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Abstract

In this report, a special family of kernels of `in�nite or-

der' is introduced. The resulting nonparametric den-

sity estimators have bias of order O(1=Mr), where r can

be intuitively interpreted as the number of continuous

derivatives the unknown probability density f possesses,

and M�1 is the bandwidth. These kernels may be ob-

tained as a linear combination of kernels without mo-

ments. This may appear paradoxical because a linear

combination of kernels possessing moments may be uti-

lized to reduce bias by only a factor of M�2.
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1 Introduction

Suppose X1; : : : ; XN are real-valued, independent iden-

tically distributed observations, from a population with

absolutely continuous distribution function F , and prob-

ability density function f . The density f is known to

possess some smoothness, but is otherwise unknown and

should be estimated using the data. In particular, it

will be assumed that the characteristic function �(s) =R1
�1

eis2�xf(x)dx, satis�es
R1
�1

jsjrj�(s)jds < 1, for

some positive integer r; this implies that f has r bounded

and continuous derivatives f (1); : : : ; f (r).

The nonparametric kernel smoothed estimator of f(x),

for some x 2 R, is given by

f̂(x) =
1

N

NX
i=1

� (x�Xi) =

Z 1

�1

�(s)�N (s)e
�is2�xds;

(1)

where �(�) is the smoothing kernel satisfyingR1
�1

�(x)dx = 1; �N (s) =
1
N

PN

i=1 e
is2�Xi is the sample

characteristic function, and �(s) =
R1
�1

�(x)eis2�xdx is

the Fourier transform of the kernel. In general, �(�) and
�(�) both depend on a parameter M although it will not

be explicitly denoted, (1=M is usually called the `band-

width' of the kernel); in particular, it will be assumed

that �(x) = M	(Mx), where 	(�) is some �xed (not

depending on M) given function. In the asymptotic re-

sults below, M depends on N and M !1 as N !1.

It is well known (cf., for example, Rosenblatt (1991))

that in this case

V ar(f̂ (x)) =
M

N
f(x)

Z 1

�1

	2(x)dx + o(M=N); (2)

as N ! 1 and M ! 1, but with M=N ! 0. The

`order' of the kernel is the maximum integer q, such

that
R1
�1

xl�(x)dx = 0, for l = 1; : : : ; q � 1, andR1
�1

jxl�(x)jdx < 1, for l = 1; : : : ; q; it then follows

that

Bias(f̂(x)) =
1

Mkk!
f (k)(x)

Z 1

�1

xk	(x)dx + o(1=Mk);

(3)

where k = min(q; r). If, in fact, r � q+2, then the error

term in (3) can be replaced by O(M�(k+2)); see Theorem

1 of Schucany and Sommers (1977). This idea of choos-

ing a kernel of order q in order to get the Bias(f̂(x)) to

be O(1=Mk) seems to date back to Parzen (1962) and

Bartlett (1963).

Note that the asymptotic order of the bias is limited

by the order of the kernel if the true density is very

smooth, i.e., if r is large. A `superkernel', i.e., a ker-

nel of `in�nite order', is de�ned as a kernel satisfyingR1
�1

xl�(x)dx = 0, and
R1
�1

jxl�(x)jdx < 1, for any

integer l; cf. Devroye (1987, 1992) and the references

therein. Based on the argument in equation (3), such

a superkernel results in an estimator with bias of order

O(1=Mr), for any given r.

However, it might be more appropriate to say that a

kernel has in�nite order if it results in an estimator with

bias of order O(1=Mr), for any given r, regardless of

the presence of �nite moments. Note that the condi-

tion
R1
�1

jxl�(x)jdx < 1 is invoked just to make sure
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R1
�1

xl�(x)dx exists as a Lebesgue integral; but the exis-

tence of this Lebesgue integral is not necessarily required

in order that a kernel has the favorable bias property. In

particular, it might be the case that
R1
�1

xl�(x)dx has

a Cauchy principal value of 0, for any integer l, whereasR1
�1

jxl�(x)jdx = 1, and at the same time the bias of

the estimator corresponding to �(�) might still be of or-

der O(1=Mr). In this report, a family of such kernels

will be constructed and analyzed.

2 Construction of kernels of or-

der q + 2 from kernels of order

q.

The most popular kernels are perhaps the kernels of or-

der two since they correspond to familiar probability

densities. We now show how, given a symmetric ker-

nel of order q, a symmetric kernel of order q + 2 may

be constructed, thus leading to a density estimator with

smaller bias; see equation (3). The method has been

described in Schucany and Sommers (1977) to construct

kernels of order six, where it is suggested the method is

more general. We discuss such a generalization explic-

itly. By starting with a symmetric kernel of order two

and iterating the construction below, a symmetric kernel

of arbitrary high (but �nite) order may be determined.

Suppose 	 is a symmetric kernel of order q. Let

Ij(	) =
R
xj	(x)dx, which is assumed �nite for j =

q + 2. Also, assume r � q + 2. Consider a linear combi-

nation of kernels:

	�;c(x) = �	(x) + (1� �)c	(cx) (4)

for some constants � and c with c > 0. The estimator f̂

de�ned in (1) with �(x) = M	�;c(Mx) has bias

f (q)(x)Iq(	)

Mqq!
� [�+ (1� �)c�q ] +O(M�(q+2));

by equation (3). Hence, for a given choice of c, the choice

of � satisfying �+ (1� �)c�q = 0 results in a kernel so

that the corresponding density estimator has bias of or-

der M�(q+2); speci�cally, � = c�q=[c�q � 1].

3 A family of smoothing kernels

of in�nite order.

Suppose now you start with the kernel 	(x) =

sin2(�x)=(�2x2), a symmetric kernel of order two. Let

c = 1=2, for example, and apply the construction of the

previous section to yield a kernel of order four by tak-

ing 	�;c with � = 4=3. In fact, the argument based on

(3) leading to 	4=3;1=2 having bias of order M�4 breaks

down because 	 does not have any positive moments.

Paradoxically, we show that, by starting with such a 	,

the kernel 	2;1=2 has bias o(M�r); that is, an appro-

priate linear combination of 	(x) and 	(x=2)=2 already

yields a kernel with a full bias correction! Notice that

this choice of � = 2 for the �xed choice c = 1=2 is dif-

ferent than the choice � = 4=3 that eliminates the dom-

inant term in the bias expansion when the initial kernel

does have moments.

More generally, for some choice of the parameter

h > 0, de�ne the Fourier pair �h(x) and �h(s) satis-

fying �h(x) =
R1
�1

�h(s)e
�is2�xds, where

�h(s) =

8<
:
1 for jsj � m

1� jsj�m

M�m
for m < jsj �M

0 for jsj > M ;

here m = Mh=(h+ 1), and

�h(x) =
sin2(�xM) � sin2(�xm)

�2x2(M �m)
: (5)

Some motivation for the introduction of kernel �h(x),

for h > 0, is given in Politis and Romano (1992); the

particular kernels �1(x) and �1(x) were also extensively

discussed in Hall and Marron (1988).

It is obvious that �0(x) = sin2(�xM)=(�2x2M),

is just the Fej�er kernel, and that �h(x) = (h +

1) sin2(�xM)=(�2x2M) � h sin2(�xm)=(�2x2m), i.e.,

�h(x) is a linear combination of Fej�er kernels with dif-

ferent bandwidths. From the fact (cf. Papoulis (1962))

that the Fej�er kernel integrates to unity, it follows thatR1
�1

�h(x)dx = 1 as well; similarly, using the properties

of the Fej�er kernel,
R �
��

�h(x)dx ! 1, as M ! 1, for

any � > 0.

Note that, for any h > 0, the function �h(s) is of

trapezoidal shape, with all derivatives existing and equal

to zero at the origin s = 0. It follows (cf. Papoulis

(1962)) that
R1
�1

xl�h(x)dx = 0, for any positive inte-

ger l; note however that these integrals should be inter-

preted as Cauchy principal values because the integralsR1
�1

jxljj�h(x)jdx are not �nite. For this reason, equa-

tion (3) can not be applied to claim that the bias of

f̂h(x) =
1
N

PN

i=1 �h (x�Xi) is O(1=M
r), for any given



r. Nevertheless, this is a true statement as demonstrated

by the following theorem.

Theorem 1 Let x be a real number, and h > 0. AssumeR1
�1

jsjrj�(s)jds < 1, for some positive integer r; also

assume that m = Mh=(h + 1), and that M ! 1, as

N !1, but with M=N ! 0. Then

Bias(f̂h(x)) = o(1=Mr): (6)

Proof. Observe that

Bias(f̂h(x)) � Ef̂h(x)� f(x) = A1 +A2

where

A1 =

Z M

�M

(�h(s)� 1)�(s)e�is2�xds

A2 = �
Z
jsj�M

�(s)e�is2�xds:

But jA2j �
R
jsj�M

j�(s)jds � M�r
R
jsj�M

jsjrj�(s)jds =

o(1=Mr), since
R1
�1

jsjrj�(s)jds < 1. To complete the

proof of equation (6), note that A1 can be split into two

terms, A1 = a1 + a2, where

a1 =

Z
jsj�m

(�(s)� 1)�(s)e�is2�xds

a2 =

Z
m<jsj�M

(�(s)� 1)�(s)e�is2�xds:

First observe that a1 = 0, because �(s) = 1 for jsj � m.

Now

ja2j �
Z
m<jsj�M

j�(s) � 1jj�(s)jds:

But �(s) = 1� jsj�m

M�m
for m < jsj �M . Thus,

ja2j �
Z
m<jsj�M

jsj �m

M �m
j�(s)jds:

It is obvious that if r = 1, then a2 = o(1=M). On the

other hand, if r > 1, we have

ja2j � 1

mr�1

Z
m<jsj�M

jsjr�1 jsj �m

M �m
j�(s)jds = o(1=Mr);

where it was used that
R1
�1

jsjrj�(s)jds < 1, and that

both m and M �m are asymptotically proportional to

M . QED.

Remark 1. That the bias of f̂h(x) turns out to

be o(1=Mr) instead of just O(1=Mr) should not be

surprising as it was mentioned that the assumptionR1
�1

jsjrj�(s)jds <1 is stronger than assuming f has r

bounded and continuous derivatives f (1); : : : ; f (r). How-

ever, it is not much stronger; for example, it is satis-

�ed if it is assumed that f has r absolutely integrable

derivatives, and the the rth derivative f (r) satis�es a

uniform Lipschitz condition of order � > 1=2. Note

that since f is absolutely integrable, the characteristic

function �(s) is continuous, and satis�es �(s) ! 0, as

jsj ! 1 (by the Riemann-Lebesgue lemma). Hence, the

assumption
R1
�1

jsjrj�(s)jds < 1 is actually equivalent

to
R1
�1

jsjlj�(s)jds <1, for l = 0; 1; : : : ; r.

Remark 2. Similar constructions yield other ker-

nels of in�nite order. For instance, start with a kernel

whose characteristic function looks like �(s) = 1 � jsjp
for jsj < 1 and some constant p. Consider the convex

combination ��(s) + (1 � �)�(s=c). This function will

be constant in a neighborhood of the origin if � and c

are chosen such that �(cp � 1) = 1. The corresponding

kernels will also be of in�nite order.

Remark 3. The asymptotic variance of f̂h(x) can be

calculated from equation (2). To compute
R1
�1

�2
h(x)dx

in the case M = 1, it is easier to use the isometric prop-

erties of the Fourier transform, i.e., Parseval's theorem;

one then �nds that

V ar(f̂h(x)) =
2M

3N

�
3h+ 1

h+ 1

�
f(x) + o(M=N): (7)

It follows from Theorem 1 that if the unknown den-

sity is quite smooth, that is, if r in the assumptions

of the theorem is large, then the bias of f̂h(x) will be

of very small order, even when the bandwidth 1=M is

not small. Note that due to equation (2) the rate of

convergence of any kernel smoothed estimator f̂(x) isp
N=M <<

p
N , since one generally has to let M !1

to make the asymptotic bias of f̂(x) vanish. In this con-

nection, it is interesting to point out that the estimator

f̂h(x) outperforms any estimator corresponding to a ker-

nel of �nite order in case the true density is extremely

smooth, satisfying �(s) = 0, for all s > some s0. Consis-

tency of f̂h(x) is then achieved with a fixed bandwidth,

and f̂h(x) is �nite-sample unbiased; therefore, f̂h(x) is

actually
p
N -consistent in this case. The following the-

orem can be found in Devroye (1987, p. 112), but we

state it and give a short proof for completeness.



Theorem 2 Let x be a real number, and h > 0. Assume

�(s) = 0, for all jsj > some s0; also assume that M is

a �xed constant satisfying s0 � m =Mh=(h+ 1). Then

Bias(f̂h(x)) = 0, for all N > M .

Proof. Consider the decomposition of the

Bias(f̂h(x)) in the proof of Theorem 1, and note that

now the terms A2 and a2 are both exactly equal to zero,

because �(s) = 0 for all jsj �M > m � s0. QED.

Remark 4. It should be noted that the class of den-

sities satisfying �(s) = 0, for all jsj > some s0 is quite

large. For example, densities that are mixtures of Fej�er

kernels, satisfy this requirement; in fact, by taking a

mixture of Fej�er kernels with di�erent bandwidths, a

density can be constructed that approximates arbitrar-

ily closely any given density with characteristic function

that is symmetric, and convex on the positive half-axis.

This is known in the literature as P�olya's construction

of convex characteristic functions.

Of course, such densities have no moments; to con-

struct densities possessing �nite moments that satisfy

�(s) = 0, for jsj > some s0, one can take mixtures

of integer powers of Fej�er kernels with di�erent band-

widths. For example, the density given by the square

of the Fej�er kernel normalized, i.e., �2
0(x)=

R1
�1

�2
0(t)dt;

has �nite second moments, and a characteristic function

that vanishes outside the interval [�2M; 2M ]; this char-

acteristic function is usually called Parzen's window in

the time series literature, and is given by a convolution

of the triangular window �0(�) with itself. Convolving

�0(�) with itself k times, where k is a positive integer,

yields a valid characteristic function that vanishes out-

side the interval [�kM; kM ] and corresponds to a prob-

ability density possessing at least k �nite moments; if

k is large, this k-fold convolution of triangles will ap-

proximate to a Gaussian density, by the Central Limit

Theorem.

4 Some concluding remarks.

Because of the simple trapezoidal shape of �h(s), the

actual computation of f̂h(x) might be performed more

easily by a Fourier transform of the sample characteristic

function �N (s) after it is multiplied (`tapered') by �h(s),

that is, using the right-hand-side of equation (1); see

Silverman (1986, p. 61) for details.

As a matter of course, the kernel �h(x) is not ev-

erywhere nonnegative. To ensure a strictly nonnegative

estimator one would take f̂+
h
(x) = max(f̂h(x); 0), which

has the additional advantage of possessing smaller (or

equal) mean squared error as compared to f̂h(x), by

the inequality jf̂+
h
(x) � f(x)j � jf̂h(x) � f(x)j. Note

that, if f(x) > 0, f̂h(x) and f̂+
h
(x) have the same large-

sample variance (by the Æ-method), while if f(x) = 0,

the asymptotic distribution of either
p
N=Mf̂h(x) or ofp

N=Mf̂+
h
(x) degenerates to a point mass at zero.

An interesting question concerns the choice of the con-

stant h; the whole family L = f�h(�); h > 0g consists of
kernels of in�nite order, but in any given situation only

one of these kernels will be used. Now it was mentioned

that �0(x) is the Fej�er kernel, and it can also be veri-

�ed that �1(x) is the Dirichlet kernel which is equal to

sin(2�xM)=�x. Note that the extreme point �0(�) is not
in the family L. In particular, regardless of the degree

of smoothness of f , the Bias(f̂0(x)) � cx;f=M , for some

constant cx;f 6= 0. On the other hand, although an ar-

gument similar to the proof of Theorem 1 actually goes

through for the extreme case h = 1, the Dirichlet ker-

nel is well known to have many prominent positive and

negative side-lobes which is a most undesirable feature.

This observation indicates that taking h very small (close

to 0) or very large should be avoided. A choice of h in

the neighborhood of 1 seems about right; taking h = 1

results in a kernel �1(x) that has no signi�cant posi-

tive side-lobes, and only one negative side-lobe of much

smaller area than the main lobe at the origin. Since

the tails of �1(x) are small as compared to the tails of

�1(x), this proposal seems to be in line with the general

recommendations of Devroye (1992); see also the discus-

sion in Hall and Marron (1988) on comparing �1(x) to

�1(x).

In the case it is known that f has compact support, say

the interval [0; 1], it follows that f can be reconstructed

from the values of � on the integers by the Fourier series

f(x) =
P1

s=�1 �(s)e�is2�x, and can be estimated by

f̂
[0;1]

h
(x) =

P1
s=�1 �h(s)�N (s)e

�is2�x. Since �(s) is a

continuous function of the real variable s, the assumptionR1
�1

jsjrj�(s)jds < 1 implies that
P1

s=�1 jsjrj�(s)j <
1; hence, Theorems 1 and 2 are true verbatim for the

estimator f̂
[0;1]

h
(x) as well.

Last but not least it should be mentioned that choos-

ing the bandwidth of a kernel estimator in practical

applications is a most important and diÆcult prob-

lem. Adaptive (data-dependent) optimal bandwidth

selection works asymptotically (see Woodroofe (1970),

Hall (1983), Stone (1984)), but the practical �nite sam-

ple problem is much harder. Nevertheless, Theorem 2

suggests a simple procedure for choosing the bandwidth

of the estimator f̂h(x) in practice; this procedure paral-



lels ideas from time series analysis, namely examination

of the correlogram, and can be described as follows.

Suppose that by looking at a plot of the magnitude

of the sample characteristic function it is observed that

j�N (s)j ' 0, for all s > some ŝ0. Then it might be

inferred that ŝ0 is an estimate of s0 appearing in the

assumptions of Theorem 2. It would then follow that

m may be taken equal to ŝ0, M may be taken equal

to ŝ0(h + 1)=h, and the resulting estimators f̂h(x) and

f̂+
h
(x) will both have bias of very small order, and vari-

ance approximately as given by equation (7).
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