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ABSTRACT. Motivated by juggling sequences and bubble sort, we examine per-
mutations on the set {1,2,...,n} with d descents and maximum drop size k.
We give explicit formulas for enumerating such permutations for given integers
k and d. We also derive the related generating functions and prove unimodality
and symmetry of the coefficients.

1. INTRODUCTION

There have been extensive studies of various statistics on S,,, the set of all
permutations of {1,2,...,n}. For a permutation 7 in S,, we say that = has a
drop at i if m; < i and that the drop size is © — ;. We say that 7 has a descent at
i if m; > mi+1. One of the earliest results [8] in permutation statistics states that
the number of permutations in S,, with k& drops equals the number of permutations
with k descents. A concept closely related to drops is that of excedances, which is
just a drop of the inverse permutation. In this paper we focus on drops instead of
excedances because of their connection with our motivating applications concerning
bubble sort and juggling sequences.

Other statistics on a permutation 7 include such things as the number of in-
versions, that is, [{(¢,7) : ¢ < j, m > m;}|, and the major index of m (ie., the
sum of ¢ for which a descent occurs). The enumeration of and generating functions
for these statistics can be traced back to the work of Rodrigues in 1839 [9] but
was mainly influenced by McMahon’s treatise in 1915 [8]. There is an extensive
literature studying the distribution of the above statistics and their g-analogs (see
for example Foata and Han [4] or the papers of Shareshian and Wachs [10, 11] for
more recent developments).

This joint work originated from its connection with a paper [2] on sequences that
can be translated into juggling patterns. The set of juggling sequences of period
n containing a specific state, called the ground state, corresponds to the set B, j
of permutations in §,, with drops of size at most k. As it turns out, B, ; can also
be associated with the set of permutations that can be sorted by k operations of
bubble sort. These connections will be further described in the next section. We
note that the mazdrop statistic has not been treated in the literature as extensively
as many other statistics in permutations. As far as we know, this is the first time
that the distribution of descents with respect to maxdrop has been determined.

First we give some definitions concerning the statistics and polynomials that
we examine. Given a permutation 7 in S,, let Des(w) denote the descent set,
{1<i<n:m>my1}, of mand let des(w) = | Des(7)| be the number of descents.
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We use maxdrop(7) to denote the value of the maximum drop (or maxdrop) of ,
maxdrop(m) = max{i—7(i): 1 <i<n}.

Let B, = {m € S,, : maxdrop(m) < k}. It is known, and also easy to show, that
|Bx| = k!(k +1)"%; e.g., see [2, Thm. 1] or [7, p. 108]. Let

bnk(r) = |{m € By i, : des(m) = r}|,
and define the (k-maxdrop-restricted) descent polynomial
Bun(z) =Y bpr(r)a’ = Yzt
r>0 TEBn, k

Examining the case of ¥ = 2, we observed the coefficients b, 2(r) of B, 2(x)
appear to be given by every third coefficient of the simple polynomial

14251+ 2+ 23" L
Looking at the next two cases, k = 3 and k = 4, yielded more mysterious polyno-
mials: by, 3(r) appeared to be every fourth coefficient of
(1+2% 4223 + 2 + 25 (1 4o + 22 +23)" 2
and by, 4(r) every fifth coefficient of
(14 22 4223 + 4a* + 425 + 427 + 428 + 22° + 210 + ") (1 + 2 + 22 + 23 + 24" 3.
After a fierce battle with these polynomials, we were able to show that by, ;(r) is

the coefficient of u"**1 in the polynomial

k

Pr(u) (1 +u+ -+ ub)" (1)

where

k koo,
Pp.(u) = ZAkfj(u’f“)(uk“ —1)7 Z (’) u?, (2)
Jj=0 =3
and Ay, denotes the kth Eulerian polynomial (defined in the next section). Further

to this, we give an expression for the generating function By (z,y) = >, <o Bn .k (y)2",
namely B

We also give some alternative formulations for P, which lead to some identities
involving Eulerian numbers as well as proving the symmetry and unimodality of
the polynomials B,, ().

Many questions remain. For example, is there a more natural bijective proof for
the formulas that we have derived for B,,  and By? Why do permutations that
are k-bubble sortable define the aforementioned juggling sequences?
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2. DESCENT POLYNOMIALS, BUBBLE SORT AND JUGGLING SEQUENCES

We first state some standard notation. The polynomial

An(l‘) — Z l,des(w)

TES,

is called the nth FEulerian polynomial. For instance, Ap(z) = Ai(z) = 1 and
As(z) = 1+ . Note that B, ;(x) = A, (x) for k > n—1, since maxdrop(n) <n—1
for all 7 € S,. The coefficient of ¥ in A, (z) is denoted (}) and is called an
Eulerian number. It is well known that ([5])

1—w n\ pz"
e(w—=1)z _ 4y = Z <k.>w m (3)

k,n>0

The Eulerian numbers are also known to be given explicitly as ([3, 5])

n " /n+1 N i

<k> :Z< . )(k+1—z) (=1)".
i=0

We define the operator bubble which acts recursively on permutations via

bubble(LnR) = bubble(L)Rn.

In other words, to apply bubble to a permutation 7 in S,,, we split 7 into (possibly
empty) blocks L and R to the left and right, respectively, of the largest element
of m (which initially is n), interchange n and R, and then recursively apply this
procedure to L. We will use the convention that bubble(f)) = (); here ) denotes the
empty permutation. This operator corresponds to one pass of the classical bubble
sort operation. Several interesting results on the analysis of bubble sort can be
found in Knuth [7, pp. 106-110]. We define the bubble sort complexity of 7 as

bsc(m) = min{k : bubble® () = id},

the number of times bubble must be applied to 7 to give the identity permutation.
The following lemma is easy to prove using induction.

Lemma 1. (i) For all permutations ™ we have maxdrop(mw) = bsc(r).
(ii) The bubble sort operator maps By, i to By j—1.

The analysis of algorithms similar to bubble sort has been instrumental in gen-
erating interesting research. For example, the analysis of stack sort in Knuth [6,
pp. 242-243] gave rise to the area of pattern avoiding permutations. The stack sort
operator stack is defined by stack(LnR) = stack(L) stack(R)n. We see below that
stack sort is at least as efficient as bubble sort.

Lemma 2. For all m € S,, if bubble® () = id then stack®(r) = id.

Proof. The proof of Lemma 2 follows from the following claim:

If A =ajas...a, = LmR is a sequence of distinct positive integers and m =
max; a;, then either maxdrop(A) = 1—ay or maxdrop(stack(A4)) < maxdrop(A)—1.

The Claim is certainly true for n = 1. Suppose the claim is true for n’ < n. If
maxdrop(A4) = 1—ay, we are done. We may assume that maxdrop(A4) > 1—a;. This
implies that the maxdrop of A does not occur at the entry where m is located. For
the ith entry in R, the maxdrop of stack(L) at 7 is reduced by one by induction. For
the jth entry in R, the maxdrop of the corresponding entry in stack(A) is reduced
by 1. Thus, the claim is proved by induction. (I
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The class of permutations B, ; appears in a recent paper [2] on enumerating
juggling patterns that are usually called siteswaps by (mathematically inclined)
jugglers. Suppose a juggler throws a ball at time ¢ so that the ball will be in the air
for a time ¢; before landing at time t; + i. Instead of an infinite sequence, we will
consider periodic patterns, denoted by T = (t1,t2,...,t,). A juggling sequence is
just one in which two balls never land at the same time. It is not hard to show [1]
that a necessary and sufficient condition for a sequence to be a juggling sequence
is that all the values ¢; + 4 (mod n) are distinct. In particular, it follows that that
the average of ¢; is just the numbers of balls being juggled. Here is an example:

If T = (3,5,0,2,0) then at time 1 a ball is thrown that will land at time 142 = 3.
At time 2 a ball is thrown that will land at time 2 + 5 = 7. At time 3 a ball is
thrown that will land at time 3 + 0 = 3. Alternatively one can say that no ball is
thrown at time 3. This is represented in the following diagram.

1 2 3 4 5 6 7 8 9 10

For a given juggling sequence, it is often possible to further decompose into
shorter juggling sequences, called primitive juggling sequences, which themselves
cannot be further decomposed. These primitive juggling sequences act as basic
building blocks for juggling sequences [2]. However, in the other direction, it is
not always possible to combine primitive juggling sequences into a longer juggling
sequence. Nevertheless, if primitive juggling sequences share a common state (which
one can think of as a landing schedule), we then can combine them to form a
longer and more complicated juggling sequences. In [2], primitive juggling sequences
associated with a specified state are enumerated. Here we mention the related fact
concerning B, i

There is a bijection mapping permutations in By, i to primitive juggling sequences
of period n with k balls that all share a certain state, called the ground state.

The bijection maps 7 to ¢(7) = (t1,...,t,) with t; = k—i+m;. As a consequence
of the above fact and Lemma 1, we can use bubble sort to transform a juggling
sequence using k balls to a juggling sequence using k — 1 balls.

To make this more precise, let T = (t1,...,t,) be a juggling sequence that
corresponds to m € B, , and suppose that 77 = (s1,...,sy,) be the juggling se-
quence that corresponds to bubble(r). Assume that the ball B thrown at time j
is the one that lands latest out of all the n throws. In other words, ¢; + j is the
largest element in {¢; +i}",. Now, write T = Lt;R where L = (t1,...,t;_1) and
R = (tj41,.-.,tn). Then we have

T' = fiu(T) = fu(L)Rs,

where s =¢; + j — (n+1). In other words, we have removed the ball B thrown at
time j and thus throw all balls after time j one time unit sooner. Then at time n we
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throw the ball B so that it lands one time unit sooner than it would have originally
landed. Then we repeat this procedure to all the balls thrown before time j.

3. THE POLYNOMIALS B, (y)

In this section we will characterise the polynomials B,, x(y). This is done by
first finding a recurrence for the polynomials and then solving the recurrence by
exploiting some aspects of their associated characteristic polynomials. The latter
step is quite involved and so we present the special case dealing with B,, 4(y) first.

3.1. Deriving the recurrence for B, ;. We will derive the following recurrence
for By, 1(y).

Theorem 1. Forn >0,

k1
k+1
Bukrik(y) = ( ;

i=1

)(y — 1) ' Brirgr-in(y) (4)

with the initial conditions
Bix(y) = Ai(y), 0<i<k

We use the notation [a,b] = {i € Z : a < i < b} and [b] = [1,b]. Let
A = {a1,...,a,} with a1 < -+ < a, be any finite subset of N. The standard-
ization of a permutation m on A is the permutation std(7) on [n] obtained from
7 by replacing the integer a; with the integer . Thus = and std(n) are order iso-
morphic. For example, std(19452) = 15342. If the set A is fixed, the inverse of the
standardization map is well defined, and we denote it by stdgl(a); for instance,
with A = {1,2,4,5,9}, we have std21(15342) = 19452. Note that std and stdzl1
each preserve the descent set.

For any set S C [n — 1] we define A, x(S) = {7 € By 1 : Des(m) 2 S} and

t,(S)=max{i e N: [n—i,n—1] C S}.

Note that ¢,(S) = 0 in the case that n — 1 is not a member of S. Now, for any
permutation 7 =y ... m, in A, ;(S) define

f(m) = (0,X), where o =std(m ... mp—i—1), X = {mn_s,...,mn} and i = £,,(5).

Example 1. Let S = {3,7,8}, and choose the permutation m = 138425976 in
Ag 3(S). Notice that Des(m) = {3,4,7,8} D S. Now t9(S) = 2. This gives f(mw) =
(0,X) where o = std(138425) = 136425 and X = {my,7s,m9} = {6,7,9}. Hence
£(138425976) = (136425, {6,7,9}).

Lemma 3. For any w in A, ;(S), the image f(m) is in the Cartesian product

An—i—l,k(s N[n—t,(S) —2]) x (]E:(;)k;_ni>’

where (i) denotes that set of all m-element subsets of the set X.

Proof. Given m € A, 1(5), let f(7) = (0,X). Suppose i = t,(5). Then there are
descents at positions n—i,...,n—1 (this is an empty sequence in case i = 0). Thus

nan,i>7rn,i+1>~">7rn,1>7rn2n—k,

where the last inequality follows from the assumption that maxdrop(n) < k. Hence
X is an (¢ + 1)-element subset of [n — k, n], as claimed. Clearly o € S;,—;_1.
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Next we shall show that o isin A,,_;_1 . Notice that the entries of (m1,...,Tp—i—1)
that do not change under standardization are those my which are < m,. Since these
values remain unchanged, the values ¢ — 7, are also unchanged and are thus < k.

Let (7ra(1), -+, Ta(m)) be the subsequence of values which are > m,. The smallest
value that any of these may take after standardization is m, > n — k. So Ta(j) =
7, > n—k for all j € [1,m]. Thus a(j) — 0.y < a(j) —(n—k) =k—(n—a(j)) <k
for all j € [1,m]. Therefore { —o, < kforall{e[l,n—i—1]andsoo € A,_;_1.

The descent set is preserved under standardization, and consequently ¢ is in
Ap—ic15(SN[n—i—2]), as claimed. O

We now define a function g which will be shown to be the inverse of f. Let 7
be a permutation in A, (1), where T is a subset of [m — 1]. We will add ¢ + 1
elements to 7 to yield a new permutation o in A,,4; (T U [m + 1,m +i]). Choose
any (i + 1)-element subset X of the interval [m + ¢+ 1 — k,m + i+ 1], and let us
write X = {x1,...,2;41}, where 1 < --- < x;41. Define

g(m, X) = std;1(7r1 e Tm) Tip1Ti ... 21, where V =[m+i+ 1]\ X.
Example 2. Let T = {1}, and choose the permutation = = 3142 in A4 3(T'). Notice
that Des(m) = {1,3} 2 T. Choose i = 2 and select a subset X from [4+2+1—
3,4+2+41] ={4,5,6,7} of sizei+1 = 3. Let us select X = {4,6,7}. Now we have
g(m, X) = stdy,' (3142) 764 = 3152764, where V is the set [4+ 2 + 1]\ {4,6,7} =
(1,2,3,5).

Lemma 4. If (7, X) is in the Cartesian product
Ao 1(T) ([m+z‘+1—k,m+z‘+1])
m,k

i+1
for some i >0 then g(m, X) is in
Amtirrk(TUm+1,m +i]).
Proof. Let 0 = g(m, X). For the first m elements of o, since o; > m; for all
1 <j <m, we have j — 0; < j — m; which gives
max{j — o, :j € [m]} <max{j—m;:j € [m]} <k.
The final 7 4+ 1 elements of ¢ are decreasing so the maxdrop of these elements will
be the maxdrop of the final element,
m+i+l—opmpipi=m+i+l—a;<m+i+1l—(m+i+1—k)=k.
Thus maxdrop(c) < k and so ¢ € Bp+it1,k- The descents of o will be in the set
TU[m+1, m+i] since descents are preserved under standardization and the final i+1

elements of o are listed in decreasing order. Hence 0 € Ayptit1,k(TU[mMm~+1,m+1]),
as claimed. 0

Lemma 5. The function f is a bijection, and g is its inverse.

Proof. Given any (0,X) € ([m+j+1;f1’m+j+1]) X Ap k(T) where T' C [m — 1], let
7 = g(o,X). We have

T = std[:ﬂﬂ]\x(al e Om) Tj1 %5 1 € Amgjpr k(T U [m+ 1,m + j]),

where X = {z1,...,z;41tand 21 <--- < xj;;. Let S =TU[m+1,m+j]. Clearly
Des(g(o, X)) 2 S and i = tym4541(S) = j. So f(g(o, X)) = (7,Y) where

Y = {Tmy1,- .- ,7Tm+j+1} ={ry,... a$j+1} =X
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and

T = std(stdﬁ}m+j+1}\x(al ce o)) = 0.

Hence f(g(0,X)) = (0,X). Given m € A, x(S), let f(7) = (0,X) with X =
{#1,..., 2311} and 0 = std(my ... T, (i41)). We have

g(O’,X) = std[;}n]\x(ol ce O'n,ifl)ajile ...
= Std[_l}n]\x(Std(ﬂl . ’/Tn—i—l))ﬂ—n—i e Ty
=71 ... Mpn—3—-1Tpn—G..-Tp

= T.

Hence g(f(m)) = . O

Corollary 1. Let ay, 1 (S) = |Ank(S)| and i = t,(S). Then

E+1

ns(9) = (11D Jansrna( nlin = G+ 1)

Proposition 1. For alln > 0,

Bn,k(y + ]-) = Z

i=1

Mk
;

)yi_ani,k(y +1).

Proof. Notice that

Bur(y+1)= > (y+1)9=
TI'EBn,k
des(m)
des(m)\ ;
> 5 ()
T€EB k. =0

Z Z ylol

TEBn,k SCDes(m)

= 3 Y 1= Y ySla ().

SC[n—1] TEAR k(S) SCln—1]
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From Corollary 1, multiply both sides by 3!°! and sum over all S C [n —1]. We
have

k
Bt = 3 o (1501 )an-tenrsa(S 0l = (1(5) + 2

=>. > y"y'si(’jif)an<i+1>,k<sm[n—(i+2>1>
]

1>0 SC[n-1
T tn(S)=i

v'Y o a0 [0 — (i +2))y
SCln—1]
tn(S)=i

)

(08 T SRR
)
)

SCln—(i+1)]

S
V
=

E+1\ ,_
=2 (" )y Buirl+ ).

.
v
—

O

Proof of Theorem 1. Replacing n and y by n 4+ k + 1 and y — 1, respectively, in
Proposition 1 yields the recurrence (4):

k+1

k+1 .
Brtkr1k(y) = Z ( ; )(y — 1) ' Buiky1-ik(y)
i=1
for n > 0, with the initial conditions B; (y) = A;(y), 0 <14 < k. O

Consequently, by multiplying the above recurrence by 2™ and summing over all
n > 0, we have the generating function Bg(z,y):

k t
1+ (At(y) - ’ JZF 1) (y— l)i_lAti(y)> 2!

Bk(zvy) =

3.2. Solving the recurrence for B,, 4. Before we proceed to solve the recurrence
for B, , we first examine the special case of £ = 4 which is quite illuminating. We
note that the characteristic polynomial for the recurrence for B,, 4 is

h(z) = 2° — 52 +10(1 — y)2® — 10(1 — )22 + 5(1 —y)32 — (1 — y)*
(= 14y)® —yef
= g .

Substituting y = ° in the expression above, we see that the roots of h(z) are just
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where w = exp(2%}) is a primitive 5th root of unity. Hence, the general term for

By, 4(t) can written as

4
=3 ailt)pr(t)
=0

where the «;(t) are appropriately chosen coefficients (polynomials in ¢). To deter-
mine the «;(t) we need to solve the following system of linear equations:

4
D ai(t)pl(t) = Bjalt) = A;(t°), 0 < j < 4.
1=0

Thus, a;(t) can be expressed as the ratio Ny ;11(t)/Da(t) of two determinants. The
denominator D4(?) is just a standard Vandermonde determinant whose (i+1,j+1)
entry is pJ(t). The numerator Ny ,;11(t) is formed from Dy(t) by replacing the
elements p!(t) in the (i + 1)st row by A;(t*). A quick computation (using the
symbolic computation package Maple) gives:
Dy(t) = 25V/5 (1 — t°)5¢10;
Nyi(t) =5V5 (#2 + 10 + 26 + 4B + 447 + 46° + 4t* + 26 + 2 + 1)(1 — 17)*(1 — )30
and, in general, Ny ;11(t) = Ny (w't).
Substituting the value o (t) = Ny 1(t)/D4(t) into the first term in the expansion
of By 4, we get
ap(t)(1 +t+ % + 3 4 4"
=Lt 4+t 04200 + AP+ AT+ A A 28 P D) (Lt PP )R
Now, since the other four terms «;(t)(1 +t + t2 + ¢3 4 t4)™ arise by replacing ¢ by

w't then in the sum of all five terms, the only powers of ¢ that survive are those
which have powers which are multiples of 5. Thus, we can conclude that if we write

(24104209 A+ 4T+ A+ A 283 P ) (Lt 22+t 3 = Zﬁ )

then by, 4(d) = 5(5d). In other words, the number of permutations 7 € B,, 4 with d
descents is given by the coefficient of t°¢ in the expansion of the above polynomial.
Incidentally, the corresponding results for the earlier 5,, ; are as follows: by, 1(d) =

B3(2d) in the expansion of
(L+1)" Z B(r

$0 bp,1(d) = (5); bn,2(d) = B(3d) in the expansion of
(1+63)(1+t Z B(r
and by, 3(d) = 3(4d) in the expansion of

(14242683 + 2 + 15 (1 +1)" Zﬁ

The preceding arguments have now set the stage for dealing with the general
case of B, . Of course, the arguments will be somewhat more involved but it is
hoped that treating the above special case will be a useful guide for the reader.
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3.3. Solving the recurrence for B, ;.
Theorem 2. We have B, ;(y) = >, Bk ((k + 1)d)y*+4, where

2 Pyt = Piw) (ﬂ)k

and

k k.
. 7 .
Py (u) = ZAk_j(ukH)(ukH - 1) Z () u”".
Jj=0 i=j
Proof. To solve (4) for B,, j, we first need to compute the roots of the corresponding
characteristic polynomial

k+1
gkl Z <k + 1) (y — 1)i712n+k+172’

£ 1
=1

which can be rewritten as
k+1
(z— (1 —y)) — gzt

Substituting = u**!, this becomes
(Z —(1- uk+1))k+1 e

The k + 1 roots of this polynomial are easily seen to be the expressions

1 —uhtt .
pizpi(u)=m7 0<i<k,
where w = exp( ,3:‘1

B, 1, in the form

) is a primitive (k 4 1)st root of unity. Thus, we can express

k
B (u'th) = Zak,z‘(u)P?
=0

for an appropriate choice of coefficients ay, ; (which depend on the initial conditions).
In fact, writing down the expressions for the first k + 1 B, ;’s, we have:

k
Bjp(u*tt) = Zak,i(u)pg = A;(uft), for0<j <k,
=0

We can solve this as a system of k + 1 linear equations in the k + 1 unknown
coefficients oy, ;(u) by representing the solution in the usual way as a ratio of two
determinants. In particular, the expression for ay o is given by

_ det Ry (u)
~ det Sy (u)

where Si(u) and Ri(u) are (k + 1) by (k + 1) matrices defined by
Sk(u) = (Sk(i + 1,7 +1)) with Si(i+1,7+1)=p!

(6)

ag0(u)

and

Az(u,k"'l) ifi=0
Ru(u) = (Re(i+1,j+ 1)) with Re(i+1,j+1) =147 ’
k(u) = (Re(i+ 1,5+ 1)) wi w(i+1,5+1) {pz if i > 0.

3
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Now the bottom determinant is a standard Vandermonde determinant which has
the value

0<i<j<k

The top determinant is almost a Vandermonde determinant (except for the first
row). Its value has the form

det Ri(u) = Topy(u) - [ (o5 — p2)
0<i<j<k

where Top,(u) is a polynomial in u which we will soon determine. Hence, in the
ratio (6), the terms which do not involve pg cancel, leaving the reduced form

ano(u) = Topy, (u)
' Hj>0(pj _PO).

However, we have

1— kbt 11—kt
H(po—pj)—H< l—u 1—wju>

350 3>0
_ (1 -wu EPRESAY.
- jl;lo T—wi-ww | )

(1— uk+1)kuk . Hj>0(1 — wj)
(1 —u)k Hj>0(1—wju)

(1 — uk+iykgk |41 (1 — uk+lyk—Lyk
= o T = o (k+1). (7)

1—u

On the other hand, for the top we have by standard properties of Vandermonde
determinants:

Topy,(u) = Y (=17 A (" )Sy (o1, -, pi), (8)
i>0
where Sp j(21,...,2) is the elementary symmetric function of degree j in the k

variables z1,..., 2, (and we recall that A.(y) = 3,5, <;>yt) Now consider the
generating function

Xi(2) = (z—=po)(z—p1)... (2= pr)
=3 (=1)'Skr14(po, - -, pr) 2T

t>0

>0
Hizo(z — (1 —uft) — wiuz)
Hizo(l — whu)

(2= (1= ubt )T = yhriphi

1 —uhtt
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What we are interested in is

Yi(2) = Hile) _ > (=1 Skilpr, - pr)2

TP S0
(z—(1- u’”‘l))kJrl — ktlk+l

(1 _ ukJrl)(Z _ 1—1u1«+1)

—Uu

k

1—u ) )
— S uk—i—l)z(UZ)k—z
— 2
1-u i=0
1—u
- e (ot
zO]O

k .
1—u o e i
= T Z(l —ut Ty (1) ( ‘)uk '
§=0 i=j J
Thus, by identifying the coefficient of z¥~7, we have

(1—u)(1 — uk+1)d Zk: (i)u,”'

Skg(p1,-- o pr) = e i

=]

Therefore, we have

Topy,(u) = Y _(=1)* 7 Ay (W**1)Sp (o1, pr)

70

iy 1—w)(1 —ub+)i &L /i i

= oA ey B S (e
320 i= M

As a consequence, we find by (8) and (7) that

ak,0(w)py

_ Topy, (u) 1—ubti\"
B (_1)k Hj>0(Po - pj) ( 1—wu ) (9)

o (Y S -y 3 (D

=0 Py

1 1— b ti\"F & LIS —i

Tkt ( 1w ) ZA’“‘j(“k+1>(“k+l‘1)Jz(')u '
i=0 i= M

(We should keep in mind that this expression actually is a polynomial in w.) To
determine the other coefficients oy, (u), we make the following observations. First,
for 1 <t < k, we can cyclically permute the rows of the (Vandermonde) matrix
Sk(u) to form the new matrix S,(:)(u) = (S,(:) (i+1,574+1) = (p™). We can

then form the corresponding matrix R,(f) (u) by replacing the top row of S ,(f) (u) by

Ag(uFth), ..., Ak (u*t1). In this way, we can express the coefficient oy, +(u) as:
det R (u
ot () = 2B () (10)

det S (u)
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However, observe that the resulting computations for determining oy ¢(u) are ex-
actly the same as those for ajo(u) where we replace u by w'u. This is because
Aj(uFtty = Aj(whu)* 1. Consequently,
gt (u) = ago(whu).

Therefore, for each n, the expression ay ¢ (u)p} as a polynomial in u can be obtained
from ayo(u)pl by replacing u by w'u. However, this implies that in the sum
Ef:o ag¢(u)pl, the only terms that survive are those powers u” of u which are
multiples of k + 1, since for m #Z 0 (mod k + 1), we have E?:o w™ = 0. One the

other hand, for «™ with m =0 (mod k + 1), we must multiply the coefficients by
k + 1 since in this case, all the powers w! are 1. Consequently, if we write

(k 4+ Daro(uwpg =3 B(j)u’ (11)

then we have
B k(y) = Z/Bk( (k+1)d) y*+tDd,
d

In other words, the number b, ,(r) of permutations in B,, , having exactly  descents
is equal to the k 4 1 times the coefficient of u*+17 in (9).
If we express (9) (times k + 1) in form

)n—k

Pe(u) (1 +u+-- +ub (12)

then the first few values of Py(u) are shown below.

k| Py(u)

1

14+u

1+ u+2u? +ud +ut

1+ u+ 2u? + 4u® + du®* + 4u® + 408 + 207 + u® + u?
14w+ 2u? + 4u? + 8u* + 11u® + 118 + 1407 + 168+
+14u° 4+ 11610 + 11w + 8u'? 4+ 4u'3 + 20 + u!® 4 416

T W N

There is clearly a lot of structure in the polynomials Py (u) which will be discussed
in the next section. O

4. THE STRUCTURE OF Pj(u)
Let us first write down the expression for Py (u) which came from (9):
k , LS ,
P = Y1 A= a3 ()t 13

=0 ey M

If we write Py (u) = Zio a;ut, we will define the stretch of Py(u) to be

k k-2

PPy(u) = ag + Z Z a1+i+(k+1)u2+”(’““)j”~
=0 j=0

What this does to Pg(u) is to insert 0 coefficients at every k + 1°¢ term, starting
after ap. Thus, the stretched polynomials corresponding to the values of Py (u)
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given in the array above are:

PPy (u)

1

1+u?

1+ u? 4+ 2ud + vt +ub

14 u? + 203 + du* + 4u® + 407 4 4u® + 2u° + ul® + 12
14 u? + 2u® + 4u® + 8u® + 118 + 11u® + 140° + 1660+
+14u + 11w + 11w 4 8ul® + 46 + 2017 4 418 4 20

QU W N =&

Note that if Py(u) has degree k? then PPy (u) has degree k? + k.

Theorem 3. For all k > 1,

Piyi(u) = PPy(u) - (1 +u+u? + - + o).
Proof. From (13) and the definition of PPy (u), we can write
k s
PPk(u) _ Z(_l)t(l _ uk+2)tAk,t(uk+2) Z ( )u—s.
t=0 s=t L
We want to show that

1— uk+2
Pk+1(u) = PPk(u) . 1—u

Thus, it is enough to prove that A = B where

A= PPy (u)(1 —uF?)

k ko
= ;(—1)t(1 _uE YA (b ) Z (t>us

s=t

and

B = Py(u)(1 — )

k+1 k+1 s
=D (D1 = uF) Ay (WF2) Y <t> u™ (1 — u).
t=0

s=t
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Observe that

k+1

k+1
B- <1>t<1uk+2>tAk+1_t<u’“”< (i)“(lu))

t=0 s=t+1
— ’Z,L(l — Uikiz)Ak_;,_l
b k S kE+1
— t k+2\t+1 k+2 —s —t k—1
=D (D' =) A (W) (Y (t)u +uTt - <t+1) )
t=0 s=t+1
- ’U,(l — U_k_2)Ak+1
ul b s k+1
_ 1\t o k2Nt k+2 -5 k-1
— ;( DAL — uF ) Ay (uFF?) (; <t>u (t+1)u )
—u(l —u ") A,

Hence, to prove that A = B, we only need to establish

Xk:(_l)t(l —uFTRYFLA L (WP 2) <— (k + 1) uk1> —u(l —u ") A

P t+1

=u(l —u " 2) Ay (uF2).

However, this would follow from

k'

S (@~ 1) Ay (x) (";) = 2 A (x) (14)

t=0

by taking k' = k + 1 and x = u**2. So it remains to prove (14).
To do this we will use the standard generating function for A, (w) from (3):

n\ 2" 2" 1—w
I e T
n,m>0 n>0
Consider

Sk
F(z,z) = Z xAk(x)ﬁ

k>0
and

Gla,2) =Y i(w A, (’Z) %’:

k>0 t=0
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It will suffice to show that F' = G. Now

=33 (w— 1) Ape )(?)Z? 1

k>0 t>0
k k
=D 3) BRI G EEr
t>0 k>t
K +t\ Mt
== Y v () !
]
t>0 k>0 (K" +2)!
Y DY A
>0 k>0
O et SRR I Sl i)
elz—1)z _ 4 elz=1)z _ o
On the other hand,
ok
F(z,z) = Za:Ak( )k'
k>0
(ot =)
elz—l)z _ o elz=1z _ o
as desired. This completes the proof of Theorem 3. ([

Theorem 4. The coefficients of Py(u) are symmetric and unimodal.

Proof. Tt follows from Theorem 3 that we can construct the coeflicient sequence

for Pry1(u) from that of Py(u) by the following rule (where we assume that all

coefficients of u! in Py(u) are 0 if t < 0 or t > k?). Namely, suppose we write
2 .

Pi(u) = Zf:o a;u’ so that we have the coefficient sequence Ax = (ag, a1, - .., @g2).

Now form the new sequence By, = (0o, 01, ... Br24x) by the rule

= > a;, 0<i<k +k
j=i—k

Finally, starting with (§y, insert duplicate values for the coefficients

B0, Br+15 Bo(k41)s - - Br(k41)s - - Bk—1) (k1) and Brry1)-

Thus, this will generate the sequence

(Bos Bo, B1, B2y -3 Bres Bt 1 Bty Brt2s - -+ Br2 k=15 Br2kes B2 +k)-

This new sequence will in fact just be the coefficient sequence Ag41 for Priq(u).
For example, starting with P; (u) = 14+u, we have 4; = (1,1) and so By = (1,2,1).
Now, inserting the duplicate values for Gy = 1 and B3 = 1, we get the coefficient
sequence Ay = (1,1,2,1,1) for Py(u) = 1+ u + 2u? + u3 + u*. Repeating this
process for As, we sum blocks of length 3 to get Bs = (1,2,4,4,4,2,1). Inserting
duplicates for entries at positions 0,3 and 6 gives us the new coefficient sequence
Az = (1,1,2,4,4,4,4,2,1,1) of P3 = 14+u+2u?+4u3+4u* +4u® +4u+2u" +ud+u?,
etc. It is also clear from this procedure that if Ay is symmetric and unimodal, then
so is By, and consequently, so is Ax11. This is what we claimed. ([
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4.1. An Eulerian identity. Note that since Py(u) is symmetric and has degree
u*” | we have Py(u) = quPk(%). Replacing Py (u) by its expression in (13), we
obtain (with some calculation) the interesting identity

Sy ()= ordviaro) = xijb (Y- acs+ (2 )a-»

i=0 i=o M
for all integers a and b provided that a + b > 0.
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