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1 Introduction

Our graph terminology is standard, any undefined terms can be found in standard
graph theory texts, such as West [9]. We assume that our graphs are simple graphs
with no loops or multiple edges. Further we will assume that there are no isolated
vertices.

The use of spectral methods in graph theory has allowed for some amazing results
where an arithmetic invariant (i.e., diameter, chromatic number, and so on) has
been bounded and analyzed using analytic tools. The key has been to examine the
spectrum of various matrices associated with graphs and to try to “hear the shape”
of the graph from the spectrum.

The three most widely used spectrums are those of the adjacency matrix, the
combinatorial Laplacian, and the normalized Laplacian. The entries of the adjacency
matrix A = (aij) act as indicator variables for an edge, i.e., aij = 1 if i and j are
joined by an edge in the graph and 0 otherwise. The combinatorial Laplacian is
L = D − A where A is the adjacency matrix and D is the diagonal matrix with the
degree of the vertices along the diagonal. Finally, the normalized Laplacian is given
by L = D−1/2LD−1/2 = I −D−1/2AD−1/2, so that its entries are defined by

Lij =


1 if i = j,

−1/
√
didj if i and j are joined by an edge,

0 otherwise.

In the literature, the combinatorial Laplacian has been more widely used than
the normalized Laplacian. There are several reasons for this, the first is that the
normalized Laplacian is a rather new tool (popularized by Chung [3] in the mid
1990s). The second is the somewhat (at first glance) unnatural definition of the
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normalized Laplacian. The third is that most new theories start out by considering
regular graphs for which it does not matter much which definition is used as the
spectrum of the two matrices differ only by a scaling factor.

The last reason though is perhaps the most dangerous, for when you try to gen-
eralize results to non-regular graphs it becomes very important which spectrum you
are considering. One of the original motivations for the definition of the normalized
Laplacian was to give a more natural way of weighing the vertices of non-regular
graphs.

Roughly speaking, in the combinatorial Laplacian each vertex is given equal weight
(and so many results related to the combinatorial Laplacian involve terms like |X|, the
number of vertices in a subset X of the vertices). On the other hand the normalized
Laplacian gives each vertex a weight proportional to its degree (and so many results
related to the normalized Laplacian involve volX =

∑
x∈X deg(x) which we call the

volume of the subset X). For many applications weighing vertices by their degrees is
more natural and it is in this setting that the normalized Laplacian can give better
results.

In this note we hope to persuade the reader that the normalized Laplacian is a
natural tool that works just as well or better than the combinatorial Laplacian in
some situations. To do this we will take some known results which are based on the
combinatorial Laplacian and extend them to the normalized Laplacian.

In Section 2 we will give an example where for regular graphs the combinatorial
Laplacian gave some nice results but could not generalize to non-regular graphs while
the normalized Laplacian easily does so. In Section 3 we will generalize some results
based on interlacing. Finally, in Section 4 we will consider some properties of bipartite
graphs, including a discrepancy definition.

2 An example of generalizing results to non-regular

graphs

Results in graph theory tend to go through three major stages as they evolve. In the
first stage the result is proven for regular graphs or Erdős-Renyi type random graphs
(which are almost regular). In the second stage non-regular graphs are considered.
In the final stage more general graphs (i.e., directed graphs and hypergraphs) are
considered.

This progression is natural in that to move from one stage to another takes better
tools and more careful analysis. As an example, in going from regular graphs to
non-regular graphs you lose symmetry in the degree sequence which can cripple some
tools.
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It often happens that it is unclear how to generalize a result for the combinatorial
Laplacian to non-regular graphs, but the same result is easy to generalize when the
normalized Laplacian is used. (We again point out that for regular graphs results
for the combinatorial Laplacian and the normalized Laplacian often differ only by a
factor of the degree. So switching to the normalized Laplacian is not as unorthodox
as it might first appear.) We now illustrate this with an example.

Goldberg [4] considered the problem of bounding the gap between the nontrivial
largest and smallest eigenvalues of the combinatorial Laplacian. His approach was
based on the following two “reverse Cauchy-Schwarz” inequalities.

Theorem 1 (Pólya-Szegö [8]). Let (a1, . . . , am) and (b1, . . . , bm) be positive m-tuples
satisfying 0 < α ≤ ai ≤ A and 0 < β ≤ bi ≤ B for all i. Then∑

a2
i

∑
b2i( ∑

aibi
)2 ≤ 1

4

(√
AB
αβ

+
√

αβ
AB

)2
.

Theorem 2 (Ozeki [7]). Let (a1, . . . , am) and (b1, . . . , bm) be positive m-tuples satis-
fying 0 < α ≤ ai ≤ A and 0 < β ≤ bi ≤ B for all i. Then∑

a2
i

∑
b2j −

( ∑
aibi

)2 ≤ 1

4
m2(AB − αβ)2.

The approach that Goldberg used was to let one sequence be the nontrivial eigen-
values of the combinatorial Laplacian and the other sequence be the degree sequence
of the graph (with one less entry). The problem is that if the graph is not regular the
degree sequence is not regular and there is no clear way to relate the two sequences
together.

On the other hand by working with a normalized Laplacian we can avoid the
irregularity in the degree sequence altogether. We have the following general result
which for the case of the graph being regular reduces to that given by Goldberg.

Corollary 3. Let G be a connected graph (so that λ1 > 0) and 0 = λ0 < λ1 ≤ · · · ≤ λn

be the eigenvalues of the Laplacian. Then the following holds:

(a)
√

λn−1

λ1
+

√
λ1

λn−1
≥ 2

√(
1− 1

n

)(
1 + 1

n
1∗D−1AD−11

)
.

(b) λn−1 − λ1 ≥ 2
n−1

√
(n− 1)1∗D−1AD−11− n.

Proof. We first note that
∑
λi = TrL = n and

n−1∑
i=1

λ2
i =

n−1∑
i=0

λ2
i = Tr(L2) = n+

∑
x

∑
y∼x

1

dydx

= n+ 1∗D−1AD−11.

Now (a) follows by using Theorem 1 and (b) follows by using Theorem 2 with the
sequences (λ1, . . . , λn−1) and (1, . . . , 1) (the “normalized” degree sequence).
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3 Some results based on interlacing

A well known result for combinatorial Laplacians is the interlacing of the eigenvalues
that occurs with the removal of an edge. It has recently been shown that a simi-
lar result holds when you consider the normalized Laplacian. We remark that the
approach taken to show the interlacing is non-trivial and encourage the reader to ex-
amine the work of Chen, et al. [2] for their nice proof. In this section we will consider
some other results derived from interlacing that were known for the combinatorial
Laplacian and show how to adopt them to the normalized Laplacian. Our starting
point is the following classical result (see Haemers [5] for a short proof).

Theorem 4. Let the matrix S of size n ×m be such that S∗S = Im and let A be a
Hermitiam matrix of size n with eigenvalues µ1 ≤ · · · ≤ µn. Set B = S∗AS and let
η1 ≤ · · · ≤ ηm be the eigenvalues of B. Then the eigenvalues of A and B interlace,
that is µi ≤ ηi ≤ µn−m+i, for i = 1, . . . ,m.

By comparing the approach we use with the original proofs for the combinatorial
Laplacian the reader will discover that the proofs are very similar. This is done
purposely so that the reader can see that the same techniques often apply to both
forms of the Laplacian. The key is to identify where to normalize the expression and
then to do a little more bookkeeping of the terms.

3.1 Interlacing sums of eigenvalues

We begin with the following which is a normalized version of a result given by Bollobás
and Nikiforov [1].

Corollary 5. Let G be a graph on n vertices with no isolated vertices, and let L
denote the Laplacian of G with eigenvalues 0 = λ0 ≤ λ1 ≤ · · · ≤ λn−1. For every
partitioning of the vertices [n] = N1 ∪ · · · ∪Nm we have

m−1∑
i=1

λi ≤ m−
m∑

i=1

e(Ni, Ni)

volNi

=
∑

1≤i<j≤m

e(Ni, Nj)

(
1

volNi

+
1

volNj

)
≤

m−1∑
i=0

λn−1−i.

Proof. Let S = (sij) be the n×m matrix defined by

sij =

{ √
di/volNj if i ∈ Nj,

0 otherwise.

With this definition it is easy to check that S∗S = Im. So by Theorem 4 we have
that the eigenvalues of B = S∗LS are interlaced with the eigenvalues of L. If we let
η1 ≤ η2 ≤ · · · ≤ ηm denote the eigenvalues of B, then we have

λi−1 ≤ ηi ≤ λn−1−m+i.
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From the interlacing inequalities it follows immediately that

m−1∑
i=0

λi =
m∑

i=1

λi−1 ≤
m∑

i=1

ηi ≤
m∑

i=1

λn−1−m+i =
m−1∑
i=0

λn−1−i.

Since λ0 = 0 we can start the left hand sum at 1. On the other hand we can find the
entries of B = (bij), namely,

bij =


1− e(Ni, Ni)

volNi

if i = j,

− e(Ni, Nj)√
volNi volNj

if i 6= j.

Using this one has

m∑
i=1

ηi = TrB =
m∑

i=1

(
1− e(Ni, Ni)

volNi

)
= m−

m∑
i=1

e(Ni, Ni)

volNi

.

Alternatively we note that

1− e(Ni, Ni)

volNi

=
volNi − e(Ni, Ni)

volNi

=
e(Ni, [n] \Ni)

volNi

=
∑
j 6=i

e(Ni, Nj)

volNi

,

and so

m∑
i=1

µi =
m∑

i=1

∑
j 6=i

e(Ni, Nj)

volNi

=
∑

1≤i<j≤m

e(Ni, Nj)

(
1

volNi

+
1

volNj

)
.

Combining everything gives the desired result.

3.2 Large disjoint sets

A surprising application of Theorem 4 is the following which is a normalized version
of a result of Haemers [5].

Corollary 6. Let G be a connected graph on n ≥ 2 vertices, and let L denote the
Laplacian of G with eigenvalues 0 = λ0 ≤ λ1 ≤ · · · ≤ λn−1. If X and Y are disjoint
subsets of the vertices of G with no edges between X and Y , then

volX volY

volX volY
≤

(
λn−1 − λ1

λn−1 + λ1

)2

,

where X = V \X and Y = V \ Y .
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Proof. We will let ψU denote the characteristic vector of a subset U , i.e.,

ψU(v) =

{
1 v ∈ U,
0 v /∈ U.

Let λ = −1
2
(λn−1 + λ1), and consider the following matrix

A =

[
O L+ λI

L+ λI O

]
.

This is a 2n × 2n matrix with eigenvalues ±(λi + λ), and where −λ, 1
2
(λn−1 − λ1),

−1
2
(λn−1 − λ1), and λ are (respectively) the largest, second largest, second smallest,

and smallest eigenvalues. Recall that D is the diagonal degree matrix of G and
consider the following 2n× 4 matrix

S =

[
D1/2ψX D1/2ψX 0 0

0 0 D1/2ψY D1/2ψY

]
,

here 0 denotes the all 0’s column vector. Finally, let

E =


volX 0 0 0

0 volX 0 0
0 0 volY 0
0 0 0 volY

 .
A straightforward calculation shows that (SE−1/2)∗(SE−1/2) = I4, so by Thereom 4
we have that the eigenvalues of A and B = (SE−1/2)∗A(SE−1/2) interlace. More par-
ticularly, since E−1/2BE1/2 is similar to B we have that the eigenvalues of E−1S∗AS
interlace with the eigenvalues of A. Calculating we have

E−1S∗AS =

[
O B1

B2 O

]
, where,

B1 =


(λ+ 1) vol(X ∩ Y )− e(X,Y )

volX

(λ+ 1) vol(X ∩ Y )− e(X,Y )

volX
(λ+ 1) vol(X ∩ Y )− e(X, Y )

volX

(λ+ 1) vol(X ∩ Y )− e(X, Y )

volX

 ,

B2 =


(λ+ 1) vol(X ∩ Y )− e(X,Y )

volY

(λ+ 1) vol(X ∩ Y )− e(X, Y )

volY
(λ+ 1) vol(X ∩ Y )− e(X, Y )

volY

(λ+ 1) vol(X ∩ Y )− e(X, Y )

volY

 .
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By our assumptions we have that X ∩ Y = ∅ (so X ⊆ Y and Y ⊆ X), and
e(X, Y ) = 0. It follows that vol(X ∩ Y ) = volX and vol(X ∩ Y ) = volY , a simple
computation shows that

e(X,Y ) = e(X, Y ) + e(X,Y ) = e(X,V ) = volX,

so we have e(X,Y ) = vol(X∩Y ) = volX; similar computations show that e(X, Y ) =
vol(X ∩ Y ) = volY . Next note that

volX = e(X,V ) = e(X, Y ) + e(X, Y ) = volY + e(X, Y ),

showing that e(X, Y ) = volX−volY , and a similar calculation shows that e(X, Y ) =
volY − volX.

Using the above we simplify to get

E−1S∗AS =



0 0 λ 0

0 0

(
1− volY

volX

)
λ

volY

volX
λ

volX

volY
λ

(
1− volX

volY

)
λ 0 0

0 λ 0 0


.

If we let ν1 ≤ ν2 ≤ ν3 ≤ ν4 denote the eigenvalues of E−1S∗AS then it is easy
to check that ν1 = λ, ν4 = −λ and by interlacing that −ν2 ≤ 1

2
(λn−1 − λ1) and

ν3 ≤ 1
2
(λn−1 − λ1). In particular, we have

volX volY

volX volY
λ4 = det(E−1S∗AS) = ν1ν2ν3ν4 ≤

1

4
(λn−1 − λ1)

2λ2,

which upon rearranging and substituting the definition of λ gives,

volX volY

volX volY
≤

(
λn−1 − λ1

λn−1 + λ1

)2

.

4 An extension to bipartite graphs

We can mimic the proof of Corollary 6 to get a (slightly) better result for bipartite
graphs.

Lemma 7. Let G be a connected bipartite graph with n ≥ 2 vertices, and vertex set
V1∪V2 where edges in G go between V1 and V2. Let L denote the Laplacian of G with
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eigenvalues 0 = λ0 ≤ λ1 ≤ · · · ≤ λn−1. If X ⊆ V1 and Y ⊆ V2 with no edges between
X and Y , then

volX volY

vol(V1\X) vol(V2\Y )
≤ (1− λ1)

2.

Proof. We consider the matrix

I − L = D−1/2AD−1/2 =

[
O B
B∗ O

]
,

where the initial rows are indexed by V1 and the terminal rows are indexed by V2.
This matrix has eigenvalues −1 ≤ 1 − λn−2 ≤ · · · ≤ 1 − λ1 ≤ 1. We interlace as in
Corollary 6 where we now let S be the n× 4 matrix

S =
[
ψX ψV1\X ψV2\Y ψY

]
,

and

E =


volX 0 0

0 volV1\X 0 0
0 0 volV2\Y 0
0 0 0 volY

 .
So the eigenvalues of A = I − L and

E−1S∗AS =



0 0
e(X,V2\Y )

volX

e(X,Y )

volX

0 0
e(V1\X,V2\Y )

volV1\X
e(V1\X, Y )

volV1\X
e(X,V2\Y )

volV2\Y
e(V1\X,V2\Y )

volV2\Y
0 0

e(X, Y )

volY

e(V1\X, Y )

volY
0 0


interlace. Doing similar calculations as in Corollary 6 we have that

e(X,V2\Y ) = volX, e(V1\X, Y ) = volY, and

e(V1\X,V2\Y ) = volV1\X − volY = volV2\Y − volX.

Using these we have that

E−1S∗AS =



0 0 1 0

0 0 1− volY

volV1\X
volY

volV1\X
volX

volV2\Y
1− volX

volV2\Y
0 0

0 1 0 0


,
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which has eigenvalues −1 = ν1 ≤ ν2 ≤ ν3 ≤ ν4 = 1. By interlacing we have that
ν3 ≤ 1− λ1 and −ν2 ≤ λn−2 − 1.

So we now have that

volX volY

vol(V1\X) vol(V2\Y )
= detE−1S∗AS = −ν2ν3 ≤ (1− λ1)(λn−2 − 1).

Finally we note that by the Peron-Frobenius Theorem, the spectrum of I − L is
symmetric and so λn−2 − 1 = 1− λ1, substituting this in we have

volX volY

vol(V1\X) vol(V2\Y )
≤ (1− λ1)

2.

We can compare this result with a general result for discrepancy in a bipartite
graph.

Lemma 8. Let G be a connected bipartite graph with n ≥ 2 vertices, and vertex set
V1∪V2 where edges in G only go between V1 and V2. Then for all X ⊆ V1 and Y ⊆ V2

we have that ∣∣∣∣e(X, Y )− volX volY

volG

∣∣∣∣ ≤ (1− λ1)
√

volX volY ,

where λ1 is the second smallest eigenvalue of L, and we define volG := volV1 = volV2.

For the case when there are no edges between X and Y Lemma 8 implies

volX volY

volG volG
≤ (1− λ1)

2,

which is a weaker result than the one given in Lemma 7

Proof of Lemma 8. We recall that

I − L = D−1/2AD−1/2 =

[
O B
B∗ O

]
,

has largest and smallest eigenvalues 1 and −1 respectively. In particular if we let DV1

and DV2 denote the restriction of the degree matrix to V1 and V2 respectively we have
that

S1 =
1√

2 volG

[
D

1/2
V1

1

D
1/2
V2

1

]
,

and,

S2 =
1√

2 volG

[
D

1/2
V1

1

−D1/2
V2

1

]
,
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are the normalized eigenvectors associated with 1 and −1 respectively. We consider
the matrix B defined as

D−1/2AD−1/2 +
1

2 volG
D1/2JD1/2 − 1

2 volG
D1/2

[
J|V1| −J|V1|×|V2|

−J|V2|×|V1| J|V2|

]
D1/2

which a straightforward calculation shows that

e(X, Y )− volX volY

volG
= 〈D1/2ψX ,BD1/2ψY 〉.

Finally, using that |〈x,My〉| ≤ ‖M‖ ‖x‖ ‖y‖, where ‖M‖ denote the largest singular
value of M , we have that∣∣∣∣e(X,Y )− volX volY

volG

∣∣∣∣ ≤ ‖B‖ ‖D1/2ψX‖ ‖D1/2ψY ‖ = ‖B‖
√

volX volY .

All that remains is to determine ‖B‖, this is done by noting that this is the largest
(normed) eigenvalue of B which has the same eigenvalues as I − L, except we have
“subtracted” out ±1. So the largest eigenvalue is (1 − λ1) (as in Corollary 6 by
symmetry this is equal to (λn−2−1)). Substituting this in gives the desired result.

References

[1] B. Bollobás and V. Nikiforov, Graphs and Hermitian matrices: eigenvalue inter-
lacing, Discrete Math. 289 (2004), 119–127.

[2] G. Chen, G. Davis, F. Hall, Z. Li, K. Patel and M. Stewart, An interlacing result
on normalized Laplacians, SIAM J. Discrete Math. 18 (2004), 353–361.

[3] F. Chung, Spectral Graph Theory, AMS Publications, Rhode Island, xi+212 pp.

[4] F. Goldberg, Bounding the gap between extremal Laplacian eigenvalues of
graphs, to appear in Linear Algebra Appl.

[5] W. H. Haemers, Interlacing eigenvalues and graphs, Linear Algebara Appl.
226/228 (1995), 593–616.

[6] R. A. Horn and C. R. Johnson, Matrix Analysis, Cambridge University Press,
Cambridge, 1990.

[7] N. Ozeki, On the estimation of the inequality by the maximum, J. College Arts
Chiba Univ. 5 (1968), 199–203.

10
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