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Spectral and Stochastic Solutions to Boundary Value
Problems on Magnetic Graphs

Abstract.

A magnetic graph is a graph G equipped with a signature structure o on its
edges. Magnetic graphs have been an important tool in the study of quantum
mechanics since at least 1993, with the publication of a classic paper by Lieb and
Loss. Among many other things, these graphs help us model simple
electromagnetic systems. In this talk, we will explore the discrete magnetic
Laplace operator LE, a difference operator for complex-valued functions on the
vertices of G. We will pose some discrete boundary value problems associated to
this operator, and adapt two classic techniques to the setting of magnetic graphs
to solve them. The first technique uses the spectral properties of the operator,
and the second technique utilizes random walks adapted to this particular setting.
Throughout, we will prove some useful results including a Green'’s identity, mean
value characterization of harmonic functions, and extensions of the solution
techniques to Kronecker product graphs.
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What is a magnetic graph?

G = (V(G), E(G)) undirected, finite,
no loops or multiple edges

The oriented edges of G
E“(G) :=={(u,v),(v,u) : {u,v} € E(G)}.

A signature on G is a map

o E”(G) = S': (u,v) = 0w

s.t. oww = Ou.
Figure: Example graph with example

signature taking real values, illustrated
by edge coloring

Gives notion of direction for the
edges of G

A magnetic graph is a pair (G, o).
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What is a Discrete Laplace Operator?

@ A general weight function on G is some function w,, on
V(G) x V(G), usually with some restrictions like positivity or
symmetricity.

@ A discrete Laplace operator associated to w is a linear operator L
on the function space />(V(G)) := {f : V(G) — C} of the form

(LA (W)= > wa(f(u) —f(v)) (1)

veV(G)
@ w is chosen so that L inherits properties of classical Laplace operator

A for differentiable functions

o Wardetsky has studied the properties which a general discrete
laplacian may inherit from the classical case, “no free lunch”

@ The combinatorial Laplacian chooses w,, =1 <= u~v, 0
otherwise. We build off of this.
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Combinatorial Laplace operator (Example)

o

Figure: A Cosine function on a 9 vertex path alongsid
in green

o Py
= Cos(27ti/8)

-o- Combinatorial Laplace of Cos

e its combinatorial Laplacian
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The magnetic Laplace operator

@ The magnetic Laplace operator
extends (1) to a magnetic graph
(G,o0).

@ Let f € £2(V(G)). Define L by

(Lof)(u) =D f(u) = owf(v). (2)

veu

This operator is identified with a
Hermitian matrix L. It is a
self-adjoint operator.

@ If HC V(G) is a subset of vertices,
Ly is its magnetic Dirichlet
Laplacian and 8% is its normal
derivative operator. These measure
‘flow’ of a function on G into and out
of H, resp.

Figure: A Dodecahedron graph with
subset H in red, vertex boundary in
bright blue

@ OH is the vertex boundary of H,
H:= HUO®H.
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Results (1), Identities

Theorem (Magnetic Mean Value Property)

A function f € ¢2(V(G)) is harmonic on a magnetic graph (G, o) if and
only if at each vertex u € V(G), the following holds:

(u) dG<ZU“V )

v~u

veG

Theorem (Magnetic Green's |dentity)

Let (G,0), H be as before and f,g € (>(V(H)). Then the following holds:

S (L) (0)8 (@) — F(u) (Erg) (1) = Zf(u -§;<u>g<u>.

ueH uedH

v
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Results (2), Green's Functions

Lemma

Let (G, o) be a connected magnetic graph, and suppose H C V(G) is a proper
subset of vertices which induces a connected subgraph in G. Then Ly is an
invertible matrix.

Theorem (Green's Function Formula)

Let G be a finite connected graph without loops or multiple edges, and let

H C V(G) be a proper subset of k vertices which is assumed to induce a
connected subgraph. Let {e;}, be an orthonormal basis of {,(H) of
elgenvectors of Ly associated to eigenvalues {\;}7; counted with multiplicity.
Let Ly ! be interpreted as a function on H x H. We have the following

=> )\i (ex(s)
k=1

where (I J) € H x H (we use slightly different notation for vertices in H here to

nntatinn)
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Results (3), Poisson Problem

Magnetic Poisson Problem Let f € ¢>(H) and g € ¢2(OH) be given functions. We wish

to find a function W € ¢>(H) for which

(LeVW)(u)=f(u) ueH
{ V() = g(u)  ueoH (3)

We shall solve this problem using a spectral theoretic solution, whose combinatorial
origins are due to Chung.

Theorem (Spectral Theoretic Solution)

Let {ej}1<i<k be an orthonormal basis of {»(H) of eigenvectors for Ly, associated
to real eigenvalues @i}lgigk, counted with multiplicity. Extend this system on H

to a family {€;} on H by setting €; = 0 on OH. The unique solution to (3) may
be explicitly given by

W(w) = (L F)(w) =37, eig\':'/) > ueon g—i(u)g(u)} weH ‘
g(w) w e oH
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Results (4), Stochastic Solution 1

The magnetic Dirichlet problem is stated as follows: Let (G, o) be a simple
and connected magnetic graph and let H be a proper subset in V/(G) which

induces a connected subgraph. Let f € (3(9H) be a given boundary condition.
We wish to find a function W € ¢3(H) for which

(LeV)(u
V(u) =

)= veH
f() uedH - (4)

Theorem (Dirichlet Solution 1)

Let G,H,f,V be as in (4). Let S; be a random walk with associated initial
distribution pg. The unique solution to (4) may be given by

T

V() =E[f(ST)[[ 055t mo=10u], ueH (5)
i=1

where 5~t is the modified random walk which stops once reaching the boundary at
step T.
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Magnetic Lifts

Let (G, o) be a magnetic graph. Further assume that o takes values
strictly in S}, for some integer p > 2. Wr/i\te S}, = {wj 5):—01 We define the
lift of G to be the non-magnetic graph G consisting of vertex set G X S,l,

and edges defined by
(u,wi) ~ (v,wj) in G < u~vinG and Wj = Wioyy.

The subsets G x {w;} C V(G) for each fixed w; € S} are called the levels
of the magnetic lift. R

Current research questions concern deducing properties of G determined
by properties of G and o.
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Magnetic Lifts (Illustration)
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) ] o Figure: The magnetic lift associated to
Figure: A grid graph, with signature 1 on ¢he graph on the left; visualized in three
the blue edges and signature -1 on the dimensions to emphasize the 'level’
dotted red edges. structures
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Results (5), Stochastic Solution 2

Theorem
Let G, H, f, \U be as in (4). Assume further that o takes values in some
= {wi}_ for p > 2 and that the lift G is connected and not bipartite.

Let S; be a random walk on G on vertices of the form S; = (ug, 0¢), with
associated initial distribution pgy on the lift G. The unique solution to (4)

may be given by
V(u) = E[f(uT)oT : po = Suwo)ls ue€H (6)

where §t is the modified random walk process formulated in the previous
slide.
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Open Questions & Acknowledgements

@ Which solution technique can be considered more 'efficient’ in the
computational sense?

@ In what way(s) do magnetic lifts simplify the problem, if at all?

@ How can we teach these techniques to a computer and implement
them on a larger scale?

o | would like to greatly thank my research advisor at the University of
Oklahoma Prof. Javier Alejandro Chavez Dominguez.

@ | would also like to thank the MathFest organizers for having me
(and paying the bills!), as well as my parents.

o | would like to acknowledge the University of Oklahoma
Foundation for supporting this research indirectly through
scholarship contributions to the author.
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