
Math202B, Problem Set 3 Remmel
Due February 19, 2016

1) (a) Prove that if G is finite group and λ(x) is a linear character of G, then for any irreducible charac-
ter χ of G, the function χ∗ defined by χ∗(σ) = λ(σ)χ(σ) for all σ ∈ G is also an irreducible character of G.

2) The Dihedral group D4 of order 8 is generated by two elements a and b subject to the relations

(i) a4 = b2 = 1 and (ii) b−1ab = a3.

Note that (ii) shows that ab = ba3 which implies that we can write any element of D8 in the form bxay

for some x and y. Hence, the elements of D8 are 1, a, a2, a3, b, ba, ba2, ba3.

(a) Show that the conjugacy classes of D8 are {1}, {a2}, {a, a3}, {b, ba2}, and {ba, ba3}.

(b) The center of D8, C(D8), is the set of all elements of D8 which commute with all the elements
of D8. Find C(D8).

(c) Find the irreducible representations of D8/C(D8) and the lifting of these represenations to D8.

(d) Construct the character table of D8. Describe your methods.

3) Let S2 × S2 be the Young subgroup of S4. For all irreducible representations A of S2 × S2, find

the character χ
A↑

S4

S2×S2 and decompose it into irreducible charaters of S4.

4) Let A : G → GLn(C) and B : G → GLn(C) be two representations of a finite group G of the
same degree. Suppose that for each σ ∈ G, there is a matrix D(σ) such that

D(σ)A(σ)D(σ)−1 = B(σ).

Prove that A is similar to B, i.e. there is a fixed invertible matrix T such that for all σ ∈ G,

TA(σ)T−1 = B(σ).

5) Let G be a finite group be the finite group of order 12 which is generated by two elements a and b
defined by the relations

a6 = 1 a3 = (ab)2 = b2.

(a) Show that ba = a5b.

(b) Show that the conjugacy classes of G are

{ǫ}, {a3}, {a, a5}, {a2, a4}, {b, a2b, a4b}, {ab, a3b, a5b}.

(c) Show that the center Z of G is Z = {ǫ, a3}.

(d) Show that the commutator subgroup G′ of G is G′ = {ǫ, a2, a4} and that G/G′ is isomorphic to
the cyclic group Z4.

(e) Find the four linear characters of G by lifting the characters from G/G′.

(f) Use the orthogonality relations of the characters to complete the character table of G. (Hint: Use
both sets of orthogonality relations. You can also use problem 1.)
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