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1. INTRODUCTION

The notion of continuity has long played an important role in higher-type com-
putability theory, as well as in the theory of programming languages. A central
theme in this area is the relationship between continuity and sequentiality. Con-
tinuity can be seen as a proper generalization of sequentiality, although there are
certain special cases for which the two notions coincide, for example when consid-
ering type-two functionals with total function inputs. The primary purpose of this
paper is to point out that, even in the special case of total functions, continuity
is in fact more powerful then sequentiality when the quantitative consideration of
how much an input function must be queried is admitted.

Early models of continuous higher-type functionals were proposed by Kleene
[1959a] and Kreisel [1959]. Kleene used the term countable rather than continuous,
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2 · S.R. Buss and B.M. Kapron

reflecting the fact that continuous functionals have countable representations. We
discuss Kleene’s approach in more detail in section 1.1 below. At the time of Kleene
and Kreisel’s work, sequential higher-type computability was primarily understood
in terms of Kleene’s schemas S1-S9 [Kleene 1959b],[Kleene 1963]. All of these
models defined classes of functionals with total input. It was readily apparent
that at type level two, the sequential and continuous functionals on total inputs
coincided. By later results of Tait [1962] and of Gandy and Hyland [1977] it is the
case that at type level three, there are effectively countable functionals which are
not S1-S9 computable (over countable inputs).

More recently, the relative power of continuous and sequential functionals on to-
tal inputs has been considered by Berger [1993], Plotkin [1999] and Normann [1998].
Berger [1993] conjectured that all effective elements in the hierarchy of total contin-
uous functionals were in fact definable in (sequential) PCF. Plotkin [1999] proved a
special case of the conjecture, which is proved in full generality in Normann [1998].
Recently, new models of sequential higher-order functionals have been proposed
by Longley [1998] and van Oosten [1999]. Van Oosten’s model provides a simple
combinatorial structure which makes obvious the connection between sequential
functionals and familiar notions of decision trees from computational complexity
theory.

While the results in this paper pertain to models for computation in higher types,
the techniques used are closely related to work in Boolean decision tree complex-
ity. Namely, a technique known as “Blum’s trick” ([Blum and Imagliazzo 1987;
Hartmanis and Hemachandra 1990; Tardos 1989]), which is used to show that
Boolean functions with small nondeterministic and co-nondeterministic complexity
have small-depth decision trees is generalized to show that in certain cases, sequen-
tial functionals can efficiently simulate continuous functionals. A lower bound on
Boolean decision trees for search problems [Impagliazzo and Naor 1988] is the basis
for our main result, showing that in general, not all type-two continuous functionals
with total inputs can be efficiently simulated by sequential functionals. Note that
the results presented here are about type-two functionals in the full type hierarchy.
We do not consider models in which type-one inputs are computable.

1.1 The Countable Functionals

Kleene’s characterized the countable functionals as a subclass of the hereditarily
total functionals which in some sense depended on only a finite amount of informa-
tion about their inputs. Formally, this was achieved through the use of associates,
type-one functions used to encode higher-type objects.

Definition 1.1. Suppose that F : (N → N) × N → N is a type-two functional.
α : N × N → N is an associate for F if for every f and x there is some k > 0 such
that:

—For all j < k, α(f(j), x) = 0
—For all l ≥ k, α(f(l), x) = F (f, x) + 1,

where f(i) denotes the encoding 〈f(0), . . . , f(i − 1)〉. A functional is countable
just in case it has an associate. If α is an associate, let Fα denote the countable
functional that it defines.
ACM Transactions on Computational Logic, Vol. TBD, No. TBD, TBD 20TBD.
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Kleene’s definition extends to higher types in the obvious way. Once we have
defined associates for functionals at type level n, associates at type level n + 1
are functions whose inputs are encodings of finite initial segments of associates for
functionals at type level n.

Note while Kleene’s approach is extensional, in that it identifies the countable
functionals as a subclass of the collection of all hereditarily total functionals through
the use of associates, Kreisel took an intensional approach which begins with func-
tions defined on “formal neighbourhoods” and obtains the continuous functionals
as an extensional collapse of these. Nevertheless, the restriction of Kreisel’s con-
tinuous functionals to pure (non-mixed) types coincides with Kleene’s countable
functionals.

We refer the reader to the surveys [Cook 1990],[Gandy and Hyland 1977] and
[Longley 2001] for more information on these issues and higher-type computability
in general.

1.2 Motivation

Cook and Kapron [1990] and Kapron [1991] developed a theory of feasible higher-
order computation over the full hierarchy of hereditarily total functionals. In doing
so they observed the difficulty of extending the characterizations possible at type
level two to higher types. A possible solution to these problems would be to work
over the hierarchy of continuous higher-type functionals. In particular, since these
functionals can be represented in a natural way using type-one functions (i.e., the
associates), there would be some hope of reducing a theory of higher-order feasibility
to type-two feasibility. However, a naive approach to this reduction does not work,
as we will now show.

We could now propose to define the feasible type-two functionals as those which
have a (type-one) poly-time associate. But consider the following α:

α(s, n) =
{
s2n−1 if s = 〈s0, . . . sk−1〉 and k ≥ 2n;
0 otherwise

Then α is poly-time. However Fα(λx.x, n) = 2n − 1, which contradicts the basic
assumption that any class of feasible functionals must be closed under functional
substitution.

The preceding example demonstrates that we cannot define a notion of type-
two feasibility based on continuous functionals without considering the modulus
of continuity.1 The definition given below in 3.4 is based on such a notion of
modulus functional. Once this is done it is natural to consider the relationship
between resource-bounded continuity and sequentiality. This leads to the definition
of resource-bounded sequentiality given below in 3.6.

2. PRELIMINARIES

Definition 2.1. We denote by N ⇀ N the set of all partial functions from N to
N and by N → N the set of all total functions. If f : N ⇀ N, then dom(f), the
domain of f is the set of all z ∈ N for which f(z) is defined. A finite function is a
partial function c : N ⇀ N with finite domain. A type-two functional of rank (k, l)

1A similar observation, with respect to feasible real analysis, is made by Ko [1986].
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is a mapping F : (N⇀ N)k×Nl ⇀ N. In the sequel, we will typically consider only
total rank (1, 1) functionals with total inputs (i.e., functionals F : (N → N) → N),
and use the term type-two functional to describe such.

As described above, our motivation in considering continuous functionals is mo-
tivated by Kleene’s definition of associate. However, we will use the following
alternate definition of continuity. It is not hard to see that this is equivalent to an
associate-based definition.

Definition 2.2. A type-two functional F is continuous if for every f : N → N
and x ∈ N, there is a finite set Q ⊆ dom(f) such that for all functions g : N → N,
if f(z) = g(z) for all z ∈ Q, then F (f, x) = F (g, x).

Van Ooosten [1999] introduces a class of sequential functionals over all finite
types, based on a combinatory algebra of partial functions from N to N. We will
follow his approach in defining sequential type-two functionals This definition is
based on the idea of a “dialogue” between two functions g and f . g queries f at a
sequence of inputs, with each query being determined only by answers to previous
queries. After a sufficient number of successful queries, g produces a final answer.
Our definitions here are almost identical to those of [van Oosten 1999], although
our final definition of sequentiality is for the more general case of functionals which
may take functions as well as numbers as input and as noted above, we will restrict
our attention to total functionals with total inputs.

Definition 2.3. Let 〈·〉 : N∗ → N be an efficient sequence encoding function.
An encoding u = 〈u0, . . . , un−1〉 of a sequence is a dialogue between g : N ⇀ N,
f : N → N if for all i, 0 ≤ i ≤ n − 1, there is a j such that g(u<i) = 2j and
f(j) = ui, where u<i = 〈u0, . . . , ui−1〉. The application g|f is defined with value y
(written g|f = y), if there is a dialogue u between g and f such that g(u) = 2y+ 1.
If g(u<i) = 2j we will say that g queries f at j. If g(u) = 2y + 1, we will say that
g answers y. For a given g and f , we do not rule out the possibility that there
is no dialogue between g and f (e.g., g may never answer, or may reach a point
where it does not have a query). However, Note that there can be no more than
one possible dialogue between f and g.

If g : N× N⇀ N and x ∈ N, let gx denote the function λz.g(x, z). Every such g
determines a type-two functional Fg defined by

Fg(f, x) = y iff gx|f = y.

A type two functional F : (N → N) × N → N is sequential if F = Fg for some
g : N× N⇀ N.

Suppose F = Fg is a sequential functional. Then for any f and x, let

Queries(g, f, x) = { 1
2gx(u<i) | 0 ≤ i < n − 1},

where 〈u1, . . . , un−1〉 is the dialogue between gx and f .

Remark 2.4. The reader might wonder why we are giving first-class status to
natural numbers, rather than working with pure types (representing x ∈ N as
λy.x). While the latter approach would be possible, in our opinion the benefit of
working directly with numbers outweighs the drawback of a mixed type structure.
ACM Transactions on Computational Logic, Vol. TBD, No. TBD, TBD 20TBD.
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We note the following alternate characterization of sequentiality:

Proposition 2.5. A type-two functional F is sequential iff there is an oracle
Turing machine M and a function g such that F = Mg.

Proof: Suppose F = Fg. It is easy to construct an oracle Turing machine M so
that Mg on inputs f and x just follows the dialogue between gx and f to compute
F (f, x). The converse follows directly from the sequential nature of Turing machine
computation.

It is well-known that if we do not restrict our attention to total functionals with
total inputs, there are continuous type-two functionals which are not sequential,
e.g.,

F (f, x) =
{

1 if f(x) = 1 or f(x + 1) = 1
undefined otherwise

On the other hand, if we only consider type-two functionals restricted to total
inputs, it has long been known that continuous and sequential type-two functionals
coincide, at least since the time of Kleene’s work on the countable functionals
[Kleene 1959a]. A proof of this result is given in the next section. Note that
early formulations of this result did not refer explicitly to sequential functionals as
presented here, but to the equivalent notion of computability in an oracle.

3. RESOURCE-BOUNDED CONTINUITY AND SEQUENTIALITY

We now turn to resource-bounded versions of the definitions from the previous
section. We first give definitions of these new notions, and then provide some
background to motivate the definitions.

3.1 Definitions

The efficiency of continuous and sequential functionals will be defined in terms
of the amount of information they must obtain about function inputs in order to
produce an answer. While this obviously must account for the number of input
values at which the function input must be queried, it is also reasonable to also
account for the actual size of input values as well. This is formalized as follows.

Definition 3.1. Suppose F is a functional, x, y ∈ N, and c is a finite function.
Then c is a y-certificate for F, x if F (f, x) = y for every f ⊇ c. When the actual
value y is not important, we will just say that c is a certificate for F, x. The size of
a certificate c, denoted |c|, is Σz∈dom(c)|z| where for x ∈ N, |x| denotes the length
of the dyadic notation of x (so, in particular |0| = 0).

Remark 3.2. The definition of the size of a certificate is intended to capture the
cost of accessing a function input f in a black-box manner, i.e., “how much” of
f must be examined in order to determine F (f, x). The given definition accounts
not only for the number of queries that must be made to f , but also the size of
the queries. This reflects our intuition that it should be more costly to construct
larger inputs at which to query f . Note that our definition does not count the cost
of answers from f as part of the overall cost. This choice is somewhat arbitrary.
However, in the sequel we will normally bound the size of certificate uniformly in f ,
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in such a way that the cost of the size of answers from f may always be accounted
for in the bound.

The definition of continuity may now be rephrased using certificates:

Proposition 3.3. A functional F is continuous iff for all functions f and x, y ∈
N, F (f, x) = y iff there is a y-certificate c for F, x such that c ⊆ f.

By using certificate size, it is possible to define a more refined version of conti-
nuity.

Definition 3.4. Suppose F,B are functionals. F is B-continuous if for all func-
tions f and x, y ∈ N, F (f, x) = y iff there is a y-certificate g for F, x such that
g ⊆ f , and |g| ≤ B(f, x). In this case, we will also say that B is a modulus of
continuity for F . If F is a collection of functionals, then F is F-continuous if it is
B-continuous for some B ∈ F .

We can also introduce a resource-bounded version of sequentiality, based on the
notion of the length of a dialogue.

Definition 3.5. The length of a dialogue u = 〈u0, . . . , un−1〉, between g and f ,
denoted |u|, is

∑n−1
i=0

∣∣1
2
g(u<i)

∣∣.
Definition 3.6. Suppose F,B are functionals. F is B-sequential if there is a

function g such that for all functions f , F (f, x) = y iff gx|f = y via a dialogue u
between gx and f , such that |u| ≤ B(f, x). If F is a collection of functionals, then
F is F-sequential if it is B-sequential for some B ∈ F .

Remark 3.7. The motivation behind our definition of the length of a dialogue is
essentially the same as that for the definition of the size of a certificate.

We now prove a general result relating resource-bounded continuity and resource-
bounded sequentiality.

Theorem 3.8. Any B-continuous functional is B′-sequential, where B′ is de-
fined by:

B′(f, x) = B(f, x) · 2B(f,x).

Proof: Suppose F is B-continuous. Given f and x, for 0 ≤ i ≤ 2B(f,x) − 1, let
ci be defined as follows:

ci(u) =
{
f(u) if u < i;
undefined otherwise.

Since F is B-continuous, it must be the case that some ci is a certificate for F, x.
Now we can design a g such that for inputs f and x, gx successively queries f at
0, 1, . . . until it has found ci ⊆ f which is a y-certificate for F, x, and then returns
y. Note that this results in a dialogue consisting of at most 2B(f,x) queries, with
each query having size at most B(f, x).

The method for constructing g in this proof is essentially Kleene’s method of
associates. While it is perhaps just a matter of stating the obvious, to our knowledge
no mention of the inefficiency of this construction is made in the computability
ACM Transactions on Computational Logic, Vol. TBD, No. TBD, TBD 20TBD.
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theory literature. However, once we have noted this inefficiency, it is natural to ask
whether a more efficient construction is possible.

In the main result of this paper, we show that in general, an efficient construc-
tion is not possible, by demonstrating a B-continuous functional, which is not
λfλx.(B(f, x))n-sequential for any n ≥ 0. Before proving this result, however, we
show that in the case where the continuous functional in question has a modulus
functional B which is itself C-sequential, a construction which is efficient, relative
to B and C, is possible. This implies that, for a certain natural class of moduli,
continuity and sequentiality do coincide.

4. AN EFFICIENT SIMULATION

The result presented in this section is a generalization of “Blum’s trick”, ([Blum and
Imagliazzo 1987; Hartmanis and Hemachandra 1990; Tardos 1989]), which relates
certificate size and decision tree complexity for Boolean functions, to the case of
the type-two functionals considered here. A similar proof is given in [Kapron 1999],
but for a special case which is described in detail below.

We begin with the following simple fact about certificates, which will prove es-
sential in obtaining decision tree algorithms for functions with bounded certificates:

Lemma 4.1. Suppose that cy is a y-certificate for F at x and cz is a z-certificate
for F at x and y 6= z. Then there is some x ∈ dom(cy) ∩ dom(cz) so that cy(x) 6=
cz(x).

Proof: If this were not the case, consider any h : N → N so that cy ∪ cz ⊆ h.
We have F (h, x) = y and F (h, x) = z, a contradiction.

Theorem 4.2. Suppose that F is B-continuous, and B is C-sequential. Then
F is λfλx.(C(f, x) + [B(f, x)]2)-sequential.

Proof (sketch): We must show that there is a function g with the following
properties.

—For every f and x, gx|f = F (f, x).
—For every f and x, the dialogue u between gx and f has length bounded by
C(f, x) + [B(f, x)]2.

We begin by using Blum’s trick to construct functions gx,s such that for any f and
x, if there is a y-certificate c ⊆ f for F, x with size bounded by s, then

(*). gx,s|f = y

(**). the dialogue u between gx,s and f has length bounded by s2.

Once we are able to construct gx,s, we can then construct g as follows: g, when
given inputs f and x, first computes B(f, x) via a dialogue of length C(f, x). This
is possible since B is C-sequential. Having done so, it then proceeds as gx,B(f,x).

It remains to give the construction of gx,s. More specifically, we will show to
construct a dialogue between gx,s and an arbitrary f . We can assume that gx,s is
undefined for any input which does not arise from some such dialogue. We begin
by fixing an enumeration of all certificates for F, x of size at most s, such that all
z-certificates appear before any (z + 1)-certificates. We will construct a sequence
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g1, g2, . . . of functions such that gx,s =
⋃
i g
i. At the same time, we will define

f1, f2, . . . where dom(f i) consists of all queries made by gi, and u1, u2, . . . where
ui is the (partial) dialogue between gi and f .

Remark 4.3. The definition of gi is completely determined by the values of f
at which it has been queried so far. Thus gx,s is well-defined, since the con-
struction would proceed identically for any f ′ for which Queries(gx,s, f ′, x) and
Queries(gx,s, f, x) are equal.

To start, we have g0 and f0 everywhere undefined, and u0 the empty sequence.
At stage i > 0, suppose that gi−1, f i−1 and ui−1 have been defined. We define

gi to be a minimal extension of gi−1, according to which one of the following four
cases hold

(1) If there are no remaining certificates which are consistent with f i−1, then
gi(ui−1) is undefined; the construction terminates at this point (so that in fact
gi = gi−1).

(2) If there is any z-certificate c ⊆ f i−1, then gi(ui−1) = 2z + 1 and t = i; the
construction terminates at this point.

(3) If all certificates consistent with f i−1 are z-certificates, then g(ui−1) = 2z+1
and t = i; the construction terminates at this point.

(4) Otherwise, let ci be the next certificate in the enumeration consistent with
f i−1, and suppose that dom(ci) = {x1, . . . , xq}, q ≤ s. Then gi(ui−1) = 2x1 and
for 1 ≤ j < q,

gi(uk−1_〈f(x1), . . . , f(xj)〉) = 2xj+1,

where _ denotes concatenation, ui = ui−1_〈f(x1), . . . , f(xq)〉, Also let f i = f i−1∪
{〈x, f(x)〉 | x ∈ dom(ci)}

Before showing that gx,s satisfies the two conditions given above, we give an
intuitive explanation and justification for the construction. We would like to find
a certificate c ⊆ f , which will determine the value of F (f, x). Supposing that we
know that there is such a certificate of size s, how do we find it? Basically, we will
use the fixed enumeration of certificates to pin down more and more of f , until
we find c or at least find the value for F (f, x) which is given by c. This is what
happens in case 4: we find the next consistent certificate, and query f at a point
in the domain of this certificate. So ui is defined to be the extension of ui−1 by the
answers to the queries determined by the chosen certificate, and f i−1 is extended
to f i to account for the queries. Querying f in this way serves a two-fold purpose.
First of all, we may now have uncovered enough of f to be able to see that there is
a certificate c ⊆ f in which case we are done, or that the only remaining certificates
that are consistent with f are z-certificates, in which case we are also done, since
we are assuming that there is at least one certificate c ⊆ f of size s. The second
purpose served by querying f is to “knock out” certificates which do not agree with
what has so far been seen of f . The heart of the argument below is that if there
is indeed a certificate c ⊆ f of size s, that we can only do such a knocking-out of
certificates s times.

We now claim that if there is a y-certificate c ⊆ f of size f then the construction
will terminate at a stage t where t ≤ s+ 1. This will be sufficient to demonstrate
ACM Transactions on Computational Logic, Vol. TBD, No. TBD, TBD 20TBD.
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claims (*) and (**) given above. For (*), note that if the construction terminates
at all, it must be because case (1), (2) or (3) is satisfied at some stage of the
construction. If there is a y-certificate c ⊆ f for F, x with size bounded by s,
then case (1) cannot hold. If case (2) holds it is clear that gx,s returns the correct
answer. If case (3) holds it must be the case that c is among the remaining consistent
certificates, and so gx,s returns the correct answer. For (**), we can see that at
each stage of the construction the length of the dialogue is extended by at most s
(since each certificate has size bounded by s). So the overall length of the dialogue
between f and gx,s is bounded by s · (t− 1) ≤ s2.

It remains to demonstrate the claim. Suppose there is a y-certificate c ⊆ f for
F, x with size bounded by s. We first note that at each stage of the construction in
which case 4 applies, it is never the case that the certificate chosen is a z certificate
c′ with z > y, since the witness c, which is certainly consistent with f , will appear
before c′ in the enumeration. Now suppose that the construction proceeds for s
stages. We consider two cases.

Case I: cs is a z-certificate with z < y. By Lemma 4.1, for each of c1, . . . , cs

must disagree with c on some point of their domain, say xi. Furthermore, each xi

must be unique (in order for ci to be among the consistent certificates at stage i),
so in fact {x1, . . . , xs} = dom(c). Now by construction x1, . . . , xs ∈ dom(fs). So
we must have c ⊆ fs, and the construction terminates at stage s+ 1.

Case II: cs is a y-certificate. Consider any remaining z-certificate c′ with z > y.
Again we unique have points x1, . . . , xs such that c′ disagrees with ci on xi, and
which in fact comprise dom(c′), so that dom(c′) ⊆ dom(fs). But then it must
be the case that c′ is not consistent with fs. So the only remaining certificates
consistent with fs are y-certificates, and again the construction terminates at stage
s+ 1.

Kapron [1999] presents a class of functionals which are feasibly continuous. Such
functionals have certificates whose size is feasible, or polynomial, in terms of the
size of the inputs f and x. Of course, it is not entirely clear what it means to be
polynomial in the size of a function f . One approach is to work backwards from
the situation presented by type-one functions: a type-one function f has polynomial
growth rate if for some polynomial p, |f(x)| ≤ p(|x|) for all x. Thus we propose that
to be polynomial in f and x means to be bounded, for all f and x, by |F (f, x)|where
F is a functional with polynomial growth rate. Now it remains to characterize the
functionals with polynomial growth rate. We begin with Mehlhorn’s [1976] class of
type-two, polynomial time functionals, which we will denote BFF (see [Cook and
Kapron 1990] for an explanation of this terminology). The following presentation
of BFF is based on that of Townsend [1990].

Definition 4.4. A rank (k, l) functional F is obtained by

—Composition from H,G1, . . . , Gl if

F (~f, ~x) = H(~f, G1(~f, ~x), . . . , Gl(~f, ~x), ~x)

—Expansion from G if

F (~f,~g, ~x, ~y) = G(~f, ~x)

ACM Transactions on Computational Logic, Vol. TBD, No. TBD, TBD 20TBD.



10 · S.R. Buss and B.M. Kapron

—Limited recursion on notation from G,H0, H1 and K if

F (~f, ~x, 0) = G(~f, ~x)

F (~f, ~x, 2y) = H0(~f, ~x, y, F (~f, ~x, y)), y > 0

F (~f, ~x, 2y+ 1) = H1(~f, ~x, y, F (~f, ~x, y))

|F (~f, ~x, y)| ≤ |K(~f, ~x, y)|

In the case of limited recursion on notation, the F is defined only if the final inequal-
ity holds. Let {F1, . . . , Fk} be a set of functionals. The class BFF({F1, . . . , Fk}) of
functionals basic feasible in {F1, . . . , Fk} is the smallest class containing all poly-
time (type-1) functions, F1, . . . , Fk, and the application functional Ap defined by
Ap(f, x) = f(x), which is closed under composition, expansion and limited recur-
sion on notation. The class BFF of basic feasible functionals is just BFF(∅).

Remark 4.5. The system of [Townsend 1990] was formulated for computation
over strings. We have made the straightforward modification to handle natural
numbers. Also, we include all type-1 poly-time functions as initial functions. This
simplifies the closure schemes required.

Certainly, if all functionals in BFF are polynomial time computable, then they
all have polynomial growth rate. However, BFF adds an extra restriction, namely
computability, which is not essential. This restriction may be relaxed by allowing
computation relative to a (type-one) oracle with polynomial growth rate. Thus we
define the class Poly1 of second-order polynomial bounds to be all functionals of
the form λfλx.|F (f, x)|, where F is a functional for which there exists a (type-
one) function g with polynomial growth rate and a functional G ∈ BFF such that
F (f, x) = G(g, f, x) for all f and x.

Note that every functional in Poly1 is Poly1-sequential. This follows from the
fact that sequential functionals are closed under composition and limited recursion
on notation. In both cases, we need only to concatenate dialogues in the appropriate
way to obtain the functional resulting from the closure condition. So we can apply
Theorem 4.2 to obtain:

Corollary 4.6. [Kapron 1999] Every functional which is Poly1-continuous
is also Poly1-sequential.

5. A LOWER BOUND

The Poly1-continuous functionals have the property that they depend on only a
feasible (polynomially bounded) amount of information about their function inputs
(relative to some understanding of what it means to be polynomially bounded in a
function). It is possible to give a more direct definition of continuous functionals
which depend on a polynomially bounded amount of information about their func-
tion inputs using second-order polynomials, and the notion of a size of a function.

Second-order polynomials were first introduced in [Kapron and Cook 1996], where
they were used to give an alternate characterization of BFF.

Definition 5.1. A second-order polynomial over function variables f1, . . . , fk and
number variables x1, . . . , xl is one of the following:
ACM Transactions on Computational Logic, Vol. TBD, No. TBD, TBD 20TBD.
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(1) A number constant n ∈ N
(2) A number variable xi
(3) p + q, where p and q are second-order polynomials
(4) p · q, where p and q are second-order polynomials
(5) fi(p), where p is a second-order polynomial.

If p is a second-order polynomial, f1, . . . , fk : N → N and x1, . . . , xl ∈ N, then
p(f1, . . . , fk, x1, . . . , xl) denotes a value in N, defined in the obvious way.

Defining the size of a function f is somewhat trickier. The basic idea is that
we want a measure of the worst (largest) output that could be produced by f for
inputs of a given size (see [Kapron and Cook 1996] for a discussion of this).

Definition 5.2. For any function f : N → N, the size of f , denoted |f |, is the
function λn.max|y|≤n |f(y)|.

The following result from [Kapron and Cook 1996] shows the importance of
second-order polynomials in the characterization of type-two polynomial time com-
putability.

Theorem 5.3. [Kapron and Cook 1996] A functional is in BFF iff it is
computed by an oracle Turing machine M such that for all inputs f and x, M ’s
running time is bounded by a second-order polynomial in |f | and |x|.

Let Poly2 be the set of all functionals of the form λfλx.p(|f |, |x|), where p is a
second-order polynomial.

It is not hard to see that there is no second-order polynomial p such that the
functional λfλx.|f |(|x|) is p-continuous. If it were, there must be an ordinary
polynomial p such that for any 0-1 valued f , the value of |f |(|x|) is determined by
a certificate of size p(|x|). Choose an x0 such that 2|x0| > p(|x0|). Let f0 = λx.0.
Since |f0|(|x0|) = 0, there must be a 0-certificate c0 ⊆ f0 for λfλx.|f |(|x|) at x0,
such that |c0| ≤ p(|x0|). Now let g be any function such that c0 ⊆ g but g(y) > 0
for some y such that |y| ≤ |x0|. This is possible by the choice of x0. But now
|g|(|x0|) > |f0|(|x0|), contradicting the fact that c0 is a certificate.

So we cannot apply Theorem 4.2 to obtain a result analogous to Corollary 4.6
for the Poly2-continuous functionals. In fact, there is a Poly2-continuous func-
tional which is not Poly2-sequential. The remainder of this section is devoted to
demonstrating the existence of such a functional.

The functional FR defined below is closely related to a Boolean function defined
in [Impagliazzo and Naor 1988], which is concerned with the power of Boolean
decision trees for computing search functions.

The definition of FR depends on a version of Ramsey’s theorem (see, for example,
[Graham et al. 1990]). FR is defined in terms a a certain partial colouring function
defined on complete graphs (denoted Kx):

Definition 5.4. For any function f and number x > 0, define the partial colour-
ing function χf,x on Kx as follows: suppose that the edges of Kx are numbered
1, 2, . . . ,

(
x
2

)
. Then for 1 ≤ i ≤

(
x
2

)
χf,x(i) =

{
0 if f(i) < 2x − 1 and even
1 if f(i) < 2x − 1 and odd
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Note that if f(i) ≥ 2x, then χf,x(i) is undefined. Given a χf,x, we say that it has a
monochromatic Kk if there is a set of k nodes such that χf,x colours the complete
subgraph on these nodes all 0 or all 1.

The functional FR (“Ramsey functional”) is defined as follows: FR(f, 0) = 0, and
for x > 0,

FR(f, x) =


0 if χf,x has a monochromatic
Kk with k = 1

2 log x;
1 if χf,x has no monochromatic
Kk with k = 1

2 log x.

Theorem 5.5. FR is Poly2-continuous.

Proof: We will show that FR is λfλx.|x|2(|f |(2|x|)2 + |x|2)-continuous. First,
suppose that FR(f, x) = 0. Then there is a certificate, consisting of all the edges
in the monochromatic subgraph. Such a certificate will have size bounded by |x|4,
since there will be

(
k
2

)
≤ |x|2 values in the domain of the certificate (one for each

edge of the monochromatic subgraph), and each value in the domain of the cer-
tificate is no greater than

(
x
2

)
. Now suppose that FR(f, x) = 1. We now appeal

to a result of Ramsey theory (see [Graham et al. 1990]) which states that any
(total) 2-colouring of Kx has a monochromatic Kk where k = 1

2 log x. Hence, if
FR(f, x) = 1, it follows that χf,x is undefined for some i, 1 ≤ i ≤

(
x
2

)
. Then it must

be the case that f(i) ≥ 2x− 1, and so |f(i)|2 ≥ x2 ≥
(
x
2

)
and |i| ≤ 2|x|. Thus there

is a certificate, consisting of all the edges of Kx, of size |x|2|f |(2|x|)2.
Before proving that FR is not Poly2-sequential, we need a simple result regarding

the behaviour of sequential functionals.

Proposition 5.6. Let F = Fg and Q = Queries(g, f, x). Then for any f ′ that
coincides with f on Q we have that g’s dialogue with f is identical to its dialogue
with f ′ (and hence Queries(g, f ′, x) = Q), and F (f, x) = F (f ′, x).

Theorem 5.7. FR is not Poly2-sequential.

Proof: The proof is by contradiction. Suppose that FR = Fg, and that there is
a second-order polynomial p such that for every f and x, the dialogue between gx
and f has length bounded by p(|f |, |x|).

First note that there must be an ordinary polynomial p such that for any 0-1
valued f , p(|f |, |x|)≤ p(|x|). Next, by a lower bound on Ramsey numbers we have
that for sufficiently large x, there is a 2-colouring χ0 of the complete graph on x0.25

nodes with no monochromatic Kk where k = 1
2 logx (see [Graham et al. 1990],

Theorem 4.2.1).
Choose an x0 for which such a χ0 exists, and for which

(
x0.25

0
2

)
> p(|x0|) (*).

Note that for any 0-1 valued input function f , the number of elements of the set
Queries(g, f, x0) is at most p(|x0|) (**).

We will now construct functions f and f ′ such that:

(1) Queries(g, f, x0) = Queries(g, f ′, x0)
(2) FR(f, x0) = 0
(3) FR(f ′, x0) = 1
ACM Transactions on Computational Logic, Vol. TBD, No. TBD, TBD 20TBD.
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By Proposition 5.6, we immediately obtain a contradiction.
The definition of f is based on g and χ0. Fix an enumeration of the edges of the

complete graph on x0.25
0 nodes. Let qi denote the ith query made to f by g. Then

f(qi) = χ0(i). For all other inputs x, f(x) = 0. To see that this definition makes
sense, note that by (**), g can make at most p(|x0|) queries to f , and so by (*) f
is well-defined. By the bound given in the proof of Theorem 5.5, χf,x0 must have
a monochromatic Kk where k = 1

2 logx0, so that FR(f, x0) = 0.
The definition of f ′ is similar: f ′(qi) = χ0(i), while f ′(x) = 2x0 elsewhere. By

appealing to Proposition 5.6 and the correctness of the definition of f , we have
that f ′ is also well defined. Clearly, by construction we have Queries(g, f, x0) =
Queries(g, f ′, x0). However, by the choice of χ0 we have FR(f ′, x0) = 1.

Remark 5.8. We have in fact shown that there is an input f0 such that, for
sufficiently large x, any sequential strategy for computing FR(f0, x) requires an
exponential number (in |x|) of queries to f0.

6. RELATED RESULTS

Townsend [1990] compares Poly1-continuity to nondeterministic feasible computabil-
ity relative to an oracle. This requires the notion of a nondeterministic oracle Turing
machine (NOTM). Such a machine may have more than one possible computation
path for given function and number inputs. A NOTM M computes a rank (k, l)
functional F if for all inputs ~f and ~x, every computation of M which reaches a
halting state does so with the value F (~f, ~x) written on its answer tape. A NOTM
M is feasible if there is a G ∈ BFF such that for all inputs ~f and ~x, if M halts then
the running time of M is bounded by |G(~f, ~x)|. A functional F is feasibly nonde-
terministically computable if there is a feasible NOTM which computes F . For a
function g, F is feasibly nondeterministically computable in g is there is a feasibly
nondeterministically computable G such that for all ~f and ~x, F (~f, ~x) = G(~f, g, ~x).

Proposition 4.8 of [Townsend 1990] can be stated using our terminology, with the
following added definition:

Definition 6.1. A functional F is Poly1-bounded if there is a G ∈ BFF such that
for all f and x, |F (f, x)| ≤ |G(f, x)|

Theorem 6.2. [Townsend 1990] If F is Poly1-continuous and Poly1-bounded,
then there is a function g such that F is feasibly nondeterministically computable
in some g.

By way of comparison, note that for any Poly1-bounded F , F is Poly1-sequential
iff F is basic feasible (that is, feasibly deterministically computable) in some poly-
bounded g. So it follows by Corollary 4.6 that if such a Poly1-bounded F is feasibly
continuous then it is feasibly deterministically computable in some poly-bounded
g. So we have obtained a considerable strengthening of Townsend’s result. An
interesting open question is whether or not a version of Townsend’s result holds for
Poly2.

All the results of this paper pertain to full collections of functionals at type level
two. We have not addressed the issue of how effective versions of these collections
are related. This question has been considered by Royer. He defines an effective
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version of the Poly1-continuous functionals, using the notion of a poly-time asso-
ciate. The effective version of the Poly1-sequential functionals is just BFF itself.
Royer shows that if the effective Poly1-continuous functionals coincide with BFF,
then there is a polynomial time algorithm for factoring integers.

7. CONCLUSIONS AND FUTURE WORK

The relationship between continuity and sequentiality has long been an issue in
the theory of computability for higher-type functions, and recent work has shed
more light on the issue, in particular for total functionals. The work presented here
formalizes the idea that, even in cases where classes of functionals coincide in terms
of expressive power they may differ when considerations about efficiency are taken
into account. We have shown that techniques from ordinary complexity theory may
be applied fruitfully in this area.

This paper presents a starting-point for a number of possible threads of investi-
gation. At type level two, a fuller investigation of the efficiency of various models
of computation are possible. The relationship between bounded continuity, and
computability with bounded nondeterminism should be more clearly delineated,
perhaps in terms of a version of PCF++ with a bounded ∃ operator. Some of these
issues will be dealt with in the full version of this paper. At higher types, we can
investigate the recent results by Berger, Plotkin and Normann relating effective
continuity and PCF definability with respect to efficiency. In another direction,
it should be possible to develop some sort of complexity theory for computation
over the sequential functionals of van Oosten and Longley. In short, recent develop-
ments in the theory of higher-type computability raise quite a number of interesting
problems in the theory of higher-type complexity.
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