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oc=o01...0n0 €5,

Des(o) ={i:0; > 011} Rise(o) ={i:0; < 011}
des(o) = |Des(o)] rise(o) =1+ |Rise(o)]
maj(a) — ZiEDeS(J) ’ CO’I?ICLj(O') — ZiERise(o) l

rimaj(o) =Y icpesoyn — ¢ rlecomaj(o) =3 icpise(o) ™ —
inv(o) =3 ;i x(os >05)  coinv(o) =), x(0i < 0j)
exc(o) = {1 :1 < o;}] dec(o) = |{i:i > o0;}]

where for any statement A, y(A) =1 if A is true and x(A) =0if A

is false. Also if o', ...,a" € S,,, then we shall write
comdes(al, ..., af) = ﬂ,’;zl Des(at)].
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1) ZZO:O 17;_' Zoesn pdes(o) — _mfelfm_1>

(2) (Carlitz 1970)

o0 u" comdes(o,7) _ 1—x
Zn:O (nh)?2 Z(U,T)ESnXSn L deslo,) = —z+J(u(zx—1))"
3) (Stanley 1979) 3707 iy X e, 277 ") =

4) (Stanley 1979)

00 u” es(o) ,cotnv(o) __ 1—x
Zn:O Wq! ZJESn xd ( )q ) - —x+Eg(u(z—1))"

5) (Fedou and Rawlings 1995)

ZZO:O [n]qu!Fn]p! Z(U,T)esnxsn xcomdes(o,T)qinv(o)pinv(T) _

1l—x

—x+Jg,p(u(z—1))"

n

JW) = Yoo i eq(u) = Y

n=0

),

[n
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6) Foata-Han (1997)
Let (z,q)o =1 and (z,¢), = (1 —2)(1 —qx)--- (1 — ¢"'z) for
n > 0.

Cn (Z, T,q, v, p) — Z Zcomdes(a_l,T_l)xdes(a)qumaj(a)yrise(T)prlcomaj(T).
(o, 7)ESH XSh

oy

Ztn Cn(z,7,q,9,p) -3 'y’ o _

n>0 @)n+1(Y, P)n+1 i,7>0 i+ 1 j+n

L+ 5tz — 1))
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7) Remmel-Mendes

Ry(z,z,q,y,p,Q, P) =

Z(Oé,ﬁ,’y,cs)ESfL Zcomdes(a—l,ﬁ_l,’Y,5)xdes(0z)qumaj(oz)yrise(ﬁ)prlcomaj(ﬁ)Qinv('y) Pcoinv(é)

and set
n n ' 1 .
q(2)Q(2) ¢ J+n
N n n
FY(t,q,p, Q. P) =) 1" [n]cz'[n'zi! .

n>0

Then we can use the combinatorial mechanism described above
with 4-tuples of permutations instead of pairs of permutations to

prove that

Z Rn(zax7Q7yapaQ7P)tn _ Z l’zy] 1 -1
= Q! P (@ Ona (P Sz 7 —tH FHI(H(z = 1),4,0,Q, P)
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Elementary & homogeneous symmetric functions

The n'® elementary symmetric function e,, is defined by

Z e t" = H(l + x;t).

n>0 1

The n'® homogeneous symmetric function h,, is defined by

. 1
> hat :Hl_m.

n>0 1

The n'™ power symmetric function p,, is defined by
Pn = Z T,
i

If A= (\1,..., ) is a partition, then
k k k
ha =1Lizi by ex =112y ex, and px = [ [i; pas
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(et e

> (Sn:(l)ieihni> =1

n>0 \2=0

Z?:o(_l)iez’hn_i =0 forn > 1.

2 nz0 hnt" = (= :

n>0 en(_t)n) .
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Brenti(1993) Define a ring homomorphism £ : A — Q|z] by setting

(x — 1)kt
k!

where ey, is the k-th elementary symmetric function and £(ep) = 1.

f(ek) —

n|€ Z xdes(a) and _f p)\ Z xexc(o) (1)

oeSy o€Sn(AN)
where if A\ = (1"1,2™2 ..., n"n) is a partition of n, then S, () is
the set of permutations in S,, with cycle type A, and

. n ey

10
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For A= (A1,..., ) Fn,let ex =€y, - -€ey,.

{ex @ A a partition} is a basis for the ring of symmetric functions A.

Let By , be the number of brick tabloids of shape (n) and type A:

11
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Let M) ,, be the coefficient of ey in A,,.

The simple relations displayed earlier can show M) ,, satisfies

1. M(n)’n = (—1)n_1,

n—1

2. M)x,n — Z(_l)i_le\i,n—z*
=1

The numbers (—1)"~“MN B, , satisfy the same recursions.

Therefore,

h,, = Z(—l)n_eo\)B)\,ne)\.
AN

12
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A-Brick Tabloids and Weighted A-Brick Tabloids. Suppose
that A = (1,1,2,2) and p = (2,4).

B>\,,UJ = 4 and w(B)A,,u =10

M-bricks

W(Tl): 2 W(Tz): 2

w(Ty)= 4 w(T)= 2
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ha(@ = S (-1)"NBy e (@)

pu(@ = D1 Nw(B)y en(@)

ukEn

(Egecioglu and Remmel 1991)

14
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A link from A to permutation enumeration

FOI' 0-1 "'O-n E Sn,
des(o) is the number of times o; > 041,

ris(o) is the number of times o; < ;11 where ,11 =n + 1.

Ex. Let o =12 9 7 2 6 8 10 1 3 4 11 5.

Then des(c) =5 and ris(o) = 7.

15
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Let f1:40,1,...} — Q[z,y] such that:

1 itn=20
it n > 1.

fi(n) =

y(z—y)"

Define £/t : A — Qlz, 3] as a homomorphism such that

) (_1)n—1
£ (en) = T ().
Theorem.
n|€f1 Z xdes(o) ms(a)

oceS,

16
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Proof.

nl€ (h,,)

n! Z(—l)n_K(A)BA,ngfl (ex)

AFn
nly ()" By [] i)
AFn i=1 (N

S ()" 3, ) BrniO0) - fi0)

AFn

17
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We have

I (hn) =) (>\17 ” | M) Bxnf1(A1) -+ f1(Ae)

AFn

from which we create the following objects:

18
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We have

nle (hy,) = Z()\h n | )\) Baxnfi(A1) -+ fi(Ae)

AFn

from which we create the following objects:

19
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We have

e (ha) = > (

n

VDY

) FLD) - L)

from which we create the following objects:

11 -

20
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We have

nl¢! (h,) =

Ji(A1) -+ fi(Ae)

from which we create the following objects:

_y:
10 -

X

5 .

3.

y
1

fi(n) = y(z —y)"~!

21
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Let T, be the set of objects created in this way.

T =(B,o,L) e Ty if

(1) B = (b1,...,b) is a brick tabloid of shape (n).

(2) o is a permutation which is decreasing within each brick.

(3) L is a labeling such that the last cell of each brick is labeled

with a y and every other cell is labeled with x or —y.

The weight w(T') of T' € T¢,, w(T), is the product of x,—y, and y
labels.

22
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An involution [ : Ty, — T4, such that
(a) If I(T) # T, then w(T) = —w(I(T)).
(b) If I(T") =T, then w(T) is positive.

I will show that

Yoow@= > w).

TET s, TeT s, [(T)=T

23
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To define I(T') where T'= (B, o, L), scan the cells of T' from left to
right looking for the first cell ¢ such that either

(i) c is labeled with —y in which case we break the brick b
containing c into two bricks b* and 0** where b contains all the
cells of b up to and including ¢ and b** consists of the remaining

cells of b and then we change the label on cell ¢ from —y to y or

(ii) c is the last cell of a brick b; which is followed by another a
brick b;11 such that o is decreasing in all the cells corresponding to
b; and b; 11 in which case we replace b; and b;11 by a single brick b

and change the label on cell ¢ from y to —y.

If neither (i) or (ii) applies, I(T) =T.
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X X yooX oy RS

11 6 - 10 5+ 3 12
1s sent to

X o X Y | X 7Y RS

11 6 - 10| 5+ 3 12

25
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Fixed points of I: (a) no —y’s and (b) increases between bricks.

Xy X X Xy ry | Xy Xy
1 -6 - 2|10 5. 3 1| 812 71| 9. 4

A fixed point can be read as an element in S,,:

11 6 2105 31812 7 9 4

Therefore,

e () = 3w = S w(@) = 3wty

TeT T is a oceS
1 fixed point "

26
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This gives a generating function:

Zg Z xdes(a)yrz’s(a)

’I’LZO . oeSy,

&‘fl Z hntn

gfl Z e, (—t)”

27
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We just

1. Defined f on {0,1,...} and &/ on A such that

(e = TE p )

n!

2. Applied &/ to nlh,, and decorated brick tabloids

3. Performed an involution to find objects corresponding to

permutations

4. Found a generating function from the h,, and e,, relationship

28
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More weighting functions

o1---0, €5y 18 alternating if 0,1 > 0; and 0; < 0,11 for even 1.

Fr.8 6 74 5 2 3 1 12 9 11 10 is (even) alternating.

Let fo(n) =1 o e (e = TV ).

(—=1)"/2=1  n even. n!

Theorem. Let A, be the number of even alternating permutations
of n. Then n!é/2(h,) = A,,.
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Proof. We have,
i () :Z(Al N A)BA’”‘ICQ(MMEW)

AFn

from which we create the following objects:

fa(n) =0 if n odd and fa(n) = (—1)*/271 if n even.

30
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AFn

from which we create the following objects:

f2 =0if n odd and fy = (—1)"/271 if n even.

31
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e () = (

n
Ay

) FaA) -+ Fa(he)

from which we create the following objects:

11 -

f2 =0if n odd and fy = (—1)"/271 if n even.

32
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nlef2 (hy,) = fa(Aa) -+ f2(Ae)

from which we create the following objects:

fa(n) =0 if n odd and fa(n) = (=1)"/271 if n even.

33



MATH 262A

Perform a similar involution:

34

scan for —1 or a decrease between

two bricks:
1:1 1:—11—1 1 1 1:—1 1 1
11 - 2 [ 10 - 8 6 5 3 1112 9 4 4
1S sent to

U1
w
H
H
N
©
\l
QU
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A fixed point:

1 1
11 2

1
10 -

= =

o1

1] 1 1
6|8 3

NP

(O

QU

The corresponding permutation:

Summing all fixed points gives the desired result.

11 2 10 6 8 3 12 7 9 4

35
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The resultant generating function:

th

Ez:gﬁ(hn) — Ezj(zn)r4%z

n>0 n>0

1

L2 s (1), (en)
1

L Y (02 Sy
1
L+ Y1 ‘o
1
cos(t)
= sec(?).

(1!

36
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Next we want to show that (2n + 1)!&s, (Pant2) = Aant1.

It M= (:u17 - e 7:uk)7 then 2:“ — (2,&1, x 72:uk)

(2n41)15, (pans2) = CnA1)! Y (1> T2 W (B, 90))E 5, (€2,) =

puFEn—+1
E(M) 2b; _1
1\2n+2—4(p) bi—1 _
(2n+1)! ) (-1) > 2@[1 26' —1)b
puFn—+1 B=(by,..., bﬂ(u)>€Bp,(n+1)

2n + 1 £W>]ﬁrl
Z Z (2blv'°'726k—1,26k—1) g(— ) :

,ul—n—i—l B:(bl7---7b£(u)>68u,(n—{—1)

f2 =0if n odd and f = (—1)"/271 if n even.
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2. 2.

pukFn+1 B:(bl,---,bz(u))EBu,(n)

(an..

2n + 1
.,Qbk_1,2bk —1

)

e(p)

[T

=1

38
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2()
ot 201, ..., 2bg—1,2b, — 1) 12
11 - 10 - 5.3.1/19 7. 4.

39
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40

am)
) [[=n
pEn+1 i=1
1:1 1:—1 1:—1: —1:1:1
11 2 |10 - 8 6 5 7 4
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Perform a similar involution: scan for —1 or a decrease between

two bricks:

1.1 -1
11 2|10 8

o N
Ul
W
=
©
~
IN

1S sent to

A fixed point:

1. 1] 1.
11 2 | 10

o
0
w
gl
-

~N
©

N
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The corresponding permutation:
11 2 10 6 8 3 749

Summing all fixed points gives the desired result.

42
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The resultant generating function:

Z & fo (Pn)

n>1 n>0 (

21 (=1)" " w(n)Er, (en)

I
[\
S
_|_
[y

L2 s (1) (en)

> s (—1)2n 12 G

(~1)-!

L+ 30 (02
-1 n—1t2n

anl ( (2)77,—1)!

1 + Z (_1)n
n>1 (2n)!

t sin(t)
cos(t)

(1!

43
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t*n 2 tsin(t)

Z Azna (2n +1)!  cos(t)

n>0

Dividing both sides by ¢, we obtain

g2ntl sin (¢)

n>0

Z Azntt (2n + 1)! B cos(t) = tan(?).

44
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B,, is the set of o € 5,, where + or — is placed on each integer. Let

pos(o) and neg(o) count the +’s and —’s.

D, is the subset of B,, where neg(o) is even.

Descents and rises in B,, use the linear order ©:

l<g - <gn<e n<g- <o —1.

Fx. leto=-3 -2 -6 +5 -1 H4

Then pos(c) = 2, neg(o) = 4, desg(c) = 3, and risg(c) = 3.

45
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Let
1 itn=20
fa(n) = —1 1
uy(r —y)"t Fotx(y —x)" if n > 1.
(1)~
and £/3(e,) = ' f3(n) as usual.
n!
Theorem.

n|€f3 (hn) _ Z upos(a) ,Uneg(o) xdesB (o) yrisB (o) .
ceB,

46
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Proof. We have,
n!gfs (hn) = Z ()\1 n )\e) BA?”(_l)g()\)J%()‘l) - f3(Ar)

AFn

from which we create the following objects:

fs(n) = uy(e —y)" " +oaly —2)"

47
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nles (hn) = Z(Al b )\E)BA,n(—l)g(/\)fB(Al)"'fB()‘f)

AFn

from which we create the following objects:

fs(n) = uy(z —y)" ! + o a(y — x)" !

48
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n

nl€’3 (h,) = ()\17.”»\) fa(A1) -+ fa(Ae)

from which we create the following objects:

11 - 9 8| 4. 3|12 .10 7 5. 1| 6

fa(n) = u"y(z —y)" =t + o a(y — )"
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nl€f3 (hy,) = fa(A1) - f3(Ae)

from which we create the following objects:

<
<
<
-
-
-
-
-
-
-
<

N X <

50
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“_»

Scan for the first instance of a sign or two bricks with a

decrease and the same u or v label. Break or combine accordingly.

In this way,
V:V:V U:U u U:U:U:U \Y V
y 'y X X Yy X =y =y X Yy y X
11 9 - 8 4 . 3112 10 7 -5 1 6 2
1S sent to
V:V:V U:U u u U:U u V:V
y 'y X X Yy Xy |7y X y y + X
11 9 - 8 4 3 (12 10| 7 - 5 1 6 2

51
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A fixed point:

<
<
<
-
-
-
-
-
-
-
<

=
=
(@
0 X
N X
w
=
N
=
o
\l
o1
=
o

Interpret every u as positive and v as negative. The above fixed
point corresponds to

-1 -9 8 +4 +3 +12 +10 47 45 +1 —6 -2

Summing over all fixed points completes the proof.

52
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The generating function:

$n | .
v pos(o),neg(o), .desp(o), risp(o) _ Yy

To find a generating function for D,,, notice that for ¢ € B,

pned(o) (_U)neg(d) v"e9(@) if o € D,

2 0 if o & D,,.
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Therefore,

t" .
Z ﬁ Z upos(a),vneg(a)xdesB(a)ymsB(a)
n>0 ceD,

z—y N x—y
2retv(y—2) — 2yetu(z—y) = Qpetv(z—y) — Qyetul(z—y)

54
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1
For o*,....,0c™ € 5,
comdes(o?,...,0™) is the number of times o] > o], for all j
oneris(c',...,0™) is the number of times o < o7, , for at

least one j

ol =1210 6 439 2 11 1 8 57
Fr.If 62 =105 11261 7 4 12 9 8 3, then
o3 = 6 5 1214910 3 2 11 8 7

comdes(ot, 0%, 0%) = 3 and oneris(ct,0?,0°) = 9.

59
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such that

Let m > 1 and g1(n) = ()
n!)m

0 ifn=20
€f4 (e’l’b) — (_1)n—1 1 .
(nym y(ZIZ - y)n ifn>1

Theorem.

(n|)m€f4 (hn) _ Z xcomdes(o)yoneris(a).

oeSm

56
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_1 )\Z‘—l
( _),)m y(z —y) !
()
B)\,n H y(ZC _ y)Az !
1=1

57
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We have

()™t (b)) = Z (Al, n By

AFn

which may be used to create:

) B)\,n

‘()

H y(z —y)N "

58
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We have

e =>(, "

AFn

which may be used to create:

59



MATH 262A

We have

(n!)m€f4 (hn)

a (Al,...,

which may be used to create:

n

v)

£(N)

H y(z —y) M

11 9
12 . 8

3
S

12 - 2
11 - 10

60
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We have

(n!)m€f4 (hn)

which may be used to create:

‘()

H y(z —y)h

X X
11: 9
12 8

-y

3
S

X:y
12 . 2
11 - 10

10 -
9 .

X:—y'
6 . 5
7 6

Ty oy
4 1
4 3

N 00 X

b N<

61
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Apply the brick breaking/combining involution where bricks are
combined if two bricks have a common descent between them. Then

XX =y X y|=y X =y =y 'y x oy
12119 -3 . 2|10 6 -5 4 .1/|8 7
12 11 10 - 8 519 7 .6 -4 3|2 1

1S sent to
X Xy | X Yy |y X ' =y -y-'yj|X_ Yy
12:11:9 3 2 10:6:5:4:1 8 4
12 - 11 10 | 8 5 9 .7 -6 4 3 2 1
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A fixed point:

X Xy [ x y | X
11:9 3 |12 2 |10
12 - 8 -5 (11 10| 9

~N O X
> o1
NI
0 <

N 00 X
_N<

This fixed point corresponds to:

ol = 119312 2 106 54187
02 =128 51110 9 764321

Summing all fixed points gives the desired result.
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The generating function which follows:

Z Z xcomdes(o) oneris(o)  _
n>0

oecSm

64
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For 0-1 "'O-n E Sn,
inv(o) is the number of times o; > o, for ¢ < j

coinv(o) is the number of times o; < g; for ¢ < j

pn_qn

Let |n]pq = and [n]p.q! = [12]p,q - [2]p.q[1p,q-

pP—4q

Let

65
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Let R(171,...,0*) be the set of rearrangements of A\; 1’s, Ay 2’s,...

A generalization of a theorem of Carlitz:

n . .
_ inv(r), coinv(r) '
[Al,...,AgL,q 2. ™

reR(1A1 ... 0 ¢)

66
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Given a rearrangement r of by 1s, by 2s, ..., b; [’s, form a
permutation o(r) by labelling the 1s in r from right to left with 1,
2, ..., by. Then number the 2s from right to left with

by +1,01 +2,...,b1 + by, and so on.

For example, let by = 4,b5 = 2,b3 = 3 and

r = 13213312133
o(r) = 4116310925187

o(r) ™' =9741 83 1110652

67
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inv(o(r)) = inv(r)+ the number of inversions introduced by
changing the 1sin r to 1,2,...,b1, the 2s to

by +1,01 +2,...,b1 + by, and so on.

The number of inversions introduced by changing the 1s to

1,2,...,bpis (by = 1)+ (by —2) +---+ 1= ().

(o) = inv(r) + 3 ()

coinv(o(r)) = coinv(r)

68
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69

Theorem 0.1. [f by + by + - - - 4+ by = n where each b; s a positive

integer, then

n qzi (%) _ Z g0V (1) peoinv(7)
i b1,b2, ..., 0 1pq T€decy (b1,...,b;)
where decy, (b, ..., b;) is the set of permutations in S, that when

read from left to right in one-line notation consist of decreasing

sequences in blocks of size by, bs, ..., by.
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1 ifn=20
if n > 1.

fi(n) =

y(z—y)"

Define £/t : A — Q[z, 9] as a homomorphism such that

(~1)"1ql%)

7] p.q!

& (en) = fi(n).

Theorem.

[n]p,q'fg}q(hn) — Z xdes(d)yris(a)qinv(a)pcoinv(o).

ocES,

70
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Proof.

[1p.q!&0 ()

lpg! Y ()" VB LD (en)
AN

- X[ ] e,

AFn o b,q

filn) = y(z —y)"~!

(=) N7 - fi( )

71
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Z[ . ] g3
Mool

AFn

which may be used to create:

filn) = y(z —y)"~!

) By i) - Fi(N).

72
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The term we have to work with is

Z[)q n )\J q<>‘21)+"’+(>\2£)B)\,nfl(>\1)"’fl()\g).

AFn

which may be used to create:

fi(n) = y(z —y)"~!

73
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[ n ] SO+

A,

which may be used to create:

qllE q7 q6 q4 q6 q5
po. p3. p3. p*| pt. pt
12 8.7 510 9

qu
po .
4 .

qlE
po
2

qO
pO
1

filn) = y(z —y)"~!

74
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The term we have to work with is

fi(A1) -+ f1(Ae).

which may be used to create:

X+ X =y y| Xyl X =y yr=y: =y -y
qll, q7, q6, q4 q6, q5 q5, q4, q2 q2, ql, qO
pO: p3 p3 p4 pl pl pO: pO pl pO: pO pO
12 8 7 5|10 9|11 6 3| 4.2 1

fi(n) = y(z —y)"~!

75
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Apply the brick breaking/combining involution so that

1S sent to

X+ X+ =y-y|  xXx y| X =y-y|=y=-y-y
qll: q7 : q6 : q4 q6 : q5 q5 : q4 : q2 qZ : ql : qO
po p*. p3. pt| pt.opt| p% p® pt| p% po p°
12.- 8 . 7 -5 ]10:- 9 (11 6 3| 4 2 1
X Xyl y| x y| X =y y|=y=-yy
qll q7 q6 q4 q6 : q5 q5 q4 q2 q2 : ql : qO
po p3. p3| p*| pt. pt| P2 p® pt| p% p° p°
12 8 7 | 5]10:- 9 (11 - 6 3| 4 2 1

76



MATH 262A

A fixed point under this involution:

X X X Y X Yy X X Y X XY
qll: q7: q6: q4 q6: q5 q5: q4: q2 q2: ql: qO
pO: p3 p3 p4 pl pl pO: pO pl pO: pO pO
128 7  5[10° 9 |11 6 3| 4.2 1

The powers of x,vy,q and p on a fixed point register the correct
statistics.

Summing all fixed points completes the proof.
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The generating function which follows:

t" des(o), ris(o) inv(o), coinv(o) L =Y
Z (IS Z v Y q p - t(x—y)
. oceSn L — y equap

t" t" n
where for a series r(t) = Z Qn 7, We let rq () = Z A, q(2).

!
’I’LZO ’I’LZO [n]p7Q°
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_1\yn—1 _1\yn—1 (Z)
( ) by : 1[)n]p,qq!
to prove the following.

Replacing in our other proofs will allow us

t" inv(o),.cotnv(o 1
Ll 2 T

COS t
7’2,20 O'ESn q7p( )
o is even alt.

and

) - $ pos(e)ynes(o) yilesn (0)yrisn (o) ginv(o) peoinv(o)

|
n>0 [n]pa ) occB,




