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Abstract

A nonparametric bootstrap procedure is proposed for stochastic processes which follow
a general autoregressive structure. The procedure generates bootstrap replicates by locally
resampling the original set of observations reproducing automatically its dependence prop-
erties. It avoids an initial nonparametric estimation of process characteristics in order to
generate the pseudo-time series and the bootstrap replicates mimic several of the properties
of the original process. Applications of the procedure in nonlinear time series analysis are

considered and theoretically justified; some simulated and real data examples are discussed.
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1 Introduction

The present paper introduces a new resampling procedure, namely the local bootstrap, which is
applicable in the setting of strictly stationary, real valued stochastic processes { X, t =1,2,...}
that follow a general (finite order) Markovian structure, i.e, a dependence structure where for
every t € N and every Borel set A C R, X; depends on the past only through the previous p
values, i.e.,

P(Xps1 € AIX;, j <1) = P(Xep1 € A|X;, t—p+1<j<1).

Although the class of processes to which our procedure is applicable will be more precisely
described in the next section, we mention here that it is large enough to include several of the
commonly used nonlinear models in time series analysis. An important member of this class

is, for instance, the class of nonlinear, conditionally heteroscedastic, autoregressive processes

defined by
Xt = m(Xt_l,Xt_Q,...,Xt_p)—|—?J(Xt_1,Xt_2,...,Xt_p) E¢ = 1,2,... (1)

where the noise process {e;,t > 1} is a sequence of i.i.d. zero mean random variables satisfying
certain assumptions and m(-) and v(-) are smooth functions (generally unknown). Note that
model (1) includes several of the familiar nonlinear parametric models; see Tong (1990) and
Tjpstheim (1994) for details. However, (1) is not explicitly assumed in the following, i.e., the
Markov class of processes to which our procedure is applicable is richer than model (1).

The local bootstrap scheme proposed in this paper involves resampling the original data
points X1, Xo,..., X7 to form pseudoseries X7, X3, ..., X7 from which the statistics of interest
are recalculated. The idea underlying the resampling procedure proposed is very simple and
extends in a natural way the original idea of bootstrapping i.i.d. observations. In particular,
let p = 1 and assume that the bootstrap value X} has already been generated, i.e., assume that
X} =2 where 2 € {X3, X3,..., X7}. To obtain the next bootstrap value X},; we proceed by
assigning resampling probabilities p;(X;) > 0 to each of the observed values X;, j =2,3,...,T
such that Z;F:Q p;(X7) = 1. The bootstrap replicate X7, is then obtained by selecting randomly
one of the observed values according to these resampling probabilities. While in the i.i.d. case
p;(X;) = (T — 1)7! is an appropriate choice in our Markov case it is more natural to let the
resampling probability assigned to the observation X; to depend on the closeness of its preceding
value X;_; in the original data sequence to the value assumed by X;. More specifically and based
on smoothness properties of the transition distribution function P(y,z) = P(Xi41 < y|X¢ = z),
i.e., the property that P(y,2) = P(y,Z) for & = x, the resampling probability assigned to the
observation X; is the larger the closer is X;_; to X;. Now, to implement this idea and to
calculate the p;(X})’s in practice, an appropriate probability distribution, which will term the
resampling kernel and a parameter b measuring closenes which we term the resampling width
are used. Starting then for ¢ = 1 by some appropriately chosen initial value X7, subsequent
replicates X3, X3,..., X7 can be obtained by applying the above resampling idea at each stage of
the resampling process. It can then be shown that for an important class of statistical problems
and under certain regularity conditions, asymptotically valid inference can be obtained by letting

the resampling width b = b(T') — 0 at a approriate rate as the sample size T" tends to infinity.



Bootstrapping time series data has received considerable interest in recent years. As a
follow-up to the i.i.d. bootstrap of Efron (1979), several different approaches for bootstrapping
stationary observations have been proposed in the literature. Let us just mention here among
others, the ‘residual bootstrap’ (cf. Freedman (1984), Efron and Tibshirani (1986)), the block
bootstrap (cf. Kiinsch (1989), Liu and Singh (1992)), the stationary bootstrap (cf. Politis and
Romano (1994)), the frequency domain bootstrap (cf. Franke and Hardle (1992)); see Shao and
Tu (1995) for an overview of those methods.

The local bootstrap proposal of this paper is perhaps more akin to a bootstrap procedure
for (first order) Markov processes suggested by Rajarshi (1990). In that procedure bootstrap
replicates are obtained by using the nonparametrically estimated one-step transition density
function. To be more precise, for p = 1 and X[ given, a subsequent value X/, is obtained
as X[y ~ th+1|Xt(' | X{) where th+1|Xt(' | X7) is a nonparametric (kernel) estimator of the
unknown conditional density function th+1|Xt(' | X7) of the process. Compared to the boot-
strap procedure of Rajarshi (1990), the local resampling procedure proposed in this paper is
simpler, easier to implement and avoids the nonparametric estimation of the conditional density
Ixeprx C1XT).

In essence, our local bootstrap implicitly performs an estimation of the one-step transition
distribution as opposed to Rajarshi’s (1990) (explicit) estimation of the transition density by
nonparametric smoothing of the transition distribution. We show that, similarly to the question
“to smooth or not to smooth” in the classical i.i.d. bootstrap (cf. Efron and Tibshirani, 1993,
and the references therein), this extra smoothing is typically unnecessary for the bootstrap to
work in the Markovian case. As an added feature, our local bootstrap pseudo-series consist of
(particular) reshufflings of the original data points, the reshuffling being done of course according
to a particular probability mechanism. This constitutes a further similarity of the local bootstrap
to Efron’s (1979) classical i.i.d. bootstrap; in effect, Efron’s (1979) i.i.d. bootstrap can be
considered as a special case of our local bootstrap if we allow the Markovian order p to be zero.

Under model class (1), there exists a residual-based procedure investigated by Franke et
al. (1996) that begins with nonparametric estimation of m(-) and »(-), and a subsequent i.i.d.
resampling of the estimated residuals; cf. also Auestad and Tjgstheim (1991). In contrast
to this approach our local bootstrap scheme does not attempt to reduce the problem to i.i.d.
resampling of residuals but involves resampling the original data points to form the pseudo-time
series. Again, it has the advantage of side-stepping such initial smoothing problems, and at the
same time it is valid for a class of stochastic processes that is wider than (1). As a final point,
note that the local bootstrap is related to the resampling algorithms proposed by Shi (1991)
in the context of i.i.d. regression, by Falk and Reiss (1992) in the context of bootstrapping
conditional curves and in an ad hoc manner by Lall and Sharman (1996) in the context of
hydrological time series, and by Chan et al. (1997) in the context of ecological series.

The paper proceeds as follows. In section 2 the local resampling method is described. Its
finite sample as well as its asymptotic properties are discussed in great detail in section 3.
The properties of the local bootstrap derived in this section make it potentially applicable to a
variety of inference problems. Section 4 deals with such applications of the local bootstrap; here

the resampling procedure proposed is used to conduct statistical inference pertaining to linear



statistics, as well as analyze the lag-reversibility properties of a time series. Some practical
aspects of selecting the resampling parameters —in particular the resampling width b— are
discussed in section 5. Applications to simulated and real data are given in this section as
well. Section 6 contains some concluding remarks while all technical proofs are deferred to the

Appendix.

2 The Local Bootstrap for Markov processes

2.1 Basic Notation and Assumptions

We begin with an assumption which specifies precisely the class of stochastic process { Xy,t > 1}

considered.

(A1) There exists a positive integer p < oo such that the stochastic process Y = {Y¢,t > 1}
with Y, defined by Y; = (X¢, X¢—1,..., Xy—pt1), forms an aperiodic, strictly stationary and

geometrically ergodic Markov chain on (R?, B,); B, denotes the Borel o-algebra over RP.

We assume that the integer p is the smallest possible for which (A1) is satisfied. Note that
the aperiodicity assumption together with geometric ergodicity implies that a unique invariant
probability measure 7y on RP exists, which is the stationary distribution of . The assumption
of strict stationarity implies then that £(Y1) = 7y where £(Y1) denotes the law of the starting
value Yy = (X4, Xo,...,Xo_,). Furthermore, geometric ergodicity together with stationarity
implies that the Markov chain {X¢,¢ > 1} is geometrically strong mixing (i.e., a-mixing), since
it is geometrically absolutely regular (i.e., -mixing); cf. Doukhan (1995, Ch. 2.4).

Assumption (A1) is general enough in that it is fulfilled by several of the commonly used
nonlinear time series models. In fact, there is a large amount of literature dealing with station-
arity and geometric ergodicity results for different nonlinear time series models that admit a
Markovian dependence structure; cf., among others, Tong (1990), Tjgstheim (1990), Ango Nze
(1992) and Meyn and Tweedie (1993).

Denote in the following by F(-) the stationary distribution of X, the existence of which is
ensured by the fact that the sample paths of {X;,t > 1} are those of the first component of Y.
Note that F(z) = Fy(z,00,...,00) where Fy(y) = my((—o00,y]) is the unique solution of

Pe(y)= [ Fe(ybodFy(x). xeR? (2)
and Fy (- |x) is the one-step transition distribution function of Y, i.e.,
Fy(y |x)= P(Yey1 <y |Y,=x) fory,x€RP".
We denote in the following by F'(y|x) the one-step transition distribution function of Xy, i.e.,
Flylx) = P(Xe41 < y[Ye = x).

By (A1) the transition distribution function F(y|x) uniquely characterizes the law of the sta-
tionary process { Xy, > 1}. Now, let fy, () be the stationary density, fx, |y, (-[x) the one-step
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transition density and denote by ||-|| the Euclidean norm. The following smoothness assumptions

are then imposed.
(A2)

(i) Fy(+) and F(-]x) are absolutely continuous with respect to Lebesgue measure on R? and

R and have bounded densities fy,(-) and fx, |y,(|x) respectively.

(ii) For x1, x2 € R? and y € RU {0},
Y Y
[ havieoxidz = [ f v, Goxad] £ Ll — x|

where fx, v,(2,%) = fx,,,|v.(?1%) fy,(x), inf, L(y) > 0 and sup, L(y) = L < o0.

(iii) For y1, y2 € Ry [fx, v, (511%) = fx, v, (92/%)] < C(X)|y1 — ya| where C'(x) > 0 and
supyerr C(x) = C < 0.

(A3) A compact subset S of R exists such that X; € 5 a.s. Furthermore, fx, 1y, (-[x)>0
for every x € S, where S denotes the p-fold cartesian product of 5.

Note that the compactness of the support of f in (A3) is a rather technical assumption that
can be weakened by simultaneously strengthening other requirements; see Remark 3.2 for a
discussion of this point.

To set up the local resampling procedure, we first introduce a resampling kernel W(-), i.e.,
an appropriate probability density on RP, which is used in local resampling of the observations.

This resampling kernel satisfies the following assumptions.

(B1) W(.) is a bounded, (first order) Lipschitz continuous and symmetric probability
density on R” satisfying W(u) > 0 for all u. Furthermore, [ uW(u)du = 0 and [ ||ul|W(u)du <

.

For any real number ¢ > 0 we set in the following W.(-) = ¢ PW(-/¢). Furthermore, the
notations f(-) and f(:|x) for the stationary density fy(:) and the one-step transition density

IX 421y, (+[x) will be also used in the sequel as convenient short-hands.

2.2 The Local Resampling Scheme

The resampling algorithm proposed generates bootstrap pseudo-series X7, X3, ..., X3 where in
general the length N of the bootstrap series is not necessary equal to 7', although N = T is a nat-
ural choice for statistical applications. Denote by Y the row vector Y; = (X, X7 (,..., X ).
The local resampling algorithm generating the bootstrap replicates can then be described by

the following two steps:

L. Select a resampling width b = b(T) > 0 and a set of p starting values Y = (X7, X3,..., X).



2. Foranyt+1€{p+1,p+2,...,N} suppose that Y; has been generated already. Let J
be a discrete random variable taking its values in the set N, 74 = {p,p+1,...,7 — 1}

with probability mass function given by

P(J=5)=Wy(Y; =Y/ >  W(Y]-Yy) (3)
meNy 74

for s € N, 7_1. The bootstrap replicate X/, is then defined by X\ = Xjy.

According to the above resampling scheme and based on the resampling kernel W and the
resampling width b, the bootstrap procedure assigns at any time point ¢ + 1 and any assumed
value of Y7} different resampling probabilities to the data points X,11, X,42,..., X1, depending
on how close to Y; the set of each point’s preceding p values (in the original data sequence)
is. In so doing the procedure actually defines for each time point ¢t € {p+ 1,p+ 2,...} a local
neighborhood from which the value X, is obtained; resampling from the succesors of the values

lying in this neighborhood justifies calling this procedure a local bootstrap.

Remark 2.1: Some variations of this procedure can be obtained by varying the way of
choosing the starting value X7, X3,..., X7. For instance, one possibility is to start resampling by
setting Yy = Y, or Y € {Y;:p <t <T —1}. Another possibility is to allow Y} to take, with
a predetermined probability distribution any value from the set of values {( Xy, X¢,,..., X¢,)
p+1<t;<Tandj=1,2,...,p}; this predetermined distribution could well be the stationary
distribution of the corresponding bootstrap Markov chain in which case the bootstrap series

would itself be stationary as Theorem 3.1 indicates.

Example 2.1: Before proceeding with the properties of the local resampling procedure and
for the purposes of illustration we apply it to the well-known series of Wolfer sunspot numbers;
cf. Tong (1990) for a description and discussion of this famous series. Figure 1 shows the
original series and a bootstrap replicate obtained using Y7 = Y, an autoregressive order of
p =9, the Gaussian product kernel as resampling kernel and a resampling width b according to
equation (13) in Section 5. Note that an autoregressive order of p = 9 has been suggested as
appropriate for this series by Tjgstheim and Auestad (1994). As it is seen from this figure, the
local bootstrap procedure manages to reproduce quite satisfactorily the main characteristics of

this series.

Figure 1 about here

3 Properties of the Local Bootstrap

3.1 Case of Fixed T

According to the proposed resampling scheme, for any fixed length T of the observed series, the

sequence of bootstrap random variables { X}, = 1,2, ...} evolves through the ‘numbered states’



X1, Xg,..., X7 following a certain dependence (autoregressive) structure. In particular, we have

for any positive integer N > p and any set {xy,29,23,..., 25} with 2; € { X1, Xo,..., X7} that
N-1
P(X7 =21, X =22, Xi = on ) = R(Yp =x,) T[] P(X5 = 2| Y7 =x1),
t=p

where for X, = (2, Tm—1, . s Tm_pyr) and j € {p,p+1,.... T =1}, P(X}; = X;11|Y] =x¢)
is the transition kernel given by

Wy(x —Y;)
T .
m:}v Wb(X - Ym)

P( t*-l—l = Xj+1|Xt* = xlet*—l = T2y, t*—p-l—l = xp) = Z (4)
Note that Fy denotes the probability function determining the choice of the initial values Y7 =
(X7, X5, .,X;). Thus, apart from the starting values and conditionally on the observed se-
quence X1, Xy, ..., X7, the bootstrap series X7, X715, ..., is the sample path of the first com-
ponent of the p-dimensional process Y5 = {Y},t > p+ 1}, where Y7 = (X7, X7 ..., X7 )
is generated by a discrete and temporarily homogeneous first order Markov chain that takes its
values in the discrete state space &7 = X7.. Here X7 denotes the Cartesian product of p copies
of X1 = {X,41, Xp42, ..., X7}, Furthermore, the law of {X;,t > p+ 1} is the law of the first
component of Y;. The following theorem characterizes precisely the properties of this chain. It
enables us to use Markov chain theory in order to investigate several of the properties of the

probabilistic mechanism generating the local bootstrap replicates.

Theorem 3.1 For Xy, X,,..., X7 given, and for every b > 0 fized and any resampling kernel
W (-) satisfying assumption (B1), there exists with probability one an integer to € N such that
for all t > ty the Markov chain Y5 = {Y[;t > to} generating the bootstrap values X[ is positive

recurrent, irreducible and aperiodic.

Note that the particular value of 7y depends on the choice of the starting values Y7. There-

fore, and for the sake of simplicity, we assume in the following that {p = p + 1.

Remark 3.1: Although not stated explicitly, the probabilistic behavior of the bootstrap
Markov chain Y7 depends on the resampling kernel W(-) and more importantly on the resam-
pling width 6. In particular, for T" fixed and b — 0, we have P(X7, | = X;11|Y] =X) — 041,141
where [ is the index of the observation in the original data sequence assumed by X/, i.e.,

X7 = X;. In this case, the bootstrap process defined by the above local resampling scheme,

reproduces (almost surely) the original sequence X411, Xpt2,..., X7 of observations. On the
other extreme, for b — oo, P(X}, | = Xi31|Y; = x) — 1/(T — p), i.e., in that case the local
resampling scheme approaches an i.i.d. resampling from the set {X,11, X,19,..., X7}. Clearly,

to mimic the variability of the original series by simultaneously reproducing its (Markovian)

dependence characteristics, b should lie between these two extremes.

Theorem 3.1 implies that for every T', a unique, discrete, invariant probability measure 77

on &7 exists, which is the stationary distribution of the bootstrap chain V7. Furthermore, a



constant 57 € (0,1), that in general depends on the values Xy, ..., X7 but not on anything else,
exists such that [|[PW)(x,-) — 75()||v = o(n}k) where P (x,-) denotes the k-step transition
kernel of Y7, ie., P®)(x,4) = P( fr € AIY] = x) for A € B(&r). In this notation || - ||y
states for the total variation norm while B(E7) denotes the o-field of all countable subsets of Er;
cf. Meyn and Tweedie (1993). Note that the discrete bootstrap Markov chain V5 generating the
bootstrap replicates satisfies Doeblin’s condition Dj; cf. Doob (1953, p. 192). Together with the
aperiodicity of Y5 this implies that for every T', { X/, ¢ > 1} is uniformly mixing, i.e., ¢(n) — 0
as n — oo where

gi(n)=  sup |P(Bl4) - 73 (B)| (5)

AeF" BeFr,

and 77 = o(X7, X3, .. ., X,) and ]-";j_on = 0(Xpyn> Xpint1,---) are the o-algebras generated
by Xi,X3,..., X, and X, X411, .- respectively; see Doukhan (1994, p. 88).

Clearly, if L(Y7) = 75 the bootstrap process { X}, ¢ > 1} is strictly stationary, the stationary
distribution function of which is denoted in the following by F7(-). From Theorem 3.1 we
then have Fj(y) = Fy 7(y,00,...,00) where Fg (y) = 77((—00,y]) and F§ 7(y) is uniquely

determined by the equation

Fy o(y) = [ 1 2y 3085 (). (6)

F§7T(-|x) appearing in the above equation is the one-step transition distribution function given
by
Fyply [x) = P(Yip <y Y] =x) forx e er.

3.2 Case of Increasing T'

Our discussion was so far restricted to the case of a fixed length T of the observed series. We
now turn to the probabilistic properties of the bootstrap process { X/, ¢ > 1} as the length T of
the observed series increases. The asymptotic results obtained in the following are derived under
the assumption that the local neighborhood from which observations are resampled is getting
narrower as the sample sizes increases but in such a way that the number of observations ‘falling’

in this neighborhood increases to infinity. To be more precise, we assume that
(B2) bxT7% with 0 < § < 1/(2p).

As usual, the notation b < T~ means that constants ¢; and ¢, exist such that 0 < ¢ < bT? <
cg < oo for all T" large enough.

Consider first the behavior of the one-step transition distribution function F7(y|x) = P(X7; <
y|Y; = x) governing the law of the bootstrap process and note that

Fr(ylx)

T-1
> Lo (Xjp1) P(X [y = X YT = x)
Jj=p

I L ool (X i) Wa(x = X))
Sty Wa(x = Yo)




is used to mimic the one-step transition distribution function

) = [ 1o gy, Glx)dz. (3)

The following result which is essential in obtaining several of the properties of the local bootstrap

replicates can then be established.

Theorem 3.2 Under assumptions (A1)-(A3) and (B1)-(B2) we have as T — oo

sup sup |[F7(y | x) — F(y | x)‘ —0 as.
yeR xe€S

The importance of the above result lies in the fact that, apart from the choice of the initial
values, the statistical model associated with {X;,¢ > 1} is completely specified by means of
the one-step transition distribution function F(y|x). In fact, F(y|x) together with the Markov
property determines uniquely all the finite-dimensional distributions and therefore the whole
dependence structure of {X;, ¢ > 1}. Similarly, the whole dependence structure of the local
bootstrap series is determined by the bootstrap one-step transition distribution function F75(-|x).
Now, since under our assumptions, F77(y|x) — F(y|x) strongly and uniformly in both arguments
as T — oo, the above result justifies theoretically the use of the local bootstrap series in order to

reproduce the dependence characteristics of the stochastic process generating the observations.

Remark 3.2 Irom a technical point of view, assumption (A3) on a bounded support of
f(+) can be avoided by extending the result of Theorem 3.2 to a strong uniform convergence of
FZ(-|x) to F(+]x) over compact subsets Sy of R” which expand to all of R” as the sample size
T increases. In particular, let Sy be the ball in R? with center the origin and radius Ry and let
Ry = T7 for some v > 0. Assume further that infycg_ f(x) > 777 for some 5 > 0. It can then
be shown along the same lines as in the proof of Theorem 3.2, (cf. also Theorem 3.2 of Roussas
(1988)) that if the resampling width b is chosen so that b < T7° with 0 < 5+ ép < 1/2, then as
T — oo

sup sup ‘F:,*«(y | x)— F(y | x)‘ — 0 as.
yeR xeSr

This implies that in case of an unbounded support of f(-) and in order to obtain an asymptot-
ically valid procedure, resampling should be done from a ‘truncated’ sequence of observations,
denoted by Xi, X, ..., X7, where X; = X, if | X:| < Ry and X, = sgn(X;) Ry if | Xy| > Ry and
where the truncation level Ry tends to oo at the rate given above as T — oco. We stress here
the fact that such a truncation changes solely the state space of the bootstrap Markov chain

and does not affect its Markov properties and characteristics.
The properties of the bootstrap stationary distribution function F7 are summarized in the

following theorem.

Theorem 3.3 Under the same assumptions as in Theorem 3.2, we have

sup |F(y) — F(y)l = 0 a.s.
yeR



Note that once a bootstrap realization has been obtained, the pseudo-observations X7, X3,
..., X} can be used to recalculate statistics of interest. In order to be able to obtain asymptotic
bounds of covariances and to establish the large sample validity of the local bootstrap for a large
class of statistical inference problems, we characterize in the following the asymptotic behavior
of the weak dependence of the local bootstrap series by means of the p -mixing coefficient. This
coefficient is defined as follows: Let {Z;,¢ € N} be a sequence of random variables and let
Fl =0(Zi, 1 <k < J)and F55, = 0(Zp,J + n < k < o0) be the o-algebras generated by
71, Lay ey Zogand Zign s Zjpnt1, - - - respectively. The p-mixing coefficient is the defined by

; E1being ]:i]—measurable, &2 being F 5 -measurable

p(n) = sup{|Corr(¢1,&)
with E|&|* < oo, E|&]* < oo and J > 1}.

The random sequence {7y} is called p-mixing if p(n) — 0 as n — oo. Note that p-mixing implies
a-mixing; cf. Doukhan (1994, p. 20). The following theorem can then be established, where as

before we define:

p*(n) = sup {‘Corr(&,fg) . & being Fi/-measurable, &, being Fi5,-measurable

with E|&|* < 0o, E|6]* < oo and J > 1},

where F;7, F5% were defined in equation (5).

Theorem 3.4 Under the assumptions of Theorem 3.2 and conditionally on X1, Xs,..., X7,
To € N exists such that for all T > Ty the p*-mizing coefficient of the bootstrap series { X;,t >
1} satisfies pi(n) < o, where the constant p € (0,1) is independent of T.

4 Applications

4.1 Bootstrapping Linear Statistics

In this section we deal with applications of the local bootstrap procedure in estimating the

sampling properties of linear statistics defined by

A 1 Tt
br = T-—m+1 ; (Xt Xew1, oo s Xegm—1) (9)

where ¢ : R™ — R is a continuous function and m € N. To simplify notation, let Z; =
9(Xt, X415 -, Xegym—1) and denote by 6, the mean §, = E[Z;] which is assumed to exist.
Under our assumptions on the process {X;} and if E|Z;|*t* < oo for some x > 0 it follows by
Theorem 1.7 of Ibragimov (1962) that

ng = Tlgnoo Var(\/TéT) =Var(Zy) +2 Z Cov(Z1, Z14+)

=1

10



exists. Furthermore,
j 2
£(VT(6r - 9)) = N(0,02)
where £(Y') denotes the law of the random variable Y and = stands for weak convergence. Now,
as an alternative to the normal approximation to \/T(éT — 6), or just to be able to estimate
the limiting variance Ug2, we propose in the following to use the bootstrap distribution of the

statistic V(85 — 6*) where 65 is defined by

o 1 T—m+1
0r = X5 X . X 10
T T —m+1 ; 9(XT X X)) (10)

and 0% = E*[g( X/, X/ 1, ..., X{y,,_1)]. Here E* denotes expectation with respect to the boot-
strap distribution.
The following theorem shows that the bootstrap approximation proposed ‘works’ asymp-

totically in the sence that UfT = Var*(\/Té}) converges to the correct limit variance o2, and

that the law of v/T(65 — 6*) (conditionally on the data) is close to the law of vT(f7 — ) with
high probability, if the sample size T is large enough. In this theorem, Kolmogorov’s distance,
defined by do(P, Q) = sup,cr |P(X < 2)— Q(X < )|, is used in order to estimate the distance

between probability measures P and Q.

Theorem 4.1 Assume that (A1)-(A3) and (B1)-(B2) are fulfilled. For g continuous and E|Z,)**" <

oo for some k > 0, we have as T — o0

2
* 2
. —
1 o, T o,

and

2. do{ L(VT (85 — 67)| X1, Xa, ..., X1), L(VT (O — 0))} — 0,

both convergences being valid with probability one.

The large sample validity of the local bootstrap procedure can be also established for mul-
tivariate versions of (9), i.e., for linear statistics where ¢ is a continuous mapping from R into
R?, and s > 1. In particular, for z € R™, let g(2) = (g1(2),...,95(2))T, where g, : R™ — R for
uw=1,2,...,sare univariate functions. Denote by Or = (OALT, 0627T, .. .,0657T)T the corresponding

multivariate version of (9) where

) 1 T—m+1
o1 = m ; 9u( Xty Xty oy Xipm—1)- (11)

To approximate the distribution of \/T(éT — 0), where 8 = E(éT), the bootstrap statistic
\/T(é; — 0) can be used where 6y = (éfj, égj, . .,ézT)T and

1 T—m+1

Z,sz ; Gul( X¢ Xy Xy )

Furthermore, 8% = E*(é;) If we define o7, ; = limy_. Cov(\T; 7,v/Th; 1) and Ug*;j =
lim 7o Cov*(\/TézT, \/THA;T), fori,7=1,...,s, we have the following result.

11



Theorem 4.2 Assume that (A1)-(A3), (B1)-(B2) are fulfilled and that g : R™ — R* is con-

tinwous. If E|g(Xe, Xex1y - oy Xegmo1[*TF < 00 for w = 1,2,...,s and some k > 0, then as
T — oo
1. Ug*;j — Ug272»7j, forany v, 7=1,...,s, and

2. do{,c T(07 — 0°)| X1, X, ..., X7), L(VT (07 — } —0,
both convergences being valid with probability one.

In the above, an obvious extension of Kolmogorov’s distance do(P, Q) for probability measures
P and Q@ on R? was used.

Remark 4.1: Theorem 4.2 and a simple application of the delta method leads to the
asymptotic validity of the local bootstrap for smooth functions of linear statistics too, i.e., for
statistics defined by ¢(@r) where ¢(-) : R® — R! is a real valued function satisfying certain
smoothness conditions; see Shao and Tu (1995), or Brockwell and Davis (1991, Proposition 6.4.3)
for more details. A prime example of such a smooth functions of linear statistics that is very
useful in time series analysis is given by the sample autocorrelations #, = 3 1*(X; — X (X iqs —
X)/ ZtT:1(Xt — X)? for s =1,2,....,T — 1, and where X = T~1 ST Xy is the sample mean;

we address this important example in the simulations of Section 5.

4.2 Bootstrapping Some Statistics Useful in Detecting Time Reversibility

A characterization of stationary linear Gaussian time series {X;,t € Z} is time reversibility,

e., the property that for every integer r and for all integers t1,1s,...,1,, the random vectors
(Xe,s Xopyooos Xo,) " and (X_g,, X4y, ..., X_¢, ) have the same joint probability distributions.
In fact, Weiss (1975) showed that autoregressive processes satisfying X, = Zle a; Xi_; + &4 for
some white noise sequence {¢;} are time reversible if and only if they are Gaussian, i.e., if and
only if {¢;} is a Gaussian sequence. Thus detecting time reversibility is an important aspect
of time series analysis. To avoid the complexity in the definition of time reversibility which is
due to the fact that properties of a sequence of multivariate distributions are involved, statistics
of less general form have been considered in the literature; cf. Tong (1990), Lawrence (1991),
Tsay (1992). In the following we concentrate on bivariate distributions and on the so-called lag
reversibility, i.e., the property that in the presence of time reversibility the joint distributions
of (X¢, Xi—,) and (X—,, X;) are equal for all ¢ and all » = 1,2,.... Note that by (A2) the
random vector (X¢, X;_,) has an absolutely continuous distribution. Since in the presence of lag
reversibility the random variable D;, = X; — X;_, has a symmetric distribution, this implies
P(Di, >0)=P(D, <0)=1/2.

Given observations Xi, Xo,..., X7 a simple estimator of P, = P(D;, > 0) is given by
Po= (T —r)" 'S 1 (D) where I(D,; ) = 1if Dy, > 0 and I(D,;,) = 0if D;, < 0. Note
here that, since the X; random variables have densities, we can safely ignore the case Dy, =0
since it happens with probability zero; otherwise, the divisor of P, should be corrected to T—r
where T = T — #{t: D;, = 0}. Note also that since {X;} is ergodic, P — E(PT) = P. a.s. as
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T — oo. To discuss in more detail the sampling properties of P, consider the random variable

I, = I(D;,). Straightforward calculations yield

T—r—1
(T - r)Var(PT) = Varll41,]+2(T - 7‘)_1 Z (T'—r—35)Cov(Lrq10, Lryi4s,r)
s=1
T—r—1
= P(Dry1p > O P(Drjry 0O+ 2T =170 3 (T—r—5)x
s=1

[P(Drg14sr > 0| Dry1, > 0) = P(Dpyy > 0)] .

By the properties of {X;}, the process {I;,,t > r + 1} is strictly stationary and ergodic.
Furthermore, {I; ,,t > r+1} is strongly mixing with geometrically decreasing mixing coefficient,
i.e. forn > r4+1 we have aj(n) = ax(n—r) where ay and ax denote the strong mixing coefficient
of {I;,} and {X;} respectively. Thus for 0 < P(D,41, > 0) < 1 asimple application of Theorem
1.6 of Ibragimov (1962) yields that (7' — r)Var(E,) — 0l >0as T — oo with

02 = P(Dry1y > ) P(Dry1, <0) 423 [P(Drgigar > 01Drgay > 0) = P(Dyyrr > 0)] .

s=1
Furthermore,
(VT =r(P, = P)) = N(0,02.,).
It is worth mentioning here that despite the above asymptotic result and for T" given, the statistic

P, has a discrete distribution the support of which is the set {i/(T=r),i=0,1,....,T —r}.
2

The conditional distributions involved in the expression of the asymptotic variance o, ., given

above, are difficult to calculate in practice, making the established asymptotic result of limited
value for practical applications, e.g., for the construction of large sample confidence intervals for
P,. Consequently, to approximate the distribution of m(PT — P, ) we propose in the following
to use the bootstrap statistic /T — r7(P* — P*) where P* = (T — r)~! ZtT:T_H I(D;,), P =

P*(Df,41 >0)and Dy = X7 — X/ MoreoveTr, the bootsTtrap variance 07*,} =(T- T)Var(TPf)
can be used to estimate the unknown variance O'%T.
Proposition 4.1 Under assumptions (A1)-(A3) and (B1)-(B2) we have as T — oo
Loory — ol
and
2. do{ LT = 1)Y/2(Py = PO\ X1, Xa, oo, X), LT = 1)YA(P, = P))} — 0,

both convergences being valid with probability one.

5 Practical Aspects and Examples

5.1 Some Remarks on Choosing the Resampling Parameters

The asymptotic results in the previous section have been obtained under certain assumptions

on the resampling kernel W and the assumption that the resampling width b goes to zero as
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T — oco. However, and for a given sample size T" at hand, some decisions have to be made before
applying the local bootstrap procedure in practice. In particular, the practitioner is faced with
choosing the resampling kernel W and the resampling width b. As in nonparametric function
estimation, the choice of the resampling width b seems to be even more important and more
difficult than the choice of the resampling kernel. Recall that in the local resampling scheme,
the essential quantity is F7(-|x) which is used implicitly to mimic the behavior of F(-|x). One
can, therefore, argue that the quality of the bootstrap approximations proposed depends heavily

on how close the function F7(:|x)is to the unknown F(-|x). Observing that

Fi(x) = F(x) = { B(FF(-1x)) = F(x) }+ {Fi(1x) - E(F(x)},

and assuming that W(u) is a product kernel given by W(u) = [T"_, W(u;) with 0 < Wy =
[ u?W (u;)du; < oo, it can be shown under appropriate smoothness conditions on F(:|x) and by
the same arguments as in Auestad and Tjgstheim (1990), that

Bias( () = BUF3 (o)) - Fl-po) w L0

S (1) )
2 (FPCh 42870 )

and
Var(F7(-[x)) = B(F7(-|x) — B(F7(]x))? = prf /W2 JduF(-[x)(1 = F(-[x)),

where F ( |x) and f ( ) denote the kth partial derivatives of F'(-|x) and f(x) with respect to
x;, 0 € {1,2,...,p} respectively. Observe that increasing b increases the bias, while decreasing b
increases the variance. A ‘good’ choice of b can therefore be achieved by minimizing a measure
of the stochastic ‘distance’ of F7(:|x) to F(:|x); a commonly used such measure is the mean
squared error of F7(:|x). Choosing the b that minimizes the mean squared error of F7(:|x)
effectively ‘balances’ the bias (squared) and the variance terms given above. In this case the
‘optimal’ b minimizes

[ {Bias(E7(y0) + Var( F () . (12)

Since the above expression depends on unknown quantities further work is needed for achieving
a practical width selection procedure. Omne approach, although computationally cumbersome,
will be to substitute the unknown quantities in (12) by some nonparametric pilot estimators.
An alternative approach will be to consider a cross validation rule for selecting b as in Hardle
and Vieu (1992) and Kim and Cox (1996).

A different approach for selecting b that may prove quite appealing in practice can be ob-
tained by the following considerations. Although time series {X;} is generally nonlinear we
may attempt —for the purposes of getting a rough estimate of the value of b which minimizes
(12)- to fit a linear model to our data as an approximation. A simple rule-of-thumb approach
for selecting b —that also simplifies the calculations considerably— is then obtained if we assume
that X; = Zle a; X¢—; + ¢¢ with {e;} an ii.d. sequence. For this particular case and under
the simplifying assumption that &, ~ N(0,c?) it is shown in Appendix B of the paper, that the
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‘optimal’ resampling width b = b(x) that minimizes (12) is given by
1/(p+4)

oWy , (13)

THx)WE{20°C3(x) +0.25C3 }

bar(x) =

where Wi = [W2%(u)du, C(x) = aTI‘;l(x —p) and Cy = aTa. Here g = (i, pt,...,p1)7,
= E(X,),a=(ay,a,...,a,)" and T, is the p x p matrix having the process autocovariance
v(i—3j) = E(X,_j — u)(X_; — p) in the (i, 5)th position. Note that a sample version bap(x)
of bar(x) is easily obtained by fitting the imposed linear structure to the data and replacing
the unknown quantities in (13) by the corresponding sample estimates. The resampling width
bar(x) given in (13) can now be used in general situations as a crude approximation to the
minimizer of (12). Compared to the approaches mentioned previously, such a rule-of-thumb
selection of the resampling width b has the advantage of possessing simplicity and of requiring

little programming effort; cf. Fan and Gijbels (1996 ) for similar approaches in a different context.

5.2 Numerical Examples

In this section, some simulated and real data examples are used in order to demonstrate the
finite sample behavior of the local bootstrap proposal.
Example 5.1 Samples of size " = 100 and T" = 200 have been generated according to the

following four Markov models:
AR: X; =0.8X;_1—0.6X; 2+ &y,
ARC: X; =0.8X,_1 —0.6X ;9 + uy,
NLAR: X; = 0.8log(1 +3X2 ;) — 0.6log(1 4+ 3X2 3) + 4,
EXP: X; = —0.5exp{-50X? |} X;_1 — (0.9 — 1.3exp{—50X?2 ;) Xy_o + ¢4,

where the errors {¢;} are i.i.d., and the {u;} are i.i.d. as well. The distribution of the e; is
Gaussian (0, 1), while that of u; is a mixture of 90% Gaussian (—1,1) and 10% Gaussian (9,1).
The AR and NLAR model have been used by Chen and Tsay (1993) while the EXP model by
Auestad and Tjgstheim (1990). Note that the AR model is time reversible while the ARC model
not.

To gauge the ability of the local resampling scheme to estimate the standard deviation of
the sample lag reversibility coefficients PT, Table 1 is presented that shows the results obtained
for the standard deviations oy 1 and oy 7 of ]51 and ]52 respectively. The “exact” value of these
standard deviations has been estimated using 5000 replications of the models considered while
the bootstrap estimates are based on B = 250 bootstrap replications. The Gaussian product
kernel and a resampling width selection based on equation (13) have been used to obtain the
bootstrap replicates. Reported in Table 1, are mean values and standard errors of the bootstrap

estimates based on 400 trials.

Table 1 about here
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Table 2 shows the results obtained in using the local bootstrap to estimate the standard devi-
ation of the sample lag-1 autocorrelation coefficient #; = "7 21 ( Xy — X)(Xp1 — X))/ 2L (X, —
X)? where X = 771 ST X,. Sample sizes of T = 100 and 7' = 200 have been used for the
four Markov models considered. Again, the calculation of the “exact” values of the standard
deviation of 71 are based on 5000 replications of each model. To evaluate the performance of
the local bootstrap, 400 trials are used. The bootstrap approximations reported in this table
are based on B = 250 bootstrap replications in each trial where the resampling parameters used

are identical to those of the first part of the simulation experiment.
Table 2 about here

Example 5.2 The series of sunspot numbers is a well known series showing several features
of nonlinearity. For this series, we apply the local resampling scheme with p = 9, the Gaussian
resampling kernel and a resampling width selected according to (13); cf. also Example 2.1.
Note that to calculate (13), a linear autoregressive process of order p = 9 has been fitted to the
data using the Durbin-Levinson algorithm, cf. Brockwell and Davis (1987). To get an overall
impression of the lag reversibility behavior of this series and to demonstrate the directionality
apparent in this series, Figure 3 shows a lag reversibility plot, i.e., a plot of the estimated
coefficients P, for the values r = 1,2,...,10 together with their corresponding 95% points
confidence intervals. The dashed horizontal line drawn in this plot corresponds to the values
P, = 0.5 which are the expected values of P, in the presence of lag reversibility. The confidence

intervals for P, shown in Figure 2 have been calculated using the formula []37, — 1.9607*,7T7 PT +

1.9607; 1] where o7 p = ‘/‘77*’,2T is the bootstrap estimate of the standard error, and using B = 500

bootstrap replications of the series considered.

Figure 2 about here

6 Conclusions

In this paper, we introduced a new nonparametric resampling procedure, i.e., the local bootstrap,
which is applicable to stationary stochastic processes that are essentially Markov of general or-
der p. The local bootstrap manages to create bootstrap pseudo-series by implicitly imitating
the Markov property of the process without explicit nonparametric estimation of the transition
probability measure. Similarly, if the process in question is assumed to be generated by the
nonlinear autoregression (1) with conditional mean and variance given by the (unknown) func-
tions m and v, the local bootstrap "works” without explicit nonparametric estimation of m and
v and residual resampling. Also noteworthy is the fact that, as in the classical i.i.d. bootstrap
of Efron (1979), the bootstrap pseudo-series consist of (particular) reshufflings of the original
data points X4, ..., X7.

The assumption of a Markov dependence of order p is satisfied by a great class of nonlinear
models that are of interest in the time series literature; see e.g. Tong (1990). Thus our pro-

cedure is potentially applicable to a large variety of statistical inference problems in nonlinear
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time series analysis. In this paper, we have focused on some specific applications for which the
asymptotic validity of the local bootstrap procedure has been established. We have also pre-
sented a limited number of real data and finite-sample simulations indicating the performance

of the local bootstrap in such situations.

Appendix A: Proofs

Proof of Theorem 3.1: For Xy, X5, ..., X7 given, let B(gT) be the o-field of all countable sub-
sets of &y = )?173 where )?173 denotes the cartesian product of p copies of X = {X1, Xo,..., X1}
Let Q7 = [Trzy gkj where gkj is a copy of Er equipped with a copy of the o-field B(gT) and
denote by A7r be the product o-field on Q7. Consider now the Markov chain Y* ={Y7},t > 1}
on the path space (7, Ar, Py ) defined as follows: For any A € Ar and for my an appro-
priate initial distribution, Py, (Y* € A) describes the probability of the event Y* € A when
L(Y}) = mo. Apart from the initial distribution 7o, P (-) is determined by the temporarily
homogeneous transition probability kernel P(x,z) = P(Y},; = 2z|Y; = x) which for Y} = x
and x = (21,22,...,2,) € & is given by
TI/Il/b(X_Yj) ifz=(X;41,21,20,...,2p-1), p<J<T -1
P(x,z) = 2=y Wil = You) (14)

0 else.

Now, verify that by (B1) for every b > 0, &7 C Er with & = X7 and Xr = {X,41, Xpto2, ..., X7}
is an absorbing communicating class; i.e., >, cc. P(x,2) = 1 for all x € &p. Furthermore, by
Theorem 2.3 of Doob (1953, p. 180), g € N exists such that P(Y} € &r|Y] = x) = 1 for
all x € & \ &7. By Proposition 4.1.2 of Meyn and Tweedie (1993, p. 84), it follows then that
an irreducible Markov chain denoted by )7 exists whose state space is restricted to &r and
with transition probability matrix Pg,, i.e., the restriction of the matrix P = (P(X’Z))x,zegT
to the absorbing and communicating class Er. The positive recurrence of the chain is a simple
consequence of |E7| < oo while the aperiodicity follows from (14) and the fact that by (B1),
Wy(x—Y;)>0foreveryb>0and p< j<T —1. O

Since we are dealing in the sequel with the asymptotic properties of the local resampling
procedure we ignore in what follows the effects of the starting values and assume that the

bootstrap chain Y7 starts with its stationary distribution (6), i.e., that Y, ~ 77.

Lemma 6.1 Under the assumptions of Theorem 3.2 we have for every y € R,

SUIS) Vel Z 1 ]+1)Wb(x - Y]) — / 1(—oo,y](z)th+1Yt(Z,X)dz" — 0 a.s.
Xe

as T — oo.
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Proof: The result is established by showing that

sup |E[r;(x)] — r(x)‘ — 0 as. (15)
xeS
and
sup |rp(x) — E[rg(x)]‘ — 0 as. (16)
xeS
where
1 T-1
0 = 1 30 Lo (X Wilx = Y) and r(x) = [ 1y (25 x)dz.
i=p

For (15) we have

sup |E[r;(x)] — r(x)‘ = sup ‘ /_yoo/ (f(z,x —ub) — f(z,x))W(u)dudz‘

x€S xeS

< sup/‘/_yoo (f(z,x— ub) —f(z,x))dz‘W(u)du

xeS

= bL() [ Il (u)du
= 0(b)
where the last inequality follows using (A2)ii and (B1).
To handle (16) we apply the technique of splitting the supremum over x € S. Since S is

compact it can be covered by a finite number N7 of cubes I; 7 with centers x; the sides of which

are of length Ly. From (B1) and the mean value theorem we then have

sup |77 (x) — B[rj (x)]

xeS
T-1
T 1< xesn ‘i Z Yool (Xj+1 ) Wa(x = Y ) = E[l(—oow](Xj-I—l)Wb(X - Yj)] ‘
1<i<Nr xeSni; T j=p
| I-1
. . b — _|_1
N ]Z:;J Z;p(x)| + C* Lypb~ ()

where C* > 0 and
Zir(%i) = Yoo ) (Xjr )Wh(xi = Y;) — E[l(—OO,y](Xj-I-l)Wb(Xi - Yj)]-

Now, by (B1), |Z;7(x;)| < Mb™P. For ¢ > 0 arbitrary, let Ly = eb?*!/2C* and note that
Np = O(L;"). Applying inequality (1.4) of Roussas (1988, p. 136), we get

1 & € 1, = €
P(lgl;%T T]Z:;JZ‘,T(XZ') > 5) < NTlgg])\(fTP(T‘]Z:;Z}T(Xi) > 5)
< O(L;«p)é T—l/2+l§p
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for any [ > 2 such that Z?’;l(j—l—l)lm_la(j) < 00, where a(-) is the (strong) mixing coefficient of
{X:,t> 1} and C>0. Now, by the above choice of Ly we get that in order for the Borel-Cantelli
Lemma to apply, the condition [/2 — lép — ép(p + 1) > 1 should be satisfied, i.e.,

) 1

0<é< — .
2ip+2p(p+1) Ilp+plp+1)

Finally, 0 < é < 1/2p follows because by the exponentially decrease of the strong mixing
coefficient a(j) we have 3272, (j + 1!/27 a(j) < oo for every [ > 2. O

For x € S, let

1 T-1
F(x) =5 Z Wiy(x = Y).

Setting y = oo in the proof of the above lemma we immediately get supycs ‘fb*(x) - f(x)‘ — 0
a.s.; cf. also Theorem 3.2 of Roussas (1988).

Proof of Theorem 3.2 : [t suffices to show the strong uniform convergence of F7(y|x)
to F(y|x) over S for every y € R. The asserted uniform convergence over y € R follows then
by the same arguments as in the proof of the Glivenko-Cantelli Theorem; cf. also the proof of
Theorem 3.1 in Roussas (1969, p. 1390). Now, since

ri(x) = r(x)| + F(ylx)

Pty - Flyo)] € 5o { f )~ F0)[}

the result follows by (A3), 6.1.

Proof of Theorem 3.3 : As in the proof of Theorem 3.2 it suffices to show the strong
convergence of F7(y) to F(y) for every y € R. Now, for almost all sample paths {X;, ¢ > 1}
we have by Theorem 3.2 that Fj(y|x) — F(y|x). So take any one of the sample paths for
which the above holds and consider the sequence of bootstrap stationary distribution functions

{Iy 7(¥)}ren corresponding to the sequence of bootstrap Markov chains {V}}r—1 2 .. where

fory = (y1,92,- .., 9p) and x = (21, 22,...,2p),
Feoly) = [ By a(yx0db p(x)
P
= [ TL oo P ) (),
1=2

By Helly’s selection theorem, Billingsley (1995, p. 336), a subsequence {F% ' (¥)}h=1,2,.. exists
such that for all continuity points y € R? of G,

Jim Iy 1, (y) = G(y),

where G' is a right continuous, nondecreasing function satisfying 0 < G(y) < 1. Since by (A3)
the sequence {5 (y)} is tight, G is also a distribution function. Thus

Gly) = [lim Fy g (y)
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k—o0

P
= Jim [ Tt B, (0P 1, ()
1=2
P
= [T it Fnbdcie)
1=2

P
+ klirgo / H 1(_oo,yi](96i—1)(F:/*“k(3/1|X) - F(@/1|X)) dFS*{,Tk(X)
1=2

where the second term of the last equality above goes to zero almost surely since it is bounded

in absolute value by supycg |F7(y1|x) — F(yi|x)|. Thus the limiting distribution satisfies

Gly) = [ Fy(yldG(x)

from which G = Fy follows by (2) and the uniqueness of Fy. Since the above is true for
every subsequence {F% ' (y)} of {5 7(y)} that converge at all, we conclude by a corollary in
Billingsley (1995, p. 381), that

Jim Py o (y) = Fy(y). (17)
Since F§7T(y) — Fy(y) occurs for any sample path in a set of sample paths that has probability
one, we conclude that F7(y) — F(y) a.s. O

Proof of Theorem 3.4 :  Consider the process {X;} defined by X;* = X; + u; where
{u;} is an i.i.d. sequence of random variables having the uniform distribution U[—hr, hy). {u}
is assumed to be independent of {X;} while hr is some sequence depending on 7T such that
hr — 0 as T — oo at some rate to be specified later. Denote by p? the p-mixing coefficient
of {X}. By a theorem of Csaki and Fisher, cf. Theorem 3.1 in Bradley (1986), we have that
pr = p; and therefore the assertion of the Theorem is established if we show the required p-
mixing property for the sequence {X;'}. In fact more is true, i.e., it can be shown that {X;"}
is uniformly ergodic from which the required exponential decrease of the pT-mixing coefficient
follows by Theorem 1 of Doukhan (1994, p. 88). To see the uniform ergodicity of {X;}
note first that the one-step transition distribution function of {X;'}, denoted by Fif (y|x), is
given by Fif(y|x) = [ F,r(y — 2)dFj(z|x) with F, 7(-) the distribution function of u;. Since
OF,1(y—2)/9y = (QhT)_ll(—hT,hT](y — z) the one-step transition density of {X;'} is given by

T
1 sk sk %
f;:(y|x) = Y Z 1(y—hT,y+hT](Xj )P(Xt+1 = Xj|Yt = X)
T j=p+1
1 * *
= g [Fily + ) = Fiy = )]
Thus we have
1 *
sup sup ‘f+(y|x) — f(y|x)‘ < o sup sup ‘FT(y + hrlx) — F(y + hT|x)‘
yeR xe8S T yeR x€S
1
+— sup sup | Fi(y — hrlx) — F(y — hrlx)|
2h7 yeR xeS
1
+sup sup | { Py + hrlx) - F(y = hrlx)} = f(ylx)|
yeR xS T

= 51+ 52+ 5s.
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Now, let hy ~ (log(T))~! and verify that by the same arguments as in the proof of Lemma
6.1 and Theorem 3.2, 5y — 0 and S3 — 0 as. as 7" — oo and b — 0 such that (B2) is
satisfied. Furthermore, for S3 we get by the mean value theorem for some y < y; < y + by and
Yy — hr < y2 < y that

S = supsup ‘%{f(@an) + %)} = flylx)|

1 1
< Ssupsup | flylx) = F(ylx)| + 5 sup sup [ F(y2]x) = flylx)|
2y xXeS 2y xXeS

= O(hr)

where the last inequality follows using the Lipschitz continuity in (A2) iii.
To conclude the proof of the uniform ergodicity of { X;*} we use Theorem 16.2.4 of Meyn and
Tweedie (1993) and show that a nonnegative measure u exists such that for Y = (X;5, X;t |,
L XE o), P(YH, € AIYF =x) > p(A) for all x € S. We demonstrate this for the case
p = 1 the general case being handled in exactly the same manner. Thus let p = 1 and note that
by (A3), € > 0 exists such that f(:]z) > € > 0 for all 2 € 5. Furthermore, Ty € N exists such
that sup, sup, | ff(ylz) — f(y|z)| < ¢/2 for all T > Tp. Hence

P(Xf, € A|XF =2) > /Af(z|x)dz—/A‘f;(z|x)—f(z|x)‘dz

eA(A) — %A(A)

v

= ).

Proof of Theorem 4.1: By the Markov property, Theorem 3.2 and Theorem 3.3 we have
that for every fixed & € N and in a set of sample paths of {X;,¢ > 1} that has probability one

*

Xt*vXt-I-lv .- '7Xt*—|—k-|—m—1 = FXtht-I-lv .- '7Xt+k—|—m—1 (18)

in the weak sense as T — oo. Here F)*Q* v ¥ denotes the joint distribution func-

*
t+1 N e kb m—1

tion of X?,Xf+1,...,Xf+k+m_1 while FX, X1 X egngpmet the joint distribution function of
X, Xeg1s- oo Xeghtm—1. From this and by the continuity of g and the definition of Z;, ( resp.

Z7), we have with probability one,

*

Z;K,ZH_l,..., ;K_Hg = FZth-I-lv"'MZt-I-k' (19)

Furthermore, recall that by (A3) X[ takes its values in the compact set S. This fact, together

with the continuity of ¢, implies that the sequences |Z;|? and |Z;} Z;

", | are uniformly integrable.

Therefore, using (19) we get for every integer h, 1 < h < k that
EXZf)*? — E|ZJ* a.s. (20)

and
E*( ;ﬂ ;K-I—h) — E(ZtZt-I—h) a.s. (21)
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Now, to prove the first part of the theorem, note that for ¢ > 0 arbitrary, k1 = ki(e) € N
exists such that -
2 Y |Cov(Zy, Zisr)| < €/3. (22)
T:kl -|—1
Furthermore, for p € (0,1) as in Theorem 3.4, kg = ka(€) € N exists such that

2gk2+1 €
. 23
1-o < 6 Var(Zy) (23)
Let k = max{ky, ky}. We then have
k
*2 2 * * * * *
|O'g7T — O'g| < WVar(Z7)=Var(Z1)+ 2 Z (Cov (Z17Z1+7) — Cov( 74, Z1_|_T))
=1
T-1 0
12 Y [Cor(Zi Zip |42 Y [Con(Zu Zuyo)l. (24)
T=k+1 T=k+1
Because of (20) and (21), T3 € N exists such that
k
|\Var*(Z7) — Var(Z1)| + 2 Z |Cov (Z3, Zi ;) — Cov(Z1, Z141)| < €/3. (25)
=1
Furthermore, 75 € N exists such that
*( r7k €(1_ Q)
|Va7‘ (Zl) — VQT(Z1)| < W (26)

Now, let T = max{Ty, Ty, T3} where Ty is given in Theorem 3.4. For T' > T* we then have using
(23), (26) and the inequality for p-mixing sequences given in Theorem 3 of Doukhan (1994, p.
9) that

T-1 T-1
2 Y |Co™(Z, Zi )l < 2 Y o Var(Z)
T7=k+1 T7=k+1
k+1 2Qk+1
< T Vet +g Q‘Var*(Zl*)—Var(Zl)‘ <€/3. (27)

Thus from (24) and using (22), (25) and (27) we conclude that |U;?T -0l <e

To prove the second part of the theorem note first that by (A3) and (19) we have for some
k > 0 that F*|Z}|?T — FE|Z;]?T" a.s. Now, since p-mixing implies a-mixing, the assertion
follows by Theorem 3.4 and Theorem 1.7 of Ibragimov (1962). O

Proof of Theorem 4.2: The proof of weak convergence follows from Theorem 4.1 by means
of the Cramer-Wold Device; cf. Brockwell and Davis (1991). Convergence of second moments

follows from weak convergence and Theorem (viii-B) of Rao (1993, p. 121). O

Proof of Proposition 4.1: Assertion 1) of the proposition follows by the same arguments
as in the proof of the first part of Theorem 4.1. Part 2) is an immediate consequence of the fact
that 0 < I77, <1, Theorem 3.4 and Theorem 1.6 of Ibragimov (1962). O
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Appendix B: Derivation of Formula (13)

Since f(x) is the density of N(0,T',) and

F(y|X) ) (y - Zf:l aixi)

g

where ®(-) denotes the distribution function of the standard normal, we get
/Var[Fj*«(y|x)]dy _ ﬁ/ﬂﬂ(u)du/é(z) (1= ®(2))d=

N bpfx /W2

Furthermore,

(1)(@/IX)=—%¢(M) and  FP(yx) = ;qy (M)

g g

where ¢ denotes the density of the standard normal and ¢’ its first derivative. Thus by straight-

forward calculations we get

p ()5
[ BinsF )Py = b4W§/ {%Z( J(ylx) + 21 (@/|X)ff(>(<)))} “

_ v 2o aa ) Y (x)
- oot

=1 7=1

a'azf» (x) 1
e, i Cs L a2a2 |
: o f(x) e 4021
where Cy = [ ¢*(u)du, Cy = — [u¢?(u)du and C3 = [u?¢?(u)du. Now, since C7 = 1/(2/7),
Cy =0and C5 = 1/(4y/7), we get using

P aza]f x)fj (x) ——_— 2

where a = (ay,ag,...,a,)" and = (g, ..., p)" that

/[Bias(Fj*«(y|x))]2 dy = b2 {2 ! (T k- ) ﬁ (aTa)z} .
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Or,T E(ory) E(og)/orr STD(o) 1)
T=100

T - 1P,
AR 0.291  0.2%6 0.933 0.0233
ARC 0.271  0.279 1.029 0.0249
NLAR 0.306  0.299 0.977 0.0209
EXP 0.237  0.244 1.029 0.0398

T — 2P,
AR 0.281  0.273 0.971 0.0207
ARC 0.258  0.269 1.043 0.0247
NLAR 0.274  0.276 1.001 0.0185
EXP 0.195  0.199 1.027 0.0357

T=200

T - 1P,
AR 0.286  0.285 0.996 0.0192
ARC 0.265  0.273 1.030 0.0157
NLAR 0.304  0.299 0.933 0.0173
EXP 0.240  0.244 1.017 0.0308

T —2P,
AR 0.276  0.274 0.993 0.0171
ARC 0.251  0.267 1.063 0.061
NLAR 0.269  0.275 1.022 0.0172
EXP 0.193  0.198 1.025 0.0265

Table 1: Estimated “exact” and bootstrap estimates of the standard deviation o, 7 of the
sample lag-reversibility coeflicient /T — 7P, r=1,2; here, o, denotes the estimated “exact”
standard deviation, E(o7 ;) the mean, and STD(o) ) the standard error of the bootstrap
estimates.
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or  E(oj) Eloj)|or STD(c})
T=100
AR 0.0451 0.0470 1.0421 0.00911
ARC 0.0433 0.0446 1.0300 0.01297
NLAR 0.0845 0.0815 0.9645 0.01452
EXP 0.0289 0.0302 1.0449 0.00813
T=200
AR 0.0312 0.0324 1.0385 0.00497
ARC 0.0312 0.0306 0.9807 0.00650
NLAR 0.0597 0.0589 0.9859 0.00834
EXP 0.0192 0.0203 1.0573 0.00441

Table 2: Estimated “exact” and bootstrap estimates of the standard deviation o7 of the
first order sample autocorrelation coefficient #1; here, o7 denotes the estimated “exact” standard

deviation, F(o07) the mean, and ST D(o%) the standard error of the bootstrap estimates.
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Figure 1: Original series of sunspot numbers (top) and a bootstrap replication using the
local resampling scheme with p = 9, the Gaussian product resampling kernel and a resampling
width selected using equation (13).
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Figure 2: Lag reversibility plot of the series of sunspot number together with pointwise

95% bootstrap confidence intervals for P, r = 1,2,...,10.
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