DIMENSION AND STRUCTURE FOR A POSET OF GRAPH MINORS

NOAH STREIB AND STEPHEN J. YOUNG

ABSTRACT. Given a graph G with labeled vertices, define MP(G), the labeled minor-poset of G, to be the
poset whose elements are the minors of G with G1 < G2 if and only if G; < Ga. In this paper we study
the dimension this poset, which is a minor-monotone graph parameter. We provide important structural
results which yield non-trivial bounds on this parameter for cycles, complete graphs, trees, and the minor-
closed class of graphs which exclude K2 4-minors. We also state a conjecture that characterizes of the class of
K3 -minor free graphs. Lastly, we consider two multigraph models and provide direction for future research.

1. INTRODUCTION

Over the past 30 years there have been many significant results that relate structural graph theory and the
structure of partially ordered sets. From the primarily-graph-theory perspective, the most notable example
is the acclaimed graph minors theorem of Robertson and Seymour [17], which has vaulted the study of a
graph’s minors to the central role in the study of structural graph theory. The theorem states that any
poset P = (X, P), in which X is a possibly infinite set of finite, undirected, unlabeled graphs and G <p H
if and only if G is a minor of H, has no infinite antichain. In the theory of partially ordered sets, structure
is often related to the concept of dimension (e.g. see [20]). A collection of papers by Schnyder [18], Babbai
and Duffus [3], Brightwell and Trotter [5] [6], and Felsner, Li and Trotter [11] examines this perspective by
associating to each graph (or graph drawing) a poset which encapsulates the incidences of the graph. They
show that the structure of the graphs is intimately related to the structure of the corresponding posets.

In this work we combine these viewpoints — to each graph GG we associate a poset whose elements, the
minors of G, are ordered by the graph-minor relation. As in the previous works, we study the relationship
between the structural properties of graphs and that of the corresponding posets. The goal is to use tools
from graph theory to prove dimension-related results abouts posets, and to use tools from the combinatorics
of dimension to prove results about graphs. In this paper we discuss results that accomplish the former.
However, we believe that deep results in graph theory may be attainable with the further development of
this line of research.

Along with the exposition above, this work was also motivated by the following theorem.

Theorem 1. [21] Let G = (V, E) be a connected graph with |V| > 2. Form a poset P = (X, P) where X is
the set of all connected induced subgraphs of G and G1 <p G35 if and only if G1 is an induced subgraph of
G2. Then dim(P) is the number of non-cutvertices in G.

If such a statement is true for the poset of induced subgraphs, what can be said about the analogous poset
of minors? We view our work as a natural extension of this idea. While no statement as simple as that of
Theorem 1 can be made, our work has deeper structural significance.

The paper is organized as follows. In the next section we discuss previous work related to this problem
and introduce relevant terminology. In Section 3 we introduce define our model and prove some basic results.
In Section 4 we proof statements concerning cycles and complete graphs. In Section 5 we analyze posets
corresponding to trees. In Section 6 we derive bounds on the dimension of posets corresponding to certain
minor-closed classes of graphs and state our main conjecture. In Section 7 we discuss extensions of our work
to multigraphs. And finally, in Section 8 we discuss future directions of this research and offer a conclusion.
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2. BACKGROUND AND TERMINOLOGY

Given a poset P = (X, P), a set of linear extensions whose intersection is P is called a realizer of P. That
is, a set of linear extensions realizes P if for every pair of incomparable elements = and y, there exists a
linear extensions L; and Lg in the set with <, y and y <r, . The dimension of a poset P = (X, P), a
concept introduced in [10], is the size of the smallest realizer of P. The term “dimension” comes from the
fact that a poset of dimension ¢ can be embedded in R?, with elements of X and relations in P corresponding
to t-dimensional vectors to coordinate-wise vector comparison, respectively, but cannot embed in R?® for any
s <t.

A useful property of dimension, and one that we shall use throughout this paper, is that it is monotonic
over subposets. That is, if Q is a subposet of P, then dim(Q) < dim(P). To see this, simply observe that
any realizer of P, when restricted to the elements of Q, is a realizer for Q.

From a computational perspective, dimension is a very difficult parameter to compute. The decision
problem “Given a poset P and a natural number k, is dim(P) < k7”7 is NP-Complete for k > 3 [23].
In fact, the same question is NP-Complete for the class of height two posets when k > 4. Determining
the computational complexity for height two posets when k = 3 remains an open problem. Moreover,
approximation is also hard; approximating the dimension of an n-element poset in polynomial time within
a factor of y/n would imply that NP = ZPP [14]. (The complexity class ZPP contains problems for which
there is a probabilistic Turing machine that runs in polynomial time and either returns the correct answer
or says “Do Not Know.” It is known that P C ZPP, and many computer scientists believe that P = ZPP.)

2.1. Previous Models and Old Results. T'wo models have received the bulk of the attention in studying
the relationship between graphs and posets. The principal model is the so-called incidence poset, or the
vertez-edge poset. This is a height two poset with maximal points corresponding to edges, minimal points
corresponding to vertices, and a vertex v is less than an edge e if and only if v is an end of e. In [3] Babai
and Duffus proved that when the incidence poset of a graph has dimension at most three, the graph is
planar. But real interest in the incidence poset was sparked by a theorem of W. Schnyder when he proved
the converse, and hence the following theorem.

Theorem 2. [18] A graph is planar if and only if the dimension of its incidence poset is at most three.

This work spurred further research, and a number of very nice results ensued. In particular the following
two theorems stand out. Both results consider the vertex-edge-face poset, which is the height three poset
defined analagously to the vertex-edge poset, with faces corresponding to maximal elements.

Theorem 3. [5] If G be a 3-connected planar graph drawn in the plane without edge-crossings, then the
dimension of the verter-edge-face poset of G is four. Furthermore, if an element corresponding to either a
vertex or a face is removed from the poset, then the dimension is three.

Theorem 4. [6] Let G be a planar multigraph drawn in the plane without crossings. Then the dimension of
the vertex-edge-face poset of G is at most four.

Closely related to the dimension of the incidence poset is the idea of the dimension of a graph. In fact, for
a given graph these two parameters can differ by at most one. A result concerning the dimension of a graph
follows. Recall that a graph is outerplanar if it can be embedded in the plane with all vertices incident to a
single face.

Theorem 5. [12] A graph is outerplanar if and only if the dimension of the graph is at most three. Fur-
thermore, in the event that the dimension is three, it is possible to choose a realizer of size three such that
two extensions are dual.

Attempts have been made to extend this theory to surfaces of higher genus. However, evidence suggests
that such extensions are impossible — it is known that the dimension of the incidence poset of a complete
bipartite graph is at most four [2]. Hence, the incidence poset of the graph obtained from K, by subdividing
each edge exactly once, which is a subgraph of Ks,,, has dimension at most four for all n. But K, is a minor
of this graph, and the dimension of the incidence poset of K,, goes to infinity as n goes to infinity [13].

More recently, a model called the adjacency poset has been examined. This is another height two poset,
this time with the vertex set corresponding to both the minimal and maximal elements. The minimal
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Figure 1: Contraction of the edge e;.

element v’ is less than maximal element »” if and only if vu € E(G). This poset has the nice property
that dimension is related to chromatic number. As such, the Four Color Theorem can be used to prove the
following theorem.

Theorem 6. [11] If P is the adjacent poset of a planar graph G, then dim(P) < 8. If G is outerplanar,
then dim (P) < 5.

The best lower bounds for the statements in Theorem 6 are five and four, respectively. It would be of
interest to improve the stated bounds or prove that no such improvement is possible. Efforts have been
made to obtain results concerning higher genuses using adjacency posets. The primary result of this nature
is the following theorem, whose proof is based on the existence of an upper bound on the acyclic chromatic
number of graphs on a fixed surface.

Theorem 7. [11] For every non-negative integer g, there exists an integer dg so that if P = (X, P) is the
adjacency poset of a graph G with genus g, then the dimension of P is at most dg.

2.2. Terminology. Let G = (V, E) be a simple, undirected, unlabeled graph. The neighborhood of a vertex
v € V(G), denoted N (v), is the set of vertices adjacent to v. A subgraph of G is obtained by deleting edges
and/or vertices (the removal of a vertex requires that all incident edges be removed as well). We will often
abuse notation and write G\v and G\e to mean G with a vertex v deleted and G with the edge e deleted,
respectively. Given an edge e = {u,v} € E(G), which will often be denoted e,,, the graph G/e is obtained
from G by contracting e; that is, we identify u and v and delete all resulting loops and parallel edges. A
graph H is a minor of G, written H < G, if H can be obtained by contracting edges in a subgraph of G. A
minor of G is proper if it is not G itself.

In this paper we will be concerned with labeled graphs, so we need another definition of minor. Let G be a
simple, undirected graph with vertex labels. Given {u,v} € E(G), the graph G/e is obtained by contracting
e and labeling the new, identified vertex, with the union of the labels of v and v. For an example, see Figure
1. As in the previous case, a labeled graph H is a labeled-minor of G if H can be obtained by contracting
edges in a subgraph of G. When it is clear that all graphs in question are labeled, we will simply refer to H
as a minor of G and write H =< G. For convenience we will assume without loss of generality that the label
function on G is the identity function. Thus, for any graph H < G we can denote by Ly : V(H) — 2V(%)
the label function on the vertices of H. Also, when it is clear from the context, we will write £y (v) for some
v € V(H) to mean the subgraph of G induced by the labels on wv.

As we will be dealing with the relationship between various graph structures it will be helpful to define
terminology and notation from graph theory. We first define several means of constructing new graphs from
collections of other graphs. Given two graphs G and G, the k-clique sum of G; and G4, denoted Gy By G2
is formed by identifying a clique of size k in G; with a clique of size k in G5. Notice that & is precisely the
disjoint union of G1 and Go, which we will denote G; U G5. Given a subset of the vertices S, we denote by
G1[S] the subgraph of G induced by the vertices S.

For any two sets of vertices U,V C V(G), we denote by E(U,V) the set of edges {u,v} with v € U and
v € V. We note that U and V' do not need to be disjoint; in particular, for any set of vertices S, E(S,5) is
the set of edges in G[S].

For any connected graph G, a set of edges whose deletion disconnects G is called an edge cut of G. If
a single edge e is an edge cut, then e is called a bridge. (Similarly, a vertez cut is a set of vertices whose
deletion disconnects G, and a single vertex that disconnects the graph is a cutvertez.) Observe that E(U,V)
is an edge cut for G[U U V], as long as G[U U V] is connected. We will also denote, for any set of vertices
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S, the complement of S by S. Notice, if S C V(G) for any connected graph G, that E(S’, ?) is an edge cut
of G.

We now turn to some important structural properties of graphs. A graph G is 2-connected if it is
connected, has at least three vertices, and does not have a cutvertex. Bridges (including their ends) and
maximal 2-connected subgraphs of G are called blocks. Observe that two blocks have at most one vertex in
common, vertices in more than one block are precisely the cutvertices, and the blocks partition F(G) in the
obvious way. For any unfamiliar terms from graph theory we refer the reader to [8].

We also require definitions from the theory of posets. We say that two posets P = (X, P) and Q = (Y, Q)
are isomorphic if there exists a bijection f : X — Y such that z1 <p x5 if and only if f(z1) <¢g f(z2). An
isomorphism from P to a subposet of Q is called in embedding of P in Q. Now let P = (X, P) be a poset and
let z,y € inc(X, P), the set of incomparable pairs of P. The ordered pair (z,y) is a critical pair in (X, P) if
(1) z <p x implies that z <p y, for all z € X\ {z,y}, and (2) y <p w implies z <p w, for all w € X\ {z, y}.
We say that a linear extention L reverses the critical pair (z,y) if y <g x. With this in mind, we can state
the following important fact.

Theorem 8. [15] Let P = (X, P) be a poset and let R be a set of linear extensions of P. Then R is a
realizer of P if and only if for every critical pair (x,y) in (X, P) there is some linear extension L € R such
that y < x in L.

Another crucial definition is that of an alternating cycle. An alternating cycle in P is a sequence {(z;, y;) |
1 <4 <k} of ordered pairs from inc(X, P) with y; < x;11 in P cyclically for all ¢ € 1,2,..., k. From this

definition it is straightforward to verify the following remark.

Remark 1. Let X = {(z1,11), (z2,92),. .., (n,yn)} be a set of critical pairs. If either 1 =z =--- =z,
or Yy = Yo = -+ = Yp, then X does not contain an alternating cycle.

An alternating cycle is strict if y; < x; implies j = ¢ 4+ 1. This leads us to the following theorem, which
states that there is a linear extension of P that reverses each imcomparable pair in S C inc(X, P) if and
only if S does not contain an alternating cycle, or, equivalently, a strict alternating cycle.

Theorem 9. [22] Let P = (X, P) be a poset and S C inc(X,P). Then the following statements are
equivalent.

(1) The transitive closure of PU S is partial order on X.
(2) S does not contain an alternating cycle.
(3) S does not contain a strict alternating cycle.

In referring to the poset structure, we will denote by U(x) as the set of elements y where z < y. Similarly,
D(z) is the set of elements z where z < x. These sets are referred to as the up-set and down-set, respectively.
We will also say that an element y is a cover of an element x if x < y and there is no element z such that
r < z < y. Lastly, we introduce the notation 2" to refer to the subset lattice on n elements; that is, the
poset whose elements are all of the subsets of a k-element set, which are ordered by set-inclusion. It is well
know that dim(2") = n. For any unfamiliar poset terminology we refer the reader to [20].

3. THE MINOR POSET

Motivated by the work cited in Section 2, we now introduce our model.

Let G be a graph with vertex labels and define MP(G) = (X, P), the labeled-minor poset of G, in the
following natural way. The elements of X are the labeled-minors of G, and G5 <p G if and only if G5 is a
labeled-minor of G;. For example, the minor poset for a labeled path on three vertices, MP(P;), is drawn in
Figure 2. In an analogous way, we define the unlabeled-minor poset of a graph G and denote this as MP,,(G).

Notice that both MP(G) and MP,, (G) have the property that if G5 is a labeled-minor of Gy, then MP(G2)
is a subposet of MP(G7). Therefore, as dimension is monotonic over subposets, dim(MP(G)) is a minor-
monotone graph invariant. This is precisely the property that failed to hold for incidence posets, and is what
gives this model potential for greater success in terms of relating structural results from graph theory to this
parameter. (For more on the importance of minor-monotone graph invariants, see [19].) Another important
property, which is easy to check, is that if G5 is obtained from G; by some sequence of operations o, then
any permutation of ¢ for which the operations remain valid also yields Gs.
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Figure 2: The labeled-minor poset for Ps.

3.1. Labeled-Minor versus Unlabeled-Minor Posets. In this paper we focus on MP(G) instead of
MP,,(G). In this section we provide some justification for this choice.

The primary difference between the unlabeled-minor and labeled-minor posets is that the poset of labeled-
minors seems to amplify small changes to the graph. For instance, consider the graph with no edges and
k vertices. The unlabeled-minor poset for this graph is a k-element chain, which has dimension one, and
the labeled-minor poset is isomorphic to 2¥, which has dimension k. In particular, any minor operation
performed on this graph does not change the dimension of the unlabeled-minor poset, while the dimension
of the labeled-minor poset will change under any minor operation. While there is no effective difference in
the unlabeled-minor poset for this graph for any &, the labeled-minor poset amplifies the differences between
graphs with different number of vertices.

Another way of viewing the difference between the unlabeled-minor and labeled-minor posets is that, in
some sense, the labeled-minor poset has a full “memory” while the unlabeled-minor poset has only a partial
memory. For instance, suppose e = {u,v} is a cutedge in G and consider the minor poset of G\e. In the
unlabeled case, very little can be said about the relationship between the minor poset of G\e and the minor
poset of G. However, in the labeled case, there is a clear delineation between the minors of G\e and G.
Specifically, no minor of G that has a vertex label containing v and v can be a minor of G\e.

We would like to prove that dim(MP,(G)) < dim(MP(G)). Unfortunately this statement is false, as the
following discussion illustrates.

Given that each element in the labeled-minor poset can be viewed as an element of the unlabeled-minor
poset, once labels are removed, it seems reasonable to suspect that, for every labeled graph G, there is an
embedding ¢ of MP,(G) in MP(G). Further, we may suspect that this embedding would take a natural
form, such as ¢(G’) is some labeling of the graph G’ for every G’ € MP,,(G). However a quick comparison
of the structures of the labeled-minor and unlabeled-minor posets for the cycle on four vertices, Cy, makes
it clear such a embedding does not exist. For instance, consider the two chains Cy > K3 > P, > Ko U K3
and Cy > P3 > PLUP, > Ko UK; UK; > P, UK;, where U denotes the disjoint union of graphs. The
only way to create K3 as a minor of Cy is via contraction, and so ¢(K3) must have a vertex with two labels.
Since the first chain has no vertex deletions, that means ¢(Ko U K1) has a vertex with two labels. Now
consider the second chain, where every operation is either an edge deletion or a vertex deletion. This implies
that ¢(K2 U K1) has no vertex with two labels. In particular, this means that there is no embedding of
the unlabeled-minor poset in the labeled-minor poset that can be described via a natural labeling scheme.
Nevertheless, as we can see from Figure 3, there is still an embedding of MP,,(Cy) in MP(Cy).

So, while no “natural” embedding exists, the question remains as to whether we can always find an
embedding of MP,(G) in MP(G), for every graph G. Unfortunately, there is no subposet of MP(C5) that
is isomorphic to MP,(C5). To see this, notice that the height of any graph G in MP(G) or MP,(G) is
[V(G)| + |E(G)| 4+ 1. Therefore, any embedding of MP,(C5) in MP(C5) maps elements of height h to other
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(b) Subposet of MP(C4) isomorphic to
MP,(C4)

Figure 3: Minor posets for Cy

elements of height h. Consider the two elements of MP,(C5) of height eight that are below the element of
height nine (see Figure 4). Neither of these can map to a labeled Cy4, as Cy is not below any element of
height nine in MP(C5). So they map to a labeled P3 U Ky or Py U K;. But, given a fixed labeling of Cs,
MP(C5) does not have two elements of height eight, neither isomorphic Cy, that induce a 2 + 2 with two
elements of height seven. Thus, no such embedding exists. This is particularly surprising considering that
MP,(C5) has 21 elements and MP(C5) has 429.

It is worth noting that the labeled-minor poset can also be viewed as a forgetful version of the minor
poset of a multigraph, where the contraction operation is modified to take into account multiple-edges,
loops, and/or edge labels. Specifically, just as we may consider the unlabeled-minor poset as the labeled-
minor poset where the vertex labels have been forgotten, we may consider the labeled-minor poset as the
multigraph-minor poset where the number of edges are forgotten. Since we are focused on the topological
consequences of the dimension of the minor poset, we will touch on these generalizations only briefly in
Section 7.

3.2. Preliminary Results. According to Theorem 8, we can obtain a realizer of a poset by finding linear
extensions that reverse all of the critical pairs. This idea is central to providing upper bounds on dimension
for the minor poset, and leads us to the following lemma.

Lemma 10. Let G be a graph. The ordered pair (G1,Gs) is a critical pair of MP(G) if and only if G1 and
Gy satisfy one of the following:
e G is a single-vertex graph with label {v} for some v € V(QG), and Gg is G\v.
o G is a single-vertex graph with label U UV, where UNV = &, G[U| and G[V] are connected, and
E(U,V) # @. Further, Go = G\E(U,V).
e (G1 is a single-vertex graph with label Z and Gy is G /e where e € E(Z, 7).

Proof. Let (G1,G2) be a critical pair in MP(G). Suppose G; has vertices vy, va,...,v; and t > 2. Since
(G1,Gs) is a critical pair, every proper minor, and in particular every proper subgraph, of G; is a minor of
6



(b) Approximate structure of MP(Cs)

Figure 4: Minor Posets for C5. The numbers in 4b indicate the number of labeled-minors whose underlying
graph is isomorphic to the corresponding graph in 4a.

G2. Thus for every v; there is a set U; C V(G2) such that G2[U;] is connected and Lg, (v;) = Uyer, La, ().
Let GY be the minor of G5 formed by deleting all the vertices in U!_; U; and contracting each set U; to a single
vertex. Note that there is a natural bijection from V(G1) to V(G%) by identifying vertices with the same set
of labels. Since G || Gz, then G || G4 and in particular Gy A G%. Thus there is some edge ey, € E(G1)
that is not present between the corresponding vertices in G%. More specifically, E(U;,U;) = @. However, by
assumption Gy /ey, o, = G2 and thus Go[U; U Us] is a connected, a contradiction.

So t =1, G has a single vertex vy, and the only minor of G; is @. Now suppose L¢, (v1) = {v} for some
v € V(G). Then, by the definition of critical pair, Go is either G\ {v} or G/e for some edge adjacent to v in
G. Thus (G1,G2) is either the first or third type of critical pair, respectively. So now assume |Lq, (v1)] > 2
and define U,, = {u € V(G2): Lg,(v1) N L, (u) # @} As Gy || Ga, either G3[U,,] is disconnected or
‘CG1 (’01) # UuEle ‘CGz (u)

Suppose first that Go[U,,] is disconnected and Lg, (v1) = Uueu,, L6, (u). Let (L1, L) be the partition
of L, (v1) induced by the cut (the defintion of critical pair ensures that this partition has exactly two
parts). Since (G1,G2) is a critical pair, any graph G5 such that Go < GY must be such that the set
{ueV(Gh): Loy (v)N Ly (u) # @} induces a connected graph. Specifically, the minimal elements of the
up-set of Go satisfy this and thus, if GY covers Ga, then G2 = G5\ {e} where the edge e € Eg(L1,Ls). In
particular, this implies that G = G\Eg (L1, L2) and (G1, G2) is the second type of critical pair.

Now suppose that Lg,(v1) # Uuev,, LG, (u). First consider the case where Uyeu,, La,(u) & La, (v1).
Since (G1,G2) is a critical pair by assumption, every graph G5 such that Gy < G% must have Lg, (v1) C
Uuev(ay) Lay (u). However, since the only way to remove labels is via vertex deletion, this implies that

Gs = G\ {v} for some v € Lg, (v1). But, Gs = G\ {v} < G\Eg ({v} m) and, since |Lg, (v1)| # 1, we

have G; || G\E¢ ({v} ,m), contradicting the criticality of (G1, Gz2). Thus, we may assume that Lg, (v1) C
Uwev, La,(u). Now the criticality of (G1,G2) implies that every graph G} such that Go < G} has a set of
vertices U such that U,eyLgy(u) = Lg, (v1). However, the only way to combine labels is via contraction.
This implies that there is some edge e in Eg (EGI (v1),Lq, (U1)) such that Go = G/e. Thus (G1,Gs) is the

third type of critical pair. |
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Perhaps the most interesting thing about Lemma 10 is that there is one type of critical pair corresponding
to each minor operation; the first corresponding to vertex deletion, the second to edge deletion, and the third
to edge contraction. For conciseness of notation, we will denote by V the critical pairs corresponding to vertex
deletion and by V, the particular critical pair corresponding to deleting the vertex v. Similarly, we will let £
be the critical pairs corresponding to edge deletion and let €5y denote of the critical pairs corresponding to
the deletion of the edges E(U, V). Finally, we will denote by C the critical pairs corresponding to contraction,
with Cz being those critical pairs where the label of the single-vertex graph is the set Z. Additionally, since
many of these critical pairs deal with a single-vertex graph with a specified label, we write G;, to denote the
single-vertex graph whose label is the set L. If L = {v} we simply write G,.

Let Sy denote the standard erxample of size k; that is, the height two poset with minimal elements
ai,as,...,a; and maximal elements by, b, ..., by in which a; < b; if and only if ¢ # j. It is well known that
dim(Sk) = k. Given a poset P, the size of the largest standard example that is a subposet of P is called the
breadth of P. Thus, dim(P) is lower-bounded by its breadth.

Proposition 11. Let G be a graph with |V(G)| = n and |E(G)| = m. The subposet induced by the critical
pairs in V is isomorphic to S,. The subposet induced by the critical pairs of type Eqgy w1y for {u,v} € E(G)
s isomorphic to S,,.

Proof. We first observe that for every pair of distinct vertices u and v, G\ {v} || G\ {u}. Furthermore,
Gy || Gu. Finally, G, < G\ {u} and G, < G\ {v}, and thus the poset induced by V is isomorphic to S,.

For any pair of distinct edges e; = {u1,v1} and ez = {uz,v2} we note that G\ {e1} || G\e2 and Gy, v} ||
Glus,woy- Further, Gry oy = G\{e2} and Gry, 0,y = G\{e1}. Thus the critical pairs in Eyygy .y are
isomorphic to S,,. ]

Therefore the dimension of MP(G) is at least the maximum of |V(G)| and |E(G)|. In the case of paths,
we can construct a realizer whose size equals this maximum (see Theorem 22). Unfortunately, as we shall
see, this lower bound is rarely tight.

Our next lemma is a decomposition result. Before we state it we require another definition concerning
posets. Let P = (X, P) and Q = (Y, Q) be posets. The Cartesian product, P x Q, is the poset on the
elements X x Y where (21,y1) < (22,y2) if and only if z; < 5 and y; < yo. Using this notation we have
the following lemma.

Lemma 12. Let Gy and Go be graphs. The poset MP(G1 @y G2) is a subposet of MP(G1) x MP(G>) for
k € {0,1}. Furthermore, if k = 0 then the two posets are isomorphic, whereas if k = 1 they are not.

Proof. We will proceed first by defining a map 9y from MP(G;1 @k G2) to the subgraphs of G @y Ga.
Specifically, given a G < G1 @ Go, ¥r(G) will be a subgraph of (G @ G2)[Uye(a)La(v)], the subgraph
induced by the labels of G, with only a selection of the edges. In order to determine which edges to
keep we first fix an ordering o of E(Gy @ G2). Then for every {u,v} € E(G), keep the smallest edge in
Ec,e.6,(La(u), La(v)) according to o, and delete the rest. Similarly, for every vertex v € V(G), keep
and mark the smallest spanning tree in (G1 @ G2)[Lc(v)] in accordance with o (at least one spanning
tree exists since Lg(v) must be connected in G). For an example of 91, see Figure 5. We now define
(bkl MP(G1 Dk Gz) g MP(Gl) X MP(GQ) by ¢k(G) = (Hl,HQ), where IT[Z is (Ql)k(G))[V(GZ)] with the
marked edges contracted.

Now it is clear that ¢y is well defined and that it is an injection. So it suffices to show that MP(G; @y G2)
is a subposet of MP(G1) x MP(G3) by showing that ¢y, preserves order relationships. It is worth observing
that if ¢x(G) = (Hy, Hz) then H; may be thought of as the graph G with all references to vertices only in
G5 removed; similarly for Hs.

Suppose then that A < B < G1 @, Go. We first note that if A can be reached by vertex and edge
deletion from B, then v (A) is a subgraph of v (B) and further, the marked edges are the same. Thus
¢r(A) < ¢ (B). Now suppose that A = B/e for some e = {u,v} € E(B). Then ¢ (A) is the same as 15 (B)
except over the vertices Lp(u) U Lp(v). Furthermore, since k < 1, then at least one of Lp(u) or Lp(v) must
consist of vertices entirely within G; or Go. Without loss of generality, suppose then that Lg(u) C V(Gy).
Then ¢ (A) and ¢i(B) agree in the second coordinate and so we restrict our attention to the first coordinate.
However, it is clear that the first coordinate of ¢y (A) is formed by contracting the edge corresponding to e
in the first coordinate of ¢y (B). Thus if A < B then ¢ (A4) < ¢x(B).
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6 {6,7}

2 1 7 {1,5} 8
(a) K¢ ®1 K4 (b) G’ < (K¢ @1 Ka) (c) ¥r(G")

Figure 5: Example of 1, where o is the lexicographic ordering.

Now suppose, by way of contradiction, that A || B in MP(G; @k G2), ¢r(A) = (A1, As), ¢ (B) = (B, Ba),
and A; < By and Ay < Bsy. Notice that each edge in any minor of Gy @, G2 can be uniquely associated
with G or G5 and similarly every vertex can be uniquely associated with G; or G5 (other than the vertex
in the clique sum when k& = 1). Therefore, we can obtain A by applying the minor operations which yield
Ay from By and As from Bs to B, contradicting that A || B. Thus ¢ is an embedding, as desired.

In order to show that MP(G; ®g G2) = MP(G1) x MP(G3) it suffices to show that ¢g is invertible.
However this follows trivially from the disjointness of G; and G5 in G; B¢ G2. On the other hand, if k =1,
there exist vertices v1 € V(G1) and v € V(G2) that get identified in G; 1 G2. As (Gy,, D) is not in the
range of ¢1, we see that ¢, is not an isomorphism. O

For the next result we combine Lemma 12 with well-known results concerning the Cartesian product
of posets. Specifically, for all posets P and Q we have dim(P x Q) < dim(P) 4+ dim(Q) [10]. Further,
equality holds for all non-trivial posets having a “1” and a “0”; that is, having unique maximal and minimal
elements [4].

Lemma 13. Let G; and G be graphs. Then dim(MP(G; @1 G2)) < dim(MP(G1)) + dim(MP(G2)) and
dlm(MP(Gl Do GQ)) = dlm(MP(Gl)) + dlm(MP(GQ))

Proof. By Lemma 12 we have that

dim(MP(G; @1 G2)) < dim(MP(G1) x MP(G2)) < dim(MP(Gy)) + dim(MP(G2)),
where the second inequality follows from [10]. Lemma 12 also yields

dim(MP(G; @9 G2)) = dim(MP(G1) x MP(G3)) = dim(MP(G})) + dim(MP(Gs)) ,

where the second inequality follows from [4] since MP(G;) has a “0” (the graph with no vertices) and has a
“1” (the whole graph) which are distinct for ¢ € {1,2}. O

The following theorem is an immediate consequence of Lemma 13.

Theorem 14. Let G be a graph with connected components Cy,Cs,...,Cx. Then
k
dim(MP(G)) = dim(MP(C})) .
i=1

Let H be a connected graph. Let the blocks of H be enumerated By, Bs, ..., Byi. Then

E

dim(MP(H)) <> dim(MP(B)).

i=1
Remark 2. Amongst other things, Theorem 14 implies that dim(MP(F,,)) = n, where E,, is the graph with
n vertices and zero edges. This should come as no surprise, since MP(E),,) is isomorphic to 2", as noted in
section 3.1.
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G123,

G\{e1, €2}
G\{e1, e3}
G\{e1, €4}
G\{e2, e3}
G\{e2, €4}
G\{es, e4}

&

%] %]
(a) L1 (b) L2 (c) L3 (d) La (e) Ls

Figure 6: Realizer of size five for MP(Cy), where E(Cy4) = {{1,2},{2,3},{3,4},{1,4}}.

4. DIMENSION OF THE MINOR POSET FOR SELECTED CLASSES OF GRAPHS

Unsurprisingly, given the relationship between poset dimension and hypergraph coloring [20], the classi-
fication of the critical pairs in Lemma 10 quickly yields upper bounds on dim(MP(G)) for many graphs G.
However, as we shall see in this section and the next, the calculation of lower bounds is non-trivial. This
is especially true as the trivial lower bound of max {|V(G)|,|E(G)|} is rarely tight. Even in the following
result, where dim(MP(G)) G = max {|V(G)|,|E(G)|} + 1, a non-trivial pigeonhole argument is needed to
lift the lower bound even one above the trivial bound.

Theorem 15. Let G be a cycle with n vertices. Then dim(MP(G)) =n + 1.

Proof. Let the cycle have vertices vy, va, ..., v, and edges ey, ea, ..., e, where e; = {v;_1,v;}, where indicies
are taken cyclically. We will employ the standard convention that [i,j] = {v;,vi41,...,v;} and [n] =
{1,2,...,n}.

To prove dim(MP(G)) < n+ 1, we exhibit n + 1 extensions that reverse all critical pairs. For each i € [n]

let L; be any linear extension of MP(G) that also has the following relations:

n—2
Glei < {Q[ij,ifl}}jzo <G\{vi} <Gy <G\eit1 < Gpiiyn) <+ < G\{eitn—2} < Glijivn—2-

We note that L; reverses the critical pairs V,,, those Egy,vy where {vi,v;1} N (U UV) = {v;}, and the C
of the form (-,G/e;). We note that all the critical pairs of the form (Gy(¢),-) can be reversed in a single
extension, L, 1. For example, consider the realizer for Cy4 in Figure 6. We observe that all of the critical pairs
in ¥V and C are reversed in L1, ..., L,. Now consider the critical pairs in £. Since each of these corresponds
to a minimal edge cut in a connected subgraph in G, there are two types of critical pairs in £. The first are
the single edge cuts, which are all reversed in one of L1, ..., L,, and the other are the two edge cuts, which
are all reversed in L, ;. Thus dim(MP(G)) < n+ 1.

For the lower bound, suppose that dim(MP(G)) < n. Let R be a realizer with n extensions, L1, Lo, ..., Ly,.
At least one linear extension must reverse (QV(G), G\ {e1, en}). Without loss of generality, this extension is
L,.

10



Now consider the set C' = {C, : v € V(G)}. As each vertex has degree two in G, |C| = 2n. Since for any
vertex v;, G,y = G\ {e1, e} and Gy () = G/e;, G/eiy1, there is an alternating cycle of length two formed
between any critical pair in C and (gV(G), G\ {ey, en}). Thus no critical pair in C is reversed in L,, and so,
by the pigeonhole principle, there exists an extension in R which reverses at least 3 elements of C.

Since |R| = n and the critical pairs in V induce an S,, by Proposition 11, it must be the case that each L;
reverses a unique critical pair in V. Now note that Gy,,,; < G/e; unless j is i or i + 1. Further, if j # 4,941,
then G;_1 ;) = G\ {v;}, which forms an alternating cycle of length two. Thus the only elements of C' that
can be reversed with (g{vi}, G\vi) are

{(g{vi}7 G\ {61}) ) (g{vifl}” G\ {61}) ) (g{vi}v G\ {€i+1}) ) (g{vi+1}v G\ {ei-‘rl})} .

Thus there is some set of three consecutive vertices u, v and w and a linear extension L € R such that L
reverses (Gy,y, G\ {v}) and at least three of

(g{v}, G/ {u, v}) , (g{u}, G/ {u,v}) , (g{w}, G/ {w, 11}) , and (g{v}, G/ {w,v}) .

However, by Proposition 11, the critical pairs in €y, 4;,,3} for 1 <j < n induce a copy of S,, and thus
L must also reverse a critical pair of this form. Thus let e = {,y} be the edge so that (G, .}, G\ {e}) is
reversed in L. Notice that if v ¢ {z,y} then Gf,y < G\ {e} and Gy, 3 = G\ {v}, forming an alternating cycle
of length two. Thus v € {z,y}. Suppose that {z,y} = {w,v}. Now we note that Gy, Gy = G\ {{w,v}}
and Gy = G/{w,v}, and thus neither (G}, G/{w,v}) nor (Giuy,G/{w,v}) can be reversed in L.
Similarly, if {z,y} = {u,v}. But this contradicts the fact that L reverses three critical pairs from C, and
thus dim(MP(G)) > n, finishing the proof. O

In the next theorem we provide the best known bounds for the dimension of the minor poset of a complete
graph. The exponential lower bound is far better than the quadratic bound implied by Theorem 11.

Theorem 16. Let n > 2 be an integer. Then

Z <(QZ : le) N (my—ﬁi; 1)) < dim(Ka,) < 4.

Proof. We first show that dim(Ks,) < 4™. To this end, notice that for every X C V(G), all of the critical
pairs of the form (Gx,-) can be reversed in a single linear extension by Remark 1. Since every critical pair
is of this form at most 22" = 4™ linear extensions suffice.

Next we turn to the lower bound. For this we exhibit a standard example of the appropriate size, made
entirely of critical pairs from &. Let V(Ky,) = {1,2,...,2n} and let ([il’cj]) for i < j represent all subsets of
{i,i+1,...,75} of size k. Then, for 1 <i < 2n — 2, define

X; = {5E<{i},T> T e <[in+—1’é?]>}

Consider two such critical pairs (Gg;yur, Koo \E({i},T1)) and (G(jyury, Kon\E({j},T2)) which are distinct.
Note that Griyur, < Kon\E({j},Ts) unless {1} UT) C {j}UTs and j € {i} UT}. Now since {i} UT; C [i,2n]
and {j} U Ty C [j,2n], this implies that the only way these two critical pairs do not form an alternating
cycle is if ¢ = j and T} = T5, contradicting that they are distinct. Thus every pair of distinct critical pairs
in Uf”l 2X; induces an alternating cycle of length two; hence it induces a standard example. Furthermore,
since E({i},T}) is distinct from E({j},T%) unless i = j and T} = T, no minor appears in more than one

critical pair in U2” 2X;. Thus the standard example has size

2n—2

UX

n—1

S (X Xt i (<2n—22+1) . (22:?))

=1




This quantity can be bounded below as follows:
”z‘:l 2020 +1) (202 >"‘1 20— 2i+1(2n—1))  (2n—i)
= n—1 n—1 4 n—i+1 n—1i n—i

<31)4i
n—i+1) 92V
5
2

™

i=1
n—1 i
4t
>
- z_: 2Vi
1=1
n—1 42
> —.
i1 V1

This last summation is clearly dominated by the final term in the summation, yielding the simplified lower
bound that is stated in the result. (]

For emphasis, we state the following corollary.

Corollary 17. For all n > 4, log(dim(MP(K,))) = (1 + o(1))n.

5. TREES

Let T be a tree. We begin this section by defining a collection of fundamental critical pairs for MP(T).
For each vertex v € V(T'), the critical pair (G,,T\v) € V is fundamental. For each edge e = {u,v} € E(T)
the critical pair (G, T\e) € € is fundamental. Additionally, the critical pairs (G,,T/e), (G,,T/e) € C are
fundamental.

The following lemma states which fundamental critical pairs can be reversed in a single linear extention

[13%2)

of MP(T). Figure 7 demonstrates these sets pictorially, where “v” refers to the fundamental critical pair

in V associated with the nearest vertex, “c” refers to the fundamental critical pair in £ associated with the
nearest edge, and “c” refers to the fundamental critical pair in C associated with the nearest vertex and edge.

Lemma 18. Let T be a tree and let L be a linear extension of MP(T). The fundamental critical pairs
reversed in L are a subset of either
(i) {(gU?T\v)} U {(gUJT/eU?))} U {(g'U?T/e'U?U) | w E N(”))}? or
(i) {(Gv,T\V)} U {(Guv, T\euws)} U {(Gv, T/epw) | w € N()\u} U {(Gu,T/ewn)} where ey, is distinct
fT'OT)’L €uv;
for some v € V(T) and some u € N(v).

® [ ]
(a) A (i)-subset of funda- (b) A (ii)-subset of funda-
mental critical pairs. mental critical pairs.
Figure 7
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Proof. By Proposition 11, two distinct critical pairs in V cannot be simultaneously reversed. Similarly for £.
Now consider two fundamental critical pairs in C, (Gy,T/ew) and (Ga, T'/eqy). If [{u,v} N {z,y}| = 0, then
these pairs induce an alternating cycle. Thus [{u,v} N {z,y}| > 1. Suppose then that ey, gy, and e, are
three distinct edges with each pair having exactly one endpoint in common. Then since T is a tree, there
exists a vertex, say v, that is in all three edges. Thus the fundamental critical pairs in C must be a subset
of {(Gy, T/ewy)} U{(GuT/eus)} U{(Gv,T/ews) | w € N(v)\u}. In sum, the fundamental critical pairs in V
and £ must be reversed in individual extensions and the fundamental critical pairs in C can be reversed in
a “star” around a single vertex with at most one edge having both ends reversed in critical pairs in C.

We now turn to the interrelations between the sets of fundamental critical pairs. Consider the fundamental
critical pair (G,,T\v) € V and the fundamental critical pair (G, T\eszy) € €. Note that G, < T\es, and
Gzy < T\v unless v € {x,y}. Thus the critical pairs in V and £ must have a vertex in common. Now instead
of (Gzy, T'\egy) consider the fundamental critical pair (G, T/egy) € C. Clearly if = v there is no alternating
cycle between the two critical pairs, thus suppose z # v. Then G, < T\v and then unless v € {z,y}, there
is an alternating cycle. Thus if there is a reversed critical pair in V, the reversed critical pairs in C must be
on edges incident with a common vertex.

Now consider fundamental critical pairs (Gay, T\esy) € € and (G, T/eyy) € C. First note that G, =< T'\egy.
Further if {u,v} N {z,y} = @ or {u,v} = {x,y}, then G,, < T/e,, forming an alternating cycle. Thus the
fundamental critical pairs in £ and C must share a common vertex but not involve the same edge. Therefore
the set of fundamental critical pairs reversed by a linear extension L must be a subset of either (i) or (ii). O

For convenience of notation, we denote a linear extension reversing a maximal number of fundamental
critical pairs by Ly, if it is of type (i) and as Ly, if it is of type (ii). Note that L,z and Lg,s are maximal
type (ii) linear extensions when v is a leaf.

In order to bound the dimension of the minor poset for a tree, T, we introduce a few terms. Let or denote
the number of vertices of odd degree in T (recall that every graph has an even number of vertices of odd
degree). Define a path decomposition of T as a three-tuple (P, O, S) where P is a partition of the edges of T'
into or/2 paths, O is an orientation of the edges of T' (we do not require that the orientation of the edges be
consistent along any path in P), and S: P — 2V(T) i5 a function that assigns a subset of V(T) to each path.
For P € P, the set S(P) is referred to as the stars of P. Additionally, we require the following properties of
a path decomposition:

(i) for every path P = pg,p1,...,pr in P, we have S(P) C {pi}fzo,
(i) (Upep S(P))U{v e V(T)| there exists a u € V(T) such that (u,v) € O} = V(T),
(iii) if S(P) = @ (such paths are special) then P can be decomposed into subpaths S1, Ss,. .., S¢ where
each subpath S; satisfies one of the following:
(a) S; = s0,s1 and sg,s1 € Z(P),
(b) S; = so, 51,52 and (sg, 1), (s2,51) € O and s, s2 € Z(P),
(c) S; =s0,51,52,...5m and (s;,s;41) C O and sg, 51 € Z(P),
and Z(P) = {v e V(P) | Ju ¢ V(P),(u,v) e Oy U{v e V(P)|3IP € P,P' # P,v € S(P')}. Less
formally, Z(P) is the set of vertices of P that have a non-P edge oriented towards them or that are
a star of some P’ # P.

Figure 8 provides an example of a path decomposition. In that example, P = {P;, P>, P3} where P, =
v1, Vs, V2, Py = v3,v4,v5, and P35 = vg, v5,v7. The orientation O is defined by the arrows on the edges. The
stars of each path are S(P1) = {v1}, S(P2) = @, and S(P3) = {v7}. Thus P» is special. Notice that P»
satisfies condition (b) of property (iii).

Remark 3. It is not hard to see that every tree T has at least one path decomposition. To this end, pick
two odd-degree vertices u,v € V(T) and let P be the unique path with ends v and v. Put P into P. Notice
that the degrees of u and v in T\ P are even, whereas all other vertices in V(7T') have maintained the parity
of their degree. Repeat this deletion procedure inductively on the components of T\ P. This procedure
terminates when all vertices have degree zero, at which point each odd-degree vertex is the end of exactly
one path in P. Since the ends of each path are odd-degree vertices in T', there are precisely or/2 paths in
P. Adding an arbitrary orientation of the edges and an appropriate function S yields a path decomposition
of T.
13
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Figure 8: This orientation, O, together with P and S, as described in the text, form a path decomposition
of the tree above.

Define the size of a path decomposition D = (P,0,S) as [D| = > pcp (|E(P)| +|S(P)|). That is, the
size of a path decomposition is the number of edges in T" plus the number of stars in the decomposition. We
will denote by ® the set of path decompositions for a fixed tree T'.

For a path P = pg,p1,...,pr we will denote by Py, ,,,., the subpath p;,p;11,...,px. Similarly Pprpr will
denote the complementary subpath p;,p;_1,...,po (we use this notation instead of P,, p, , in the case that

we have limited information about the vertex p;_1). Note that Py, .., UPppr = P and Py, N Pprpg =
{pi}.

Theorem 19. Let T be a tree with |E(T)| > 1. The fundamental critical pairs can be reversed with
minpep |D| linear extensions of MP(T), and this is a best possible.

Proof. We first show that we can reverse the fundamental critical pairs with minpego |D| linear extensions.
To this end let D = (P,0,S) be a path decomposition of T and let P = pg,p1,...,pr be a non-special
path in the decomposition. Let O’ be an orientation of the edges of T' that agrees with O on E(T)\E(P)
and has the oriented edge (p;,pi+1) for 0 < i < k — 1. Further, let §’: P — 2V(T) be a function that
satisfies 8'(P) = {po} and S'(P’') = S(P’) for every path P’ € P with P’ # P. Now D' = (P,0',§') is a
valid path decomposition for T as every vertex in V(P) has indegree at least one or has an associated star,
and moreover |D’| < |D|. Thus, without loss of generality, we may consider a path decomposition of T in
which every non-special path has exactly one star, that star is at one end of the path, and the edges of the
non-special paths are oriented away from the star.

Now consider the following set of linear extensions of MP(T'): for each edge (u,v) € O’ with v’ as the
next vertex on the path containing edge {u,v} (note that ' may not exist if v is a leaf of T'), consider
the extension L.,/ . For every star on v with u as the adjacent vertex on the path associated with the
star, consider the extension L,,. Then we claim that the union of these extensions reverses all fundamental
critical pairs in MP(T).

We first note that, since every vertex has an indegree or is a star, all of the critical pairs in V are reversed.
Since every edge {u,v} has an orientation, say (u,v), every critical pair in £ is reversed by some extension
Ly . Thus it suffices to show that the 2| E(T)| critical pairs in C are reversed. Suppose that pg,p1,. ..,k
is a non-special path in the path decomposition, with edges (p;,pi+1) € O’ for each i € {0,1,...,k —1}.
Then, for 1 <4 < k—1, the two critical pairs in C that are associated with the edge {p;, p;+1} are reversed in
Ly, 1 p;p;..- Since there is a star at po, the two critical pairs in C that are associated with the edge {po,p1}
are reversed by Ly p,. Thus we only need to consider the critical pairs in C that are on edges of special
paths. Further, it suffices to show that the critical pairs in C that correspond to edges in a given subpath
are reversed. But this is clear, as the prescribed orientations and inclusions in Z(P) (conditions (a), (b),
and (c) in the definition of special path) are precisely the conditions needed to ensure that all of the critical
pairs in C are reversed for each type of subpath.

In order to show that we require at least minpeo |D| linear extensions of MP(T') to reverse all fundamental
critical pairs, we will need some new terminology. Call a set of linear extensions of MP(T") that reverses all
of the fundamental critical pairs an F-realizer. An F-realizer is optimal there does not exist an F-realizer
with fewer linear extensions.
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Now consider optimal F-realizers in which each linear extension reverses a maximal set of critical pairs (no
other critical pair can be reversed without introducing an alternating cycle) and in which no critical pair in £
is reversed in more than one extension. Any F-realizer can be transformed into this form by first saturating
all of the linear extensions (reversing additional critical pairs until the addition of any new reversed critical
pair introduces an alternating cycle). Second, for any edge {u, v} whose associated fundamental critical pair
in & is reversed in more than one linear extension, we can replace all but one such extension by L, for the
appropriate u’ (see Figure 7). We will refer to such an F-realizer as saturated. Further, we will show that
there is a saturated optimal F-realizer from which we can build a path decomposition of T' of the same size.

Let R be a saturated optimal F-realizer for MP(T) and let P be a partition of the edges of T into
or/2 paths. We can uniquely associate each linear extension in R to a path in P by associating the linear
extensions of the form L,, and Ly,  with the path containing the edge {u,v}. Since there is precisely one
linear extension reversing the critical pair in £ associated with {u, v}, orient each edge as (u,v) if Ly, is
in R or as (v,u) if Lyy, is in R, for some vertex u’. Additionally, associate extensions of the form L, to
stars at vertex v on the path containing the edge {u,v}.

We would like the set of paths associated with the F-realizer to be a path decomposition of T'. In order
to find such a path decomposition, we define two quantities to measure the relationship between a saturated
optimal F-realizer and a path decomposition. Given an optimal saturated F-realizer R and a partition P
of T into paths we define the consistency, C(R,P), of the pair as the number of linear extensions in R that
are of the form L., such that either u,v,u’ is a subpath of a path in P or v is the end of the path in
P containing edge {u,v}. We also define the switch points of (R, P) as the set of vertices v in which the
associated critical pair in V), is reversed by two different linear extensions in R that are associated to the
same path in P. We denote the number of switch points as S(R,P).

From the collection of ordered pairs (R, P), where R is an optimal F-realizer and P is a partition of
the edges of T into or/2 paths, consider a pair which maximizes C(R,P) and subject to that minimizes
S(R,P). Let O be the orientations derived from R and let S be the star associations. If (P,0,S) is a
path decomposition of T, we are done. If not, it must be the case that a path with no stars does not fit
the requirements of a special path, as all conditions are easily verified. So consider a path P* € P with
S(P*) = @. We will either show that this path is special or that (P, 0, S) can be altered to obtain a valid
path decomposition of T of the same size.

Partition the edges of P* into its maximal consistently-oriented subpaths, where “consistently-oriented”

means that no vertex in the subpath has indegree more than one within P*. Label the subpaths 51, Ss, ..., 5],
where |V (S;))NV (Si+1)| = 1 fori € {1,2,...,1 — 1}. Define a subpath-pair to be a pair of consecutive subpaths
{S;,S;4+1} of P* that are oriented toward each other; that is, S; = vy, va,...,v, and S;11 = uy, ug, ..., Uun

is a subpath-pair if V/(S;) NV (Sit1) = {vn} = {um} and {(v;, ij)}?;ll ) {(uj,ujﬂ)}?:ll € O. Notice that,
with the possible exception of S; and/or Sj, each subpath S; is a member of a unique subpath-pair. In the
case that S is not in a subpath-pair, artifically pair it with the empty-path. Do the same for S;. In this
way the subpath-pairs partition the subpaths of P*.

Consider a subpath-pair {S;, S;+1}. Let so be the root vertex of S; (the vertex with zero indegree in
S;) and let the subsequent vertex in S; be s (note that each subpath has at least one edge). If there are
edges not in P* directed into sg and s; or if there are stars at sop and s; (which by the choice of P* are
not associated with P*), then .S; satisfies condition (a) or (c¢) in the definition of special path. So suppose
not. Note that we must have sg € Z(P*) since no extension associated with P* reverses the critical pair
in Vs,. Thus, since each extension in R is saturated, the critical pair (Gs,,T/€s,s,) € C is reversed in the
same extension. Now consider the ways in which the critical pair (Gs,,T/es,s,) € C could be reversed with
s1 ¢ Z(P*). There is either some v ¢ V(P*) such that L,ss, € R or there is some s’ € S; ;1 such that
Ly s, € R for some vertex v’. Notice that in the latter case S; = sg, 1.

Suppose that L,s,s, € R and let P’ be the path containing the edge {v, so} (e.g. see Figure 9a). Consider
a new parition of E(T') into or/2 paths, P’, which is identical to P except that it contains paths Py, UP; ,
and P U P instead of P* and P’. We observe that any changes in consistency and/or switch points
must occur surrounding the vertex so. First consider C(R,P) relative to C(R,P’). Since the extension
Lys,s, is consistent with the paths in P’, we have C(R,P’) > C(R,P) unless there is a v' € P’ such that
Lys,» € R. However, in this case S(R,P’) < S(R,P), where we have used the fact that sg is the root of its

subpath. Thus, by the choice of P, there is no v not on P* such that L,s,s, € R.
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Figure 9: In 9b it may be the case that v’ = sg or v/ = s1.

So we may assume that there exists some s’ € S;;1 such that Ly, € R, and, in particular (s',s1) € O
is an edge of S; 1. If s’ € Z(P*) then S; U{s'} satisfies condition (b) in the defintion of special path. Hence,
we can remove s’ from S;41 and repeat the arguments above to S;+1 — {s’} (unless it is now empty). Notice
that the orientation of the edge {s’, s} prevents this argument from cycling, and hence S;;1 will satisfy
either condition (a) or (¢). Thus, we have established that the edges comprising the subpath-pair {S;,S; 1}
can be partitioned into two disjoint subpaths, each of which is one of (a), (b), or (c¢). Therefore, by way of
contradiction, we may assume that s’ ¢ Z(P*). Since the critical pair in Vs must be reversed, there is a
vertex s” € S;y1 such that Lgrg,» € R for some vertex v’ (e.g. see Figure 9b). Assume for the moment
that v/ # s1 and let P’ € P be the path containing the edge {s’,v"”}. Then, since s’ ¢ Z(P*), we can replace
P* and P’ by P}, UP;,, and P2 U P__ to obtain a partition of E(T’) that contradicts the choice of P,
as in the previous case.

Thus we may assume that v’/ = sq, and in particular, the extension Lg s, reverses both of the critical
pairs in C associated with the edge {s1,s'}. We may also assume that Ly s,s» € R as otherwise we can apply
an analogous argument to that in the previous paragraph to contradict the choice of P. Thus, the only
critical pair that is reversed in L s, s that is not reversed elsewhere in R is the critical pair (Gs,s,, T \€sqs; )-
Therefore, we may replace Ly, s, in R with Lg, 5,5 ,, where s_; is the vertex adjacent to so in P* that isn’t
s1 (if no such vertex exists, which may be the case for Sy or Sj, let s_1 = &). The resulting realizer/path
partition pair has at least the same consistency and one less switch point (since sg is the root of S;) in
comparison to the original, contradicting the choice of P. In this case, we have found S; to satisfy condition
(a) or (c) of the definition of special path. Next, we apply the analogous arguments to S;11. Again, we find
that the edges comprising the subpath-pair {S;, S;+1} can be partitioned into two disjoint subpaths, each of
which is one of (a), (b), or (c).

Since the subpath-pairs partition the subpaths of P*, and since there is no point in the argument in which
we swap edges between subpath-pairs, we can apply all of the arguments above to each pair separately. After
doing so, we find that the edges of P* can be partitioned into disjoint subpaths, each of which is one of (a),
(b), or (¢). Hence P* is special, which completes the proof. O

" 7

Theorem 19 proves that dim(MP(7")) > minpeg |D|, since we require that number of extensions just to
reverse the fundamental critical pairs. The next theorem yields a similar upper bound.

Theorem 20. Let T' be a tree. Then dim(MP(T)) < |E|+ .

Proof. Remark 3 guarantees the existence of a path decomposition of T into exactly or/2 paths. Let P be
one such decomposition, and let P = vy,vs,...,v, be an arbitrary path in P. We aim to show that the
critical pairs {Vvi}le, {(- ,T\euivi+l)}f;11 C &, and {(- 7T/evm+1)}i:11 C C can be reversed in k linear
extensions of MP (7). Notice that this suffices in proving the result; if we do this for any path in P then all
critical pairs in V, C, and £ will be reversed (all critical pairs in &€ are of the form T'\e for some e € E(T)
since all minimal edgecuts in trees have exactly one edge), and ) p.p |[V(P)| = |E(T)| + or /2.
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We note that every single-vertex graph which contains a vertex in P participates in some critical pair of
the form (- ,T\€y,v,.,) Or (- ,T/ey,0,,,). We introduce some notation to specify a limited class of such
single-vertex graphs. Let P, j] be the set of all S C V/(T') such that {v;,v;} C S and S induces a connected
subgraph of T. Let P*[i,j] C P[i,j] be the subset consisting of sets S where v;;1 ¢ S. Similarly, let
P~[i,j] C P[i,j] consist of the subsets S where v;_; ¢ S. Lastly, let P%[i,j] = P*[i,5]N P~ [i,j]. Ifi=j
then we may simply write P[], PT[i], P~[i], and P*[i], respectively.

Next, we define k sets of critical pairs with respect to P. Let

VUI U{( : 7T/6U1v2)} . 1=
Ji = Vviu{( ’ ’T/evivwrl)}U(U;‘;ll (gSaT\eijjJrl) |SEP+[],7,}}) 2<i<k-1.
Vo U (USZH {(G5, T\evye,,0) | S € P} A

To finish the proof we must show two things; first, that

k
U JZ = {V'Ui}’];:l U {( . 7T\eviﬂi+1)}f;1l U {( : 7T/evivi+1)}f;1l )
=1

and second, that for each ¢ there is a linear extension L; which reverses the critical pairs in J;.
. . ors . . k— .
It is clear that U7_,J; contains all critical pairs in {Vv,i}f:1 U{(-,T/es,v.11)},_, since each J; for

1 <i<k—1 contains V,, and ( - ,T/ey, v,,,), Whereas Jy contains V,, . It remains to verify that all critical

pairs in {( -, T\ew, v, +1)}f:_11 are contained in UF_, J;. To see that this is indeed the case, consider the edge
€v;v;,, and some connected set S such that (Gs,T\ey,v,,,) € €. Let i be the largest index such that v; € S.
Note then that S € P*[j,4] and thus (Gg,T\ey,0,,,) is in J;.

In order to complete we must show that, for each ¢ € [k], there is a linear extension L; reversing the
critical pairs in J;. By Theorem 9 it suffices to show that the elements in J; do not induce an alternating
cycle.

First consider Jy. As G, || T/ey,v, and all single-vertex graphs are incomparable, the only comparability
induced by J; is Gg < T\v; where S € P~[2]. Hence there is no alternating cycle induced by J;.

Now we consider Ji. As T\vy || Gy, and T\vy || Gs for all S € U?;llP[j, k], we have T\v; does not
participate in an alternating cycle induced by the critical pairs in J;. We note as well that G,, = T\ey,v,,,
for all ¢ € [k — 1], and so G,, does not participate in any alternating cycles. Observing that among the
remaining graphs the only potential comparabilities are between Gg, where S € P[j, k] for some j, and
T\ey,v,,, for some i, we can define a bipartite graph which encapsulates the potential for alternating cycles.
Let a; ={Gs | S € P~ [k —j,k]} for 1 <j < k—1. The set {ai,...,a,—1} forms one side of the bipartition,

and the set {T\evk_wk_z+1 }i:ll forms the other side of the bipartition. Then {aj, T\evk_wk_“l} is an edge
if and only if j < i+ 1. Notice that this graph entirely encapsulates the minor relation as Gg =< T'\ €, _,v;_;.,
if and only if Gg € a; for some j < ¢+ 1. Thus, since any altnerating cycle here is forced to increase along
the indices, there cannot be an alternating cycle induced by Jj. See Figure 10a.

Lastly, we consider J; for 2 < i < k — 1. Notice first that if Gg is a single-vertex graph in some critical
pair in J; then S € P*[iJUP~[i + 1], and thus Gg || T/ey,v,,,- Thus T'/e,,,, , participates in no alternating
cycle within J;. Furthermore, since for any S € P~[i + 1] we have that Gg < T\ey,,,,, for 1 <j <i—1
and Gg < T\v;, the single-vertex graph Gg does not participate in any alternating cycle. Similarly, as T'\v;
is incomparable to the remaining graphs and G, is comparable to all of the remaining graphs except T\v;,
neither participates in an alternating cycle. Thus, if there is an alternating cycle induced by J; it must be
among Gg, where S € LJ;'-:lP‘L [7,4], and T\ ey, ,,, where 1 < j <i—1. As the only possible comparabilities
are between single-vertex graphs and graphs of the form T'\e,,,,,,, we will again define a bipartite graph
which encapsulates the minor relations. To this end, let a; = {Gs | S € P£[i —j +1,i]} for 1 < j <4, and
define the bipartition by {ai,...,a;} and {T\evi_m,_prl Z: Then {aj,T\evi_m_Hl} is an edge if and
only if j < £. Furthermore, Gs =< T\ey, ,v,_,., if and only if Gg € a; for some j < £. Thus, since any
alternating cycle would have to strictly increase amongst the indices, there are no alternating cycles induced
by J;. See Figure 10b. |
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(b) The extension L; has no alternating cycles. Here ap = {Gs | S € P~[i + 1]}.

Figure 10: Straight edges are comparabilities. Dashed edges are critical pairs.

Notice that Theorems 19 and 20 allow one to bound dimension of MP(T") with no notion of a realizer,
or even of the poset itself, using only the topology of the tree. In fact, in the cases in which the lower and
upper bounds match, the dimension itself can be computed in no time at all.

Corollary 21. Let T be a tree with at least one edge. Then |E(T)| +1 < dim(MP(T)) < [3 - |E(T)|].
Moreover, the bounds are tight.

Proof. The lower bound follows from Theorem 11, as |V(T)| = |E(T)| + 1. For the upper bound, notice that
Theorem 20 implies that

. o V(T 3
aim(up(r)) < B+ < @)+ 0 < (3.
Let P, is the path with n vertices. Since P, has exactly two vertices of odd degree we have op, = 1, and
hence dim(MP(P,)) = |E(T)| + 1, showing that the lower bound is tight. Now let STAR,, be the star with
n vertices. It is easy to verify that the minimal path decomposition has [|E(T)|/2] paths, none of which are
special. Hence dim(MP(STAR,,)) > |2 |E(T)||, showing that the upper bound is tight. O
18
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As alluded to in Section 3.2, the following theorem characterizes the graphs whose minor posets have
dimension equal to its breadth in the case that its breadth is the size the vertex set.

Theorem 22. Let G be a graph with |V(G)| = n. Then dim(MP(QG)) = n if and only if G is a subgraph of
P,,, the path on n wvertices.

Proof. If G is a subgraph of P, then Theorem 14 and the proof of Corollary 21 imply that dim(MP(G)) = n.
For the forward direction, notice that Proposition 11 yields dim(MP(G)) > n for any G. Now suppose
dim(MP(G)) < n. We wish to show that G is a subgraph of P,,. We may assume that G is connected, as
if any component of G has dimension greater than the size of its vertex set, then Theorem 14 implies that
dim(MP(G)) > n+ 1. We may further assume that G has no cycles, as otherwise we could pick a cycle C,
delete all edges with one end in C' and the other in G \ C, and conclude from Theorem 15 and Theorem 14
that dim(MP(G)) > n+ 1. So G is a tree. If G is not a path then it has at least one vertex of degree at
least three, say v. The graph induced by v U N (v), say G, is a star with at least four vertices. Thus, by the
proof of Corollary 21, dim(MP(G")) > |V(G’)| + 1. So if we delete all edges from G \ G’ to G’ and apply
Theorem 14 as before, we see that dim(MP(G)) > n + 1. Thus G is a subgraph of P,, as desired. O

6. SUBEXPONENTIAL DIMENSION — EXCLUDING K3 ;-MINORS

The parameter treewidth plays a significant role in the graph minors theorem (for the definition of treewidth
and its basic properties, see [8]). Because of this, and the fact that a connected graph with at least two
vertices has treewidth one if and only if it is a tree, it is tempting to think that Corollary 21 can be generalized
to any class of graphs with bounded treewidth. For instance, it might be the case that there are constant
c1 and cg, depending only on k, such that the minor posets of all graphs G with treewidth at most k& have
dimension at most ¢; |E(G)|”. However, such a result is false for any k > 2, as the following example
illustrates.

Example 1. Consider the complete bipartite graph K ;. It is clear that Kj; has no subdivision of Ky
since it only has two vertices with degree bigger than two. Furthermore, since the maximum degree of K4
is three, having a subdivision of K, is equivalent to having a K4-minor (see [8], Proposition 1.7.2.). Thus
K¢ is series-parallel, or equivalently, K5, has treewidth two. The aim of this example is to show that
dim (MP(K5,)) is exponential in ¢, and hence exponential in |E(K3 )|

Let v and v be the two vertices of degree ¢ in Ky, and let wy,ws,...,w; be the ¢t vertices of degree
two, as in Figure 11. Let S, S’ be any two distinct subsets of {wy,...,w} of size |[£]|. Then we have
Gsufuwy = K2t \E(v,S"), whereas (Gsu{u,vy, K2, \E(v, S)) € £ Thus MP(K> ;) contains a standard example
of size (ng) Therefore dim(MP (K3 4)) > 21%/2 which is exponential in |E(Ks )| = 2t.

Example 1 suggests the following problem: characterize those graphs for which the dimension of its minor
poset is subexponential is the size of its edge set. As we have seen, the dimension for trees and cycles is
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linear, whereas the dimension for graphs containing a K5 ;-minor, which of course includes large complete
graphs, is exponential. With this in mind, we make the following conjecture.

Conjecture 23. Let G be a connected graph. Then there is an increasing function f(-) and constant a C,
depending only on t, such that if G is Ko -minor free then dim(MP(G)) < C |E(G)|f(t).

Roughly this says that the only reason for the dimension of the minor poset to be large, with respect
to the number of edges, is the presence of a large K3 ;-minor. Example 1 shows that the converse is true,
assuming that t is sufficiently large with respect to the size of the edge set. Although we can not prove this
conjecture in full generality, the following results will show that if G is K3 ¢-minor free for ¢ < 4 then there
is some constant ¢ such that dim(MP(G)) < |E(G)|°. We start our discussion with outerplanar graphs,
motivated by the fact that outerplanar graphs avoid K g-minors. (Outerplanar graphs can be characterized
as the class of graphs whose members are both K s-minor free and K4-minor free.)

Recall that an outerplanar graph is a graph that has an embedding in the plane in which all vertices
are incident to the same face (without loss of generality, this is the infinite face). A graph is mazimally
outerplanar if it is impossible to add any edges and maintain outerplanarity. A near triangulation of the
plane is a graph in which all but one face is bounded by exactly three edges. A graph is Hamiltonian if it has
a cycle spanning all of the vertices. In the next theorem, we will need the following fact about maximally
outerplanar graphs, which is easily verified.

Fact 24. All maximally outerplanar graphs are Hamiltonian, 2-connected, near-triangulations of the plane.

In the course of proving the following theorem, in order to understand the structure of the graph it is
necessary to pass to the weak plane dual of a planar embedding of the outerplanar graph. Roughly speaking,
this graph is formed by associating to each finite faces a vertex and having two vertices adjacent if and only
if their faces have a common edge. For a more formal definition, we refer interested readers to [8].

Theorem 25. If G is a connected outerplanar graph, then the dimension of the minor poset is polynomial
in |E(G)|; specifically, dim(MP(G)) = (’)(|E(G)|4).

Proof. We will prove that diim(MP(G)) = O(n*), where |V(G)| = n. This is sufficient since n—1 < |E(G)| <
2n — 3 for connected outerplanar graphs. We may assume that G is maximally outerplanar since otherwise
we can add edges and be sure not to decrease the dimension of MP(G) (for any additional edge e, G < G+e).
Therefore, by Fact 24, we may assume that G is a 2-connected, Hamiltonian, near-triangulation of the plane
with |E(G)| = 2n — 3.

The critical pairs in V can be reversed with n linear extensions and Remark 1 implies that the critical
pairs in C can be reversed with |E(G)| = 2n — 3 linear extensions. Thus, we can reverse all but the critical
pairs in £ with O(n) extensions. So it is sufficient to prove that all of the critical pairs in £ can be reversed
with O(n*) extensions. Recall that each critical pair in € is of the form (Gyuy, G\E(U,V)) where G[U] and
G[V] are connected, UNV = @, and E(U,V) # &. Therefore, it is sufficient to show that there are at most
(’)(n4) valid choices for E(U, V), as all such critical pairs can be reversed in a single extension by Remark 1.

Consider an embedding of G in the plane such that every vertex is incident with the infinite face. By Fact
24 the boundary of the infinite face is a Hamiltonian cycle, say D. Let € be the set of chords of D and let
F be the bounded face of G\ €; that is, F' is the complement of the infinite face of G.

Now let U and V be disjoint sets of vertices so that G[U] and G[V] are connected and E(U, V) is non-
empty. We will show that there are at most (";2) + 1 possible choices for subsets of edges in E(U,V)N¢.
Further, we will show that there are at most two edges in E(U,V) N D, and thus, since |D| = n, there are
at most (%) 4+ n choices for E(U, V)N D. In total, since E(G) = €U E(D), we will have that there are most
(2) +n) (("3?) +1) = O(n*) choices for E(U, V), which will complete the proof.

In order to analyze the edges in E(U, V)N€, we need to consider the weak plane dual H of the embedding
of G. Since the infinite face is ignored, every edge of H corresponds to an edge in €. Furthermore, since G is
maximally outerplanar, H is a tree with maximum degree three. Let Hy v be the subgraph of H containing
all edges corresponding to edges of E(U, V)N € and their ends. We now will proceed to show that the Hy v
is a path.

First we show that there are no vertices of degree three in Hyy. Suppose not, and let f € V(Hyyv)
be such that degy,, ., (f) = 3. Then degy(f) = 3 as well, and so f corresponds to a triangular face of the
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embedding of G such that all three edges along the boundary have one edge in U and one in V. This yields
a two-coloring of a triangle, a contradiction.

Now consider two edges in Hy,y which correspond to the edges {uq,v1} and {ug, v} in G (with ug,ug € U
and vy,ve € V). If {uy, ug,v1, v} are all distinct then proceeding around D we find that the elements of U
and V either alternate, as in Figure 12a, or are consecutive, as in Figure 12b. If they are not distinct, we
may assume without loss of generality that u; = us as in Figure 12c.

Uy V2 Uy U2 Uy = U2
° [ ° ° L4
‘ [ ] [ ] ‘ ° [ ] [ ] [ ]
U1 U2 U1 V2 V2 U1

Figure 12: Arrangement of {u1,ug,v1,v2} on D

Suppose in the first two cases that there is some chord {wq, we} € €\E(U, V) which topologically separates
{u1,v1} and {ug,va}. Without loss of generality we may assume that wy,ws ¢ V. But then, connecting
w; and wsy by a second edge through the infinite face, we find a planar embedding in which the vertices in
V disjoint from and on both sides of a separating cycle. This contradicts that G[V] is connected, thus any
separating chord must be in E(U, V).

Similarly, in the third case, suppose there is a chord {u;,w} which topologically separates {u1,v;} and
{ua,v2} with w ¢ V. By adding another edge {u;,w} through the infinite face there is a separating cycle
that is disjoint from V which separates V, contradicting that G[V] is connected.

Thus given any two edges in E(U,V) N €, any chord which topologically separates them must also be
in E(U,V)N ¢, and thus Hy v is connected. Since Hyy is a connected subgraph of a tree with no vertex
of degree more than two, it follows that Hy,y is a path. Since any path in a tree is uniquely defined by

"_2) such paths. So, including the empty

its endpoints, and since there are (n — 3) edges in H, there are ( 9

subgraph, there are at most (",?) + 1 choices for E(U, V)N €.

U v U v
T °* . U
[ )

Ve o/ Ve o/ Ue oy

o 3 ’ ; ;
(a) Viow U Voo v (@)

Figure 13: The four configurations of edges in E(U,V) N D up to symmetry.

Next, we claim that |[E(U, V) N D| < 2. Suppose not. Then there are at least three edges in E(U, V)N D.
There are four cases, up to symmetry, for any three of these edges. These cases are depicted in Figure 13.
In every case there are distinct vertices ui,us € U and v1,v9 € V such that, when one proceeds clockwise
around D, one encounters uy, then vy, then wug, then ve. Since G[U] is connected there is a path from u; to
ug in G. Further, since these four vertices alternate along D, this path must use a chord which topologically
separates v; and ve. Then, by connecting u; and us by an edge (possibly a second {u1,us} edge) through
the infinite face, v; and vy are on opposite sides of a separating cycle in which all the vertices belong to U.
Thus G[V] is disconnected, a contradiction. Hence there are at most (}) +n possible choices for E(U,V)ND,
completing the proof. |
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Outerplanar graphs avoid Kj3-minors. In this paper, we are more interested in the class of graphs
that only include Kj-minors, for some ¢. For this we will need to employ a recent theorem of Dieng and
Gavoille [7].

Theorem 26. [7] Every 2-connected Ks ,yo-minor free graph has r vertices whose removal leaves the graph
outerplanar, for each r € {0,1,2}.

With this theorem in hand, we can prove Theorem 27.

Theorem 27. If G be a connected graph with no Ky 3-minor, then the dimension of the minor poset of G
is polynomial in |E(G)|.

In particular, a simplification of the proof of Theorem 30 shows dim(MP(G)) = O<|E(G)\6O). However,

we have omitted the proof since Theorem 27 can be viewed as a corollary of Theorem 30. Before proving
Theorem 30 we prove the following bound on the number of subtrees of a tree with limited branching.

Lemma 28. Let T be a tree with n vertices and at most three leaves. Then there are (’)(n7) ways of choosing
three disjoint subtrees of T .

Proof. As T is a tree, it must have at least two leaves. If T' has exactly two leaves then it is a path, and
hence so is each subtree. We can count the number of disjoint subpaths exactly by specifying the six vertices
which are the endpoints of the paths. Clearly there are at most n® ways to do this.

Now suppose T has three leaves, v1,v2,v3. As such, there is precisely one vertex, say v, whose degree is
greater than two; in fact, deg(v) = 3. Let n; be the number of vertices on the path in T from v to v;, for
i =1,2,3. If one subtree S contains v, then there are ninang = O(n?) ways to build this tree. The other
two subtrees have three choices for which component of T'\ S they reside, at most n; choices in length, and at
most n; choices of position in that component, for whichever i it chooses. As each n; < n, there are at most
(3n2)2 = O(n*) choices for the other two subtrees. So in total there are O(n") choices of three subtrees. If
none of the subtrees contain v, then, by similar logic, there are at most ((3n?)?) = O(n) choices of three
subtrees. O

Define B (G), the block graph of G, to be the bipartite graph with bipartition
({7 | B is a block of G}, {7, | v is a cutvertex in G}).

The block graph has an edge {75, 7, } if and only if the cutvertex v is a vertex in the block B. It is well known
that B (G) is a tree. Clearly the leaves of B (G) are blocks and not cutvertices. Hence, we call the leaves of
B (G) leaf blocks. The next lemma concerns the block graph and will be used in the proof of Theorem 30.

Lemma 29. Let By, Bs, ..., By be the blocks of a graph G with |V(G)| = n. Let |V(B;)| = n; for alli € [k].
Then Y2 n; < 2n —1.

Proof. Let C' be the set of cutvertices of G. In the quantity Zle n;, each non-cutvertex is counted once,
whereas each cutvertex ¢ € C' is counted degg)(7e) times. Let [V (% (G))| = n', C1 be the set of leaves

B (G), Cs be the set of vertices of degree two in B (G), and C3 = V(B (G))\(C1 U Cy). Since B (G) has a
bipartition corresponding to cutvertices and non-cutvertices, we have the following:

1
Z deg%(g)(rc) =5 Z deg%(G) (7v)

ceC 2\ evm@)
1
=3 (Z deges () (T0) + Z deges () (T0) + Z deg%(c)(%)>
veCs veCsy veCy

1

B ((IC1] +2|C3| = 2) +2[Ca| + |C1])
=|Cs] +|Cs| +|C1| -1

:n/— L
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where we have used the fact that |C1] = (3_,cc, degm(g)(7) — 2) + 2, an equation that holds for all trees.
Now let N be the set of non-cutvertices in G and let B be the set of blocks. Then

k
Y ni= (Z deg%@)(n)) +IN| =0/ —1+|N|=[C|+ |B| - 1+|N| < [C] +2|N| - 1.
i=1 ceC

But it’s clear that |C| + 2 |N| < 2n, which finishes the proof. O

Several times in the following proof we will forbid certain substructures by showing that they result in
a Ky 4-minor. In particular, it is often the case that we will find distinct vertices z1,z2 and yi1,y2,y3,ya
such that x; and x5 are internal vertices of two internally disjoint subtrees, each of whose leaves include
{v1,¥2,y3,ya}. Clearly such a case results in a Ky 4-minor, and we will say that a K3 4-minor can be
constructed from {z1,x2} and {y1,y2, y3, y4} rather than explicitly designating the minor.

Theorem 30. Let G be a connected graph with no Ky 4-minor. Then the dimension of the minor poset of
G is polynomial in |[E(G)|.

Proof. Let |V(G)| =n and |E(G)| = m. We note that by Theorem 26 and the fact that outerplanar graphs
has at most twice as many edges as vertices, every two connected block of G has at most four times as many
edges as vertices. This inequality is clearly true for those blocks that are not 2-connected as well — the
bridges. Thus Lemma 29 implies that m < 8n. Hence it suffices to prove that the dimension of MP(G) is
polynomial in n. In particular, we will prove that dim(MP(G)) = O(n'%4).

Suppose that we can show that if G’ is 2-connected, then dim(MP(G")) < ¢ |V (G’)|* for some fixed ¢ > 0
and a > 1. Now consider the case where G is not 2-connected. Then G can be decomposed into blocks B;
where each block is either 2-connected or is a bridge. Then, by Theorem 14 (and Theorem 19 to show that
dim (MP(F)) = 2),

k «@
dim(MP(G)) < > dim(MP(B;)) < Y max {2,¢|V(Bi)|"} < (c+1) (Z |V(Bz-)|> < (e+1)(2n)*.
i=1 i=1 i=1

Hence, we may assume that G is 2-connected, and as such, Theorem 26 guarantees the existence of two
vertices s and ¢ such that G’ = G'\ {s, t} is outerplanar.

Like the proof of Theorem 25, we will bound the dimension of MP(G) by finding an upper bound on
the number of subsets C' C E(G) for which there exist disjoint sets U and V such that G[U] and G[V] are
connected and C' = E(U,V). By Theorem 25, if (U U V)N {s,t} = @, then there are O(n*) such sets. So
we will only be concerned with the case that at least one of s and ¢ is in U U V. Without loss of generality,
seU.

Since G is not necessarily 3-connected, it may be the case that G’ is disconnected. Suppose G’ has k
components. Each component must have a vertex adjacent to s and a vertex adjacent to ¢, as otherwise
either s or ¢ is a cutvertex of G, contrary to the fact that G is 2-connected. Therefore G has a K5 p-minor.
Hence, as G is K3 4-minor free, k < 3.

At this point the proof will proceed as follows: for each component @ of G’ we will partition the edges of Q
and the edges incident with vertices in @ into five sets, say E1, Eo, ..., E5. For each set F; we will show that
there is a constant cg, such that the number of subsets of edges from E; that could be in E(U, V) is bounded
by O(|V(Q)|“"#). Once we have shown this, the number of possible sets for E(U, V) is O(n¢e1tee2t+ers),
Furthermore, we will show that cg, +cg, + -+ cg, = 1614.

Fix some component @ of G'. Recall from above that % (Q), the block graph of Q, is a tree. Let T be
the minimal subtree of B (Q) such that 75 € V(T) whenever B contains a non-cutvertex neighbor of s,
and such that 7, € V(T) whenever v is a cutvertex of G adjacent to s. See Figure 14. We can make the
following observations about T5.

(1) If there are at least four vertices in Ty, say Tp,, TB,, TBss TB,» SUch that B; has a non-cutvertex u; that
is adjacent to s, then we can construct a K 4-minor in Gj; the 2-side is s and the vertex obtained by
contracting V(Q) \ {u1,uz,us, us}, and the 4-side is {uq, us, uz, us}. (Note that Q \ {u1,ug, us, us}
is connected since each block is 2-connected.) Hence, T has at most three such vertices. See Figure
15a.
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(a) (b)

Figure 14: Figure 14a is a component @ of G’ with s and four edges incident to both s and Q. Figure 14b
is B(Q) with edges of T thickened.

(2) If there are at least two vertices in Ty, say 7z, , Tp,, such that B; has at least two non-cutvertices u; 1
and u; 2, both adjacent to s, then we can construct a K3 4-minor in G the 2-side can be constructed
from s and a cutvertex v between By and Bs, and the 4-side is {u1,1, u1,2,u2,1,u2,2}. Hence, there
is at most one such vertex of Ts. See Figure 15b.

(3) Let T} be the subtree of T, formed by removing leaves that correspond to cutvertices of Q). If T/ has
at least four leaves, say 7p,,7B,, 7By, TB,, then there are four vertices uq, ue, us, us such that u; is a
witness for 75, € V(T}). That is, either u; is a cutvertex in block B; and adjacent to s and 7, is a
leaf in Ts or u; is non-cutvertex in B; and is adjacent to s. Thus we can construct at K 4-minor in G}
the 2-side consists of s and the vertex obtained by contracting V(@) \ {u1, ug, us, us}, and the 4-side
consists of {u1, ug, us, uqs}. Thus T, has at most three leaves which we will denote 75,, 75,, 7B, See

Figure 15c.
S : S z S z
(a) (b) (c)

Figure 15

Let B be a block of @ with the maximum number of non-cutvertices adjacent to s. By observations (1)
and (2), there are at most three other non-cutvertices in @) that are adjacent to s. Let Ej be the set of edges
incident with s and a cutvertex not in V(B) UV (B1) UV (B3) UV (Bs). Let E5 be the set of edges incident
with s and a non-cutvertex not in B, and let E3 be the set of edges incident with s and a vertex in B, By,
Bs, or Bs. Notice that the sets Eq, Ea, E3 cover all of the edges incident with s and @, and that |Es| < 3.
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We first bound the number of subsets of E; that can be in E(U,V). As we are looking for an upper
bound, we may assume that s is adjacent to each cutvertex represented in T7. Consider the subgraph of T
induced by {7, UN(7,) | v € V}. If this subgraph is disconnected then, since G[V] is connected, we have
t € V and for each component there is a corresponding vertex in V(Q) that is adjacent to ¢t. Thus, if this
subgraph has at least four components, G has a K5 4-minor; the 2-side is s and ¢, and the 4-side consists of
the contracted vertices representing each component. Therefore, we can find an upper bound on the number
of subsets of E; that can be in E(U, V') by counting the number of ways we can choose at most three disjoint
subtrees of T.. By observation (3), 77 has at most three leaves. Furthermore, |V (Ts)| < 2 |V(Q)]|. Hence, by

Lemma 28, there are O((2|V(Q)|)7) = (9(|V(Q)|7) subsets of E; that can be in E(U,V).

We will now bound the number of subsets of E5 N E(V(B),{s}) that can be in E(U,V). Since B is
2-connected and outerplanar, it has a Hamiltonian cycle D. Fix an outerplanar embedding of B in which the
infinite face is bounded by D. We will call two neighbors of s consecutive with respect to this embedding if
there are no other neighbors of s between them in D (either clockwise or counter-clockwise). We then define
Vi,...,Vp as the maximal sets of consecutive neighbors of s in V.

We note that £ < 3. Suppose not, then there are four vertices uj, ug, ug, uq4 which are neighbors of s and
separate V; and V; along D for all i # j. But then since G[V] is connected, there is a K3 4-minor formed by
{u1, us,ug, us} together with s and the vertex formed by contracting the vertices in V. Thus the number of
potential subsets for E5 N E(V(B), {s}) is bounded by the number of ways of breaking all the neighbors of s

in B into at most 6 intervals. There are clearly at most 2|V (B)|® ways of doing this, which is (9<|V(Q)|6).
Notice that this argument also holds for those edges in Es N E(V(B;),{s}) for each i € {1,2,3}.

4
Returning to the set Ey U Es U E3, we find that there are at most (9<|V(Q)|7> AR O(\V(Q)\G) =
O(|V(Q)|31) ways of choosing subsets of edges incident with s and @ which can be in E(U, V). Repeating

this argument for edges incident with both ¢ and @Q yields that there are at most (’)(\V(Q)|62> ways of

choosing subsets of edges incident with either s or ¢t and a vertex in @) that can be in E(U, V).

We now turn to edges with both ends in ). As each block of () with at least three vertices is 2-connected
and outerplanar, each has a Hamiltonian cycle. Fix this Hamilton cycle in each block. Let E4 be the set of
edges in ) that are in the fixed Hamiltonian cycle of some block together with all bridges of Q). Let Es5 be
the remaining edges — the chords of Hamilton cycles.

We begin with E4. Consider an arbitrary block B’ of B (Q). If B’ is a bridge then it has one edge,
and so there are a constant number of subsets of E4 N E(B’) which are in E(U,V). Otherwise, B’ has a
Hamiltonian cycle D. The edges of D in E(U, V) are those with one end in U and the other in V. We first
consider the case where every vertex is in either U or V. This naturally partitions the vertices of B’ into
maximal intervals of U-vertices, Uy, ..., Uy, and maximal intervals of V-vertices, Vi,..., V. We first note
that there are at most three intervals of U-vertices such that there is a path from a vertex in the interval to s
that is external to B’, as we can construct a K 4-minor in G. Namely, since the outerplanarity of ¢ implies
that all the paths are disjoint, s and the vertex formed by contracting V' form the 2-side and the 4-side is
formed by the four intervals. Now suppose there are four pairs (V;,V;) such that each pair is connected by
a chord. Consider the planar graph formed by removing all other chords and contracting the intervals of U-
and V-vertices. This graph has 2k vertices and 2k + 4 edges, and so by Euler’s formula has six faces, one of
which is the infinite face. Now at most one finite face does not border the infinite face. Thus there are at
least four finite faces bordering the infinite face and further, the boundary of each of these faces contains a
distinct vertex representing an interval of U-vertices. As these U-vertices must be connected (and can not
be connected within B’), there are disjoint paths from these intervals of U-vertices to s, a contradiction.
Thus there are at most three pairs (V;,V;) such that there is a chord between them. In fact, by a similar
argument if there are three chords they must form a triangle to create a finite face that does not border
the infinite face, thus there are either at most two chords or three chords which form a triangle. Now, as
above, there are at most three intervals of V-vertices which have a path external to B’, and thus, since the
V-vertices are connected there are at most five intervals of V-vertices. Hence, there are at most 2|V (B')|"
subsets of E4 N E(B) which can be in E(U, V) if every vertex in B’ is in either U or V.
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Now suppose that not every vertex in B’ belongs to either U or V. We label the unlabeled vertices
according to which labeled vertex is nearest to it in a counterclockwise traversal of D; if a U-vertex is closest,
label the unlabeled vertex U’, and otherwise label it V’. This new labeling maintains the property that
G[U UU'] and G[V U V'] are connected and further E(U,V) C E(U JU',V UV’). However, by the above
work E(UUU’,V UV’') N E(B') < 10. Thus, overall there are at most 211 |V (B')|"" subsets of E, N E(B’)
which can be in E(U, V).

We now consider how many blocks B’ can have non-empty intersection with E4 N E(U, V). Suppose two
distinct blocks Bf and B} have an edge in E, N E(U,V), say e; and es, respectively. That is, one end of e;
is in U and the other in V for ¢ € 1,2. Because B (Q) is a tree and @ is outerplanar, only one set of ends,
either the U-set or the V-set, is connected in @Q); the other must use either s or ¢t. Thus if ¢ € U, there are
at most four blocks with non-empty intersection with E4 N E(U,V). Suppose then that ¢ € V. Consider
the complete graph whose vertices are blocks with non-empty intersection with E4 N E(U, V). Color each
edge with the color U if the U-vertices in the blocks represented by the endpoints are not connected in @,
otherwise color the edge with color V' (if an edge can receive both colors, then choose one arbitrarily). Notice
that if this graph has a monochromatic K4 then we can construct a Ks 4-minor in G, since both G[U] and
G[V] are connected. See Figure 16. Thus there are at most R(4,4) — 1 = 17 vertices [16]. (Note: R(4,4)
is the Ramsey number for K; — the minimum number of vertices such that any two coloring of the edges
of the complete graph on that number of vertices has a monochromatic K,). Now if the block sizes are
n1,Nao, ..., Nk, this implies that there are

k on\ '
11,10 187 _ 170
> [ =27(p) () -o0m)
se(l)i€s

choices of E, N E(U, V).

B; U B
U U
B U By,

Figure 16: A monochromatic Ky, here with color U, allows the construction for a K3 4-minor in G. The
vertices labeled u are in U, the vertices labeled v are in V.

Finally, we consider F5. Consider a block B” and let Uy, ...,Uy be the maximal sets of vertices in U
such that G'[U; N B”] is connected. That is, the U; are the maximal sets of U-vertices that are connected
within B”. Define V1, ..., V, analogously. Now, we may assume without loss of generality that E(U;,V) # &
for each i. Thus, since each U; must be connected through s, we have that & < 3 as above. Similarly,
either t € V or £ = 1. But then ¢ < 3. Thus there are at most nine pairs (U;, V;). Now fix some maximal
outerplanar graph B’ such that B” is a subgraph of B”’. Since B” is a subgraph of B"’, we have that
Epn(U;, V) = Epn(U;, V;) N E(B”) and thus, by the arguments of Theorem 25, there are at most V(B")|?
choices for Ep/(U;, Vj). Now since there are at most nine such pairs, there are at most IV(B")|"® choices
for E5 N E(B"”). Applying the same argument as in the case of F4 there are at most 17 blocks which
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(a) Ga (b) Gs

Figure 17: No graph in the family {G,,} has a K5 s-minor. Furthermore, there is no constant ¢ such that ¢
vertices can be removed from any member of {G,} to yield an outerplanar graph.

have a non-empty intersection with E5 N E(U, V), and thus there are at most O(n3%%) choices of subset for
EsNE(U,V).

All edges incident with a vertex in @ have been covered by E1 U Fo U E3 U E4 U Es. Thus, the number of
subsets of such edges that can be in E(U,V) is (9(\V(Q)|62) (9(|V(G)|170) O(|V(G)|306) = O(|V(Q)|538).
Cubing this to account for the at most three components of G’, multiplying by 2 to account for ey (if it
exists), and adding O(n*) for the case where {s,t} N (UUV) = &, we find that there are O(n''*) choices
for E(U, V). Therefore, using Remark 1, we see that the type £ critical pairs in MP(G) can be reversed with
O(n1614) linear extensions. The type V critical pairs require n linear extensions, and since m < 8n, the type
C critical pairs require at most 8n linear extensions. In total, we can reverse all critical pairs of MP(G) with
(’)(n1614) linear extensions, as desired. O

Remark 4. The proof of Theorem 30 generalizes to K ;-minor free graphs as long as there exists a function
f(t), not depending on the size of the graph, such that, for all graphs without a K5 ;-minor, we can delete
f(t) vertices and obtain an outerplanar graph. Unfortunately this theorem is false for ¢t > 5, as illustrated by
the family of graphs {G,,}52, in Figure 17. In [7], G4 was used to show that Theorem 26 is false for r = 3.

The aim of the work in this section has been to characterize graphs without K5 ;-minors as those graphs
whose minor poset has dimension subexponential in the size of its edge set. Remark 4 shows that a direct
generalization of the techniques in the proof of Theorem 30 is not possible. However, in [9], Ding provides a
characterization of graphs that exclude K3 ;-minors. Specifically, he shows that, for every natural number ¢,
every sufficiently large 3-connected graph with minimum degree at least six, every 4-connected graph with
a vertex of sufficiently large degree, and every sufficiently large 5-connected graph must have a K ;-minor.
This characterization would seem to indicate that any counterexample to Conjecture 23 must occur in a
graph with low connectivity.

7. MULTIGRAPHS

The first six sections of this paper has been focused on simple graphs. In order to obtain deeper results,
it may be beneficial to consider a more general, multigraph model. Two such models are described in this
section.

Given a ground set [n], define a pseudograph to be a pair (V, E). The elements of the vertex set V are
the equivalence classes of some equivalence relation on [n], and E : V X V — Z, is a function that defines
the number of edges between vy,v9 € V. When vy # vy, E(v1,v2) is the number of parallel edges between
vy and v, and when vy = vy, E(v1,vs) is the number of loops on vy. For the sake of notation, we will write
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v! when that E(v,v) = I. We will also write G[G;] to mean the subgraph of G induced by those vertices
whose equivalence class is contained in the ground set of G;.

The minor operations are as follows. Deleting a vertex v removes the equivalence class v from both the
ground set (and hence from V as well). Edge deletion corresponds to choosing v, ve € V such that vy # vy
and E(vy,v5) > 1 and reducing E(v1,v2) by one. For two vertices v!*,v2 € V such that E(vy,vs) = e > 1,
the contraction of an edge incident to vy and v results in a new vertex phrtl2te=1 iy which an element of
the ground set z is in the equivalence class represented by v if and only if z € v Uwvs .

Given this model, we have the following result, very much akin to Lemma 10. In fact, the proofs are
analgous, and as such we omit the proof of the next theorem.

Theorem 31. Let G be a pseudograph. The ordered pair (G1,Gs2) is a critical pair of MP(G) if and only if
G1 and Gy satisfy one of the following:

o G is a single-vertex pseudograph with no loops and V(G1) € V(G), and Gy = G\G,

o G is a single-vertex pseudograph with | loops and Gy is G\E, where E; C E(G) is the union of s
loops and t parallel edges on G[V(G1)] such that m —s —t =1 — 1, where m is the largest integer
such that GT" is a minor of G,

o Gy is a single-vertex pseudograph with no loops and ground set {ujus...wvive...v;}, GU] =
Gl{ui,...,ui}] and G[V] = G[{v1,...,v;}] are connected subgraphs of G, Ga is G\C where C' is the
set of edges with one end in G[U] and the other in G[V] and C # @,

o G1 is a single-vertex pseudograph with no loops and ground set {z1za ...z} and Gy is G/e where
e € E(G) has one end in G|Z] = G[{z1,...,2}] and the other end in V(G)\G[Z].

As before, there are critical pairs for each minor operation; the first to vertex deletion, the second and
third to edge deletion, and the fourth to edge contraction.

The final model is the most general. It uses pseudographs with the additional property that the edges
have labels. We call these graphs edge-labeled-pseudographs, or simply ELP. Formally, an ELP is a triple
(V,E, L), where V and E are as defined in the pseudograph model, and L is a function that assigns labels
to the elements of E, with L(e;) # L(ey) for all e; # e3. The notation v#* denotes a vertex v whose loops
are precisely those edges in F; C E. The minor operations for ELPs are the same as those for pseudographs
with the condition that one must pick which edge to delete or contract.

Once again, we can determine the critical pairs in this model. Again, we omit the proof.

Theorem 32. Let G be an ELP graph. The ordered pair (G1,G3) is a critical pair of MP(G) if and only if
G1 and G4 satisfy one of the following:
e Gy is a single-verter ELP with no loops and V(G1) € V(G), and Gy = G\G1,
o (31 is a single-verter ELP with loop e and G4 is G\e, where e is not a cut-edge in G[G1],
o Gy is a single-vertex ELP with no loops and ground set {uiug...u;v1v2...v;} where GlU] =
Gl{u1,...,u;}] and G[V] = G[{v1,...,v;}] are connected subgraphs of G, Ga is G\C' where C' is
the set of edges with one end in G[U] and the other in G[V], and C # @,

o G is a single-vertex ELP with no loops and ground set {z1za ...z} and Go is G/e where e € E(Q)
has one end in G[Z] = G[{z1,..., 2k} and the other end in V(G)\G|Z].

As in the previous case, there are critical pairs for each minor operation; the first to vertex deletion, the
second and third to edge deletion, and the fourth to edge contraction.
In our final theorem, we note that the main results for trees in Section 5 hold for ELPs as well.

Theorem 33. Let T be an ELP whose underlying simple graph T' is a tree. Then

. . OT
D| < dim(MP(T)) < |E(T
min D] < dim(MP(T)) < [E(T)[+ <,

where all definitions are taken from Theorem 19.
Proof. Since T" is a tree, all edges are bridges. Thus, the critical pairs in MP(T') are of the the first, third,

or fourth kind of critical pair for ELPs; not the second. As these are the same critical pairs in the simple
graph model, we find that dim(MP(7T)) = dim(MP(7")). Theorem 19 finishes the proof. O
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8. CONCLUSION AND FUTURE DIRECTIONS

The poset obtained by using minor operations on a graph is quite natural, however, to the authors’
knowledge, it has never been studied. The intent of this paper is to lay the combinatorial foundation for
studying this class of posets (depending on the various manners of defining the minor operation). Before
concluding, we would like to make a few remarks concering the future of this line of research.

Asymptotically, the dimension for simple graphs is driven by the critical pairs in £. As such, it seems
worthwhile to study the structure of minimal edge-cuts of subgraphs of a given graph. Unfortunately, there
is nothing in the current literature that addresses this issue. Perhaps there is an interesting class of graphs
for which this cut structure is particularly nice.

The primary problem we would like to see resolved is Conjecture 23. As noted in Remark 4, the proof of
Theorem 30 will not generalize, although perhaps the work of Ding will be useful in answering this conjecture.

Extremal problems often arise in this area of combinatorics (e.g. see [1], [2]). For example, givenn < t € N,
what is the maximum number of edges a graph on n vertices can have while maintaining dimension at most
t? Solutions to extremal questions may also help to shed light on an answer to Conjecture 23.

Finally, there is an algorithmic aspect to this theory. In general, computing dimension is NP-Complete [23].
However, we have seen that in some instances the dimension can be computed easily as it is closely related
to a corresponding graph parameter (e.g., the dimension of the minor poset of a path). Are there certain
classes of graphs, perhaps minor-free classes, for which dimension is efficiently computed? This question
remains open even for trees, not only because the upper and lower bounds do not always match, but also
because we do not know how to identify those graphs for which the bounds do match. It is an open question
as to the complexity of computing the minimum size of a path decomposition for a given tree.

In the graph minors theorem [17], the parameter treewidth is used to describe the structural complexity
of a graph; the smaller the treewidth, the more tree-like the graph, and hence the less complex the structure.
Dimension is used similarly for posets, as the smaller the dimension, the more chain-like the poset, and hence
the less structural complexity. It would be natural to hope that graphs of small treewidth would yield minor
posets of small dimension. Unfortunately, the two notions of complexity do not mesh as nicely as could be
wished. However, we still have hope that there is a common notion of complexity that will yield significant
results concerning the structure of graphs and posets.

Acknowledgements. The authors would like to thank Tom Trotter, Graham Brightwell, and Guoli Ding
for their insightful conversations in the development of this work.
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