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1. Introduction. The result that drives this paper is
1 e2 i=q

X 2 ibng=pc=q
(€Y) € =1 ez ipq’

n=1
where p and q are relatively prime positive integers and p is the multiplicative
inverse of p mod gq. The LHS is complicated by the irregularity arising from
the oor function, while the RHS is complicated by the presence of a modular
inverse; therein lies the beauty and utility of (1).

Before stating the general result of which (1) is a special case (The-
orem 1.1), we need to introduce some notation. We set ! := e? ¥4 and
whenever the range of a summation is not written explicitly, it is to be
taken over all of Zg, the integers modulo q:

X X X »e
X X2Zq x=1 x=0

We use the Fourier transform
XX

£G):=  for X
X
(f’(j) is called the jth Fourier coe cient), the Fourier inversion formula
() = gf (%)

convolution >
Fgl):=  fakx vy
y

2000 Mathematics Subject Classi cation: 42A16, 11B50, 11L.99.

Key words and phrases: Beatty set, discrete Fourier transform, Fraenkel’s Conjecture,
perfect covering.

Research of the rst-name author supported in part by grant CCR-0310991.

The second-name author is a National Science Foundation Mathematical Sciences
Postdoctoral Fellow, NSF grant DMS-0202460.

[283]



284 R. Graham and K. O’Bryant

and the interchange-of-summations result
flg(i) = P)bG):

0 if P is False,
R if P is True.
Note that [False]R is de ned even if R is not. When R = 1, we omit it from
the notation. We also adopt the common practice of identifying a multiset
with its indicator function, i.e., S(x) is the multiplicity of X in the multiset S.
We distinguish the rational Beatty sets (p;q are any integers, and r any
real number)

Also, let
[PIR :=

Biy:= nNn-_+r :n2Z

Usually, g will be xed and in this situation we omit it from the notation.
We will always assume that r is an integer (*), and when r = 0 we omit it
from our notation. Note that the density of the set Bg;r is p=q.

Note that Bg;r consists of p congruence classes modulo ¢, and so BS;r is
naturally considered as a subset of Z,. If the p points were perfectly evenly
distributed around Z, (as happens if g=p 2 Z), then the Fourier transform
would be 0 except at multiples of the di erence between points. Thus, one
naturally expects that Bp(j) will be small except when jg=p is near an
integer. This is con rmed by Figure 1, which shows the Fourier transform

of B32!, and Figures 2 and 3, which show le%;’r(l)j for small relatively prime

p;q (r is irrelevant). Theorem 1.1 gives an explicit formula for l§8];|r which
guanti es the validity of this expectation.

48 3 70
15
72 24) Ll .95
10

5-96 71 <47
23
«98
_5['25 50 74

-10

49 97 -21 w26
-15

73 3 51
0 5 10 15 20 1 ) i 5

Fig. 1. The points égl(j) (1 j 120), shown in the complex plane and labeled by j.
The left graph shows all 120 points. The right graph, which resembles a spider, shows only
those closest to 1.

(*) This is no loss of generality: if no is a value of n for which the fractional part

fng=p + rg is minimal, then B3, =B, . .-






