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ABSTRACT

In [2], Chen et al. proposed a Y architecture for on-chip
interconnections, which has three symmetrical routing directions (0-degree, 60-degree, and 120-degree). They show
that the Y architecture can gain a communication throughput improvement of 24 percent over the traditional Manhattan architecture on a squared mesh. This improvement is
almost the same (2.6% less) with that of the X architecture
[9], which needs one more routing direction. Furthermore,
they show that if the hexagonal chip shape is adopted, the
throughput improvement can be increased to 31 percent.
In [14], Shin proposed a hexagonal mesh for the interconnection of multiple processors in the system. The hexagonal
mesh provides better communication performance and robustness than other topologies, including the square meshes.
In [3], Leiserson introduced a class of universal routing
networks called fat-trees for the communication between the
processors. The fat-tree network is constructed according to
both the number of processors and the ammount of simultaneous communication requirements. A three-dimensional
model which incorporates wiring and hardware size as costs
is used to evaluate the performance.
In [11], Mai et al. utilized crossbars for local communication. Buses are used to link the crossbars for a second-level
hierarchy and meshes are used for global communication.
The optimizing target is the signal delay. In [12], Moritz
presented a packet communication strategy, in which the
area of the network and the memory for the packets are the
optimized targets. In [13], Dally used a mesh to link an array of processors. The area and latency are used to evaluate
the network.
In deep sub-micron technology, devices are shrunk to very
small sizes and are not costly, while wires and buses are
lengthened, resulting in the increase of wire resistance and
capacitance. The performance of such parameters as power
consumption and signal delay can be seriously degraded. So
the length of signal path is much more important than the
number of switches in the path. On the other hand, a largescale system on the chip is hungry for the wire resources, so
it is not feasible to set up the shortest path for every pair
of processors in the array.
In [1], Cheng et al. proposed an optimizing function to
balance the cost of wire resources and the power consumption for the interconnect topology on a processor array. The
total wire length is used to measure the cost of the wire resources and the length of signal path is used to evaluate the
power consumption, since the power consumption is proportional to the wire capacitance, which is further proportional
to the distance traveled by the signal.

The problem of interconnect architecture arises when an array of processors needs to be integrated on one chip. With
the deep sub-micron technology, devices become cheap while
wires are expensive. On the other hand, high performance
systems require the shortest communication routes among
the processors. Non-blocking hierarchical interconnect architectures have been found to be a feasible solution. First,
they can be expanded recursively and so can be applied in
large-scale arrays. Second, if well designed, they have the
best trade-oﬀ between the cost of wire resources and the
communication performance. In this paper, a new type of
non-blocking hierarchical three-way interconnect architecture, Y tree architecture, is put forward. We ﬁnd that the
arrays of hexagonal cells also have the property of hierarchical expansion, and we put an algorithm to build up a Y
tree. We compare the Y architecture with an X hierarchical
non-blocking architecture.

Categories and Subject Descriptors
C.1.2 [Multiple Data Stream Architectures (Multiprocessors)]: Interconnection architectures

General Terms
Design, Algorithms

Keywords
Y tree, Y architecture, interconnect architecture

1.

INTRODUCTION

With the technology going to deep sub-micron, it becomes
possible to integrate an array of processors on a single chip,
and consequently the interconnect among the processor array turns out to be a key problem [1, 3, 4, 5, 6, 7, 8, 11, 12,
13, 14].
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With this optimizing function, the X type non-blocking hierarchical interconnect architecture, which will be explained
in Section 2, has been found to have the best trade-oﬀ for a
two-dimensional processor array. One of the most important
properties of X architecture is that it can be hierarchically
expanded.
In this paper, we introduce a three-way non-blocking hierarchical interconnect architecture, with which to organize
hexagon cells. We found that the hexagon cell array also
has the property of hierarchical expansion. We summarized
the principle for the expansion of Y architecture. We put
forward an algorithm to set up the hierarchical tree of interconnect. We compare the Y architecture and the X architecture as the optimizing function is concerned. We also
propose a representation of the polygons on the hexagonal
backbone, which is useful in the study of large scale Y trees.
The remaining of paper is organized as follows. In Section
2 we introduce the objective function and the X architecture;
In Section 3 we explore the properties of hexagonal arrays
and the principle of setting up a Y tree; In Section 4 we prove
that the Y architecture has the same values of objective
function as the X architecture, and in Section 5 we present
our algorithms for setting up a Y tree ; In Section 6 we give
the representation for the boundary of the polygons on the
hexagonal backbone. Finally, we draw our conclusions in
Section 7.

2.

level n

(a)
level 2
level 1
level 0

(b)
(c)

Figure 1: X-type hierarchical non-blocking architecture
Table 1: Recursive form solutions for Lx and Dx
LX √
DX √
L1 = 2 2
D
=6 2 √
1
√
Ln = 4Ln−1 + 23n−2 2 Dn = 4Dn−1 + 6 · 24n−4 2(2n − 1)

From the study of the X architecture, we can draw following desired properties for a hierarchical tree structure in an
array of processors:
1. The tree grows recursively, and the topology of each
level remains identical, with certain rotations allowed.
2. The total number of cells covered by the tree architecture is kn , where k is the number of the sub-trees clustered
on each level of the interconnect architecture. √
3. The length of the trunk at level n, Tn is kTn−1 .
4. There are no ”holes”, or ”empty cells” within the array.
In other words, the cells in the array form a ”continuous”
region bounded by a closed curve.

BACKGROUND

In [1], an objective function is put forward to balance
the cost of wire resources and the power consumption for
the non-blocking interconnect architecture in an array of
processors:
M =L∗D

where,
L

=

D

=

X
X

3. THE HIERARCHICAL ARCHITECTURE
OF HEXAGONS

Length of each wire

The hexagon processor array is shown in Fig.2, in which
the processors have the physical layout of hexagons. We
found that, like the X-type architectures, the hexagonal processor array can also be expanded hierarchically. Referring
to Fig.2, every 3 cells can be clustered with a Y-type interconnect architecture, consisting the ﬁrst level of the hierarchical tree. Then 3 ﬁrst level sub-trees can also be clustered
with a Y-type interconnect architecture, but the ”Y” has
a rotation of 90 degrees. By recursively doing this, a hierarchical Y architecture can be set up. Here the number of
the sub-trees clustered
on each level is 3, and the length of
√
the trunk Tn = 3Tn−1 . At the second level, we have 32
hexagon cells bounded by the dashed line Fig.2. There are
no empty cells in the region.

di,j

1≤i<j<≤P

di,j is the shortest route length between processor(i) and
processor(j). P is the total number of processors. L represents the cost of wire resources and D reﬂects the power
consumption resulting from the wire capacitance because
P ower ∝ D. M should be as small as possible.
For rectangular cells, the X-type hierarchical architecture
has been found to have the best performance [1]. As illustrated in Fig.1 (a), the small circle has the internal structure
shown in Fig.1 (b), in which the 6 ﬁlled circles represent the
switches that may connect the intersected buses. Every two
of the four cells covered by the X interconnect architecture
can set up a communicating route through the switch box.
Meanwhile, the buses from the four cells are bundled together to form a new bus going to the higher level (Fig.1
(c)). The bigger circles lying at higher levels have the similar structure of the switch box except that the bus width
grows 4 times for every expansion to a higher level. This
architecture guarantees that whenever two processors in the
array need to communicate, there always exists some route.
If the distance between the centers of the neighbor cells
is 1, we have the following conclusions about the objective
functions of X architectures. Here, n denotes the highest
level of the X tree (Fig.1 (c)).

level n
level 2
level 1
level 0

Figure 2: Y-type hierarchical architecture
Assuming that the distance between the centers of adja-
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The derived results for MX and MY show that the Y
hierarchical architecture has a comparable performance with
that of the X architecture.

Table 2: Recursive form solutions for Ly and Dy
LY√
L1 = 3a
3n
Ln = 3Ln−1 + 3 2 −1 a
DY √
D1 = 2√ 3a
n
Dn = 3Dn−1 + (3 + 3)(3 2 − 1)32n−2 a

5. THE GROWTH OF THE Y TREE
A hexagonal array (Fig.3) has the following properties:
Property 1: There exists a 1/2 grid shift between rows.
Property 2: Each cell is physically adjacent to two cells
in the same row.
Property 3: Each cell is physically adjacent to two cells
in the neighboring row above and two cells in the row below.
Thus we can cluster 3 neighboring cells to set up a Y
interconnect, as illustrated with bold lines. Note that the
”Y” can have two directions (Fig.3 (a) and (b)).
If we regard the clustered 3 cells as a unit, we can see
that the array of such units also has the property of a 1/2
grid shift, but this time in the vertical direction. So we can
expand the Y architecture to the second level; however, the
directions of ”Y”s at the second level must have a rotation
of 90 degrees compared to the ﬁrst level. It can be shown
that the property of a 1/2 grid shift always holds when the
Y architecture is recursively expanded to higher levels. Note
that the direction of ”Y” must have a rotation of ±90 degrees
when going to a higher level (Fig.2).

cent cells is a, we summarize the key results of the Y architecture in Table 2. The derivation of the closed form
solutions will be described in section 4.

4.

Y ARCHITECTURE VERSUS X ARCHITECTURE

To make a fair comparison between X and Y architectures,
we ﬁrst assume that the cells in the two architectures have
unit area. Thus the distance between the centers of adjacent
cells in the X architecture is 1, and the distance between the
centers
√ √of adjacent cells in the Y architecture, a in table 2,
is 2/ 4 3.
From Table 1, we derive:
√ 3n−1
LX (n) =
2(2
− 22n−1 )
√
2 n
DX (n) =
4 (6 · 23n − 7 · 22n + 1)
14
From Table 2, we derive:
√ n
3n ( 3 − 1)
√
LY (n) =
a
3− 3
√
√
√
3+ 3 n
DY (n) =
3 [(9 + 3)((3 3)n − 1) − 13(3n − 1)]a
78

(a)

To make the comparison for larger n, we neglect the lower
order terms of MX and MY :
MX (n) ≈
MY (n) ≈

≈

MY norm (n)

≈

Type

(b)

Figure 3: hexagonal processor array
Theorem 1: For a Y tree of n levels, there are 2n combinations of the orientations of the n ”Y”s on diﬀerent tree
levels.
We call such a combination of ”Y”s a ”conﬁguration”,
which indicates the way the Y tree grows. Every conﬁguration results in an particular boundary for the cells clustered
by the Y tree. Fig.4 gives two examples of 6-level Y trees,
together with their conﬁgurations.

3 4n
4
7
√
11 + 7 3 4n
3
39

n denotes the number of levels of an X or Y tree. Note
that the number of cells, A, in the X and Y trees are:
AX = 4n AY = 3n
We normalize MX and MY with A4 :
MXnorm (n)

Type

3
≈ 0.43
7
√
11 + 7 3
≈ 0.59
39
3

5

Similarly we normalize L and D with A 2 and A 2 respectively:
√
2
LXnorm (n) ≈
≈ 0.71
2
1
√ a ≈ 0.85
LY norm (n) ≈
3− 3
√
3 2
≈ 0.61
DXnorm (n) ≈
7
√
5+2 3
DY norm (n) ≈
a ≈ 0.70
13

(a)

(b)

Figure 4: Two examples of 6 levels
Given a conﬁguration C, a tree as shown in Fig.2 can be
set up with the following expanding algorithm. The tree is
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an ordered one. The ﬁrst, second and third sub-trees correspond to 3 orientations as illustrated in Fig.5 (b). Every
node in the tree, except the leaves, stores the orientation
of the ”Y” with which to organize its 3 sub-trees. C[1] denotes the orientation of ”Y” on the lowest level and C[n] the
highest level. C[m] ∈ {up, down, lef t, right}. Without the
loss of generality, we always start the conﬁguration with a
inverted ”Y”. In other words, we assume C[1] = ”down”.
The coordinate shown in Fig.5(a) is used to distinguish the
cells in the array. The ﬁlled circle in Fig.5 is always the
center of the highest level ”Y”.
-5,2
-6,1

-3,2
-4,1

1,2

-2,1

-5,0
-6,-1

-1,2

-3,0
-4,-1

0,1
-1,0

-2-1
,

3,2
2,1

1,0
0,-1

}
Create_leaf(x,y)
{
Create_tree_node(leaf);
leaf->x = x;
leaf->y = y;
return(leaf);
}

5,2
4,1

3,0
2,-1

Shift(sub-tree2, x2, y2);
Shift(sub-tree3, x3, y3);
/* Shift the coordinates of every leaf in
Tree by x(k) and y(k) respectively */
Tree=Compose_tree(sub-tree1,sub-tree2,
sub-tree3,C(i));
}

6,1
5,0

4,-1

Compose_tree(sub-tree1,sub-tree2,sub-tree3,
orientation)
{
Create_tree_node(new_root);
new_root -> child1 = sub-tree1;
new_root -> child2 = sub-tree2;
new_root -> child3 = sub-tree3;
new_root -> orientation = orientation;
return(new_root);
}

6,-1

(a)
2

1

2

1

1

1
3
up

3

2
2

left

3

3
down

right

(b)

Figure 5: Coordinate and Sub-trees

Fig.6 gives an example for the algorithm. The conﬁguration is ”down, lef t, up”. Fig.6 (a), (b) and (c) are the results
for i = 1, 2, 3, respectively. Fig.6 (d) is the tree representation for Fig.6 (c), in which the coordinates in the leaves,
from the most left to the most right, are:

Setup_Y_tree(C)
{
sub-tree1 = Create_leaf(0,1);
sub tree2 = Create_leaf(-1,0);
sub-tree3 = Create_leaf(1,0);
Tree=Compose_tree(sub-tree1,sub-tree2,
sub-tree3,C(1));
z = 2/3; x = 1, y = 1/3;
for i=2:n
{
if (i is even)
{ z = z * 3; y = y * 3; }
else
x = x * 3;
case C(i)
"up":
{ x1= x;
y1= y;
"left":
{ x1= z;
y1= 0;
"down":
{ x1= 0;
y1= z;
"right":
{ x1= x;
y1= y;

(5,2)(4,1)(6,1)(2,3)(1,2)(3,2)(2,1)(1,0)(3,0)(-1,2)
(-2,1)(0,1)(-4,3)(-5,2)(-3,2)(-4,1)(-5,0)(-3,0)
(2,-1)(1,-2)(3,-2)(-1,0)(-2,-1)(0,-1)(-1,-2)(-2,-3)
(0,-3)
From the hexagonal array’s properties and the algorithms
for setting up the Y trees, we can draw the following conclusions:
Theorem 2: The proposed algorithm generates Y tree
architecture without cell overlapping, and can cover all the
cells without empty space.
Theorem 3: The number of cells covered by the generated Y tree of n levels is 3n .
Theorem 4: the length of the trunk at level n is ( √13 )n .

x2= -x; x3= 0;
y2= y; y3= -z; }

6. THE BOUNDARY REPRESENTATION
OF THE MERGED HEXAGONS

x2= -x; x3= -x;
y2= y; y3= -y; }

In this section, we ﬁrst give the representation of polygons.
Then, based on it, the algorithm for merging the polygons
is presented.

x2= -x; x3= x;
y2= -y; y3= -y; }

6.1 The representation of polygons
Suppose we have a polygon merged by several hexagons,
as illustrated in ﬁg.7. We represent the polygon with a
sequence of integers i ∈ 0, 1. We get the sequence of integers by traversing the boundary of the polygon counterclockwise. The boundary consists of a series of adjacent
edges. We can see that every edge must have a rotation of
either 120 degrees or -120 degrees with respect to its preceding edge. Then, we have the following deﬁnitions.

x2= -z; x3= x;
y2= 0; y3= -y; }

Copy(sub-tree1,Tree);
Copy(sub-tree2,Tree);
Copy(sub-tree3,Tree);
/* Copy Tree to sub-trees */
Shift(sub-tree1, x1, y1);
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Deﬁnition 1: If an edge A has a rotation of 120 degree
relative to its preceding edge, we say the edge has a positive
rotation; On the other hand, if the edge has a rotation of
-120 degrees, we say the edge has a negative rotation.
For example, in Fig.7, edges a and b have positive rotations while edge c has a negative rotation.
Now we give the deﬁnition of the sequence to represent
the polygon. We call such a sequence a hex-sequence.
Deﬁnition 2: We start from an edge on the boundary of
a polygon and make a counter-clockwise traverse. If the edge
has a positive rotation, we put a 1 into the sequence; If the
edge has a negative rotation, we put a 0 into the sequence.
Thus a hex-sequence is formed. If A denotes a hex-sequence,
then A(i) refers to the ith element in A, A(i) ∈ 0, 1.
For example, the hex-sequence of the polygon in Fig.7 is
110111011101, and the hex-sequence of the polygons in Fig.8
is 11011011101101. Now we do not impose any direction on
the polygons and therefore regard the two polygons in Fig.8
the same.

-1,2
0,1
-1,0

0,1

-2,1

1,0

-1,0
-2,-1

2,1
1,0

3,0

0,-1

(a)

(b)

-4,3

2,3
3,2

-5,2 -3,2 -1,2 1,2
-4,1 -2,1

0,1

-5,0 -3,0 -1,0

2,1

1,0

5,2

4,1

6,1

3,0

-2,-1 0,-1 2,-1
-1,-2 1,-2

3,-2

-2,-3 0,-3
(c)
(a)

(b)

Figure 8: Two polygons with diﬀerent orientations

5,2

4,1 6,1

-1,-2

-2,-3

Utilizing the geometry of hexagonal cells and the properties of hexagonal array, we deduce the following lemmas:
Lemma l: We can make any n bits barrel-shift (in this paper we always regard a barrel-shift to be leftwards) on a nonoriented hex-sequence without changing the corresponding
polygon.
Lemma 2: For a legal hex-sequence, the number of ’1’s
is just 6 more than the number of ’0’s; while for any subsequence, the diﬀerence between the number of ’1’s and the
number of ’0’s should not exceed 5.
Lemma 3: Two polygons have the same shapes and areas
iﬀ they have the same hex-sequences.
Lemma 4: If we ﬂip a polygon, then its hex-sequence
should be horizontally ﬂipped.
It is obvious that for a symmetric polygon, the application
of Lemma 4 will keep the hex-sequence unchanged.
So far, we do not care about the orientation of the polygons. That means, the polygons can rotate and move freely.
This property is very useful for the searching of optimized
forests. However, rotations are not permitted for the generation of trees, so we give the deﬁnition for an oriented
hex-sequence. Every edge on a polygon can have only 3
possible directions.
Deﬁnition 3: An oriented hex-sequence is denoted by
starting the hex-sequence with a vertical edge that is traversed downwards.
Thus, the oriented hex-sequence for the polygon in Fig.8
(a) is 10110111011011, and the oriented hex-sequence for the
polygon in Fig.8 (b) is 10111011011101. The directions of
each edge can be easily calculated according to the numbers
of ’1’s and ’0’s ahead of the edge.
Also we have the lemma for the oriented hex-sequences:
Lemma 5: We can make any i bits’ barrel-shift on an
oriented hex-sequence A without changing the direction of

0,-3

(d)

Figure 6: An example for ”Setup Y tree”

a
b
c

Figure 7: A polygon on the backbone of hexagons
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the polygon iﬀ the diﬀerence between the number of ’1’s and
the number of ’0’s is either 0 or 5 in the sub-sequence from
A(2) to A(i + 1).

A

B

C

6.2 The polygon merging algorithm
The merging algorithm can be used to generate the polygons of the sub-trees in the Y tree. The polygon of a Y tree
is the merging of the polygons of the three sub-trees in the
next lower level.
Given two hex-sequences A and B, we use the following
algorithm to get a new hex-sequence C, which is the merging
of A and B. First we assume that both polygons A and B
can be rotated.

Figure 9: An example of merging

We have:
Merge(A,B)
{
/* Inverse every bit in sequence B */
BI = Inverse(B);
Bh = Horizontally_flip(BI);
do
{
/* Find the sub-sequences in A and Bh such
that the two sub-sequences have the same
pattern */
if(Find_next_match(A,Bh,*(&sub) == false);
break;

A
B
BI
Bh
sub
BhR
D
E
F
G

/* Judge if the result satisfies the
requirements */
if(Accept(A,Bh,sub == true)
{

AI
C

=
=
=
=
=
=
=
=
=
=

110111011101
0011101110101111
1100010001010000
0000101000100011 = 0001010001000110(Lemma1)
110 sub2 = 00110
0001010001000110
00010100010
01000101000
10111010111
11011101011

= 110011001101
= 11001101110101101101

/* Expand sub in Bh by 2 bits leftwards*/
sub2 = Left_expand(sub);
Now we consider the situation that the polygons are not
allowed to rotate. In other words, we are merging two
oriented polygons. The design of the function ”Accept”
should be more complicated. Not only should the two subsequences have the same pattern, but also have the same
directions for their corresponding edges. In addition, if the
adjacent boundary happens to involve the ﬁrst bit of A, we
have to remember the position of the ﬁrst bit of B before
merging, and shift the generated hex-sequence to make it
correctly denote the polygon’s orientation. It can be proved
that the ﬁrst bits of A and B will not appear in the subsequence simultaneously. Fig.10 and following results illustrate the merging of two oriented polygons.

/* barrel shift Bh until sub lies at the
most right end of Bh */
BhR = adjust(Bh);
D =
E =
F =

Bh - sub2;
Horizontally_flip(D);
Inverse(E);

/* shift F 1 bit right-wards */
G = Right_shift(F);
/* Inverse the two bits in A just
adjacent to sub */
AI = Inverse_sub_neighbor(A,sub);
/* Replace sub in A with F */
C = Replace(AI, G);
Output(C);
}
if(Enough == true)
break;

A

B

}

C

}

Fig.9 gives an example to illustrate the algorithm. We
will ﬁnd the merging with the longest adjacent boundary.

Figure 10: An example of oriented merging
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A = 1100111011101011
B = 101110111011//remember the position of the
f irst bit in B
BI
Bh
sub
BhR
D
E
F
G
AI
C
C

7.

=
=
=
=
=
=
=
=
=

b

010001000100
001000100010
100 sub2 = 00100
0100010 00100
0100010
0100010
1011101
1101110
0100011011101011//the boundary involves
thef irst bit of A
= 01101110011011101011//C needs an
orientation adjustment

b
b
b

b
b

b

= 10111001101110101101

CONCLUSIONS

In this paper a new non-blocking hierarchical interconnect
architecture, the Y architecture, is put forward. We derive
Theorems 2 to 4 to show that the proposed algorithms can
generate Y architecture recursively. We derive the normalized metric to measure the quality of Y architecture and X
architecture.
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