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Abstract. We study the proof complexity of RAT proofs and related systems in-
cluding BC, SPR, and PR which use blocked clauses and (subset) propagation
redundancy. These systems arise in satisfiability (SAT) solving, and allow infer-
ences which preserve satisfiability but not logical implication. We introduce a new
inference SR using substitution redundancy. We consider systems both with and
without deletion. With new variables allowed, the systems are known to have the
same proof theoretic strength as extended resolution. We focus on the systems that
do not allow new variables to be introduced.
Our first main result is that the systems DRAT−, DSPR− and DPR−, which allow
deletion but not new variables, are polynomially equivalent. By earlier work of
Kiesl, Rebola-Pardo and Heule, they are also equivalent to DBC−. Without dele-
tion and without new variables, we show that SPR− can polynomially simulate
PR− provided only short clauses are inferred by SPR inferences. Our next main
results are that many of the well-known “hard” principles have polynomial size
SPR− refutations (without deletions or new variables). These include the pigeon-
hole principle, bit pigeonhole principle, parity principle, Tseitin tautologies, and
clique-coloring tautologies; SPR− can also handle or-fication and xor-ification.
Our final result is an exponential size lower bound for RAT− refutations, giving
exponential separations between RAT− and both DRAT− and SPR−.

1 Introduction

SAT solvers are routinely used for many large-scale instances of satisfiability. It is widely
realized that when a solver reports a SAT instance Γ is unsatisfiable, it should also pro-
duce a proof of unsatisfiability. This is of particular importance as SAT solvers become
increasingly complex, and thus more subject to software bugs or even design problems.

The first proof systems proposed for SAT solvers were based on reverse unit prop-
agation (RUP) inferences [8, 27] as this is sufficient to handle resolution and the usual
CDCL clause learning schemes. However, RUP inferences only support logical impli-
cation, and do not accommodate many “inprocessing” rules. Inprocessing rules may
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not respect logical implication; instead they only guarantee equisatisfiability [15]. In-
processing inferences have been formalized with sophisticated inference rules including
DRAT (deletion, reverse asymmetric tautology), PR (propagation redundancy) and SPR
(subset PR) in a series of papers including [15, 11, 10, 28]. These systems can be used
both as proof systems to verify unsatisfiability, and as inference systems to facilitate
searching for either a satisfying assignment or a proof of unsatisfiability.

The ability to introduce new variables makes DRAT very powerful, and it can simu-
late extended resolution [16]. Moreover there are recent results [9, 14, 12, 13] indicating
that DRAT and PR are still powerful when restricted to use few new variables, or even
no new variables. In particular, [14, 12, 13] showed that the pigeonhole principle clauses
have short (polynomial size) refutations in the PR proof system; in fact, these refutations
can be found automatically by an appropriately configured SAT solver [14]. There are
at present no good proof search heuristics for how to introduce new variables with the
extension rule. It is possible however that there are good heuristics for searching for
proofs that do not use new variables in DRAT and PR and related systems. Thus, these
systems could potentially lead to dramatic improvements in the power of SAT solvers.

This paper studies these proof systems viewed as refutation systems, paying partic-
ular attention to proof systems that do not allow new variables. The proof systems BC
(blocked clauses), RAT, SPR, PR, and SR are defined below. (Only SR is new to this
paper.) These systems have variants which allow deletion, called DBC, DRAT, DSPR,
DPR and DSR. There are also variants of all these systems restricted to not allow new
variables: we denote these with a superscript “−” as BC−, DBC−, RAT−, DRAT− etc.

Section 2 studies the relation between these systems and extended resolution. We
show that any proof system containing BC− and closed under restrictions simulates ex-
tended resolution. A proof system  simulates a proof system  if any -proof can be
converted, in polynomial time, into a -proof of the same result. It is known that DBC−

simulates DRAT− [16], and that DRAT simulates DPR with the use of only one ex-
tra variable [9]. Section 3.1 shows DRAT− simulates DPR−. As a consequence, DBC−

can also simulate DPR−. Section 3.2 gives a method to convert SPR− refutations into
PR− refutations with a size increase that is exponential in the “discrepancy” of the PR
inferences. However, in many cases, the discrepancy will be logarithmic or even smaller.

Section 4 proves new polynomial upper bounds on the size of SPR− proofs for many
of the “hard” tautologies from proof complexity. This includes the pigeonhole principle,
the bit pigeonhole principle, the parity principle, the clique-coloring principle, and the
Tseitin tautologies. We also show that obfuscation by or-fication and xor-ification does
not work against SPR−. Note that SPR− allows neither deletion nor the the use of new
variables. Prior results gave SPR− proofs for the pigeonhole principle (PHP) [12, 13],
and PR− proofs for the Tseitin tautologies and the 2-1 PHP [9]. These results raise the
question of whether SPR− can simulate, for instance, Frege systems.

Section 5 shows RAT− cannot simulate either DRAT− or SPR−, by proving size and
width lower bounds for RAT− proofs of the bit pigeonhole principle (BPHP).

Most of the known inclusions for these systems, including our new results, are sum-
marized in (1)-(3). Allowing new variables (and with or without deletion), we have

Res < BC ≡ RAT ≡ SPR ≡ PR ≡ SR ≡ ER. (1)



With deletion and no new variables (except ER may use new variables):

Res < DBC− ≡ DRAT− ≡ DSPR− ≡ DPR− ≤ DSR− ≤ ER. (2)

With no deletion and no new variables (except ER may use new variables):

Res < BC− ≤ RAT− < SPR− ≤∗ PR− ≤ SR− ≤ ER. (3)

In these equations, equivalence (≡) indicates the systems simulate each other. Inequality
(≤) indicates only one direction is known for the simulation. Strict inequality (<) means
that it is known there is no simulation in the other direction. The symbol≤∗ in (3) means
PR− simulates SPR−, and there is a simulation in the other direction under the additional
assumption that the discrepancies of PR inferences are logarithmically bounded.

There are still a number of open questions about the systems with no new variables.
Of particular importance is the question of the relative strengths of DPR−, DSR− and
ER. The system DPR− is a promising system for effective proof search algorithms, and
ER is known to be strong. The results of [9, 12, 13] and the present paper show that DPR−

is also strong. Indeed, Section 4 shows even (the possibly weaker) SPR− is strong.
Another important question is to understand the strength of deletion for these sys-

tems. Deletion is well-known to help the performance of SAT solvers in practice, and
for systems such as RAT, it is known that deletion can allow new inferences. Our results
in Sections 4 and 5 show that in fact RAT− does not simulate DRAT−. This strengthens
the case for the importance of deletion.

We thank the reviewers for suggestions and comments that improved the paper.

1.1 Preliminaries

We use the usual conventions for clauses, variables, literals, truth assignments, etc. Var

and Lit are the sets of all variables and all literals. A set of literals is called tautological

if it contains a pair of complementary literals p and p. A clause is a non-tautological
set of literals; we use C,D,… to denote clauses. The empty clause is denoted ⟂, and is
always false. 0 and 1 denote respectively False and True; and 0 and 1 are respectively
1 and 0. We use both C ∪ D or C ∨ D to denote unions of clauses, but usually write
C ∨ D when the union is a clause. The notation C = D ∨̇E indicates that C = D ∨ E

is a clause and D and E have no variables in common. If Γ is a set of clauses, C ∨ Γ is
the set {C ∨D ∶ D ∈ Γ and C ∨D is a clause}.

A partial assignment � is a mapping from a set of variables to {0, 1}. It acts on
literals by letting �(p) = �(p). We sometimes identify a partial assignment � with the set
of unit clauses asserting that � holds. For C a clause, C denotes the partial assignment
whose domain is the variables of C and which asserts that C is false. For example, if
C = x∨y∨z then, depending on context,C will denote either the set containing the three
unit clauses x and y and z, or the partial assignment � with domain dom(�) = {x, y, z}

such that �(x) = �(z) = 1 and �(y) = 0.
A substitution generalizes the notion of a partial assignment by allowing variables

to be mapped also to literals. Formally, a substitution � is a map from Var ∪ {0, 1} to
Lit ∪ {0, 1} which is constant on {0, 1}. Note that a substitution may cause different



literals to become identified. A partial assignment � can be viewed as a substitution, by
defining �(x) = x for all variables x outside the domain of � .

Suppose C is a clause and � is a substitution. Let �(C) = {�(p) ∶ p ∈ C}. We say
� satisfies C , written � ⊨ C , if 1 ∈ �(C) or �(C) is tautological. When � ⊭ C , the
restriction C|� is defined by letting C|� equal �(C)⧵{0}. ThusC|� is a clause expressing
the meaning of C under �. For Γ a set of clauses, the restriction of Γ under � is denoted
Γ|� and equals {C|� ∶ C ∈ Γ and � ⊭ C }. The composition of substitutions � and �

is defined by (�◦�)(x) = �(�(x)), and in particular (�◦�)(x) = �(x) if �(x) ∈ {0, 1}.
For partial assignments � and �, this means that dom(�◦�) = dom(�) ∪ dom(�) and that
(�◦�)(x) equals �(x) for x ∈ dom(�) and �(x) for x ∈ dom(�) ⧵ dom(�).

Lemma 1. For a set of clauses Γ and substitutions � and �, Γ|�◦� = (Γ|�)|� . In partic-

ular, � ⊨ Γ|� if and only if �◦� ⊨ Γ.

We write Γ ⊨ C , if every total assignment satisfying Γ also satisfies C . Recall that a
unit propagation refutation of Γ is a resolution refutation in which, in every resolution
step, one of the clauses resolved is a unit clause.

Definition 2. We write Γ ⊢1 ⊥ to denote that there is a unit propagation refutation of Γ.

We define Γ ⊢1 C to mean Γ∪C ⊢1 ⊥. For a set of clauses Δ, we write Γ ⊢1 Δ to mean

Γ ⊢1 C for every C ∈ Δ.

Fact 3. If Γ ⊢1 ⊥ and � is any partial assignment or substitution, then Γ|� ⊢1 ⊥.

When Γ ⊢1 C , then C is said to be derivable from Γ by reverse unit propaga-

tion (RUP), or is called an asymmetric tautology (AT) with respect to Γ [27, 15, 11]. Of
course, Γ ⊢1 C implies that Γ ⊨ C . The advantage of working with ⊢1 is that there is a
simple polynomial time algorithm to determine whether Γ ⊢1 C . We have:

Lemma 4. If C is derivable from Γ by a single resolution inference, then Γ ⊢1 C .

Conversely, if Γ ⊢1 C , then some C ′ ⊆ C has a resolution derivation from Γ of length

at most n + 1, where n is the number of variables appearing in Γ.

Lemma 5. Let C ∨D be a clause (so C ∪D is not tautological), and set � = C . Then

Γ|� ⊢1 D ⧵ C ⟺ Γ|� ⊢1 D ⟺ Γ ⊢1 C ∨D.

1.2 RAT and propagation redundancy

We next describe inference rules which can be used to add a clauseC to a set of clausesΓ,
maintaining satisfiability. In non-strictly increasing order of strength, they are

BC → RAT → SPR → PR → SR.

The definitions follow [15, 11, 13], except for the new SR (“substitution redundancy”).
All of these rules can be viewed as allowing the introduction of clauses that hold “with-
out loss of generality” [22].

Let Γ be a set of clauses and C a clause with a distinguished literal p, so that C has
the form p ∨̇C ′.



Definition 6. The clause C is a blocked clause (BC) with respect to p and Γ if, for every

clause D of the form p ∨̇D′ in Γ, the set C ′ ∪D′ is tautological.

Definition 7. A clause C is a resolution asymmetric tautology (RAT) with respect to p

and Γ if, for every clause D of the form p ∨̇D′ in Γ, either C ′ ∪ D′ is tautological or

Γ ⊢1 p ∨ C ′ ∨D′.

We write p ∨ C ′ instead of C to emphasize that we include the literal p (some defi-
nitions of RAT omit it). Clearly, being BC implies being RAT.

Two sets Γ and Π of clauses are equisatisfiable if they are both satisfiable or both
unsatisfiable. A well-known, important property of BC and RAT is:

Theorem 8. ([15]) If C is BC or RAT w.r.t. Γ, then Γ and Γ ∪ {C} are equisatisfiable.

For the rest of this section, let � be the partial assignment C .

Definition 9. ([13]) A clause C is propagation redundant (PR) with respect to Γ if there

is a partial assignment � such that � ⊨ C and Γ|� ⊢1 Γ|� .

Theorem 10. ([13]) If C is PR with respect to Γ, then Γ and Γ∪{C} are equisatisfiable.

Of the remaining rules, SPR is a restriction of PR, but is more general than RAT ([13]).
The new substitution redundancy rule (SR) generalizes PR, allowing � to be a substitu-
tion rather than a partial assignment. The condition is still polynomial-time checkable.

Definition 11. ([13]) A clause C is subset propagation redundant (SPR) w.r.t. Γ if there

is a partial assignment � with dom(�) = dom(�) such that � ⊨ C and Γ|� ⊢1 Γ|� .

Definition 12. A clause C is substitution redundant (SR) with respect to Γ if there is a

substitution � such that � ⊨ C and Γ|� ⊢1 Γ|� .

Theorem 13. If C is SPR or SR w.r.t. Γ, then Γ and Γ ∪ {C} are equisatisfiable.

Proof. This follows by Theorem 10 or, in the case of SR, by an identical proof. ⊓⊔

We next give a technical lemma giving a kind of normal form for propagation re-
dundancy. It implies that if C is PR with respect to Γ, then without loss of generality
dom(�) includes dom(�).

Lemma 14. If C is PR w.r.t. Γ, witnessed by partial assignment � , then Γ|� ⊢1 Γ|�◦� .

Proof. Let � = �◦� . SupposeE ∈ Γ is such that � ⊭ E. We must show that Γ|� ⊢1 E|� .
We can decompose E as E1 ∨E2 ∨E3 where E1 contains the literals in dom(�), E2 the
literals in dom(�) ⧵ dom(�) and E3 the remaining literals. Then E|� = E2 ∨ E3 and by
the PR assumption Γ|� ⊢1 E|� , so there is a derivation Γ|� ∪E2 ∪E3 ⊢1 ⊥. But neither
Γ|� nor E3 contain any variables from dom(�), so the literals in E2 are not used in this
derivation. Hence Γ|� ∪ E3 ⊢1 ⊥, which completes the proof since E3 = E|� . ⊓⊔



1.3 Proof systems

This section introduces proof systems based on the BC, RAT, SPR, PR and SR infer-
ences. Some of the systems also allow the use of the deletion rule: these systems are de-
noted DBC, DRAT, etc. All the proof systems are refutation systems. They start with a set
of clauses Γ, and successively derive sets Γi of clauses, first Γ0 = Γ, then Γ1,Γ2,… ,Γm
until reaching a set Γm containing the empty clause. It will always be the case that if Γi
is satisfiable, then Γi+1 is satisfiable. Since the empty clause ⟂ is in Γm, this last set is
not satisfiable. This suffices to show that Γ is not satisfiable.

Definition 15. A BC, RAT, SPR, PR, or SR proof (or refutation) of Γ is a sequence

Γ0,… ,Γm such that Γ0 = Γ, ⟂∈ Γm and each Γi+1 = Γi ∪ {C}, where either

– Γi ⊢1 C (that is, “C is RUP with respect to Γi”), or

– C is BC, RAT, SPR, PR, or SR (respectively) with respect to Γi.

For BC or RAT steps, the proof must specify some p, and for SPR, PR or SR, it must

specify some � .

There is no constraint on the variables that appear in clauses C introduced in BC,
RAT etc. steps. They are free to include new variables that did not occur in Γ0,… ,Γi.

Definition 16. A DBC, DRAT, DSPR, DPR, or DSR proof allows the same rules of

inference (respectively) as Definition 15, plus the deletion inference rule:

– Γi+1 = Γi ⧵ {C} for some C ∈ Γi.

Since RUP inferences simulate resolution, these systems all simulate resolution. By
Theorems 8, 10 and 13, they are sound. Since the inferences are defined using ⊢1 they
are polynomial time verifiable, as the description of � is included with every SPR, PR
or SR inference. Hence they are all proof systems in the sense of Cook-Reckhow [6, 7].

The deletion rule allows any clause to be deleted, even initial clauses. So it can hap-
pen that Γi is unsatisfiable but Γi+1 is satisfiable. This is okay for us since we focus
on refuting sets of unsatisfiable clauses. Surprisingly, deletion is important because the
property of being BC, RAT etc. involves a universal quantification over the current set of
clauses Γi. Thus deletion can make the systems more powerful, by making more infer-
ences possible. For this, see Corollary 47. (Also, an early paper on this by Kullmann [19]
exploited deletions to generalize the power of BC inferences.)

All the systems defined so far are equivalent to extended resolution (ER), because of
their ability to freely introduce new variables. The main topic of the paper is the systems
in the next definition, which lack this ability.

Definition 17. A BC refutation of Γ without new variables, or, for short, a BC− refu-

tation of Γ, is a BC refutation of Γ in which only variables from Γ appear. The systems

RAT−, SPR−, PR−, SR− and DBC−, DRAT−, DSPR−, DPR−, DSR− are defined simi-

larly.



2 Relations with extended resolution

2.1 With new variables

It is well-known that RAT, and even BC, can simulate extended resolution (ER) if new
variables are allowed. To see this, consider an extended resolution inference which uses
the extension rule to introduce a new variable x to stand for the conjunction p∧ q of two
literals. This means that the three extension clauses

x ∨ p ∨ q x ∨ p x ∨ q (4)

are introduced. We can instead add these clauses using the BC rule. Let Γ be the original
set of clauses, and let Γ1,Γ2,Γ3 be Γ with the three clauses above successively added.
Then x ∨ p ∨ q is BC with respect to Γ and x because no clause in Γ contains x. The
clause x ∨ p is BC with respect to Γ1 and x because the only clause in Γ1 containing x

is x ∨ p ∨ q, and resolving this with x ∨ p gives a tautological conclusion. The clause
x ∨ q is BC with respect to Γ2 and x in a similar way. Thus BC, and hence all the other
systems which allow new variables, simulate ER. The converse holds as well:

Theorem 18. The system ER simulates DSR, and hence every other system above.

For space reasons, we omit the proof here, but it is known already by [16, 9] that ER
simulates DPR. A similar proof works for DSR.

2.2 Without new variables

In the systems without the ability to freely add new variables, we can still imitate ex-
tended resolution by adding dummy variables to the formula we want to refute.

For m ≥ 1, define Xm to be the set consisting of only the two clauses

y ∨ x1 ∨⋯ ∨ xm and y.

Lemma 19. Suppose Γ has an ER refutation Π of size m, and that Γ and Xm have no

variables in common. Then Γ ∪ Xm has a BC−-refutation Π∗ of size O(m), which can

furthermore be constructed from Π in polynomial time.

Proof. We describe how to change Π into Π∗. We first rename all extension variables
to use names from {x1,… , xm} and replace all resolution steps with ⊢1 inferences.
Now consider an extension rule in Π which introduces the three extension clauses (4)
expressing xi ↔ (p ∧ q), where we may assume that p and q are either variables of Γ or
from {x1,… , xi−1}. We simulate this by introducing successively the three clauses

xi ∨ p ∨ q xi ∨ p ∨ y xi ∨ q ∨ y

using the BC rule. The first clause, xi ∨ p ∨ q, is BC with respect to xi, because xi has
not appeared yet. The second clause is BC with respect to xi, because xi appears only
in two earlier clauses, namely y ∨ x1 ∨⋯ ∨ xm, which contains y, and xi ∨ p∨ q, which
contains p. In both cases the resolvent with xi ∨ p ∨ y is tautological. The third clause
is similar. The unit clause y is in Xm, so we can then derive the remaining two needed
extension clauses xi ∨ p and xi ∨ q by two ⊢1 inferences. ⊓⊔



As the next corollary shows, this lemma can be used to construct examples of usually-
hard formulas which have short proofs in BC−. (We will give less artificial examples of
short SPR− proofs in Section 4.) Let m(n) be the polynomial size upper bound on ER
refutations of the pigeonhole principle PHPn which follows from [7].

Corollary 20. The set of clauses PHPn ∪Xm(n) has polynomial size proofs in BC−, but

requires exponential size proofs in constant depth Frege.

Proof. The upper bound is by Lemma 19. For the lower bound, let Π be a refutation in
depth-d Frege. Then we can restrict Π by setting y = 1 to obtain a depth-d refutation of
PHPn which, by [18, 20], must have exponential size. ⊓⊔

The same argument can give a more general result. A propositional proof system 

is closed under restrictions if given any -refutation of Γ and any partial assignment �,
we can construct a -refutation of Γ|� in polynomial time.

Theorem 21. Let  be any propositional proof system which is closed under restric-

tions. If  simulates BC−, then  simulates ER.

Proof. Suppose Γ has a refutation Π in ER of length m. Take a copy of Xm in disjoint
variables from Γ. By Lemma 19 we can construct a BC−-refutation of Γ ∪Xm. Since 
simulates BC−, we can then construct a -refutation of Γ ∪Xm. Let � be the restriction
which just sets y = 1, so that (Γ ∪Xm)|� = Γ. Since  is closed under restrictions, we
can construct a -refutation of Γ. All constructions are polynomial time. ⊓⊔

Corollary 22. If, as is expected, the Frege proof system is strictly weaker than ER, then

Frege does not simulate BC−.

3 Simulations

3.1 DRAT− simulates DPR−

The following relations were known between DBC−, DRAT− and DPR−.

Theorem 23. ([16]) DBC− simulates DRAT−.

Theorem 24. ([9]) Suppose Γ has a DPR refutation Π. Then it has a DRAT refutation

constructible in polynomial time from Π, using at most one variable not used in Π.

We will show, in Theorem 30 below, that DRAT− simulates DPR−. Thus the systems
DBC−, DRAT−, DSPR− and DPR− are all equivalent. Our proof relies on the main step
in the proof of Theorem 24:

Lemma 25. ([9]) Suppose C is PR w.r.t. Γ. Then there is a polynomial size DRAT
derivation of Γ ∪ {C} from Γ, using at most one variable not appearing in Γ or C .

Definition 26. Let Γ be a set of clauses and x any variable. Then Γ(x) consists of every

clause in Γ which does not mention x, together with every clause of the form E ∨ F

where both x ∨̇E and x ∨̇F are in Γ.



In other words, Γ(x) is formed from Γ by doing all possible resolutions with respect
to x and then deleting all clauses containing either x or x. (This is exactly like the first
step of the Davis-Putnam procedure.)

Lemma 27. There is a polynomial size DRAT derivation of Γ from Γ(x), using only

variables from Γ.

Proof. We first derive every clause of the form E ∨̇x in Γ, by RAT on x. As x has not
appeared yet the RAT condition is satisfied. Then we derive each clause of the form
F ∨̇ x in Γ, by RAT on x. The only possible resolutions are with clauses of the form
E ∨̇x which we have just introduced, but in this case either E ∪ F is tautological or
E ∨ F is in Γ(x) so Γ(x) ⊢1 x ∨ F ∨ E. Finally we delete all clauses not in Γ. ⊓⊔

The next two lemmas show that, under suitable conditions, if we can derive C from
Γ in DPR−, then we can derive it from Γ(x). We will use a kind of normal form for PR
inferences. Say that a clause C is PR0 with respect to Γ if there is a partial assignment
� such that � ⊨ C , all variables in C are in dom(�), and

C ∨ Γ|� ⊆ Γ. (5)

The PR0 inference rule lets us derive Γ ∪ {C} from Γ when (5) holds. It is not hard to
see that (5) implies Γ|� ⊢1 Γ|� , where � = C , so this is a special case of the PR rule.

Lemma 28. Any PR inference can be replaced with a PR0 inference together with poly-

nomially many ⊢1 and deletion steps, using no new variables.

Proof. Suppose Γ|� ⊢1 Γ|� , where � = C and � ⊨ C . By Lemma 14 we may assume
dom(�) ⊆ dom(�) so dom(�) contains all variables inC . Let Δ = C∨Γ|� andΓ∗ = Γ∪Δ.
Note that Δ|� is empty, as � satisfies C . This implies that C ∨ Γ∗|� = C ∨ Γ|� ⊆ Γ∗, so C

is PR0 w.r.t. Γ∗. Furthermore the condition Γ|� ⊢1 Γ|� implies that every clause in Δ is
derivable from Γ by a ⊢1 step, by Lemma 5. Thus we can derive Γ∗ from Γ by ⊢1 steps,
then introduce C by the PR0 rule, and recover Γ ∪ {C} by deleting everything else. ⊓⊔

Lemma 29. Suppose C is PR0 with respect to Γ, witnessed by � with x ∉ dom(�). Then

C is PR0 with respect to Γ(x).

Proof. The PR0 condition implies the variable x does not occur in C . We are given that
C∨Γ|� ⊆ Γ and want to showC∨(Γ(x))|� ⊆ Γ(x). LetD ∈ Γ(x) with � ⊭ D. First suppose
D is in Γ and x does not occur in D. ThenC∨D|� ∈ Γ by assumption, so C∨D|� ∈ Γ(x).
Otherwise, D = E ∨ F where both E ∨̇ x and F ∨̇ x are in Γ. Then by assumption both
C ∨ E|� ∨ x and C ∨ F|� ∨ x are in Γ. Hence C ∨D|� = C ∨ E|� ∨ F|� ∈ Γ(x). ⊓⊔

Theorem 30. DRAT− simulates DPR−.

Proof. We are given a DPR− refutation of some set Δ, using only the variables in Δ.
By Lemma 28 we may assume without loss of generality that the refutation uses only
⊢1, deletion and PR0 steps. Consider a PR0 inference in this refutation, which derives
Γ∪ {C} from a set of clauses Γ, witnessed by a partial assignment � . We want to derive
Γ ∪ {C} from Γ in DRAT using only variables in Δ.



Suppose � is a total assignment to all variables in Γ. The set Γ is necessarily unsat-
isfiable, or it could not occur as a line in a refutation. Therefore Γ|� is simply ⊥, so the
PR0 condition tells us that C ∈ Γ and we do not need to do anything.

Otherwise, there is some variable x which occurs in Γ but is outside the domain of � ,
and thus in particular does not occur in C . We first use ⊢1 and deletion steps to replace
Γ with Γ(x). By Lemma 29, C is PR0, and thus PR, with respect to Γ(x). By Lemma 25
there is a short DRAT derivation of Γ(x) ∪{C} from Γ(x), using one new variable which
does not occur in Γ(x) or C . We choose x for this variable. Finally, observing that here
Γ(x) ∪ {C} = (Γ ∪ {C})(x), we recover Γ ∪ {C} using Lemma 27. ⊓⊔

3.2 Towards a simulation of PR− by SPR−

Our next result shows how to replace a PR inference with SPR inferences, without ad-
ditional variables. It is not a polynomial simulation of PR− by SPR− however, as it
depends exponentially on the “discrepancy” as defined next. Recall that C is PR w.r.t. Γ
if Γ|� ⊢1 Γ|� , where � = C and � is a partial assignment satisfying C . We will keep this
notation throughout this section. C is SPR w.r.t. Γ if additionally dom(�) = dom(�).

Definition 31. The discrepancy of a PR inference is |dom(�)⧵dom(�)|. That is, it is the

number of variables which are assigned by � but not by �.

Theorem 32. Suppose that Γ has a PR refutation Π of size S in which every PR infer-

ence has discrepancy bounded by �. Then Γ has a SPR refutation of size O(2�S) which

does not use any variables not present in Π.

If the discrepancy is logarithmically bounded, Theorem 32 gives polynomial size
SPR refutations automatically. We need a couple of lemmas before proving the theorem.

Lemma 33. Suppose Γ|� ⊢1 Γ|� and �+ is a partial assignment extending �, such that

dom(�+) ⊆ dom(�). Then Γ|�+ ⊢1 Γ|�

Proof. Suppose E ∈ Γ|� . Then E contains no variables from �+ and by assumption
there is a refutation Γ|� , E ⊢1 ⊥. Thus Γ|�+ , E ⊢1 ⊥, by Fact 3. ⊓⊔

Definition 34. A clause C subsumes a clause D if C ⊆ D. A set Γ of clauses subsumes
a set Γ′ if each clause of Γ′ is subsumed by some clause of Γ.

Lemma 35. Suppose Γ ⊆ Γ′ and Γ subsumes Γ′. Suppose � and � are substitutions and

Γ|� ⊢1 Γ|� holds. Then Γ′|� ⊢1 Γ′|� . Consequently, if C can be inferred from Γ by an

SPR, PR or SR rule, then C can also be inferred from Γ′ by the same rule.

Proof. SupposeD ∈ Γ′ and � ⊭ D. We must show Γ′|� ⊢1 D|� . Let E ∈ Γ with E ⊆ D.
Then � ⊭ E, so by assumption Γ|� ⊢1 E|� . Also E|� ⊆ D|� , so Γ|� ⊢1 D|� . It follows
that Γ′|� ⊢1 D|� . ⊓⊔

Proof (of Theorem 32). Our main task is to show that a PR inference with discrepancy
at most � can be simulated by multiple SPR inferences, while bounding the increase
in proof size in terms of �. Suppose C is derivable from Γ by a PR inference. That is,



Γ|� ⊢1 Γ|� where � = C and � ⊨ C ; by Lemma 14 we may assume that dom(�) ⊇

dom(�). List the variables in dom(�) ⧵ dom(�) as p1,… , ps, where s ≤ �.
Enumerate as D1,… , D2s all clauses containing exactly the variables p1,… , ps with

some pattern of negations. Let �i = C ∨Di, so that �i ⊇ � and dom(�i) = dom(�).
By Lemma 33, Γ|�i ⊢1 Γ|� . Since � ⊨ C ∨ Dj for every j, in fact Γ|�i ⊢1 (Γ ∪

{C ∨D1,… , C ∨Di−1})|� . Thus we may introduce all clauses C ∨D1,… , C ∨D2s one
after another by SPR inferences. We can then use 2s − 1 resolution steps to derive C .

The result is a set Γ′ ⊇ Γ which contains C plus extra clauses subsumed by C . By
Lemma 35 these extra clauses do not affect the validity of later PR inferences. ⊓⊔

4 Upper bounds for some hard tautologies

This section proves that SPR− — without new variables — can give polynomial size
refutations for essentially all the usual “hard” propositional principles. Heule, Kiesl and
Biere [13, 12] showed that the tautologies based on the pigeonhole principle (PHP) and
the 2-1 pigeonhole principle have polynomial size SPR− proofs, and Heule and Biere
discuss polynomial size PR− proofs of the Tseitin tautologies in [9]. The SPR− proof of
the PHP tautologies can be viewed as a version of the original extended resolution proof
of PHP given by Cook and Reckhow [7]. Here we describe polynomial size SPR− proofs
for several well-known principles. We also show that orification and xorification can be
handled in SPR−. This is surprising since the proofs contain only clauses in the original
literals, and it is well-known that such clauses are limited in what they can express.

It is open whether extended resolution, or the Frege proof system, can be simulated
by PR− or DPR−, or more generally by DSR−. The examples below show that any sep-
aration of these systems must involve a new technique.

For space reasons, we omit the proofs and the descriptions of the clauses for Theo-
rems 38, 41, 42 and 43. They can be found in the full version of the paper. We include
the proof of Theorem 39 for the bit pigeonhole principle as an example, as it is relatively
easy, and is used in Section 5.

Definition 36. A Γ-symmetry is an invertible substitution � such that Γ|� = Γ.

If � is a Γ-symmetry and � = C is a partial assignment, then by Lemma 1 we have
Γ|� = (Γ|�)|� = Γ|�◦� . Hence, if �◦� ⊨ C , we can infer C from Γ by an SR inference
with � = �◦�. If furthermore � is the identity outside dom(�), then �◦� behaves as a
partial assignment and dom(�◦�) = dom(�), so this becomes an SPR inference.

Below we write � for the clause expressing that the partial assignment � does not
hold (so C = � if and only if � = C).

Lemma 37. Suppose (�0, �0),… , (�m, �m) is a sequence of pairs of partial assignments

such that for each i,

1. Γ|�i = Γ|�i
2. �i and �i are contradictory and have the same domain

3. for all j < i, either �j and �i are disjoint or they are contradictory.

Then we can derive Γ ∪ {�i ∶ i = 0,… , m} from Γ by a sequence of SPR inferences.



Proof. We write Ci for �i. By item 2, �i ⊨ Ci. Thus it is enough to show that for each i,
(
Γ ∪ {C0,… , Ci−1}

)
|�i

⊇
(
Γ ∪ {C0,… , Ci−1}

)
|�i
.

We haveΓ|�i = Γ|�i . For j < i, either �j and �i are disjoint, and so (Cj)|�i = (Cj)|�i = Cj ,
or they are contradictory and so �i ⊨ Cj and Cj vanishes from the right hand side. ⊓⊔

4.1 Pigeonhole principles

Let n ≥ 1. The pigeonhole principle PHPn asserts that n + 1 pigeons can be mapped to
n holes with no collisions.

Theorem 38 ([13]). PHPn has polynomial size SPR− refutations.

Let n = 2k. The bit pigeonhole principle contradiction, BPHPn, asserts that each
of n + 1 pigeons can be assigned a distinct k-bit binary string. For each pigeon x, 0 ≤

x < n + 1, it has variables px
1
,… , px

k
for the bits of the string assigned to x. We think

of strings y ∈ {0, 1}k as holes. When convenient we will identify holes with numbers
y < n. We write (x→y) for the conjunction

⋀
i(p

x
i
= yi) asserting that pigeon x goes to

hole y. We write (x↛y) for its negation
⋁

i(p
x
i
≠ yi). The axioms of BPHPn are then

(x↛y) ∨ (x′↛y) for all holes y and all distinct pigeons x, x′.

The set {(x↛y) ∶ y < n} consists of the 2k clauses containing the variables px
1
,… , px

k

with all patterns of negations. We can derive ⊥ from them in 2k−1 resolution steps.

Theorem 39. The BPHPn clauses have polynomial size SPR− refutations.

The theorem is proved below. It is essentially the same as the proof of PHP in [13]
(or Theorem 38 above). For each m < n − 1 and each pair x, y > m, we define a clause

Cm,x,y ∶= (m↛y) ∨ (x↛m).

Let Γ be the set of all such clauses Cm,x,y. We will show these clauses can be introduced
by SPR inferences, but first we show they suffice to derive BPHPn.

Lemma 40. BPHPn ∪ Γ has a polynomial size resolution refutation.

Proof. Using induction onm = 0, 1, 2,… , n−1we derive all clauses {(x↛m) ∶ x > m}.
So suppose m < n and x > m. For each y > m, we have the clause (m↛y) ∨ (x↛m), as
this is Cm,x,y. We also have the clause (m↛m) ∨ (x↛m), as this is an axiom of BPHPn.
Finally, for each m′ < m, we have (m↛m′) by the inductive hypothesis (or, in the base
case m = 0, there are no such clauses). Resolving all these together gives (x↛m).

This derives all clauses in {(n↛m) ∶ m < n}. Resolving these yields ⊥. ⊓⊔

Thus it is enough to show that we can introduce all clauses inΓ using SPR inferences.
We use Lemma 37. For m < n − 1 and each pair x, y > m, define partial assignments

�m,x,y ∶= (m→y) ∧ (x→m) and �m,x,y ∶= (m→m) ∧ (x→y)



so that Cm,x,y = �m,x,y and �m,x,y = �m,x,y◦� where � swaps all variables for pigeon m

and x. Hence (BPHPn)|�m,x,y = (BPHPn)|�m,x,y as required.
For the other conditions for Lemma 37, first observe that assignments �m,x,y and

�m,x′,y′ are always inconsistent, since they map m to different places. Now suppose that
m′ < m and �m,x,y and �m′,x′,y′ are not disjoint. Then they must have some pigeon in
common, so either m′ = x or x′ = x. In both cases �m′,x′,y′ contradicts (x→m), in the
first case because it maps x to m′ and in the second because it maps x to y′ with y′ > m′.

4.2 Other tautologies

The parity principle states that there is no (undirected) graph on an odd number of
vertices in which each vertex has degree exactly one (see [1, 2]). For n odd, let PARn be
a set of clauses expressing (a violation of) the parity principle on n vertices.

Theorem 41. The PARn clauses have polynomial size SPR− refutations.

The clique-coloring principle CCn,m states, informally, that a graph with n vertices
cannot have both a clique of size m and a coloring of size m − 1 (see [17, 21]).

Theorem 42. The CCn,m clauses have polynomial size SPR− refutations.

The Tseitin tautologies TSG, are hard examples for many proof systems (see [24,
25]). Let G be an undirected graph with n vertices, with each vertex i labelled with a
charge (i) ∈ {0, 1} such that the total charge on G is odd. For each edge e of G there
is a variable xe. Then TSG, is the CNF consisting of clauses expressing that, for each
vertex i, the parity of the values xe over the edges e touching i is equal to the charge (i).
For a vertex i of degree d, this requires 2d−1 clauses, using one clause to rule out each
assignment to the edges touching i with the wrong parity. If G has constant degree then
this has size polynomial in n. It is well-known to be unsatisfiable.

Theorem 43. The TSG, clauses have polynomial size SPR− refutations.

Orification and xorification have also been used to make hard instances of proposi-
tional tautologies. (See [4, 3, 26].) Nonetheless, SPR-inferences can be used to “undo”
the effects of orification and xorification, without using any new variables. (This is ar-
gued in the full version of the paper.) As a consequence, these techniques are not likely
to be helpful in establishing lower bounds for the size of PR refutations.

The principles considered above exhaust most of the known “hard” tautologies that
have been shown to require exponential size, constant depth Frege proofs. It is open
whether SPR− or SR− simulates Frege; and by the above results, any separation of SPR−

and Frege systems will likely require new techniques.
Paul Beame [private comm., 2018] suggested the graph PHP principles (see [5])

may separate systems such as SPR−, or even SR−, from Frege systems. However, it
is plausible that the graph PHP principles also have short SPR− proofs. Namely, SPR
inferences can infer a lot of clauses from the graph PHP clauses. If an instance of graph
PHP has every pigeon with outdegree ≥ 2, then there must be an alternating cycle of
pigeons i1,… il+1 and holes j1,… jl such that il = i1, the edges (is, js) and (is+1, js)



are all in the graph, and l = O(log n). An SPR inference can be used to learn the clause
xi1,j1

∨xi2,j2
∨⋯∨xil ,jl

, by using the fact that a satisfying assignment that falsifies this
clause can be replaced by the assignment that maps instead each pigeon is+1 to hole js.

This allows SPR inferences to infer many clauses from the graph PHP clauses. How-
ever, it remains open whether a polynomial size SPR− refutation exists.

5 Lower bounds

This section gives an exponential separation between DRAT− and RAT−, by showing
that the bit pigeonhole principle BPHPn requires exponential size refutations in RAT−.
This lower bound still holds if we allow some deletions, as long as no initial clause
of BPHPn is deleted. On the other hand, with unrestricted deletions, Theorems 23, 30
and 39 imply that BPHPn has polynomial size refutations in DRAT− and even DBC−,
and Theorem 39 shows that it has polynomial size SPR− refutations.

We define the pigeon-width of a clause or assignment to be the number of distinct pi-
geons that it mentions. Our lower bound proof uses a conventional strategy: we first show
a width lower bound (on pigeon-width), and then use a random restriction argument to
show that a proof of subexponential size can be made into one of small pigeon-width.
However, RAT− refutation size may not behave well under restrictions (see Section 2.2).
So, rather than using restrictions directly to reduce width, we will define a partial ran-
dom matching � of pigeons to holes and show that if BPHPn has a RAT− refutation of
small size, then BPHPn ∪ � has one of small pigeon-width.

We will sometimes identify resolution refutations of Γ with winning strategies for
the Prover in the Prover-Adversary game on Γ, in which the Adversary claims to know a
satisfying assignment and the Prover tries to force her into a contradiction by querying
variables; the Prover can also forget variables to save memory and simplify his strategy.

Lemma 44. Let � be a partial assignment corresponding to a partial matching of m

pigeons to holes. Then BPHPn ∪� requires pigeon-width n+1−m to refute in resolution.

Proof. A refutation of pigeon-width less than n + 1 − m would give a Prover-strategy
in which the Prover never has information about more than n − m pigeons; namely,
traverse Π upwards from⊥ to an initial clause, remembering only the values of variables
mentioned in the current clause. This strategy is easy for the Adversary to defeat, as
BPHPn ∪ � is essentially the pigeonhole principle with n − m holes. ⊓⊔

Theorem 45. Let � be a partial matching of size at most n∕4. Let Π be a DRAT refu-

tation of BPHPn ∪ � in which no new variables are introduced and no clause of BPHPn
is ever deleted. Then some clause in Π has pigeon-width more than n∕3.

Proof. Suppose for a contradiction there is a such a refutation Π in pigeon-width n∕3.
We consider each RAT inference in Π in turn, and show that it can be eliminated and
replaced with standard resolution reasoning, without increasing the pigeon-width.

Inductively suppose Γ is a set of clauses derivable from BPHPn ∪ � in pigeon-
width n∕3, using only resolution and weakening. Suppose a clause C in Π of the form
p ∨̇C ′ is RAT w.r.t. Γ and p. Let � = C , so �(p) = 0 and � mentions at most n∕3 pigeons.
We consider three cases.



Case 1: the assignment � is inconsistent with �. This means that � satisfies a literal
which appears in C , so C can be derived from � by a single weakening step.

Case 2: the assignment � ∪ � can be extended to a partial matching � of the pigeons
it mentions. We will show that this cannot happen. Let x be the pigeon associated with
the literal p. Let y = �(x) and let y′ be the hole � would map x to if the bit p were
flipped to 1. If y′ = �(x′) for some pigeon x′ in the domain of �, let �′ = �. Otherwise
let �′ = � ∪ {(x′, y′)} for some pigeon x′ outside the domain of �.

Let H be the hole axiom (x↛y′) ∨ (x′↛y′) in Γ. The clause (x↛y′) contains the
literal p, since (x→y′) contains p. So H = p ∨̇H ′ for some clause H ′. By the RAT
condition, either C ′ ∪H ′ is a tautology or Γ ⊢1 C ∨H ′. Either way, Γ ∪C ∪H ′ ⊢1 ⊥.
Since �′ ⊇ �, �′ falsifies C . It also falsifies H ′, since it satisfies (x→y′)∧(x′→y′) except
at p. It follows that Γ∪�′ ⊢1 ⊥. By assumption,Γ is derivable fromBPHPn∪� in pigeon-
width n∕3, and �′ ⊇ �. As unit propagation does not increase pigeon-width, this implies
that BPHPn ∪ �′ is refutable in resolution in pigeon-width n∕3, by first deriving Γ and
then using unit propagation. This contradicts Lemma 44 as �′ is a matching of at most
n∕3 + n∕4 + 1 pigeons.

Case 3: the assignment �∪� cannot be extended to a partial matching of the pigeons
it mentions. Consider a position in the Prover-Adversary game on BPHPn ∪ � in which
the Prover knows �. The Prover can ask all remaining bits of the pigeons mentioned
in �, and since there is no suitable partial matching this forces the Adversary to reveal
a collision and lose the game. This strategy has pigeon-width n∕3; it follows that C is
derivable from BPHPn ∪ � in resolution in this pigeon-width. ⊓⊔

Theorem 46. Let Π be a DRAT− refutation of BPHPn in which no clause of BPHPn is

ever deleted. Then Π has size at least 2n∕80.

Proof. Construct a random restriction � by selecting each pigeon independently with
probability 1∕5 and then randomly matching them with distinct holes. Let m = n∕4.
Let C be a clause mentioning at least m distinct pigeons x1,… , xm and choose literals
p1,… , pm in C such that pi belongs to pigeon xi. The probability pi is satisfied by �

is 1∕10. These events are not quite independent for different pi, as the holes used by other
pigeons are blocked for pigeon xi. But since m = n∕4, fewer than half of the holes that
would satisfy pi are blocked. That is, the probability that pi is satisfied by �, on the worst-
case condition that all other literals pj are not satisfied by �, is at least 1∕20. Therefore
the probability that C is not satisfied by � is at most (1 − 1∕20)m < e−m∕20 = e−n∕80.

Now suppose Π contains no more than 2n∕80 clauses. By the union bound, there is
some restriction � which satisfies all clauses in Π of pigeon-width at least n∕4, and by
the Chernoff bound we may assume that � sets no more than n∕4 pigeons.

We now observe inductively that for each clause C in Π, some subclause of C is
derivable from BPHPn ∪ � in resolution in pigeon-width n∕3, ultimately contradicting
Lemma 44. If C has pigeon-width more than n∕3, this follows because C is subsumed
by �. Otherwise, if C is derived by a RAT inference, we repeat the proof of Theorem 45;
in case 2 we additionally use the observation that if Γ ⊢1 C ∨H ′ and Γ′ subsumes Γ,
then Γ′ ⊢1 C ∨H ′. ⊓⊔

Corollary 47. RAT− does not simulate DRAT−. RAT− does not simulate SPR−.
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