Non-homogeneous Systems

Example 1. Find the particular solution to the non-homogeneous system

X = (Z —22> X+ (—4;“— 2) @

Solution: Since the non-homogeneous part of the equation

(as)

is linear the particular solution should have the general form:

x,(t) = a+ bt

Substituting into the system (5) we get:
i( +bt) = 0 2 (a+bt) + 4
dt e —2)® 4t -2
0 2 0 0 2 4
b= (0 ) ()]G 2o ()]0

Equate components:

b

(3 %) (%)
=[G 2)re ()

Rearrange the second matrix equation to:

Solving we get:



Substitute back into the first equation:

(£2)= (3 %) ()

and rearrange:

O
Solving we get:
o 0
~\0
So the particular solution is given by:
x,p(t) = a + bt
0 0 0
“(0)+ (%)= (%)
Example 2. This is Question 9 on the practice final (found here)
Find the general solution for the system:
110 —t
xX'=(0 3 0]x+[4-3t (2)
0 0 2 1—2t

Solution: The general solution x to any non-homogeneous system as above
is always a sum of the homogeneous solution x; and a particular solution
Xp

X =Xp +Xp (3)

The homogeneous solution xj, is calculated by solving the system:

1 1
=10 3
0 0

N OO
>
—
N
SN—


http://www.math.ucsd.edu/~rkitsela/20D/practice_final_solutions.pdf

To find a particular solution x, we can use the method of undetermined
coefficients. Since the vector function

—t 0 -1
4-3t ) =14+ |-3]¢
1-2t 1 -2

in (2) is linear (no powers of ¢ greater than 1), the general form of a particular
solution is given by:
xp, =a+ bt

for some vectors a, b. By substituting this into (2) we can solve for a and
b.

Finding the homogeneous solution:

The general homogeneous solution xj, is the general solution to the system

(4).

110
To calculate the eigenvalues of [ 0 3 0] we determine the characteristic
0 0 2

equation:
1—r 1 0
det 0 3—r 0 =0

Calculating the determinant on the left hand side (by expanding along the
first column) we get:

So we have 3 distinct eigenvalues

rp=1
ro =2
7“3:3

Calculating eigenvalue u; (corresponding to ry = 1):



u;p is any non-zero solution to the matrix equation:

010 a 0
020 bl =10
0 0 1 c 0

(notice 1 subtracted from the leading diagonal)

Equivalently this can be rewritten as a system of equations:

0a+b+0c=0 = b=0
Oa+2b+0c=0
0a4+0b+c=0 = c=0

Using the above:

a a 1
bl=(0]=al0
0 0
Let a =1 to get
1
u; = 0
0

Calculating eigenvalue uz (corresponding to ry = 2):

ug is any non-zero solution to:

-1 1
1
0

o oo

o o
Il

o oo

0
0
(notice 2 subtracted from the leading diagonal)

Equivalently this can be rewritten as a system of equations:

—a+b+0c=0 = a=0b
0a+b+0c=0 = b=0
0a 4+ 0b+ 0c =0

Using the above:



Let ¢ =1 to get

o O

Uz =

—

Calculating eigenvalue us (corresponding to r3 = 3):

ug is any non-zero solution to (notice 3 subtracted from the leading diago-
nal):

-2 1 0 a 0
0 0 O bl=10
0O 0 -1 c 0

The method of row reduction can be used to solve this. Reference
Equivalently this can be rewritten as a system of equations:

—2a+b+0c=0 = b=2a
Oa+0b+0c=0
Oa+0b—c=0 — ¢=0

Using the above:

a a 1
bl=12a)] =al2
c 0 0
Let a =1 to get
1
ug = 2
0

The homogeneous solution is given by:

xp(t) = cruge™ 4 couge™’ + cyuge’!
1 0 1
= (0])et+e |0 et + c3 | 2 e3t
0 1 0

Finding a particular solution:



For the particular solution we substitute the guess x, = a+ bt into (2). We
get:

p 110 —t
Z(atbt)=[0 3 0] (a+tbi)+ |4-3f
00 2 12t
/11 0 0 110 ~1
b={{0 3 0)la+[4|[+]|[0 3 0|b+|-3]]|¢
00 2 1 00 2 —2

On the right hand side of the second line I distributed the matrix products
and separated the expression into two components: constants and multiples
of t.

Comparing components on the two sides of the equation we get:

1 1 0 0
b= 0 3 0jJa+ 1[4
\0 0 2 1 5
(/1 1 0 -1
0= 0 3 0)b+|-3
\0 0 2 —2
Rearranging the second equation of (5) we get:
1 10 1
0 3 0b=1(3
0 0 2 2
b1
If we let b = | by | the above matrix equation represents the simultaneous
b3

equations:
by +by+0b3 =1

0b1 +3by +0b3=3 — by =1
0b1 +0by +2b3=2 — b3 =1
Substituting b, = 1 into the first equation we get by = 0. So:
0
b=1(1
1



Now we can substitute b into the first equation of (5):

0 110 0
1]=10 3 0)Ja+ 1[4
1 0 0 2 1
Rearrange:
0 1 10
-3]=10 3 0]a
0 0 0 2
ai
If we let a = | as | the above can be rewritten as:
as
a1 +az+0a3 =0
Oaq 4+ 3a2 + 0ag = —3 = a9 = —1
Oaq 4+ 0as +2a3 =0 = a3 =0
Substituting ag = —1 into the first equation we get a; = 1. So:
1
a=|[-1
0
This determines a particular solution:
xp, =a+ bt
1 0
=|-1])4+|1]|¢
0 1

Putting everything together, the general solution is given by:

x(t) = xp + xp

1 0 1 1
=c[0]el+e |0 €2t—|—63 2| e + 1]+
0 1 0 0



