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Abstract

We revisit the methodology and historical development of subsampling, and then explore in
detail its use in hypothesis testing, an area which has received surprisingly modest attention.
In particular, the general set-up of a possibly high-dimensional parameter with data from K
populations is explored. The role of centering the subsampling distribution is highlighted,
and it is shown that hypothesis testing with a data-centered subsampling distribution is more
powerful. In addition we demonstrate subsampling’s ability to handle a nonstandard Behrens-
Fisher problem, i.e., a comparison of the means of two or more populations which may possess
not only different and possibly infinite variances, but may also possess different distributions.
However, our formulation is general, permitting even functional data and/or statistics. Finally,
we provide theory for K-sample U -statistics that helps establish the asymptotic validity of
subsampling confidence intervals and tests in this very general setting.
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1 Historical background and introduction

1.1 Looking back

The seeds of the resampling and subsampling methodologies can be traced back more than 50
years. Tukey’s (1958) jackknife was designed to be a rough tool for inference, and, in particular, for
assessing bias and variance in i.i.d. (independent and identically distributed) samples. It had been
preceeded by two proposals in the same spirit by Quenouille (1949, 1956) that even foreshadowed
some current blocking ideas in time series analysis.

Perhaps due to its being an idea ahead of its time, and also because of its failure to capture
the variance of a bread-and-butter statistic such as the sample median, the jackknife initially did
not receive the attention it deserved. Miller (1974) gives a review of the state-of-the-art in the
mid-1970s. It was in attempting to explain the inner workings of the jackknife that Efron (1979)
developed the bootstrap; its immediate success was due to (a) its generality and in particular
its ability to handle complicated statistics, including the sample median, and (b) its higher-order
accuracy in approximating the distribution of (approximately) linear statistics, which is usually
obtained by using studentized statistics (in order to achieve asymptotic pivotality). These develop-
ments are well documented in the books by Efron (1982), Hall (1992), Efron and Tibshirani (1993),
and Davison and Hinkley (1997).

Going beyond the estimation of bias and variance became a research priority in the 1980’s,
and the study of bootstrap confidence intervals gave particularly fruitful results; see e.g., Hall
(1986), Efron and Tibshirani (1986), and DiCiccio and Romano (1988). Around the same time,
Wu (1986) and Shao and Wu (1989) introduced the “delete-d” jackknife which, as opposed to
Tukey’s delete-1 jackknife, was successful in approximating the distribution of the sample median
and other approximately linear statistics; see Shao and Tu (1995) Ch. 2 for more details.

There were parallel developments in time series analysis. Most prominent were the (non-
overlapping) subseries method of Carlstein (1986), which was quite akin to Quenouille’s (1956)
proposal, and the well-known block bootstrap of Künsch (1989) that was independently studied by
Liu and Singh (1992).

The combination of these developments paved the way for the general subsampling methodology
in Politis and Romano (1994), which is applicable to both i.i.d. and dependent data. In contrast
to bootstrap validity, which has to be shown on a case-by-case basis, Politis and Romano (1994)
showed that subsampling is generally consistent in estimating the distribution of arbitrary statistics
under minimal assumptions. The monograph by Politis, Romano and Wolf (1999) describes the
foundation of subsampling, including higher-order topics.

We briefly outline the subsampling procedure in detail with i.i.d. data X1, . . . , Xn. Subsampling
proceeds by selecting subsamples of size b from the original sample, and recomputing the statistic
in question on the chosen subsamples. As such, subsampling is intimately related to the delete-d
jackknife (with d = n− b. The major difference between them is that the delete-d jackknife focuses
on variance estimation while subsampling focuses on sampling distributions; the former typically
requires strong assumptions such as uniform integrability.

The important realization behind subsampling was that by recomputing the statistic over sub-
samples, one can approximate the entire sampling distribution under very weak assumptions. The
reason for subsampling’s great generality is because every time the statistic is recomputed over a
subsample, the recomputed statistic represents an observation from the true sampling distribution
of the statistic (based on a sample of size b) since each subsample is a genuine sample of size b
from the true distribution. In contrast, the bootstrap recomputes a statistic over “pseudo-samples”
which come from an estimated distribution, rather than the true distribution.
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Subsampling is clearly also related to the the bootstrap with resample size b smaller than n,
referred to as the b out of n bootstrap; see e.g., Bickel, Götze and van Zwet (1997). If the b is of
smaller order than

√
n, then the probability of any observation occurring more than once in a given

bootstrap sample tends to 0. Thus, the b out of n bootstrap becomes practically indistinguishable
from subsampling and inherits subsampling’s general validity. Conversely, if b is of larger order
than

√
n, then there are relatively straightforward examples where subsampling remains consistent

but the b out of n bootstrap fails; see Politis and Romano (1993), or Section 2.3 of Politis, Romano
and Wolf (1999).

1.2 Looking forward

The aforementioned developments in resampling and subsampling proceeded from the modest goals
of bias and variance estimation to the estimation of sampling distributions and the construction of
confidence intervals. The related problem of hypothesis testing via bootstrap and/or subsampling
contains many intricacies, and has received much less attention.

For example, in the simple setting of linear regression with i.i.d. errors, resampling the residuals
has been a standard method to obtain confidence intervals for the regression parameters; see e.g.,
Efron and Tibshirani (1993) Ch. 9, and the references therein. If instead, one wishes to test
the significance of the regression coefficient, it is not clear if the appropriate residuals are those
obtained under the null hypothesis or under the unrestricted alternative. The matter was recently
resolved, at least in the case of unstudentized test statistics, when Paparoditis and Politis (2005)
showed that using unrestricted residuals leads to asymptotically more powerful tests against one
sided alternatives. The same might be expected to hold for studentized test statistics, but a formal
proof is lacking and opinions remain divided; see e.g., the discussion in MacKinnon (2011) and the
references therein.

Even with i.i.d. data the situation is not entirely clear. Hall and Wilson (1991) gave some
intuitive guidelines on bootstrap hypothesis testing including the recommendation to use asymp-
totically pivotal test statistics in the bootstrap domain. In contrast to the aforementioned potential
accuracy associated with using an asymptotically pivotal statistic for distribution estimation, the
recommended pivotality of a bootstrap test statistic serves a much more fundamental role: it al-
lows the bootstrap to correctly estimate the critical region even when the data at hand do not
satisfy the null hypothesis. The objective, of course, is better power of the bootstrap test; this
recommendation is very intuitive but again a general proof seems elusive.

Nevertheless, as the paper at hand will explore, the matter is much clearer with subsampling
and/or bootstrap with a smaller resample size. The test statistic does not need to be fully pivotal
in that its asymptotic distribution does not have to be free of all unknown parameters. However,
it must be free of the parameter that is being tested else the estimated threshold of the test will
diverge; see Section 3 in what follows.

1.3 Present results

In the present work we generalize and extend the testing framework developed in Ch. 2.6 of Politis
et al. (1999) in ways we outline below, and fully develop in subsequent sections. Although the
practitioner can always perform a hypothesis test by inverting a confidence interval (or bound),
classical tests based on the null distribution of a test statistic are often used in practice and
are therefore of substantial interest. One great appeal of subsampling tests is that they can be
performed with the same relative ease as construction of confidence intervals.

As a primary extension, we fully develop the setting of two (or more) i.i.d. samples, which has
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hitherto been largely neglected; the sole exception appears to be the conference announcement
(extended abstract) of Politis and Romano (2008). Nonetheless, there are a variety of applications
in which subsampling might be useful. A particular example is a nonstandard Behrens-Fisher
problem, i.e., a comparison of the means of two or more populations that not only possess different
variances but may also possess different distributions; even the case of populations having infinite
variance can be successfully addressed via subsampling.

The K-sample case is explored in great generality while at the same time providing additional
general insight into subsampling tests; in Section 3, we revisit the framework of Ch. 2.6 of Politis et
al. (1999) and show that it is possible to further weaken the already rather minimal assumptions;
for example, consistency of the test statistic is shown to not be necessary for the consistency of the
subsampling hypothesis test–a surprising fact.

Furthermore, a more careful look at the subsampling tests suggests a modification in order
to improve the test’s power that was mentioned at the end of the previous subsection. This
modification amounts to using a ‘data-centered’ subsampling distribution similar to the one used
for confidence interval construction. In Section 3, we show that under standard assumptions (that
do include consistency of the test statistic), the test based on the ‘data-centered’ subsampling
distribution has better power than the originally proposed (already consistent) basic subsampling
test procedure.

In addition, we make the case that the test statistic need not be fully pivotal in that its asymp-
totic distribution may depend on unknown parameters; it must be only be free of the parameter
of interest, or else the estimated threshold of the test will diverge. Section 3.2 discusses this phe-
nomenon in detail, and gives a formal proof of the resulting better (or, at least, not worse) power
associated with data-centering and the pivotality of the test statistic.

Using a ‘data-centered’ subsampling distribution for testing has been previously considered by
Choi (2005) and Andrews and Guggenberger (2010) but without proof of its superiority in terms of
improving power. Other recent references on subsampling-based testing, particularly in the time-
series and econometrics literature, include Chen and Hsiao (2010), Choi and Chue (2007), Choi
and Saikkonen (2010), Delgado, Rodriguez-Poo and Wolf (2001), and Gonzalo and Wolf (2005).

The fundamental ideas in this paper (and in particular our consistency proofs based on an
exponential inequality for K-sample U-statistics) can form the basis for applying subsampling to
new problems involving multiple comparisons of K populations. Subsampling has been successfully
applied to multiple comparisons problems in the one sample setting; see Romano, Shaikh and Wolf
(2008) and Romano and Wolf (2010).

It is to be noted that the present asymptotic results are, as is customary, to be interpreted
in a pointwise fashion with respect to the underlying probability mechanism. Recently, uniform
asymptotic results have been considered by Mikusheva (2007) and Andrews and Guggenberger
(2009, 2010). In particular, they consider nonregular situations where subsampling may or may not
provide uniform asymptotic validity. The subject of uniform asymptotic approximation is beyond
the present scope, but we note that positive uniform results for subsampling and the bootstrap have
been recently obtained by Romano and Shaikh (2010). It is expected that in the finite variance
case some of these results will carry over to the present context.

The lay-out of the paper is as follows: Section 2 contains the framework of our set-up that
includes some groundwork for correct interpretation of subsampling/resampling hypothesis tests.
Section 3 presents the basic K-sample subsampling methodology for the construction of hypothesis
tests and confidence intervals that have asymptotic validity under minimal assumptions. The
consistency proofs are greatly facilitated by a new exponential inequality for K-sample U -statistics
that is given in the Appendix extending some well-known results of Hoeffding (1963). Also in
Section 3, the use of the data-centered subsampling distribution is suggested for hypothesis testing
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as it shown to yield a more powerful test. Section 4 focuses in detail on the aforementioned Behrens-
Fisher problem in standard and nonstandard set-ups, and gives some guidelines on block size choice.
Finally, Section 5 presents the findings of a simulation experiment.

2 Basic framework

2.1 Subsampling framework

Consider K independent datasets: X(1), . . . , X(K), where X(k) = (X
(k)
1 , . . . , X

(k)
nk ). For each k, the

random variables X
(k)
1 , . . . , X

(k)
nk are assumed i.i.d. taking values in an arbitrary space Bk; typically,

Bk would be Rdk for some dk, but Bk can very well be a function space. An example with K = 2
is the usual two-sample set-up in biostatistics where a number of ‘features’ (body characteristics,
gene expressions, etc.) are measured on a group of patients, and then again measured on a control
group.

The probability law associated with thisK-sample experiment is specified by P = (P (1), . . . , P (K)),
where P (k) is the underlying probability law of the kth sample; more formally, the joint distribution
of all the observations is the product measure

∏K
k=1(P

(k))nk . A given model assumes P belongs to
some family P= (P(1), . . . ,P(K)) where P(k) denotes the family of probability distributions for the
kth sample; such a family may be nonparametric or parametric. Our goal is inference (confidence
regions, hypothesis tests, etc.) regarding a parameter θ = θ(P ) which–in the case of difference
of means–can be thought to be real-valued. However, extensions to multivariate parameters or
parameters taking values in a function space are straightforward in view of the results in Politis et
al. (1999). In fact, the results can apply when testing hypotheses not explicitly concerned with a
particular real-valued parameter (such as testing equality of two distributions).

Denote n = (n1, . . . , nK), and let θ̂n = θ̂n(X(1), . . . , X(K)) be an estimator of θ(P ) that is a
parameter taking values in a general linear space Θ. Let g be a real-valued function on Θ such
that g(x) = 0 when x = 0; sometimes g may also satisfy the identifying property, i.e., g(x) = 0
if and only if x = 0, but we do not explicitly assume this here. Finally, let Jn(P ) denote the
sampling distribution of the “root” Tn = τng(θ̂n−θ(P ))/σ̂n under P , with corresponding cumulative
distribution function (c.d.f.)

Jn(x, P ) = ProbP {τng(θ̂n − θ(P ))/σ̂n ≤ x}; (1)

here σ̂n = σ̂n(X(1), . . . , X(K)) is a (nonnegative) estimator of scale, and τn is a normalizing sequence
that is a known function of n. As will be discussed later on, τn can also be a random variable, i.e.,
a statistic based on the data X(1), . . . , X(K).

When θ(P ) is real-valued, the function g will be taken either as g(x) = x or g(x) = |x|; the
first choice leads to one-sided or equal-tailed confidence intervals and tests, while the latter leads
to two-sided, symmetric confidence intervals and tests. If the linear space Θ is a higher (or infinite)
dimensional metric space, then g(x) can taken as a norm of x; other choices are also possible–see
e.g., Politis and Romano (2008). Note that one could instead formulate the results in terms of the
distribution of g[τn(θ̂n−θ(P ))]/σ̂n, i.e., having the normalizing sequence τn on the inside of g. The
latter approach would work just as well, due to the versatility of our arguments.

A basic assumption for asymptotic inference is existence of a large-sample distribution, i.e.,

Assumption 2.1. There exists a nondegenerate limiting law J(P ) such that Jn(P ) converges
weakly to J(P ) as mink nk →∞.
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The c.d.f.’s corresponding to the limit law J(P ) will be denoted by J(x, P ). In case the limit
law J(P ) does not depend on P , then the root Tn = τng(θ̂n − θ(P ))/σ̂n is called an (asymptotic)
“pivot”.

Note that with the above general framework we manage to treat in a unified way three important
cases:

A. The unstudentized case in which σ̂n ≡ 1.

B. The studentized case in which
σ̂n

P−→ σ(P ) > 0 , (2)

where σ(P ) is a nonrandom positive constant that may depend on P .

C. The self-normalized case in which σ̂n does not necessarily converge to a finite number.

More details on the last case will be given in Section 3.

2.2 Basic framework for hypothesis testing

Consider the setup of testing a null hypothesis H0 : P ∈ P0 versus an alternative H1 : P ∈ P1

where P0 and P1 are two families of distributions for the K-sample set-up; let P = P0 ∪ P1 be
the underlying family of all distributions under consideration. Suppose it is desired to test H0

based on a test statistic that takes the form τntn/σ̂n. Here tn = tn(X(1), . . . , X(K)) is a general
test statistic sequence which need not concern inference about a parameter. When inference is
concerned with tests of a parameter θ(P ) such that θ(P ) = θ0 if P ∈ P0, we will often take tn to
be of the form g(θ̂n−θ0); this choice is employed in Section 3 for simplicity, although other options
are also available.

Next, we define the distribution

Gn(x, P ) = ProbP {τntn/σ̂n ≤ x}, (3)

and require existence of its limit under the null.

Assumption 2.2. There exists a nondegenerate limiting law G(P ) such that Gn(P ) converges
weakly to G(P ) as mink nk →∞.

The c.d.f. corresponding to the limit law G(P ) will be denoted by G(x, P ). Of course, when tn is
of the form g(θ̂n − θ0), then Gn(P ) and Jn are identical if and only if θ(P ) = θ0. Assumption 2.2
will typically be invoked under the null hypothesis, i.e., for P ∈ P0.

For the sake of discussion, first consider testing the simple null hypothesis H̄0 : P = P0 (for
some P0 ∈ P0) against the aforementioned alternative H1 : P ∈ P1 using tn as a test statistic. An
asymptotically valid α-level test can then be constructed if the value of the α-quantile of G(P0),
denoted by G−1(α, P0) = inf{x : G(x, P0) ≥ α}, is known exactly or approximately (e.g., via a
Monte Carlo simulation under the null). Alternatively, the test can be based on a consistent esti-
mator of the critical value G−1(α, P0); in the next section, such consistent estimators of G−1(α, P0)
will be constructed based on subsampling. We will also study the behavior of estimated critical
values under the alternative, and the power of the resulting tests.

In general, however, the null hypothesis of interest H0 : P ∈ P0 will be composite; this is
especially true in nonparametric setups where subsampling (or resampling) is most useful. In such
situations, a conservative approach is to base the test on the worst-case scenario critical value.
For example, with a one-sided test of H0 : P = P0 that rejects when the test statistic is less
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than G−1(α, P0), rejection of H0 : P ∈ P0 at level α would occur when the test statistic is less
than infP∈P0 G

−1(α, P ). Indeed, if the infimum over P ∈ P0 is taken on when P = P ′, then this
amounts to obtaining the critical value from the sampling distribution of the test statistic tn under
the “least favorable” distribution P ′.

However, such a recommendation is (a) overly conservative resulting into size overestimation and
reduced power, and (b) impractical to implement using modern resampling/subsampling methods.
The saving point is that resampling and subsampling employ, implicitly or explicitly, a consistent
estimator of the underlying true distribution P ; see e.g. Beran (1986) and Bickel and Ren (2001).
Hence, in the literature of hypothesis testing via resampling or subsampling the α-level test of
H0 : P ∈ P0 would be based on a critical value described in the two cases below:

1. If the data have distribution P0 ∈ P0, then the critical value would be tantamount to an
estimate of G−1(α, P̂0) where P̂0 is the implicit or explicit estimator of P0 built-in the re-
sampling or subsampling procedure; see Remark 3.3 in what follows. In this case, i.e., with
data from a distribution satisfying the null, the resampling/subsampling test of the composite
H0 works exactly like the test of the point null H̄0; this analogy is helpful for the intuitive
understanding of these tests and will be exploited in the next Section.

2. If the data have distribution P1 ∈ P1, then things are more complicated. The critical values
generated by resampling/subsampling do not necessarily converge to a well-defined entity
but often the resulting tests are consistent, i.e. their power tends to one. A detailed analysis
of the subsampling critical values based on data from the alternative hypothesis is given in
Section 3.2; the behavior of resampling critical values under the alternative is similar.

3 K-sample subsampling

In this section, we focus on testing H0 : θ(P ) = θ0 under a one-sided or two-sided alternative H1.
In other words, testing H0 : P ∈ P0 vs. H1 : P ∈ P1 where P0 = {all P ∈ P such that θ(P ) = θ0}
and an analogous definition for P1; see Table 1 for the three cases. Here the underlying family
P can be thought of as all K-sample distributions P for which the quantity θ(P ) is well-defined,
possibly with further restrictions (such as moment conditions, etc.). Our test will be based on the
test statistic tn and, in particular, on its studentized version Tn,0 = τntn/σ̂n; employing the choice
σ̂n = 1 would result back to the unstudentized case.

For concreteness, throughout this section, the simple specification tn = g(θ̂n − θ0) will be used
that leads to inference based on the studentized test statistic Tn,0 = τng(θ̂n − θ0)/σ̂n; recall that

the notation Tn is reserved for the more general statistic Tn = τng(θ̂n − θ(P ))/σ̂n.

3.1 Subsampling-based hypothesis testing

For k = 1, . . . ,K, let Sk denote the set of all size bk (unordered) subsets of the dataset {X(k)
1 , . . . , X

(k)
nk }

where bk is an integer in [1, nk]. Note that the set Sk contains Qk =
(
nk
bk

)
elements that can be

ordered and enumerated as S
(k)
1 , S

(k)
2 , . . . , S

(k)
Qk

. For reasons to be apparent later, we define the first

subsample of each sample to be the truncated sample, i.e., let S
(k)
1 = {X(k)

1 , . . . , X
(k)
bk
}.

A K-fold subsample is then constructed by choosing one element from each super-set Sk for k =

1, . . . ,K. Thus, a typical K-fold subsample has the form: S
(1)
i1
, S

(2)
i2
, . . . , S

(K)
iK

, where ik is an integer
in [1, Qk] for k = 1, . . . ,K. It is apparent that the number of possible K-fold subsamples is Q =
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∏K
k=1Qk. So a subsample value of statistic θ̂n is θ̂i,b = θ̂b(S

(1)
i1
, . . . , S

(K)
iK

) where b = (b1, . . . , bK)

and i = (i1, . . . , iK). Similarly, let ti,b = tb(S
(1)
i1
, . . . , S

(K)
iK

) and σ̂i,b = σ̂b(S
(1)
i1
, . . . , S

(K)
iK

).
An approximation to Gn(P ) based on subsampling the statistic Tn,0 can be defined as

Gn,b(x) =
1

Q

Q1∑
i1=1

Q2∑
i2=1

· · ·
QK∑
iK=1

1{τbti,b/σ̂i,b ≤ x} =
1

Q

Q1∑
i1=1

Q2∑
i2=1

· · ·
QK∑
iK=1

1{τbg(θ̂i,b − θ0)/σ̂i,b ≤ x}

(4)
analogously to the one-sample set-up of Politis and Romano (1996). We will call Gn,b a null-based
(N-B) subsampling distribution since the null value of θ0 is explicitly used for centering.

The following theorem shows that the α-quantile of Gn,b(x) denoted by G−1n,b(α) = inf{x :

Gn,b(x) ≥ α} converges to G−1(α, P0) when data are generated from a distribution P0 ∈ P0.
Therefore, the use of G−1n,b(α) in place of the threshold G−1(α, P0) will lead to an asymptotically
valid α-level test of H0. Our subsampling theorems typically require the following condition on
block sizes:

max
k

(bk/nk)→ 0 and min
k
bk →∞ as min

k
nk →∞. (5)

Theorem 3.1. Assume that P = P0 where P0 is some distribution satisfying H0. Suppose As-
sumption 2.2 holds, and that G(·, P0) is continuous and strictly increasing at G−1(1−α, P0). Under
(5), it follows that:

G−1n,b(1− α)
P−→ G−1(1− α, P0) (6)

and
ProbP0{Tn,0 > G−1n,b(1− α)} → α. (7)

Proof: Let x be a continuity point of G(·, P0). By Assumption 2.1, Gn(x, P0) → G(x, P0), and
Gb(x, P0) → G(x, P0) as well. Since EGn,b(x) = Gb(x, P0), it follows that EGn,b(x) → G(x, P0).
But note that Gn,b(x) is a K-sample U -statistic with bounded kernel; hence, Lemma 5.1 (iv)
implies

Gn,b(x)
P−→ G(x, P0) . (8)

Eq. (6) now follows from Lemma 1.2.1 of Politis et al. (1999). �

Remark 3.1. As mentioned in Section 2.2, the test statistic tn does not necessarily have to be
of the form g(θ̂n − θ0)–or its studentized version–for subsampling to work. With a general test
statistic tn, the construction of the subsampling distribution would be as given in the left-hand
side of eq. (4), and the proof of Theorem 3.1 would be identical. We choose, however, to focus on
the popular test statistic tn = g(θ̂n − θ0) in this Section in order to bring out the importance of
the choice of centering in the subsampling distribution.

It is apparent that our formulation and arguments are general enough so that θ(P ) need not
be real-valued. However, to fix ideas, Table 1 helps delineate the nature of the tests involved when
θ(P ) is real-valued. The last column of Table 1 is for a symmetric test, i.e., the function g is
the absolute value (or norm) on Θ. However, other possibilities exist as well; for example, in the
real-valued case and testing two-sided alternatives with g(x) = x, then an equal-tailed test can be
constructed by rejecting if Tn,0 > G−1n,b(1 − α/2) or Tn,0 < G−1n,b(α/2). Notably, the equal-tailed
test α-level test of H0 : θ(P ) = θ0 amounts to putting together two one-sided tests, i.e., writing the
alternative as H1 : θ(P ) > θ0 or θ(P ) < θ0, and rejecting when either one-sided test is significant at
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the α/2 level. Interestingly, in this case, each of the two one-sided tests could be based on its own
choice of g function, i.e., with a different definition of the Tn,0 statistic; the details are obvious.

H1 : θ(P ) < θ0 θ(P ) > θ0 θ(P ) 6= θ0
Asymp. R.R. Tn,0 < G−1(α, P0) Tn,0 > G−1(1− α, P0) Tn,0 > G−1(1− α, P0)

N-B Sub. R.R. Tn,0 < G−1n,b(α) Tn,0 > G−1n,b(1− α) Tn,0 > G−1n,b(1− α)

Table 1. Rejection regions (R.R.) of the α-level test of H0 : θ(P ) = θ0 vs. H1 based on the
asymptotic G(x, P0) or the null-based (N-B) subsampling distribution Gn,b(x) respectively; here,

θ(P ) is assumed real-valued, and Tn,0 = τng(θ̂n−θ0)/σ̂n with g(x) = x in the one-sided alternatives
and g(x) = |x| in the two-sided alternative (last column).

Remark 3.2. Note that even ifG(·, P0) is not strictly increasing atG−1(1−α, P0) but the continuity
assumption still holds, one can still deduce the convergence of the rejection probability, e.g., in the
case of H1 : θ(P ) > θ0 or H1 : θ(P ) 6= θ0 we still have eq. (7) holding true. The argument follows
as in the one-sample case; see eq. (2.3) of Politis et al. (1999).

Remark 3.3. The hypothesis H0 is, in general, composite, and there will typically be many
probability laws satisfying it; the above P0 is just any one of them. Theorem 3.1 shows that the
subsampling test threshold G−1n,b(α) will be close to the asymptotic threshold corresponding to the
particular P0 governing the data, assuming H0 is true. We will soon study the behavior under a
fixed alternative P1 as well as under contiguous sequences.

Remark 3.4. If confidence regions for θ(P ) are desired, they are readily obtained by inverting
the aforementioned test of H0, and inherit their general asymptotic validity from eq. (6). To
elaborate, a (1 − α)100% confidence region for θ would consist of all the values of θ0 that–when
conducting the above α-level test of H0 : θ(P ) = θ0–result in ‘acceptance” (non-rejection) of H0.
For example, inverting the two-sided test (last column of Table 1) gives a two-sided, equal-tailed
(1 − α)100% confidence interval; this interval is similar but not identical to the one given by the
‘direct’ construction of subsampling confidence region in Theorem 2.2.1 of Politis et al. (1999).

Theorem 3.1 shows that the proposed subsampling tests have the correct size asymptotically.
The following theorem further shows that the subsampling tests have nontrivial asymptotic power
under local alternatives; for the definition of contiguity, see e.g., Lehmann and Romano (2005),
p.494. We will later show that under fixed alternatives, the power tends to one.

Theorem 3.2. Suppose that for some P = (P1, . . . , Pk) satisfying H0, the product measure Pnk
k,nk

is

contiguous to Pnk
k for k = 1, . . .K. Assume (5), and suppose Assumption 2.2 holds. Then, under

such a contiguous sequence, τntn/σ̂n is tight. Moreover, if it converges in distribution to some
random variable T and G(·, P ) is continuous at G−1(1− α, P ), then the limiting power of the test
which rejects when τntn/σ̂n > G−1n,b(1− α) against such a sequence is P{T > G−1(1− α, P )}.

Proof: If we further assume that G(·, P ) is strictly increasing at G−1(·, P ), then from Theorem

3.1 we know that G−1n,b(1−α)
P−→ G−1(1−α, P ) under P . Contiguity forces the same convergence

under the sequence of contiguous alternatives. The result follows by Slutsky’s Theorem.
Without the strictly increasing assumption, the result still follows. To see why, under P ,

G−1n,b(1− α) need not converge but has limiting probability 0 of falling outside [a− ε, b+ ε] where
the interval [a, b] is defined by {x : J(x, P ) = 1− α}, and ε is an arbitrary positive number. The
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same must be true under a contiguous sequence. Thus, G−1n,b(1 − α) is bounded above by b + ε in
probability, in which case (by a variation in Slutsky’s theorem)

P{τntn/σ̂n > G−1n,b(1− α)} ≥ P{τntn/σ̂n > b+ ε}+ o(1) .

Letting the sample sizes increase, and then letting ε→ 0 we see that the right-hand side tends
to the stated expression because b is a 1 − α quantile of J(·, P ) and J(·, P ) is continuous at b. A
lower bound replacing b with a is obtained similarly. �

Theorems 3.1 and 3.2 were shown to hold under minimal assumptions. To appreciate this,
note that the statistic θ̂n (that is a crucial element of our test statistic) was not even assumed
to be consistent for θ(P ), a condition that would be implied in cases A or B of Section 2 by the
extra condition τn → ∞ as mink nk → ∞. Of course, consistency of θ̂n is highly desirable, and
actually needed in order for the subsampling test to be consistent, i.e., having power tending to one
under a fixed alternative. We will therefore require an additional assumption that is an analogue
of Assumption 11.3.1 of Politis et al. (1999).

Assumption 3.1. Let Vn = ang(θ̂n − θ(P )) and Wn = dnσ̂n. Also let τn = an/dn so that
τng(θ̂n−θ(P ))/σ̂n = Vn/Wn. Assume (Vn,Wn) converges weakly to (V,W ) where W does not have
positive mass at zero. The sequences an, dn are positive, and such that min(an, an/dn)→∞ when
mink nk →∞.

Assumption 3.1 covers all three cases A, B and C of Section 2 under one umbrella; for example,

case B where σ̂n
P−→ σ(P ) > 0 is covered letting dn = 1 and the distribution of W having unit

mass at σ(P ). Assumption 3.1 implies Assumption 2.2 and, when P satisfies H0, it implies that

J(x, P ) ≡ G(x, P ) and tn ≡ g(θ̂n − θ0)
P−→ 0. Thus, if we let t(P ) denote the limit (in probability)

of the test statistic tn (whenever the limit exists), we see that t(P ) = 0 under the null hypothesis
H0 : θ(P ) = θ0. The following assumption, delineates the allowed behavior of t(P ) under an
alternative hypothesis.

Assumption 3.2. Suppose τntn/σ̂n = Vn/Wn, where Vn = antn and Wn = dnσ̂n. Assume that

tn
P−→ t(P ) 6= 0, and Wn converges weakly to W where W does not have positive mass at zero. The

sequences an, dn are positive, and such that min(an, an/dn)→∞ when mink nk →∞.

Note that by assuming Assumption 3.1 together with Assumption 3.2, the null hypothesis
H0 : θ(P ) = θ0 becomes equivalent to the hypothesis H0 : t(P ) = 0. Using these two assumptions,
the consistency of the subsampling test against fixed alternatives is proven below.

Theorem 3.3. Assume (5) and Assumption 3.1. Assume that P = P1 where P1 is a distribution
satisfying the alternative hypothesis to the null hypothesis H0. Assume P1 satisfies Assumption 3.2,
and further assume (5), and that ab/an → 0. Then, the probability (under P1) that the subsampling
test rejects H0 : t(P ) = 0 tends to one.

Proof. The proof generalizes that of Theorem 2.6.1 of Politis et al. (1999). To fix ideas, consider
the case where t(P1) > 0 which happens if the alternative hypothesis H1 is either the one-sided
θ(P ) > θ0 or the two-sided θ(P ) 6= θ0; the case of H1 : θ(P ) < θ0 is handled similarly.

Rather than considering the subsampling distribution Gn,b(x), we look at the subsampling
distribution corresponding to the statistic tn/(dnσ̂n) without the scale factor an in the numerator;
that is, let G0

n,b(x) = Gn,b(abx) . But
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EG0
n,b(x) = ProbP {tb/(dbσ̂b) ≤ x} .

When P = P1, the numerator converges to t(P1) by Assumption 3.2 while the denominator has
a limiting distribution with no mass at 0. Thus, the expected value converges to 0 if x < t(P1) and
to 1 if x > t(P1). But since Ĝ0

n,b(x) is a K-sample bounded U -statistic, its variance converges to

0 by Lemma 5.1. Now, by a familiar argument G0
n,b(·) converges in distribution (with probability

tending to 1) to the distribution of t(P1)/W . This implies that the subsampling critical value is
of order ab in probability. But the test statistic in this case is of order an in probability. The
assumption an/ab →∞ implies consistency. �

3.2 Hypothesis testing using data-centered subsampling distributions

The subsampling tests of the previous subsection were shown to be asymptotically valid and con-
sistent, i.e., achieving the nominal α-level and having power tending to one for large samples.
Interestingly, they manage to do all that despite the fact that the subsampling threshold G−1n,b(α)
does not converge when the data are generated from an alternative P1.

To intuitively see the effect on the estimated threshold when the probability law generating
the data is P1, consider testing H0 vs. H1 : θ(P ) = θ1 for some θ1 < θ0 in the unstudentized
case σ̂n ≡ 1 and take g the identity function. Then, from the U -statistic consistency argument we
have–with high probability under (5)–that

Gn,b(x) ≈ EGn,b(x) = ProbP1{τb(θ̂b − θ1) + zb ≤ x} where zb = τb(θ1 − θ0),

which implies
G−1n,b(α) ≈ J−1(α, P1) + zb. (9)

So, under P1 the threshold G−1n,b(α) diverges to −∞. Nevertheless, the subsampling test is consistent

as shown in Theorem 3.3; the reason is that the test statistic Tn,0 ≡ τn(θ̂n − θ0) also diverges to

−∞ but at a faster rate; to see this, note that Tn,0 = τn(θ̂n−θ1)+zn = Tn +zn where Tn = OP1(1)
by Assumption 2.1.

It would be desirable to have a nicer behavior of the subsampling-based estimated thresh-
old when the data are generated from P1. To motivate the ideas that follow, suppose for a
moment that the limit law J(P ) of Assumption 2.1 did not depend on P , i.e., when the root
Tn = τng(θ̂n−θ(P ))/σ̂n is an asymptotic pivot, in which case J−1(α, P1) = J−1(α, P ∗0 ) where P ∗0 is
any distribution in P0. Clearly, in this case, J−1(α, P ∗0 ) is an asymptotically correct critical value.
It is apparent that the first term on the RHS of (9) would be correct but the diverging term zb
would unfortunately remain. To remove this unwanted term, one has to construct a test using a
subsampling distribution that approximates well the distribution of the data-centered variable Tn
that is distinct from the test statistic Tn,0 which is centered using the null value of θ.

Thus, we define the data-centered (D-C) subsampling distribution

Ln,b(x) =
1

Q

Q1∑
i1=1

Q2∑
i2=1

· · ·
QK∑
iK=1

1{τbg(θ̂i,b − θ̂n)/σ̂i,b ≤ x} (10)

which is analogous to the one employed by Politis and Romano (1994) for the construction of
subsampling-based confidence intervals in the one-sample case. Choi (2005)

H1 : θ(P ) < θ0 θ(P ) > θ0 θ(P ) 6= θ0
D-C Sub. R.R. Tn,0 < L−1n,b(α) Tn,0 > L−1n,b(1− α) Tn,0 > L−1n,b(1− α)
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Table 2. Entries as in Table 1 but the tests are based on quantiles of the data-centered (D-C)
subsampling distribution Ln,b(x).

Table 2 delineates the tests based on the quantiles of Ln,b(x) and should be compared to Table 1.
Note that the test statistic is still Tn,0; the only difference is that the subsampling approximation to
its distribution is based on Ln,b(x) instead of Gn,b(x). Since Ln,b(x) is the subsampling distribution
used in the construction of confidence intervals, performing the test as in Table 2 is equivalent to
inverting the corresponding (1−α)100% confidence interval (or confidence bound) constructed via
subsampling.

It is apparent, that for Ln,b(x) to work well under the null hypothesis it is necessary that θ̂n is
consistent for θ(P ). For this reason, the assumptions of the following theorems include consistency
of θ̂n that is ensured by assuming τn → ∞. Theorem 3.4 below can be proven analogously to
Theorems 2.2.1 and 2.6.1 in Politis et al., (1999).

Theorem 3.4. Suppose Assumption 2.1 holds, as well as (5). Assume that J(·, P ) is continuous
and strictly increasing at J−1(α, P ). Also assume τb →∞ and τb/τn → 0 coupled with either (2)
or Assumption 3.1. Then,

L−1n,b(α)
P−→ J−1(α, P ). (11)

Theorem 3.4 shows that the D-C subsampling quantiles are convergent along all possible options for
P . In particular, when the data are generated from a distribution P0 satisfying H0, i.e., P0 ∈ P0,
Theorem 3.4 shows that D-C subsampling quantile L−1n,b(α) ≈ J−1(α, P0) = G−1(α, P0) ; the last

equality follows from the consistency of θ̂n that is ensured by assuming τn → ∞ in Theorem 3.4.
Therefore, using L−1n,b(α) as a critical value leads to asymptotically valid α-level tests of H0 in the
sense described in Section 2.2, i.e., we have

ProbP0{Tn,0 > L−1n,b(1− α)} → α. (12)

Interestingly, using the D-C subsampling quantiles not only leads to consistent tests, it actually
gives tests with better power as compared to tests using the null-based subsampling distribution.
Assumption 3.3 below focuses on one-sided tests; as previously mentioned, the two-sided equal-
tailed α-level test can be performed by combining the two one-sided tests at level α/2.

Assumption 3.3. Consider a real-valued parameter θ(P ), and the test of hypothesis H0 : θ(P ) = θ0
based on the test statistic T+

n,0 = τng(θ̂+n − θ0)/σ̂n where g is a real-valued, monotone increasing,
function such that g(0) = 0.
(i) If the alternative hypothesis is θ(P ) > θ0, then let θ̂+n = max(θ̂n, θ0).
(ii) If the alternative hypothesis is θ(P ) < θ0, then let θ̂+n = min(θ̂n, θ0).

Note that using test statistic T+
n,0 = τng(θ̂+n − θ0)/σ̂n instead of the customary Tn,0 = τng(θ̂n−

θ0)/σ̂n is not restrictive. For example, in the case of alternative θ(P ) > θ0, a practitioner would
not even contemplate rejecting the null hypothesis if the statistic θ̂n turned out to be less than θ0;
Assumption 3.3 makes this intuitive notion explicit, and thus enables us to clearly state and prove
the following theorem.

Theorem 3.5. Assume Assumption 3.3, as well as the combined assumptions of Theorem 3.3
and Theorem 3.4. Then, under P1, the probability that the D-C subsampling test rejects the null
hypothesis H0 is greater than or equal to the probability that the null-based (N-B)subsampling test
rejects H0.
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Proof. To fix ideas, consider the case of Assumption 3.3 (i) where H1 : θ(P ) > θ0, and that
g(x) = x; the other one-sided alternative hypothesis, and the generalization to a monotonic g
function are treated similarly.

First note that the distributions Ln,b and Gn,b have the same shape; one is a shifted version

of the other (location shift). Since, by construction, θ̂+n ≥ θ0, it follows that the mass of the
distribution Ln,b is shifted to the left of the mass of the distribution Gn,b; in other words, whereas
Ln,b is centered around zero, Gn,b has a positive center of location. Therefore, one distribution
stochastically dominates the other, i.e., for any x, Ln,b(x) ≥ Gn,b(x), and consequently, for any α,
L−1n,b(α) ≤ G−1n,b(α).

Therefore, the D-C subsampling rejection region (R.R.) is a superset of the N-B subsampling
R.R., and the theorem is proved. �.

Remark 3.5. Even when the customary test statistic Tn,0 = τng(θ̂n−θ0)/σ̂n is used, Theorem 3.5
gives valuable insights. To be precise, consider the alternative H1 : θ(P ) > θ0, and define the event
Bn = {θ̂n > θ0}. Then, under P1, the conditional (given Bn) probability that the D-C subsampling
test rejects the null hypothesis H0 is greater than or equal to the conditional probability that the
null-based (N-B)subsampling test rejects H0. Of course, the weak consistency of θ̂n implies that
Bn has probability tending to one under P1, and this convergence is typically exponentially fast;
hence conditioning on Bn is not restrictive.

Remark 3.6. Note that data-centered (D-C) subsampling can also be accomplished using a dif-
ferent centering, say θ̃n, and the conclusion of the above theorem would remain true as long as θ̃n
has the same rate of convergence as θ̂n, i.e., if τn(θ̃n − θ(P )) = OP (1). For example, θ̃n could be
taken as the average of the subsample statistics θ̂i,b.

Andrews and Guggenberger (2010) also considered both D-C and N-B subsampling distributions
side-by-side without, however, making a recommendation regarding which one is preferable. The
recommendation to use data-based centering has been given previously (without proof) by Hall and
Wilson (1991) in the related set-up of bootstrap testing and Choi (2005) in the case of subsampling.
Theorem 3.5 confirms that data-based centering is recommended for subsampling as well, and gives
credence to the Hall and Wilson (1991) guideline in cases where the bootstrap works. Extensions
to bootstrap hypothesis testing in regression were also given by Paparoditis and Politis (2005), and
recently in the construction of subsampling p-values by Berg, McMurry and Politis. (2010).

The “no-free lunch” principle, however, applies here as well: the N-B subsampling distribution
has an edge of accuracy under the null; in other words, the N-B subsampling distribution will
typically yield a test with size closer to the nominal as compared to the D-C subsampling test. Not
surprisingly, the two tests (N-B and D-C) have the same local power properties, i.e., same power
under alternatives contiguous to the null.

Note that Theorem 3.5 does not imply that subsampling captures the “correct” critical value
when the data are generated from a distribution P1 ∈ P1. In this case, Theorem 3.4 suggests that
L−1n,b(α) ≈ J−1(α, P1) which is not necessarily “correct”; the quotes are here because the notion
of “correctness” is equivocal since practitioners are understandably reluctant to use the ‘worst-
case scenario’ critical value discussed in Section 2.2. If, however, Tn happens to be an asymptotic
pivot, then J−1(α, P1) = J−1(α, P ∗0 ) for all P ∗0 ∈ P0 and (a) the issue of “correct” critical value is
resolved, and (b) the D-C subsampling quantile L−1n,b(α) is the method that captures it.

Interestingly, the full strength of the property of pivotality may not be needed in order to resolve
the issue of a “correct” critical value and ensure that the D-C subsampling quantile captures it.
What is required, however, is a certain invariance of the limit law J(P ) with respect to θ, the
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parameter being tested. Instead of attempting a general definition, we illustrate by the simplest
example of testing the value θ of the mean of a single sample (K = 1) having finite variance σ2; the
test is based on the sample mean θ̂n. The studentized case leads to full asymptotic pivotality, so
we instead focus on the unstudentized case where σ̂n = 1, and the limit law J(P ) of

√
n(θ̂n− θ(P ))

is N(0, σ2). All that is required here for the D-C subsampling quantile to capture the “correct”
critical value is that the asymptotic variance σ2 is the same under both the null and the alternative
hypotheses, i.e., the classical notion of variance stabilization in that the asymptotic variance σ2

does not depend on θ. For example, if the data are i.i.d. N(θ, σ2) everything works fine; but if the
data are i.i.d. Exponential with mean θ, then variance stabilization is not seen to hold since the
asymptotic variance depends on θ.

Remark 3.7. Since both types of centering, θ̂n (D-C) and θ0 (N-B), for the subsampling distri-
bution seem to work for hypothesis testing purposes, it is apparent that a linear (convex) combi-
nation of these two extremes can work too. Thus, the subsampling distribution could be centered
at: (1 − λn)θ̂n + λnθ0 where λn ∈ [0, 1] is appropriately chosen (and may even depend on the
data). For example, in the case where θ is univariate, and g(x) = x or |x|, we may choose
λn = 1{|θ̂n − θ0| < cτ−1n σ̂n} where c > 0 is some constant (say c = 0.5), in an effort to capture
both the good power properties of D-C subsampling as well as the good performance under the
null of N-B subsampling.

3.3 Estimated rates of convergence

As discussed in Chapter 8 of Politis, et al. (1999), there are cases where the normalizing factor τn
is unknown as it may involve some unknown parameters; this is true even in the standard (finite-
variance) Behrens-Fisher example of the next section. We thus consider a random variable τ̂b that
is an estimator of τb, and let Ĝn,b(x) and Ln,b(x) denote the two subsampling distributions using
τ̂b instead of τb, i.e.,

Ĝn,b(x) =
1

Q

Q1∑
i1=1

Q2∑
i2=1

· · ·
QK∑
iK=1

1{τ̂bg(θ̂i,b − θ0)/σ̂i,b ≤ x}, (13)

L̂n,b(x) =
1

Q

Q1∑
i1=1

Q2∑
i2=1

· · ·
QK∑
iK=1

1{τ̂bg(θ̂i,b − θ̂n)/σ̂i,b ≤ x}. (14)

By contrast to θ̂i,b and σ̂i,b, τ̂b does not have to be measurable with respect to the random variables

in the set S
(1)
i1
, . . . , S

(K)
iK

. In general, τ̂b is an estimator of τb based on the whole of the available

data, i.e., a function of X
(k)
1 , . . . , X

(k)
nk for k = 1, . . . ,K. All that is required of it is that

τ̂b/τb
P−→ 1 (15)

under eq. (5).

Theorem 3.6. Assume eq. (15). Then, the theorems of Section 3.1 remain true with Ĝn,b(x)

instead of Gn,b(x). Similarly, the theorems of Section 3.2 remain true with L̂n,b(x) instead of
Ln,b(x).

Proof: Just note that Ĝn,b(x) = Gn,b(xτb/τ̂b) ≈ Gn,b(x) in view of eq. (15). The above approx-
imation can be made rigorous by an argument similar to the one given in the proof of Theorem
8.3.1 of Politis, et al. (1999). �
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3.4 Random subsamples and the K-sample bootstrap

For large values of nk and bk, Q =
∏
k

(
nk
bk

)
can be a prohibitively large number; considering all

possible subsamples may be impractical and, thus, we may resort to Monte Carlo. To define the
algorithm for generating random subsamples of sizes b1, . . . , bK respectively, recall that subsampling
in the i.i.d. single-sample case is tantamount to sampling without replacement from the original
dataset; see e.g., Politis et al. (1999, Ch. 2.3). Thus, for m = 1, . . . ,M , we can generate the

mth joint subsample as X
(1)
m , X

(2)
m , . . . , X

(K)
m where X

(k)
m = {X(k)

Ik,1
, . . . , X

(k)
Ik,bk
}, and Ik,1, . . . , Ik,bk

are bk numbers drawn randomly without replacement from the index set {1, 2, . . . , nk}. Note that

the random indices drawn to generate X
(k)
m are independent of those drawn to generate X

(k′)
m for

k 6= k′.

Thus, a randomly chosen subsample value of the statistic θ̂n is given by θ̂m,b = θ̂b(X
(1)
m , . . . , X

(K)
m ),

with σ̂m,b denoting its estimate of scale computed from the mth joint subsample. The corresponding
subsampling distribution under the null is defined as

G̃n,b(x) =
1

M

M∑
m=1

1{τbg(θ̂m,b − θ0)/σ̂m,b ≤ x}, (16)

and its data-centered version is

L̃n,b(x) =
1

M

M∑
m=1

1{τbg(θ̂m,b − θ̂n)/σ̂m,b ≤ x}. (17)

The following corollary shows that the above Monte Carlo approximations can be used in place of
the subsampling distributions when M is large; its proof is analogous to the proof of Corollary 2.1
of Politis and Romano (1994).

Corollary 3.1. Assume M → ∞. Then, the theorems of Section 3.1 remain true with G̃n,b(x)
instead of Gn,b(x). Similarly, the theorems of Section 3.2 remain true with L̃n,b(x) instead of
Ln,b(x).

The bootstrap in two-sample settings is often used in practical work; see Hall and Martin
(1988) or van der Vaart and Wellner (1996), p.365. In the i.i.d. set-up, resampling and (random)
subsampling are very closely related since, as mentioned, they are tantamount to sampling with
vs. without replacement from the given i.i.d. sample. In contrast to subsampling, however, no
general validity theorem is available for the bootstrap unless a smaller resample size is used; see
Politis and Romano (1994).

As in the one-sample case, the general validity of K-sample bootstrap that uses a resample size
bk for sample k follows from the general validity of subsampling as long as b2k << nk. To state

it, let G∗n,b(x) denote the bootstrap (pseudo-empirical) null distribution of τbg(θ̂∗n,b − θ0) where

θ̂∗n,b is the statistic θ̂b computed from the bootstrap data. Also let L∗n,b(x) denote the bootstrap

(pseudo-empirical) distribution of the pivot τbg(θ̂∗n,b − θ̂n).
The proof of the following corollary is a consequence of the discussion given in Section 2.3 of

Politis et al. (1999).

Corollary 3.2. Assume b2k/nk → 0 for all k. Then, the theorems of Section 3.1 remain true with
G∗n,b(x) instead of Gn,b(x). Similarly, the theorems of Section 3.2 remain true with L∗n,b(x) instead
of Ln,b(x).
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4 The difference of two population means

Consider now the two sample case, i.e., K = 2, i.e., where for i = 1, 2,

X
(i)
1 , X

(i)
2 , . . . , X(i)

ni
∼ i.i.d. from c.d.f. Fi (18)

The c.d.f. Fi is assumed to have mean µi and variance σ2i .
The familiar statistic for testing H0 : θ = 0 where θ = µ2 − µ1 is given by θ̂n = X̄(2) − X̄(1)

where X̄(i) = n−1i
∑ni

t=1X
(i)
t . Note that V ar(θ̂n) = σ22/n2 + σ21/n1, and is typically estimated by

S2 = S2
2/n2 + S2

1/n1, where S2
i = (ni − 1)−1

∑ni
t=1(X

(i)
t − X̄(i))2.

As is well-known, the distribution of the ‘studentized’ statistic (θ̂n − θ)/S is not given ex-
actly by the t-distribution even when the samples are normally distributed, nor does it inherit
any finite-sample optimality (though it is an asymptotically optimal test); this is the celebrated
Behrens-Fisher problem. Nevertheless, the t-tables are often used in this connection due to Welch’s
approximation of the distribution of (θ̂n − θ)/S by a tk distribution with

k =

(
c2

n1 − 1
+

(1− c)2

n2 − 1

)−1
where c = S2

1/(n1Ŝ
2).

If indeed the two samples are normal, then the Welch t-approximation is higher-order accurate; see
e.g., Pfanzagl (1974) or Beran (1988). Nevertheless, in the words of DasGupta (2008, p. 405): “It
is not clear, however, that the Welch test is even size-robust when the individual groups are not
normal.”

Subsampling can yield an alternative approximation to the distribution of Tn = g(θ̂n−θ)/S and
that of Tn,0 = g(θ̂n)/S that may be of particular usefulness if the two populations are not normal.
As will be shown in what follows, our subsampling-based inference will remain asymptotically valid
even if the data have infinite variance.

4.1 Data with finite variance

In this subsection, we consider the customary case that σ21 and σ22 are both finite (and nonzero).
In the absence of any restriction on the relative sizes of n1 and n2, the easiest way to see the the
applicability of subsampling here is to use the framework of Section 3.3, i.e., to let σ̂n = 1, and
τn = (σ22/n2 + σ21/n1)

−1/2. It is immediate that τn satisfies τb/τn → 0 under (5). As alluded to
earlier on, the normalizing factor τn involves the unknown parameters σ21 and σ22 but is consistently

estimated by τ̂n = (S2
2/n2+S2

1/n1)
−1/2. Since S2

1
P−→ σ21 and S2

2
P−→ σ22, it follows that τ̂n/τn

P−→ 1.

The finite variance condition also implies that
√
ni(X̄

(i)−µi)
L

=⇒ N(0, σ2i ) which–together with

the independence of the two samples–implies that τn(θ̂n− θ)
L

=⇒ N(0, 1); hence, τn(θ̂n− θ) is a full
asymptotic pivot and the following corollary ensues.

Corollary 4.1. Under eq. (18) with 0 < σ2i < ∞ for i = 1, 2, the subsampling tests based on
the quantiles of either Ĝn,b or L̂n,b are asymptotically valid and consistent, and the associated
subsampling confidence bounds are also asymptotically valid.

Remark 4.1. If the data-centered subsampling distribution Ln,b(x) is to be used, then it may
benefit from a finite-population correction as in the case of one sample; see e.g., Politis et al.

(1999, p. 218). To see this, note that if X̄
(i)
bi

is the sample mean of bi of the X
(i)
t data, then

V ar(X̄
(i)
bi
− X̄(i)) = h1σ

2
i /bi where hi = 1 − bi/ni for i = 1, 2. So V ar(θ̂n − X̄

(2)
b2

+ X̄
(1)
b1

) =
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h1σ
2
1/b1 + h2σ

2
2/b2 is it is best to let τ̃b = (h1S

2
1/b1 + h2S

2
2/b2)

−1/2 instead of τ̂b in the construction
of L̂n,b(x). Note that τ̃b/τ̂b → 1 since bi/ni → 0; hence, Corollary 4.1 would remain valid regardless
of whether τ̃b or τ̂b was used. Nevertheless, in finite samples τ̃b > τ̂b, and this could make a real
difference in practice.

4.2 Data with infinite variance

In this subsection we still assume eq. (18) but now the c.d.f.s F1, F2 are assumed to have finite
means µ1, µ2 but infinite variances, i.e., σ2i = ∞ for i = 1, 2. For simplicity, we will now require
that n1 and n2 are of the same order of magnitude, i.e., that for some constants c1, c2 ∈ (0, 1), we
have

n1 ∼ c1 n and n2 ∼ c2 n where n = n1 + n2. (19)

A simple way to model such an infinite variance situation is to assume that F1 and F2 are in
the normal domain of attraction of a stable law with index β ∈ (1, 2]. In other words, assume that

V (i)
n ≡ a(i)ni

(X̄(i) − µi)
L

=⇒ V (i) where a(i)ni
= n

1−1/β
i (20)

for i = 1, 2 where V (i) is a stable law with index β ∈ (1, 2]; see e.g., Section 2.2 in Embrechts,
Klüppelberg and Mikosch (1997).

As in Proposition 11.4.3 of Politis et al. (1999) we will now construct a self-normalized sum for
which subsampling will be applicable even without knowledge (or explicit estimation) of the value
of β. To do this, we define θ̂n = X̄(2) − X̄(1) as before but now–aided by eq. (19)–we set τn =

√
n,

and σ̂2n = S2
2/c2 + S2

1/c1 where S2
i are the sample variances as in Section 4.1.

To investigate the properties of the self-normalized root Tn = τn(θ̂n − θ)/σ̂n we also consider

W (i)
n ≡ d(i)ni

Si where d(i)ni
= n

−1/2−1/β
i (21)

for i = 1, 2. So

Tn =
√
n
X̄(2) − X̄(1) − µ2 + µ1√

S2
2/c2 + S2

1/c1

=

√
n
(
V

(2)
n /a

(2)
n2 − V

(1)
n /a

(1)
n1

)
√

(W
(2)
n )2/(c2(d

(2)
n2 )2) + (W

(1)
n )2/(c1(d

(1)
n1 )2)

=
V

(2)
n /C2 − V (1)

n /C1√
(W

(2)
n )2/(c2C2

2 ) + (W
(1)
n )2/(c1C2

1 )

where Ci = c
−1/2−1/β
i . But by results of Logan et al. (1973), for each i, the pair (V

(i)
n ,W

(i)
n )

converges in law to the pair of r.v.’s (V (i),W (i)) where V (i) is a stable law with index β, and
W (i) is a (positive) stable law with index β/2. So, by the independence of the two samples,

it follows that (V
(1)
n ,W

(1)
n , V

(2)
n ,W

(2)
n ) converge in law jointly to (V (1),W (1), V (2),W (2)). It then

follows that Assumption 2.1 is satisfied, and the same is true for Assumption 3.1 with the following
identifications: an = n1−1/β, dn = n−1/2−1/β, and τn = an/dn.

Corollary 4.2. Assume eq. (18), (19) and (20) for some β ∈ (1, 2]. Then, the subsampling
tests based on the quantiles of either Gn,b or Ln,b are asymptotically valid and consistent, and the
associated subsampling confidence bounds are also asymptotically valid.
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Remark 4.2. Note that the practitioner does not need to know the value of β in order to construct
the subsampling distributions and conduct inference about θ. For example, Corollary 4.2 applies
even in the case when the data have finite variance, i.e., β = 2, presenting a robust alternative to
Corollary 4.1 at the slight cost of the extra assumption (19).

In fact, assume that the index β = βi can depend on i. Then, we can still show that Tn
has a limiting distribution. Indeed, let β = min(β1, β2). Then, if we define an = n1−1/β and
dn = n1/2−1/β, then it is easy to see that the conditions are satisfied. For example, suppose
β1 < β2. Then,

an[(X̄(2) − X̄(1))− (µ2 − µ1)] = an(X̄(2) − µ2)− an(X̄(1) − µ1) .

But, an(X̄(1) − µ1) has a limiting distribution V1 and

an(X̄(2) − µ2)) = n1/β2−1/β1n1−1/β2(X̄(2) − µ2)→ 0

in probability, since n1−1/β2(X̄(2)−µ2) has a limiting distribution V2 and the factor n1/β2−1/β1 → 0
as β1 < β2. The denominator of the statistic can be handled similarly. The result is that the
limiting distribution in this case is that of −V (1)/

√
(W (1))2/c1. Thus, the results apply.

Finally, note that similar arguments apply if Fi is in the domain of attraction of a stable law
with index βi (not necessarily normal domain of attraction). Here, there is a slowly varying function
Li(ni) which ensures that

n1−1/βi(X̄(i) − µi)/Li(ni)

converges to a stable law. If the βi are distinct, the above argument generalizes and there exists a
limiting distribution for the normalized statistic. It also generalizes if L1 = L2. However, if β1 = β2
but the Li differ, it appears that a limiting distribution may not exist in general. Such an issue is
left for future work.

4.3 Block size choice

We now return to the finite variance set-up of Section 4.1 to discuss the difficult–but important–
issue of optimal choice of the block sizes b1, b2. Consider the two targets:

1. Optimize the subsampling distribution Gn,b(x) as an estimate of the distribution of Tn,0 =

g(θ̂n)/S under the null.

2. Optimize the subsampling distribution Ln,b(x) as an estimate of the distribution of Tn =

g(θ̂n − θ(P ))/S under a general P .

The first target would amount to trying to have a test whose size is as close to the nominal as
possible; the second target would result in an optimal subsampling estimator of the distribution of
Tn under different possibilities for P in effect optimizing power.

Recall that, from Lemma 5.1, V ar(Gn,b(x)) ≤ maxk(bk/nk). We now assume, for simplicity,
that the two sample sizes are of the same order of magnitude, i.e., eq. (19). It is then natural
to assume that the relation of the two sample sizes n1, n2 is reflected in the relation of the two
subsample sizes b1, b2; this is tantamount to assuming that

b1 ∼ c1 b and b2 ∼ c2 b where b = b1 + b2 (22)

which implies that b1/n1 = b2/n2 = b/n so that

V ar(Gn,b(x)) ≤ b/n. (23)
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Since EGn,b(x) = Jb(x, P ), to give a bound on the bias of Gn,b(x) we would need the rate of
convergence of Jn(x, P ) to J(x, P ). Such a general result is not readily available; however, in the
two-sample problem with normal data, Welch (1947) gave the following Edgeworth expansion:

ProbP {(θ̂n − θ(P ))/S ≤ x} = Φ(x)− 1

4
(x+ x3)φ(x)ζn + o(ζn) (24)

where Φ(x), φ(x) are the standard normal c.d.f. and density respectively, and

ζn =
σ41/(n

2
1(n1 − 1)) + σ42/(n

2
2(n2 − 1))

(σ21/n1 + σ22/n2)
2

.

Although (24) is valid only under normality, it is natural to conjecture that

Jn(x, P ) = ProbP {g(θ̂n − θ(P ))/S ≤ x} = Φ(x) +O(ζn) (25)

when g(x) = x and either the c.d.f’s F1, F2 are both symmetric or they have the same skewness
and n1 = n2 since in either case θ̂n has zero skewness; similarly, (25) should hold in general when
g(x) = |x|.

Thus, (25) would imply that Bias(Gn,b(x)) = O(ζb). But ζn = O(1/n) due to eq. (19), and so
from (23) it follows that

Gn,b(x)− Jn(x, P ) = O(1/b) +OP (
√
b/n) (26)

which is, of course, optimized by letting

b ∼ C n1/3 (27)

for some constant C whose value could be pin-pointed if the term O(ζn) in (25) were replaced by
a more explicit bound (that would also depend on x).

Analyzing Ln,b(x) is more difficult. However, in the aforementioned case where g(x) = x and
either the c.d.f’s F1, F2 are both symmetric or n1 = n2 an argument analogous to the one given in
Politis and Romano (1994, p. 2039) implies that eq. (26) would remain valid with Ln,b(x) instead
of Gn,b(x) so that the optimal order of block size (27) is still applicable.

5 Simulation experiments

5.1 Two sample simulations

We investigated several two sample problems in order to assess the performance of the subsampling
hypothesis tests and the optimal rate for b given in (27). For all two sample problems, we tested
the hypothesis H0 : µ1 = µ2 versus the alternative H1 : µ1 6= µ2 over a range of values for µ2; the
results are presented as power curves with the power a function of the true difference between µ1
and µ2. The test statistic was the difference in means between the two groups, g(x) = |x| for g(·)
as in equation (1), and the rate used was τn = (S2

1/n1 + S2
2/n2)

−1/2. For each considered type of
data, we used four sample sizes, (n1, n2) = (50, 50), (100, 100), (200, 200), and (60, 100). For each
value of µ2, the experiment was repeated 1000 times using 1000 subsamples.

Subsampling block sizes can be chosen via different data-driven methods; see e.g., Ch. 9 of Politis
et al. (1999). Since the focus of our simulation was to investigate the effect of centering on the
subsampling distribution (and to compare with the t-test), the following simple short-cut was used
that also puts the recommendation of eqs. (22) and (27) to the test. For each experiment, a Monte
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Carlo simulation was performed under the null hypothesis in the case where (n1, n2) = (100, 100)
to empirically identify the constant C from eq. (27) that results in a subsampling test with level
closest to α = 0.05. Of course, the distributional information required for this simulation would
not be available to the practitioner but we also found that this method of estimating the constant
C is fairly robust to distributional mis-specification in the finite variance case. Alternatively, the
subsampling/cross-validation trick of Hall, Horowitz and Jing (1996) could be employed to estimate
the constant C in practice.

Subsample sizes corresponding to different sample sizes were then chosen via eqs. (22) and (27);
this allows the n1/3 rate for the block sizes to be assessed by looking at the achieved level in the
cases with different sample sizes. The n1/3 rate worked well in all cases except the infinite variance
situations studied in Experiments 4 and 5, where we were forced to manually choose different
subsample sizes for each sample size; in these cases, the classical central limit theorem does not
hold, and it is unsurprising that (27) does not apply.

Surprisingly, while the N-B centered test should, in principle, capture the size better than the
D-C centered test, it proved very difficult to calibrate in two-sample cases; in many cases, we were
simply unable to achieve the desired α = 0.05 with the N-B centered test. For this reason, the
subsample sizes in the simulations were chosen with the objective of achieving the correct size for
the D-C centered subsampling test.

Our simulation results are presented in a series of power curves in Figures 1–7. The following
shorthand notation was used: pt denotes power curve associated with the classical two-sample
t-test, pc denotes power curve associated with the D-C centered subsampling test, and puc denotes
power curve associated with the N-B centered subsampling test which, in the case of testing H0 :
µ1 − µ2 = 0, is tantamount to using no centering, i.e., an uncentered subsampling distribution.

Experiment 1: In the first simulation we tested equality of means for samples from two standard
deviation 1 normal distributions. The first sample was drawn from a normal distribution
with mean 0, and the second samples were drawn from normal distributions with means
0.0, 0.1, . . . , 1.0. The results are shown as a power curve in Figure 1. The D-C centered
subsampling test is almost identical to the classical two sample t-test; the N-B centered test
is noticeably less powerful.

Experiment 2: In the second simulation we tested equality of means for samples from two normal
distributions, the first a standard normal distribution, and the second normal distributions
with standard deviation 2 and means 0.0, 0.1, . . . , 1.0. Again, the subsampling test is quite
competitive with the t-test, and the N-B centered test is much less powerful. The results are
shown in Figure 2.

Experiment 3: In the third simulation we tested the equality of means for samples from two t dis-
tributions with 6 degrees of freedom. The first sample was simulated from a population with
mean 0, and the second sample was simulated from populations with means 0.0, 0.1, . . . , 1.0.
The results are shown in Figure 3. The D-C centered subsampling test is approximately as
powerful as the t-test, and the N-B centered subsampling test remains uncompetitive.

Experiment 4: In the fourth experiment we tested the performance of subsampling for data with
finite mean and infinite variance. Both samples were simulated from a stable distribution with
tail index β = 1.1, skewness parameter 0.1, and scale parameter 1, using parametrization 1
as described in Nolan (2010), Ch. 1. Samples from the second distribution were translated by
0.0, 0.5, . . . , 8.0. The results are shown Figure 4. The t-test performed well even though theory
suggests it should not work; its size was about half the nominal size for all simulations, yet for
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Figure 1: Power curves for the comparison of the means of two normal samples with equal variance;
the horizontal line indicates the nominal size of the test, and pt, pc, puc denote power curves
associated with the t-test, the D-C centered subsampling test, and the N-B centered (uncentered)
subsampling test respectively.

large differences in means it was somewhat more powerful than subsampling. We believe that
this is due to non-robustness in each population somehow canceling when the means of the
two samples are subtracted. The D-C centered subsampling test had the correct size, but was
slightly less powerful than the t-test. Finally, the N-B centered subsampling test performed
poorly; its power is particularly harmed because it had size much smaller than the nominal
0.05. It is possible that this could be improved by choosing a different subsample size.

Experiment 5: In the fifth experiment we compared samples from two different stable distribu-
tions, each with tail index β = 1.1, but the first with skewness 0.1 and the second with
skewness −0.1. The means of the second distribution were 0.0, 0.5, . . . , 8.0. The t-test is more
powerful, but its size was twice the desired α = 0.05. Subsampling behaves correctly under
the null hypothesis. Results are shown in Figure 5.

Experiment 6: In the final two sample experiment we tested the equality of means for samples
from two exponential distributions. The first sample was drawn from an exponential distri-
bution with rate 1. The second samples were drawn from exponential distributions with rates
0.1, 0.2, . . . , 2.0. Since the exponential parameter is a rate rather than location, the popula-
tions are not related by a simple translation. For this reason, the power curve is asymmetric,
and in Figure 6 we show both positive and negative differences in true means. Subsampling
is slightly less powerful than the t test when the sample sizes were (n1, n2) = (50, 50). In all
other settings the subsampling test was comparably powerful.

5.2 Three sample simulations

We considered three different three sample problems, each with sample sizes n1 = n2 = n3 = 100.
We used the χ2 test statistic derived from the likelihood ratio test for the hypothesis H0 : µ1 = µ2 =
µ3 under the assumption that the three populations are normal with possibly unequal variances.
As in the two sample experiments, the subsample size was chosen to achieve α = 0.05 under the
null hypothesis and subsequently kept fixed for the remainder of the experiments. The test statistic
does not have a closed form, so it was estimated numerically.

Experiment 7: In the first three sample experiment we compared three samples each from normal
distributions with standard deviation 1. The mean of the first population was fixed at 0. The
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Figure 2: Power curves for the comparison of the means of two normal samples with unequal
variance.
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Figure 3: Power curves for the comparison of the means of two t6 samples with different means
and equal scale.
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Figure 4: Power curves for the comparison of the means of two samples from a stable distribution
with finite mean but infinite variance.
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Figure 5: Power curves for the comparison of the means of two samples; stable distributions with
tail index 1.1 and skewness parameters 0.1 and −0.1 respectively.
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Figure 6: Power curves for comparison of the means of two exponential samples, the first with rate
1, and the second with rate shown on the horizontal axis.
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means of the second and third populations ranged over 0.0, 0.1, . . . , 0.5, with the mean of
the third population always less than or equal to the mean of the second, resulting in power
surfaces over a triangular region. The biggest absolute difference between both the D-C
centered and N-B centered subsampling surfaces and the χ2 surface is 0.018.

Experiment 8: In the second three sample experiment, we compared three samples, the first from
a normal distribution with standard deviation 1 and the second two from normal distributions
with standard deviation 2. Power was again estimated over the triangular grid described in
the previous experiment. The surfaces are qualitatively similar, and the biggest absolute
difference between both the D-C centered and N-B centered subsampling surfaces and the χ2

surface is 0.011.

Experiment 9: For the final three sample experiment, the first sample was drawn from a standard
normal distribution and the second and third samples were drawn from a t distribution with
6 degrees of freedom. The power surface was calculated over the triangular region used in
the preceding two experiments. In this case the test based on the χ2 distribution was slightly
more powerful. The biggest absolute difference between both the D-C centered and N-B
centered subsampling surfaces and the χ2 was 0.034, although most differences were much
smaller.

5.3 Empirical choice of b

Finally we investigated automated choice of subsample size through a variation of the algorithm of
Götze and Rac̆kauskas (2001) and Bickel and Sakov (2008) (henceforth GRBS) with Kolmogorov-
Smirnov (KS) distance. We first describe the algorithm when n1 = n2 = . . . = nK ; in this setting,
it may be reasonable to assume b ≡ b1 = b2 = . . . = bk. If so, the rule consists of the following
steps:

1. Assume that the correct subsample sizes are equal. Let b[j] = bqjnc, j = 0, 1, . . ., and
0 < q < 1.

2. For each b[j] compute L̂n,b[j] .

3. Let d(·, ·) denote KS distance. Choose b̂ = arg minb[j] d(L̂n,bj , L̂n,bj+1
).

4. The estimator of Ln is L̂n,b̂.

The reasoning behind the GRBS method is that if the block size is within the ‘right’ range of b
values, then the corresponding empirical distributions should be ‘close’ to each other, and therefore
values of b associated with small KS distances will be selected by the rule.

The GRBS method was tested in a replication of Experiment 1 with n1 = n2 = 100. Automated
subsample size choice produces results that are comparable to the t-test. Results are shown in the
left panel of Figure 7.

Clearly, algorithm described above is not suitable when it is expected that the bis differ. In
the two sample setting we modified the above algorithm to employ a grid search over values of b1
and b2 generated by step 1. We then chose the (b1, b2) pair that produced the smallest average KS
distance to its neighbors. We assessed this method by replicating the n1 = 60, n2 = 100 run of
Experiment 2. In this case the power was somewhat reduced from the t-test. Results are shown in
the right panel of Figure 7.

There are many alternative approaches to choice of b. Some are outlined in Ch. 9 of Politis
et al. (1999). Another approach would be to simulate data satisfying the null hypothesis that
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Figure 7: Power curves for tests incorporating automated choice of subsample size.

roughly matches characteristics of the observed data, i.e. by matching moments or a smoothed
bootstrap, and then choosing subsample sizes to achieve the desired α on the simulated data. In
experimentation, we found that chosen sample sizes are relatively stable to modest changes in
the underlying distribution, and we expect this approach to provide competitive results in many
situations.

5.4 Discussion

The D-C centered subsampling tests performed remarkably well, often as well as the parametric
alternative when assumptions for the latter were exactly satisfied. It is surprising that even in
the situations where the t-test is optimal or close to optimal, the D-C centered subsampling test
yields comparable power. The N-B centered subsampling test performed well in our three-sample
experiments where we were able to calibrate both subsampling tests under the null hypothesis; in
these cases the D-C centered and N-B centered tests (using different subsample sizes) performed
very similarly. For the two-sample tests, we were generally unable to choose subsample sizes which
gave the N-B centered test the correct test size; this caused the test to noticeably lack power.

An additional surprising finding was that the two-sample t-test seems to perform quite well even
in situations where it is not asymptotically justified, e.g., in Experiment 4. In the infinite-variance
cases, we expected that the t-test would give reasonable power behavior (because of the t-statistic
becoming more heavy-tailed) but would have size problems. Indeed, this size breakdown is apparent
in Experiment 5 where the observed size was double the nominal. In Experiment 4, however, the
t-test’s size was less than the desired 0.05, yet in places it was more powerful than subsampling;
this unexpectedly good performance may be due to some cancellations in the Edgeworth expansion
of the t-statistic when the two samples have the same distribution. In general though the t-test’s
size is substantially dependent on the (unknown) underlying populations, and this dependence is
not easily quantified; subsampling is much more robust in that respect.

Appendix: K-sample U-statistics

Consider K independent datasets: X(1), . . . , X(K) where X(k) = (X
(k)
1 , . . . , X

(k)
nk ). For each k, the

random variables X
(k)
1 , . . . , X

(k)
nk are assumed i.i.d. taking values in an arbitrary space Bk. Let

Sk denote the set of all size bk (unordered) subsets of the dataset {X(k)
1 , . . . , X

(k)
nk } where bk is

an integer in [1, nk]. Note that the set Sk contains Qk =
(
nk
bk

)
elements that are enumerated as
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S
(k)
1 , S

(k)
2 , . . . , S

(k)
Qk

.
Now let b = (b1, . . . , bK), and consider a real-valued function hb(·) of b1×b2×· · ·×bK arguments;

strictly speaking, this is an array of functions since hb(·) is different for each b. To elaborate,
hb : Bb1

1 ×Bb2
2 × · · · ×BbK

K → R, i.e., the arguments of hb(·) are grouped in K subsets where the
kth subset is a size bk subsample from the kth set of observations in the space Bk. For example,
hb(·) can (and will) be evaluated on subsamples of our K datasets; for example, evaluation of hb(·)
on the first subsample from each sample gives hb(S

(1)
1 , S

(2)
1 , . . . , S

(K)
1 ). Furthermore, the function

hb(·) is assumed to have some symmetry; in particular, letting S̃
(k)
1 denote an arbitrary permutation

of the elements of S
(k)
1 , it will be assumed that hb(S̃

(1)
1 , S̃

(2)
1 , . . . , S̃

(K)
1 ) = hb(S

(1)
1 , S

(2)
1 , . . . , S

(K)
1 ).

A K-sample U -statistic of degree b = (b1, . . . , bK) and kernel hb(·) is now defined as:

Un,b =
1

Q

Q1∑
i1=1

Q2∑
i2=1

· · ·
QK∑
iK=1

hb(S
(1)
i1
, S

(2)
i2
, . . . , S

(K)
iK

) (28)

whereQ =
∏K
k=1Qk. As is apparent, Un,b is an unbiased estimator of the kernel Ehb(S

(1)
1 , S

(2)
2 , . . . , S

(K)
K ).

The theory of U -statistics was put forth in two pioneering papers of Hoeffding (1948, 1963).
In the second paper, Hoeffding also discusses the case of two-sample U -statistics. In the following
Lemma, we extend Hoeffding’s exponential inequality to the case K > 2. Technically, the extension
is immediate in view of Hoeffding’s (1963) argument for the case K = 2. Nevertheless, the Lemma
is of some interest since it implies consistency of the K-sample U -statistic even when the order
of the kernel is not fixed. Rather, each bk can be a function of its respective nk, and–as in the
application to subsampling–we can have bk →∞ as nk →∞ as long as bk/nk → 0.

Lemma 5.1. Assume the kernel is bounded, i.e., for some constants A and B, we have A ≤
hb(y1, . . . , yb) ≤ B for any y1, . . . , yb and for any b; here, b =

∑
k bk. Let Dn,b = minkbnk/bkc;

then, for any t > 0,
(i) P{Un,b − EUn,b ≥ t} ≤ exp[−2t2Dn,b/(B −A)2].
(ii) P{Un,b − EUn,b ≤ −t} ≤ exp[−2t2Dn,b/(B −A)2].
(iii) V ar(Un,b) ≤ (B −A)2/Dn,b.

(iv) If maxk(bk/nk)→ 0, then V ar(Un,b)→ 0 and Un,b − EUn,b
P−→ 0.

Proof. Part (i) follows analogously to the argument given in Hoeffding (1963, section 5b) for the
case K = 2. Part (ii) follows from (i) by considering the U -statistic with kernel −hb(·). To prove
(iii), note that

E(Un,b − EUn,b)2 =

∫ ∞
0

P{(Un,b − EUn,b)2 ≥ x}dx

≤
∫ ∞
0

2 exp[−2xDn,b/(B −A)2]dx

by (i) and (ii). But the latter integral equals (B − A)2/Dn,b. Alternatively, (iii) can be argued
along the lines of Remark 2.2.3 in Politis et al. (1999). Indeed, if m is the greatest integer less
than or equal to mink(nk/bk), then an unbiased estimator of E(Un,b) can be constructed which is
the average over m independent set of subsamples; such an estimator has variance bounded above
by (B−A)2/(4m)→ 0. But, by conditioning on the information contained in the samples without
regard to their original ordering (in generalization of the order statistics), we can apply the Rao-
Blackwell theorem to show that the variance of Un,b is at least as small, and hence tends to 0 as
well. Finally, (iv) follows trivially from (iii) noting that D−1n,b = O(maxk(bk/nk)) = o(1).

�
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