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� Read this page completely before you start! You will have 2 hours for the exam.

� You will not be able to ask questions during the exam. If questions are unclear, or
you think there is a typo in a question, please answer it the best possible way and
explain what assumptions you made. You must show work, so we can see how you
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� Hand in

– Your answers to problems 1-7,

– This cover page as the answer to problem 8 on Gradescope,

– All scratch work as the answer to problem 9 on Gradescope.
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to write on the PDF file, or (3) write answers on a blank sheet of paper (preferably
white, unlined printer paper). Have extra paper on hand for scratch work.

� BEFORE YOU START: Write the start time in the space below. Do this after
you have printed out the exam, but before you start working the exam.

� WHEN YOU STOP: Write the stop time in the space below. If the total time is
more than two minutes over two hours, explain in the comments below.

� AFTER YOU STOP: Sign the Academic Integrity Acknowledgement below.

� Convert your written answers to a PDF file.

� UPLOAD TO GRADESCOPE IMMEDIATELY: Upload the answers to prob-
lems 1-7, then this signed cover page as the answer to problem 8, then all scratch
work as the answer to problem 9.

� If you modify any answers after the “STOP TIME”, that is, while preparing to
upload, please explain in the comments below. If you have technical problems during
uploading, please explain in the comments below.

Academic Integrity Guidelines: You must work this exam on your own, without any

use of notes, textbook, online resources, nor assistance of any kind. You may

neither receive help nor provide help on this exam.

START TIME:

STOP TIME:

ACADEMIC INTEGRITY: I understood and abided by the academic integrity guidelines.

SIGNED:

Comments (optional):
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1. (In R2.) Let C be a circle of radius 1 centered at the origin. We want to let h be an
affine transformation that transforms C to the ellipse shown in the figure.

The major radius of the ellipse is 3

2
. The minor radius of the ellipse is 1

2
.

The dotted line has length r from the origin to the ellipse; the angles θ and ϕ are measured
as indicated.
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Express f as a composition of rotations, translations and (non-uniform) scalings.
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2. Let x = ⟨−1,1⟩ and y = ⟨1,2⟩. Let L be the line containing x and y. For any u ∈ R2, let
f(u) be equal to the point on L that is closest u. In other words, f(u) acts by projecting
u orthogonally onto the line L.

a. Is f linear?

b. If f affine?

c. If f is linear, give a 2 × 2 matrix which represents g.
If g is affine but not linear, give a 3 × 3 matrix which represents g over homogeneous
coordinates.
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3. Let x = ⟨−1,1⟩ and y = ⟨1,2⟩ and z = ⟨0,0⟩. This problem is based on using barycentric
coordinates to represent points in R2.

Define function g ∶ R2
→ R2 by letting g(v) = ⟨α,β⟩ where the values α,β are such that the

barycentric coordinates of v are equal α,β, γ, with γ = 1−α−β. For example, g(x) = ⟨1,0⟩
and g(y) = ⟨0,1⟩ and g(z) = ⟨0,0⟩.

x = ⟨−1,1⟩

y = ⟨1,2⟩

z = ⟨0,0⟩

a. Is g linear?

b. If g affine?

c. If g is linear, give a 2 × 2 matrix which represents g.
If g is affine but not linear, give a 3 × 3 matrix which represents g over homogeneous
coordinates.
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4. (Hyperbolic interpolation). Let v = ⟨1,2,1⟩ and w = ⟨4,6,2⟩ be homogeneous represen-
tations of the points a = ⟨1,2⟩ and b = ⟨2,3⟩.

a. What is u = Lerp(v,w, 1
3
) equal to? What point in R2 is represented by u?

b. What is s = Lerp(a,b, 1
3
⟩?

What value β makes Lerp(v,w, 1
3
) be a homogeneous representation of the point s?
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5. Usually, the Phong lighting equation

I = ρaI
in

a + ρdI
in

d (ℓ ⋅ n) + ρsI
in

s (max{r ⋅ v,0})f + Ie.

uses the same specular exponent f for all three colors red, green and blue. Suppose
however that we used different specular exponents for different colors.

In particular, suppose that

- For red, we use ρs = 1 and f = 100;

- For green, we use ρs = 1 and f = 2;

- For blue, we use ρs = 0 and f = 1

2
.

Describe what specular highlights might look like in this situation. Be as precise as you
can about what color effects might be visible.
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6.a. Working in R2, a degree three Bézier curve q(u), for u ∈ [0,1], is defined by the four
control points p0 = ⟨0,0⟩, p1 = ⟨4,0⟩, and p2 = ⟨4,3⟩, and p3 = ⟨0,4⟩. Draw a graph
showing these four control points. On this graph:

� Draw the four control points and the control polygon,

� Draw a freehand sketch of q(u). Be sure to show clearly the starting and end
positions and tangencies of the curve q(u).

6.b Use the de Casteljau algorithm to evaluate q(1
2
). Draw a new graph below, showing

the control polygon, and all intermediate lines and intermediate values obtained when
using de Casteljau algorithm for q(1

2
). What is the value of q(1

2
)?

6.c The first half of the curve q(u), going from q(0) to q(1
2
), is a degree three Bézier

curve. What are its control points? What are the values of the first derivatives q′(0)
and q′(1

2
)?
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7. A piecewise degree Bézier curve is to be composed of two pieces, q1(u) and q2(u), both
defined on the domain [0,1]. The control points of q1(u) are

p0 = ⟨0,0⟩ and p1 = ⟨0,1⟩ and p2 = ⟨1,2⟩ and p3 = ⟨2,2⟩.

The second piece, q2(u) is to be defined with control points r0, r1, r2 and r3. We want
to have q2(0) = q1(1) and to have q2(1) = ⟨4,0⟩.

a. What are the values r0 and r3?

b. Suppose we want the overall curve to be G1-continuous and to have q′
2
(1) = ⟨1,0⟩.

Describe the set of all possible values for the remaining two control points r1 and r2
that make these conditions hold.

c. Now suppose we want the overall curve to be C1-continuous and to have q′
2
(1) = q′

2
(0).

Describe the set of all possible values for the remaining two control points r1 and r2
that make these conditions hold.


