas of Corollary 1 and Theorem 3 remain true, but the asymptotic

statements have not been validated.

These results in the moving average case follow essentially from the weak convergence
results — Theorems 4.1 and 4.2 of Davis and Resnick (1985). What is needed to extend
the remaining results is a local limit theorem for moving averages — such a result would
be a worthwhile contribution, and would at once facilitate extending the proofs of the

i1d case.

3  Empirical Studies

In this section we wish to explore the small-sample properties of BAST and SRCEN.
Theorem 3 indicates that, at least for F' € ND(«) with a < 2, SCEN and SRCEN
should have a faster rate of convergence than BAS1. And SRCEN should have lower
variance (but comparable bias) than SCEN, according to Corollary 1. In order to
assess our new estimators in a broader context, it is desirable to compare them to
other widely-used tail index estimators, such as the Pickands (Pickands 1975), DEdH
(Dekkers, Einmahl, and Haan 1989), and Hill (Hill 1975) estimators.

We now return to our original 2m+ 1-dependent model (1). As a referee pointed out,
it is known that long memory can handicap tail index estimators, so we focus on time
series models with short-range dependence. For example, the R/S statistic, which is
used to measure long memory (see Beran (1994)), contains a sum of squares similar to
the M .S and other tail index estimators of this paper. Our empirical findings indicate
that our SRCEN estimator experiences some sensitivity to serial correlation, similar
to the Pickands, DEdH, and Hill estimators; however, it is generally more robust to
serial dependence than these latter estimators. We have tried to frame the SRCEN
statistic as an extension of Meerschaert and Scheffler (1998), in the effort to obtain an
estimator with faster asymptotic rate of convergence (while preserving the robustness

of the original M S statistic). The simulation results bear this out to a large extent.

The theoretical results of Section Two consider the asymptotics of an estimator for
(; to obtain an estimator for «, we should apply the functional f(z) = 1/x. In this

case, the asymptotic mean squared error will be scaled by the factor (f/(¢ ))2 =(¢

11



3.1 An Example

In order to illustrate how our tail index estimator SRC E N might be used in practice,
we considered the log returns of the Dow Jones Industrial Average (DJIA), measured in
40 second increments from approximately 6:30 AM to 1:00 PM of December 15, 2003.

There were 585 observations, which reduced to 584 after the log return transformation
Xt = Yy =log Xy —log X; 1

The Y; series is covariance stationary with evidence of heavy-tails. We ran our SRCEN
procedure, together with BAS1, the M S statistic, and the Pickands, DEdH, and Hill
estimators. Like the latter three estimators, one plots SRC EN versus various choices
of the block size b, which produces a range of estimates — see Embrechts et al. (1997).
BAS1 produced the value —1.084659, demonstrating its sensitivity to the scale of the
data. Thus the MS produces zero; hence it is little better. Note that SRCEN,
Pickands, DEdH, and Hill are all scale invariant, which is an excellent property for
finite samples. The following figures show the performance of Pickands, Hill, and
DEdH versus a choice of order statistics. Finally, SRCEN is plotted against block

choice b.
Figure 1: Pickands Estimator

Pickands for DJIA data

|

Estimate

=250 200 -150 -100
|

-300
|

o 20 40 60 80 100 120

The Pickands plot is horrible, and the Hill estimator is not much better. Both
DEdH and SRCEN do reasonably well on this data — which is modelled as an AR(1)

12
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Figure 2: Hill Estimator

Hill for DJIA data
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Figure 3: DEdH Estimator
DEdH for DJIA data
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Figure 4: SRCEN Estimator

SRCEN for DJIA data
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160 165 170 17
| | | |
0
0

155
\

150
|
)

— giving a tail index value between 1.65 and 1.75. For SRCEN, we looked at block
sizes 3 through 17 (since at b = 18, K drops to 1).

3.2 Simulations

Simulation studies were conducted on a variety of models, block sizes, and estimators.
The following tables summarize the empirical root MSE calculations for 1000 Monte
Carlo simulations of particular heavy-tailed models with sample size n = 1000. The
symmetric a-stable and Student T distributions both belong to ND(«); in the latter
case, the degrees of freedom parameter is equal to «. We also consider a logGamma and
symmetric Burr distribution; the former is in D(a)\ N D(«). The Burr has cumulative
distribution function 1—(k/k + 27)® for > 0, and has tail index a7; we let k = 1 and
7 = 1 in our simulations below. Whereas for the above distributions the calculation
of a, is simple (using Proposition 2.2.13 of Embrechts et al. 1997), the case of the

logGamma is more complicated; we summarize its properties in Proposition 4 below.

Proposition 4 Let Y be Gamma distributed with shape B and rate . Then X =
expY is heavy-tailed of index «, and the rate of convergence of partial sums a, is
given by

an = n'/*(log n)%I‘(ﬂ)*l/a (8)

where T'(x) denotes the Gamma function. Hence the logGamma is in D(a) \ ND(«)
whenever B # 1.

14



Our study investigates several competing methods, tested on 10 different time series
models, which are displayed in Tables 1 through 10. Note that by Cline (1983), an
M A(c0) process will be in D(«) if its itd inputs are in D(«). Since the AR(1) model
has a representation as an M A(oco) process, all the models below have marginal dis-

tributions in D(«).
e Table 1: #id a-stable with low tail index
e Table 2: iid Student T with low degrees of freedom
e Table 3: iid Student T with moderate degrees of freedom
o Table 4: MA(7) a-stable with low tail index
e Table 5: AR(1) a-stable with low tail index
e Table 6: iid LogGamma with shape .5 and low tail index
e Table 7: iid LogGamma with shape 2 and low tail index
e Table 8: M A(7) LogGamma with shape 2 and low tail index
e Table 9: iid Symmetric Burr with £ = 1,7 = 1 and low tail index
e Table 10: AR(1) Symmetric Burr with £ = 1,7 = 1 and low tail index

The methods we consider are the BAS1, SRCEN, and Hill estimators; results for the
Pickands, and DEdH estimators were generally inferior to the Hill estimator, and are
not presented here. In the third model, the tail index o (which is equal to the degrees
of freedom) is between 2 and 4, so we use the BAS2 estimator and the analogue for
SRCEN. Models 4, 5, 8, and 10 introduce serial correlation; since the 7-dependence
in the fourth and eighth models do not exceed the block choices b = 7, 10, 14, we expect
SRCEN to do reasonably well. This is because, in order to obtain independence of
the various blocks, the block size must be greater than 7 for a 7-dependent process.
The fifth and tenth models have correlation at all lags, and so none of the methods are
expected to perform very well. For the M A(7), we used all coefficients equal to 1/7,
whereas for the AR(1) we used ¢ = .8. The block choices b = 7,10, 14 for SRCEN
correspond to k = 20, 10, 5 respectively, and represent low, moderate, and high values
of b relative to the sample size. For the Hill estimator, we chose three order statistics

representing low, moderate, and high values — 50, 100, 200. Recall that the absolute

15



value of the data should be taken before using these latter three estimators. For the
Hill estimator, we utilized a truncation technique to make it more competitive — in
the case of the low tail index, any values larger than 2 were set equal to 2; the values
are set to 4 in the case of Table 3. This procedure makes comparisons with SRCEN
more fair, since the latter has an “automatic” maximum of 2. Note that the simulation
studies are somewhat biased in favor of BASr and SRCEN, since we assume that a

suitable value of r (either 1 or 2) is known.

Table 1. Comparison of Root MSEs, iid a-Stable

o 2 .5 .8 1.0 1.2 1.5 1.8

BAS1 0.0317 | 0.0743 | 0.1089 | 0.1321 | 0.1468 | 0.1506 | 0.1682

SRCEN,b=17 0.0230 | 0.0542 | 0.0796 | 0.0883 | 0.0976 | 0.1056 | 0.1127

SRCEN,b=10| 0.0293 | 0.0722 | 0.1012 | 0.1159 | 0.1248 | 0.1220 | 0.1016

SRCEN,b=14 | 0.0385 | 0.0939 | 0.1285 | 0.1514 | 0.1622 | 0.1502 | 0.1160

Hill, k=50 0.0292 | 0.0792 | 0.1196 | 0.1599 | 0.1976 | 0.2870 | 0.1987

Hill, k=100 0.0202 | 0.0523 | 0.0814 | 0.1032 | 0.1357 | 0.2962 | 0.1999

Hill, k= 200 0.0162 | 0.0406 | 0.0608 | 0.0716 | 0.0940 | 0.2799 | 0.1999

Table 2. Comparison of Root MSEs, iid Student T

d.o.f. 2 5 .8 1.0 1.2 1.5 1.8

BAS1 0.0316 | 0.0787 | 0.1118 | 0.1306 | 0.1574 | 0.2274 | 0.3572

SRCEN,b=17 0.0259 | 0.0602 | 0.0865 | 0.0902 | 0.1092 | 0.2072 | 0.3632

SRCEN,b=10 | 0.0323 | 0.0732 | 0.1099 | 0.1122 | 0.1245 | 0.1903 | 0.3166

SRCEN,b=14 | 0.0411 | 0.0957 | 0.1384 | 0.1483 | 0.1583 | 0.1894 | 0.2864

Hill, k=50 0.0323 | 0.0775 | 0.1291 | 0.1568 | 0.1939 | 0.2116 | 0.1902

Hill, k=100 0.0207 | 0.0518 | 0.0902 | 0.1057 | 0.1231 | 0.1436 | 0.1717

Hill, k= 200 0.0147 | 0.0361 | 0.0576 | 0.0689 | 0.0893 | 0.1422 | 0.2288
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Table 3. Comparison of Root MSEs, iid Student T

d.o.f. 2.0 2.2 2.5 2.8 3.0 3.2 3.5

BAS2 0.2946 | 0.3541 | 0.4603 | 0.6090 | 0.6996 | 0.8127 -

SRCEN,b=17 0.2500 | 0.3244 | 0.4570 | 0.6373 | 0.7546 | 0.8878 -

SRCEN,b=10 | 0.2422 | 0.2880 | 0.3857 | 0.5306 | 0.6324 | 0.7451 | 0.9452

SRCEN,b=14 | 0.2851 | 0.3077 | 0.3735 | 0.4742 | 0.5486 | 0.6540 | 0.8292

Hill, k =50 0.2937 | 0.3116 | 0.3356 | 0.4131 | 0.4462 | 0.5008 | 0.5945
Hill, k=100 0.2200 | 0.2649 | 0.3444 | 0.4695 | 0.5449 | 0.6584 | 0.8122
Hill, k= 200 0.3021 | 0.4032 | 0.5516 | 0.7326 | 0.8594 | 0.9973 -

Table 4. Comparison of Root MSEs, M A(7) a-Stable

o 2 ) .8 1.0 1.2 1.5 1.8

BAS1 0.0311 | 0.0848 | 0.1558 | 0.2104 | 0.2610 | 0.3299 | 0.4124

SRCEN,b=17 0.0742 | 0.1341 | 0.1483 | 0.1325 | 0.1073 | 0.1110 | 0.2017

SRCEN,b=10| 0.0594 | 0.1112 | 0.1374 | 0.1385 | 0.1315 | 0.1270 | 0.1666

SRCEN,b=14 | 0.0579 | 0.1166 | 0.1536 | 0.1619 | 0.1660 | 0.1559 | 0.1490

Hill, k =50 0.1089 | 0.2735 | 0.4316 | 0.4641 | 0.4642 | 0.4044 | 0.2190
Hill, k=100 0.0639 | 0.1511 | 0.2495 | 0.2982 | 0.3598 | 0.3704 | 0.1980
Hill, k= 200 0.0381 | 0.0904 | 0.1502 | 0.1796 | 0.2451 | 0.3358 | 0.1974

Table 5. Comparison of Root MSEs, AR1 a-Stable

o 2 . .8 1.0 1.2 1.5 1.8

BAS1 0.0310 | 0.0767 | 0.1201 | 0.1501 | 0.1905 | 0.2491 | 0.3281

SRCEN,b=17 0.2343 | 0.2218 | 0.1889 | 0.1457 | 0.1074 | 0.0958 | 0.1760

SRCEN,b=10 | 0.1556 | 0.1630 | 0.1571 | 0.1420 | 0.1302 | 0.1171 | 0.1460

SRCEN,b=14 | 0.1179 | 0.1473 | 0.1685 | 0.1653 | 0.1645 | 0.1469 | 0.1321

Hill, k= 50 0.2695 | 0.3434 | 0.4071 | 0.4426 | 0.4616 | 0.4012 | 0.2262
Hill, k=100 0.1531 | 0.2088 | 0.2580 | 0.3103 | 0.3582 | 0.3778 | 0.2022
Hill, k = 200 0.0896 | 0.1292 | 0.1680 | 0.2055 | 0.2483 | 0.3453 | 0.1978
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Table 6. Comparison of Root MSEs, iid LogGamma, shape = 1/2

o 2 .5 .8 1.0 1.2 1.5 1.8
BAS1 0.0608 | 0.1358 | 0.1843 | 0.1952 | 0.1784 | 0.1342 | 0.1849
SRCEN,b=7 | 0.0583 | 0.1453 | 0.2172 | 0.2396 | 0.2243 | 0.1411 | 0.0950
SRCEN,b=10| 0.0568 | 0.1396 | 0.2132 | 0.2411 | 0.2345 | 0.1660 | 0.1049
SRCEN,b=14 | 0.0633 | 0.1481 | 0.2248 | 0.2545 | 0.2549 | 0.1971 | 0.1227
Hill, k =50 0.0527 | 0.1337 | 0.2112 | 0.2602 | 0.3100 | 0.3266 | 0.1804
Hill, k =100 0.0491 | 0.1225 | 0.1966 | 0.2428 | 0.2981 | 0.3314 | 0.1862
Hill, k = 200 0.0546 | 0.1353 | 0.2139 | 0.2782 | 0.3318 | 0.3829 | 0.1982
Table 7. Comparison of Root MSEs, iid LogGamma, shape = 2
o 2 ) .8 1.0 1.2 1.5 1.8
BAS1 0.0603 | 0.1520 | 0.2433 | 0.3228 | 0.3884 | 0.5141 | 0.6620
SRCEN,b=7 | 0.0323 | 0.0812 | 0.1307 | 0.1733 | 0.2130 | 0.3056 | 0.4219
SRCEN,b=10| 0.0334 | 0.0857 | 0.1325 | 0.1749 | 0.2070 | 0.2895 | 0.3980
SRCEN,b=14| 0.0369 | 0.0923 | 0.1385 | 0.1831 | 0.2121 | 0.2785 | 0.3808
Hill, k =50 0.0331 | 0.0835 | 0.1355 | 0.1736 | 0.2017 | 0.2597 | 0.3036
Hill, k=100 0.0349 | 0.0861 | 0.1385 | 0.1718 | 0.2095 | 0.2605 | 0.3144
Hill, k = 200 0.0403 | 0.1002 | 0.1593 | 0.1999 | 0.2403 | 0.2983 | 0.3575
Table 8. Comparison of Root MSEs, M A(7) LogGamma, shape = 2

o 2 83} .8 1.0 1.2 1.5 1.8
BAS1 0.0578 | 0.1353 | 0.2043 | 0.2528 | 0.3062 | 0.3890 | 0.5264
SRCEN,b=7 | 0.0442 | 0.0950 | 0.1369 | 0.1473 | 0.1373 | 0.09489 | 0.1541
SRCEN,b=10 | 0.0373 | 0.0868 | 0.1277 | 0.1431 | 0.1476 0.1214 0.1662
SRCEN,b=14 | 0.0403 | 0.0985 | 0.1487 | 0.1711 | 0.1776 | 0.1549 | 0.1776
Hill, k =50 0.0956 | 0.2252 | 0.3954 | 0.4374 | 0.4625 | 0.4024 | 0.2617
Hill, k=100 0.0536 | 0.1358 | 0.2349 | 0.2965 | 0.3450 | 0.3483 | 0.2101
Hill, k= 200 0.0407 | 0.0995 | 0.1525 | 0.1937 | 0.2434 | 0.3132 | 0.1889
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Table 9. Comparison of Root MSEs, iid Burr, k =1

o 2 5 .8 1.0 1.2 1.5 1.8

BAS1 0.0316 | 0.0712 | 0.1203 | 0.1470 | 0.1800 | 0.2533 | 0.3531

SRCEN,b=17 0.0258 | 0.0592 | 0.0805 | 0.1066 | 0.1596 | 0.3042 | 0.4942

SRCEN,b=10 | 0.0324 | 0.0736 | 0.1018 | 0.1156 | 0.1469 | 0.2621 | 0.4313

SRCEN,b=14 | 0.0406 | 0.0934 | 0.1326 | 0.1466 | 0.1575 | 0.2335 | 0.3855

Hill, k =50 0.0318 | 0.0774 | 0.1224 | 0.1564 | 0.1730 | 0.2164 | 0.2624

Hill, k=100 0.0210 | 0.0509 | 0.0831 | 0.1030 | 0.1334 | 0.2175 | 0.3310

Hill, k= 200 0.0144 | 0.0348 | 0.0689 | 0.1149 | 0.1805 | 0.3226 | 0.4917

Table 10. Comparison of Root MSEs, AR(1) Burr, k =1

o 2 ) .8 1.0 1.2 1.5 1.8

BAS1 0.0315 | 0.0788 | 0.1346 | 0.1855 | 0.2361 | 0.3465 | 0.4878

SRCEN,b=17 0.2365 | 0.2303 | 0.1751 | 0.1157 | 0.0874 | 0.2190 | 0.4308

SRCEN,b=10| 0.1571 | 0.1731 | 0.1534 | 0.1215 | 0.1146 | 0.2146 | 0.4016

SRCEN,b=14 | 0.1197 | 0.1527 | 0.1571 | 0.1528 | 0.1474 | 0.2162 | 0.3733

Hill, k=50 0.2686 | 0.3574 | 0.4078 | 0.4391 | 0.4560 | 0.3918 | 0.2623
Hill, k=100 0.1557 | 0.2187 | 0.2581 | 0.2990 | 0.3315 | 0.3221 | 0.2410
Hill, k= 200 0.0908 | 0.1346 | 0.1665 | 0.1929 | 0.2109 | 0.2347 | 0.2432

The best result in each column is presented in bold. Given the range of values of
the parameter, a root MSE of .1 seems fairly reasonable. Whenever the root MSE
was greater than 1, its value was omitted from the table. The following statements

summarize the findings of the simulation study:

e Hill is superior to BAST and SRCEN for many of the cases of serial indepen-

dence.
e BASr and SRCEN are competitive with Hill when serial correlation is present.
e SRCEN provides an alternative to BAST that is often more accurate and precise.

e SRCEN is upward biased for low o and downward biased for high «. Bias goes

down as b increases (bias is not shown in tables), and variance goes up.

e SRCEN and BAST perform fairly well in the D(a)\ N D(«) case of the logGamma.
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e All estimators are sensitive to serial dependence.

These simulations indicate that a case can be made for using SRCEN on real data.
It compares favorably with BASr in Monte Carlo studies. But for any particular
data set, SRCEN has the advantage over BASr of being scale invariant; this was
demonstrated saliently through the DJIA example. The Hill is a good competitor, as
neither Hill nor SRCEN are superior across the board. For independent data, the Hill
estimator is generally better, especially when o« < 1. Overall SRCEN seems to handle
serial correlation better; hence it may be useful when serial dependence is observed,
but no particular time series model is used. One drawback is that, like the use of
BAST, the user must select a value of r. In practice, SRCEN can be used much
as Hill and order-statistics based methods — namely plotting the estimates versus a

reasonable selection of block sizes b, as demonstrated in the example.
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4 Appendix

Proof of Proposition 1. Since a < 2 and F' € D(«), the tail probabilities of X;
are regularly varying of index —a — see Theorem 2.2.8 of Embrechts, Kliippelberg,
and Mikosch (1997). It follows from Theorem 4.2 of Davis and Resnick (1985) that
Un, =a,? Y 1 X7 converges weakly to a positively skewed a/2 stable variable, which

we denote by U. The weak convergence of € follows by the continuous mapping theorem.

Next, we prove the last assertion. Since fx(z)/z is bounded in a neighborhood of

zero, fx2 is a bounded function (fyx2(z) = (fx(vz) + fx(—v/x))/+/z). Hence the pdf
of Uy is bounded, and it now follows from Gnedenko (1953/54) — also see Macht and

Wolf (1989) for an English translation of these Russian results — that the pdf of U,
converges uniformly to the pdf of U.

Now let p < a/2 be a positive exponent. Then E|U}| < oo for all n, since the tail
probabilities of U,, are regularly varying too, by Cline (1983). Clearly E|UP| < co as
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well. Since these random variables are positive, the absolute values are superfluous.
Then we claim that EUS — EUP as n — oo, which will be proved by establishing
uniform integrability of the sequence Uf. Let € > 0 be so small such that p(1+¢) < a/2,

SO
E[UP(+9)] = / P[U,, > t'/P0+9]ar <1 + / P[U,, > t1/P0+9] 4t
0 1

By Lemma 2 of Meerschaert and Scheffler (1998), we can choose § > 0 such that
a/2 > 9§+ p(1+¢€) so that
P[U, > x] < Ca~%/*+9

for all x and n > 1, for some positive constant C. Applying this yields
sup E[UPIF9] <1+ C/OO t=(@/220)/p(49) gt < oo,
n 1
so that U} is uniformly integrable.

In order to show the convergence of the log moments, we first invoke the following
simple formula for the expectation of an absolutely continuous random variable V' with
support on all of R:

00 0
E[V] = /0 PV > f] dt — / PV < f] dt. )

—00

Letting V' = ¢, we see that

/P[en>t]dt:/ P[Un>et]dt—>/ P[U > €] dt
0 0 0

as n — oo by the same arguments used above for the convergence of moments. The

other tail is trickier. We calculate

0 00 00 et
/ Pley, < £|—Ple < #] dt / PU, < e —P[U < e Y] dt — / / Fo (@)= fu(x) dz dt,
—o0 0 o Jo
(10)
which tends to zero as n — oo by the uniform convergence of the pdfs and the inte-

grability of e™!. For the second moment, we write

E[efl]:/OOOP[ei>t]dt:/OooP[en>\/i]dt+/ooIP’[en<—\/ﬂdt

0

and apply the previous arguments to obtain E[¢2] — E[¢?], which concludes the proof.

g
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Proof of Theorem 1. Using the decomposition (2), we have

A log M (n €n

CBASl =6t Zglog(n) 2logn (11)
Since ¢, £ by Proposition 1, we obtain the weak convergence result of the theorem
by letting ¢, = log M (n)/2logn. We observe that if FF € ND(«), then we make take
L asymptotic to a nonzero constant, call it ¢. Then ¢, = log|c|/logn. Consistency
follows at once from this weak convergence, and the fact that ¢, — 0 as n — oo. This is
because the logarithm of any slowly varying function must diverge to infinity (if it does
at all) slower than the logarithm itself. Using the representation of a slowly-varying

function M — see Theorem A3.12 of Embrechts et al. (1997) — we can write

M (x) x) exp{ / u)/udu}
for a function ¢ tending to a constant ¢y and some positive number z, and a function
7 tending to zero. Then

logM(n) logc(n f n(u)/udu 0
= —
logn logn logn

(12)

n — 00, using L’Hopital’s rule on the second term if necessary.

Taking expectations in (11) yields

log M (n) Ee,
2logn 2logn

E[(P4%] = ¢+

which tends to ¢, since Ee,,] — E[e] by Proposition 1. As for the MSE,

p 2 1
E[(PA51 — )" = ——— (log M(n)” + 2E[en] log M (n) + E[}])
4logn
which tends to zero, utilizing E[e2] — E[¢?]. O

Proof of Theorem 2. We refer to (4), which gives the important decomposition of
*CEN (k)

the estimator, and replace n everywhere by b?. Each block estimator G2 has bias
*CEN(k log(M (b*) /M (b)) €2 — €
— E|—— 1
ElG ] ¢ 2logb + 2logh (13)

so that the “deterministic bias” due to the slowly varying function is

log(M (b?) /M (b))
2logb '
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For any slowly varying function L, this ratio is o(1) as b — oo, which is seen by applying
the arguments of (12). The second term in (13) is O(1/logb) by Proposition 1, but

may be o(1/logb) for some distributions F'. The variance of the block estimator is
~CEN (k .
DN M] = (210g0) 2 D e — €] (14)

This is bounded by sup,, D[e,](logb)~?/2 which is O((logb)?), since the sequence €,
has convergent first and second moments. Clearly, the bias for éégg EN has the same

SCEN(k)

asymptotics as the bias of ¢, , but the variance will be

DIESTPN] =+ (2logh) > Dlaz — a

from (14). Now K = |n/b%], so the variance has order b2/(n(logb)?). This completes
the proof. O

Proof of Proposition 2. We begin with the last assertion. Let Wj2(X?2) = Zt b1 X7
which is independent of S,(X?). Write

-2 -2 -2
S S W,
e — ey =log | “E7 ) <log ") log [ 2P ) =4 D
a, Sp Qpo Wb2 A2 Sh

we show that C' = C} is uniformly square integrable and converges weakly to zero.

Since a; 1S, and Qo >W,2 are independent and bounded in probability,

-2 -2
a SbQ a S[) _
=% +1=1+0p(q,")
Q2 W2 Q2 W2

so that the logarithm of the left hand side converges weakly to zero as b — oo. Let
A= log(ab}Qsz) and B = log(ab}Qsz), and consider E|A — B|**? for any § > 0; let
d < 2so that (2+9)/4 < 1. Then

3/4 1/4
E|A - B = B(A - BHZM/<EMP”+4”W%MNﬂﬂ/<MMH®/

L6204 (E|A[2+5> (E|B\2+5)1/2 +42+9)/4 (E!A\2+5) <E!B|2+5> +E|B**

follows from the triangle and Holder inequalities. Now both A = A, and B =
By have bounded 2 + § moment, by a direct adaption of the argument of Proposi-
tion 1. Therefore sup, E|A; — Bb]2+5 < 00, yielding uniform square integrability of
log(ab_225b2 /ab_bez). So C} tends to zero in probability, mean, and mean square.
Clearly, E[(ey2 — e)?] = EC? + 2ECD + ED?. Now we just showed that E[C?] — 0
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as b — oo, and E[CD] < \/E[C?[E[D?] — 0 as well, since E[D?] is bounded. In fact,
D = log(ab}Qsz) - log(ab}le) = G — H, where G and H are independent random
variables. By Proposition 1, both G, and H; tend (jointly) weakly, in mean, and in
mean square to independent logged positive a//2 stable random variables, which will

be denoted by Y; and Ys. Hence €2 — ¢, :£> Y1 — Yy, and
ED? = EG? — 2EGEH + EH? — EY? — 2EY|EY, + EY2 = 2De.

This shows the first assertion. Finally, the second assertion of the proposition follows

from the identity

Do, ] = 5 (Ele] + Eled] — El(es2 — )°]) ~ EleEles]

and matching up the various limits calculated here and in Proposition 1. O

Proof of Corollary 1. The formulas for BAS1 and CEN are immediate from

previous calculations. Using the decomposition (4), we see that the variance is

b
D ebz—%Zegj) :%ZD[ebz—eg),ebz—eg)]
Jj=1 4,3

1
= Dlee] — 2Dleye, €] + ED[eb]

The asymptotic formulas follow from Proposition 2. O

Proof of Proposition 3. By Satybaldina (1972), it follows that under (7),
sup | Fy, (x) — Fy(x)| = O(n*=2/).

Next we write

Een—Ee:/mP([en>t]—IP’[e>t]) dt—/o (Plew < 1] — Ple < £]) dt.  (15)
0

—00
Focus on the first term. Let b, be a positive sequence tending to infinity as n — oo.

Then the first term can be broken up as

bn 0o 00
/ Ple, > t] — Ple > ¢] dt +/ Ple, > t]dt — / Ple > ¢ dt,
0 bn bn,

the first term of which is fobn P[U, < €'] —PU < €']dt = O(b, n'~?/®). Using Lemma
2 of Meerschaert and Scheffler (1998), we have

/ Ple, > t]dt =
bn

(e 9]

PlU, > z|/xdx < 0/ o (+a/2)+8 ..
ebn

eb"
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for any 4 > 0 and some constant C' > 0, for all n > 1. Naturally, we choose § <
a/2 to ensure integrability of the bounding function. Thus the bound is C exp{(d§ —
a/2)b,}/(a/2 — §). The same argument provides a similar bound for fb? Ple > t] dt.
If we let b, = log(n), for example, we obtain a O(log(n)n'~%/®) term and a O(n~/?)

term. For the second term of (15), we decompose as follows:

/0 ]P’[en<t]—}P’[e<t]dt+/_anP>[en>t]dt—/_an[e>t]dt.

—bn, —00 —00
The first term here is handled analogously to the above argument. Using the bound-

edness of the pdf for all n, we have

—bn, e~ bn e~bn x
/ Ple, < t]dt = / PlU, < z]/zdx = / 1/ fu,, (u) dudz < sup fy, (u) e
0 0 T Jo u

—0o0

with a similar bound for f__fg Ple < t]dt. Letting b, = log(n) gives polynomial order
bounds for all the terms. We see that the power p in Proposition 3 can be taken
(approximately) to be the minimum of 2/a—1 and «//2, which are equal at o = v/5—1.
O

Proof of Theorem 3. The bias calculations for BAS1, CEN, and RCEN follow
from earlier calculations and Proposition 3. Of course the bias is the same for SCEN
and SRCEN, compared to CEN and RCEN. In order to determine a sensible choice
for b as a function of n for SCEN and SRCEN, we simply equate the orders of
variance and squared bias:
b? 1

n(logb)? N b2 (log b)?
Solving for b yields b = n'/2(4P) _and the rate of the MSE will then be n~?/®+1) (log n) 2.
O

Proof of Proposition 4. Basic methods give the pdf of X as

af
x) = logz) "~ te=@ ) forz > 1
By Karamata’s Theorem (see Theorem A.3.6 of Embrechts et al. 1997),
af=1
Glx)=PX > z] ~ 2~ %(log )"
(@) = PIX > a] ~ 0~ (oga)
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as ¢ — 00. This has the form of a slowly-varying function multiplied by 7%

that the logGamma is in D(«a). Substituting (8) into G(x) yields

, indicating

loglogn logI‘(ﬁ))’g_1 1
n

1
Glan) ~ n <1 +(6-1) logn logn n

which by Proposition 2.2.13 of Embrechts et al. 1997, indicates that a,, is the rate of

normalization for the partial sums of iid logGamma random variables. O
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