Problem 1.

Using undetermined coefficients, find a particular solution for the differential equation by unde-
termined coefficients
Y —y — 2y = 4e3 + 5sint.

We seek a solution of the form
y = Ae® + Bsint + C cost.
We compute
y' = 3Ae* — C'sint + Bcost
y" = 9Ae* — Bsint — C cost.
From here
y' —y — 2y =4Ae3 + (=3B + C)sint + (—3C — B) cost.
Since
y' =y -2y = 4¢3 + 5sint
we can match coefficients to conclude
4A=4 — A=1

3 1
-3B+C=5,-3C-B=0 = B:—§,C:§.
Thus
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Problem 2.

Find a particular solution for the following equation by variation of parameters

e3t

t+1

y' — 6y +9y =

We find the roots of the homogeneous equation y” — 6y’ + 9y = 0 first. To this end, we solve the
characteristic equation > — 67 + 9 = 0 which has a repeated root r; = ro = 3. The fundamental
solutions are

yr =€y = te.

We compute the Wronskian
Y1 Y2 et tedt
/

W(y1,y2): yﬁ Wb 3e3t (3t+1)63t

Using undetermined coefficients we have

=P (3t 4+ 1)e¥ — 3tedt - 3 = .

Y = u1yr + u2y2

t63t €3t t ]_
- g=—— | —dgt=— | (1-—— ) dt=—(t—In(t+1
w=- [0 a= [ /( t+1) (t—In(t+1)),

3t 3t
e e dt

where

Substituting, we find
yp=—(t—In(t+1))-e* +In(t + 1) - te.



Problem 3.

Consider the system
o A= 12 3
¥ =A%, A= [0 4].

It is known that the matrix A has eigenvalues A = 2 with eigenvector v; = [é} and Ay = 4 with
: q [3]
elgenvector vp = NE
(i) Write down a pair 1, Z2 of fundamental solutions and verify that W (%1, Z2) # 0.

(ii) Write down the general solution of the system.
(iii) Sketch a few of the trajectories and classify the type of critical point at the origin.

(i) We have
aeof] e
Thus o
W(ELE) = |y o] =26 £0

(ii) The general solution is

(iii) The origin is a source node.

— For t — —o0, the dominant term is e? [(1)} and solutions go to 0. Thus, solutions follow
direction [(ﬂ when they are close to the origin.

— When t — 00, the dominant term is e* B} and solutions follow the direction [g} for

large values.



Problem 4.

Consider the sytem

(i)
(i)

(i)

(i)

I I
Z =Ax, A= [_2 3].

Write down the general solution.
Sketch a few of the trajectories. Clearly indicate the direction of the trajectory, and type
of critical point at the origin.

We find the eigenvalues and eigenvectors of the matrix. We have TrA = 2,det A = 5 so the
characteristic polynomial is

M—2\+5=0 = \=1+2i.
We find the eigenvector for the eigenvalue A = 1 + 2i. We have

—2—-2 4
-2 2—-2

-[2)

We find one complex valued solution

o ta42i) | 2
r=e [14—1}

Aa+%ﬂ:[

so one possible eigenvector is

which then rewrites
7 = e!(cos 2t + isin2t) [ 2 } _ t[ 2cos 2t + 2isin 2t } .

1+1 cos 2t — sin 2t + i(cos 2t + sin 2t)

The real and imaginary parts are

oy 2cos 2t - 2sin 2t
1= leos2t —sin2t|” P27 ¢ |cos2t +sin 2t

81

The general solution is

S 2cos 2t " 2cos 2t
T=€ 4 cos2t — sin 2t €2 |cos 2t —sin2t| )

There are other equivalent ways of expressing the answer.
The origin is a source spiral. To find the direction, we consider the initial value problem

f@):[ﬂ.Thal

cw-s0-[2 4} ]

This vector points downwards, so the spiral is clockwise.



