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ABSTRACT OF THE DISSERTATION

Dynamic Scheduling of a Parallel Server System in Heavy Traffic with
Complete Resource Pooling: Asymptotic Optimality of a Threshold
Policy

by

Steven L. Bell
Doctor of Philosophy in Mathematics

University of California San Diego, 2003

Professor Ruth Williams, Chair

We consider a queueing system with a bank of non-identical servers working in
parallel, exogenous arrivals classified into one of several infinite capacity buffers,
and linear holding costs for each buffer. Jobs within a buffer are ordered on a
first-in-first-out basis. Each incoming job requires a single service which may be
provided by any of several different servers; the service time of a job may depend on
both its buffer and the server providing the service. The system manager seeks to
minimize holding costs by dynamically scheduling waiting jobs to available servers.
In a recent work, under a complete resource pooling condition, Williams [39] pro-
posed a continuous review threshold control policy for such a parallel server system
by “interpreting” the analytic solution to the associated Brownian control problem
(formal heavy traffic approximation). We show that this policy is asymptotically
optimal in the heavy traffic limit and that the limiting cost is the same as the

optimal cost in the Brownian control problem.
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Introduction

We consider a dynamic scheduling problem for a parallel server queueing sys-
tem. This system might be viewed as a model for a manufacturing or computer
system, consisting of a bank of buffers for holding incoming jobs and a bank of
flexible servers for processing these jobs (see e.g., [21]). Incoming jobs are classified
into one of several different classes (or buffers). Jobs within a class are served on
a first-in-first-out basis and may be served by any server from a given subset of
the bank of servers (this subset may depend on the class). In addition, servers
may have differing but overlapping capabilities and so may be able to service more
than one class. Jobs of each class incur linear holding costs while present within
the system. The system manager seeks to minimize holding costs by dynamically
allocating waiting jobs to available servers.

The parallel server system is described in more detail in Chapter 2 below.
With the exception of a few special cases, the dynamic scheduling problem for this
system cannot be analyzed exactly and it is natural to consider more tractable
approximations. Omne class of such approximations are the so-called Brownian
control problems, first introduced by Harrison in [10] and further developed in [14,
17]. These are formal heavy traffic approximations to queueing control problems.
Various authors (see for example [6, 18, 19, 22, 27, 28, 36]) have used analysis

of these Brownian control problems, together with clever interpretation of their



optimal (analytic) solutions, to suggest “good” policies for the original queueing
control problems.

For the parallel server system, Harrison and Lépez [16] studied the associated
Brownian control problem and identified a condition under which the solution of
that problem exhibits complete resource pooling, 1i.e., in the Brownian model,
the efforts of the individual servers can be efficiently combined to act as a single
pooled resource or “superserver”. Under this condition, Harrison and Lépez [16]
conjecture that a “discrete review” scheduling policy (for the original parallel server
system), obtained by using the BIGSTEP discretization procedure of Harrison [12],
is asymptotically optimal in the heavy traffic limit.

Here, focusing on the parameter regime associated with the complete resource
pooling condition of Harrison and Lépez [16], we first review their formulation
and solution of the Brownian control problem. Then we prove that a “continuous
review” threshold policy proposed by Williams [39] is asymptotically optimal in
the heavy traffic limit. Our treatment of the Brownian control problem and our
description of the candidate threshold policy closely follows that presented in [39].
On the other hand, the proof of asymptotic optimality of this policy is new. In a
related work [2], we have already proved that this policy is asymptotically optimal
for a particular two-server, two-buffer system. Indeed, techniques developed in [2]
have been useful for analysis of the more complex multiserver case treated here.

Since we began this work, three related works have appeared [1, 33, 29]. In
[1], Ata and Kumar consider a dynamic scheduling problem for an open stochastic
processing network that allows feedback routing. A parallel server system is a
special case of such networks in which no routing occurs. Under heavy traffic and
complete resource pooling conditions, Ata and Kumar prove asymptotic optimality
of a discrete review policy for an open stochastic processing network with linear
holding costs. Although this provides an asymptotically optimal policy for the
parallel server problem considered here, we think it is still of interest to establish
asymptotic optimality of a simple continuous review threshold policy, as we do here.

The other related works are by Stolyar [33], who considers a generalized switch,



which operates in discrete time, and Mandelbaum and Stolyar [29], who consider
a parallel server system. Although it does not allow routing, Stolyar’s generalized
switch is somewhat more general than a parallel server system operating in discrete
time, in particular, it allows service rates that depend on the state of a random
environment. Assuming heavy traffic and a resource pooling condition, which
is slightly more general than a complete resource pooling condition, Stolyar [33]
proves asymptotic optimality of a MaxWeight policy, for holding costs that are
positive linear combinations of the individual queue lengths raised to the power
0+ 1 where § > 0. In particular, the holding costs are not linear. An advantage
of the MaxWeight policy (which exploits the non-linear nature of the holding cost
function) is that it does not require knowledge of the arrival rates for its execution,
although checking the heavy traffic and resource pooling conditions does involve
these rates. Following on from [33], in [29], Mandelbaum and Stolyar focus on
a parallel server system (operating in continuous time). Assuming heavy traffic
and complete resource pooling conditions they prove asymptotic optimality of a
MaxWeight policy (called a generalized cpu-rule there), for holding costs that are
sums of strictly increasing, strictly convex functions of the individual queue lengths.
(They also prove a related result where queue lengths are replaced by sojourn
times.) Again, the nonlinear nature of the holding cost function allows the authors
to specify a policy that does not require knowledge of the arrival rates (nor of a
solution of a certain dual linear program). Although Mandelbaum and Stolyar
[29] conjecture a policy for linear holding costs (which like ours makes use of
the solution of a dual linear program), they stop short of proving asymptotic
optimality of that policy. Thus, our paper provides the only proof of asymptotic
optimality of a continuous review policy for the parallel server system with linear
holding costs. An additional difference between our work and that in [1, 29, 33] is
that we impose finite exponential moment assumptions on our primitive stochastic
processes, whereas only finite moment assumptions (of order 2 + €) are needed for
the results in [1, 29, 33]. We conjecture that our exponential moment assumptions

could be relaxed at the expense of an increase in the size of our (logarithmic)



thresholds. We have not pursued this conjecture here, having chosen the tradeoff
of smaller thresholds at the expense of higher moment assumptions.

This paper is organized as follows. In Chapter 2, we describe the model of
a parallel server system considered here. In Chapter 3 we introduce a sequence
of such systems, indexed by r (where r tends to infinity through a sequence of
values in [1,00)), which is used in formulating the notion of heavy traffic asymp-
totic optimality. The cost function used in the r** system is an average cumulative
discounted linear holding cost, where the linear holding cost is per unit of normal-
ized queue length (in diffusion scale). In Chapter 3, we also review the notion of
heavy traffic defined in [14, 16] using a linear program, and recall its interpretation
in terms of the behavior of an associated fluid model, as previously described in
[39]. In Chapter 4, we describe the Brownian control problem associated with the
sequence of parallel server systems. In Chapter 5, under the complete resource
pooling condition of [16], we review the solution of the Brownian control problem
obtained by Harrison and Lépez [16], using a reduced form of the problem called
the equivalent workload formulation [14, 17]. The complete resource pooling con-
dition ensures that the Brownian workload process is one-dimensional. Moreover,
from [16] we know that this condition is equivalent to uniqueness of a solution to
the dual to the linear program described in Chapter 3. In Chapter 6, we describe
the dynamic threshold policy proposed by Williams [39] for use in the original par-
allel server systems. We then state the main result (Theorem 6.2.2) which implies
that this policy is asymptotically optimal in the heavy traffic limit and that the
limiting cost is the same as the optimal cost in the Brownian control problem. An
outline of our method of proof is given in Chapter 7. The details of the proof
are contained in Chapters 8-10. Here a critical role is played by our analysis in
Chapter 8 of what we call the residual processes, which measure the deviations of
the queue lengths from the threshold levels, or from zero if a queue does not have
a threshold on it, when the threshold policy is used. This allows us to establish
a form of “state space collapse” (see Theorem 6.2.1) under this policy. The tech-

niques used in proving state space collapse build on and extend those introduced



in [2]. In particular, a major new feature is the need to show that allocations of
time to various activities stay close to their nominal allocations over sufficiently
long time intervals (with high probability), which in turn is used to show that
the residual processes stay close to zero (with high probability). Using a suitable
numbering of the buffers, the proof of state space collapse proceeds by induction
on the buffer number, highlighting the fact that the queue length for a particular
buffer depends (via the threshold policy) on the queue lengths associated with

lower numbered buffers.

1.1 Notation and Terminology

The set of non-negative integers will be denoted by IN and the value +oo will
simply be denoted by co. For any real number z, |z] will denote the integer
part of x, i.e., the greatest integer that is less than or equal to z, and [z] will
denote the smallest integer that is greater than or equal to x. The m-dimensional
(m > 1) Euclidean space will be denoted by IR™ and IR, will denote [0, 00). Let
| - | denote the norm on IR™ given by |z| = > 1", |z;| for x € R™. We define
a sum over an empty index set to be zero. Vectors in IR™ should be treated as
column vectors unless indicated otherwise, inequalities between vectors should be
interpreted componentwise, the transpose of a vector a will be denoted by a’, the
diagonal matrix with the entries of a vector a on its diagonal will be denoted by
diag(a), and the dot product of two vectors a and b in IR™ will be denoted by a - b.
For any set S, let |S| denote the cardinality of S.

For each positive integer m, let D™ be the space of “Skorokhod paths” in IR™
having time domain IR, . That is, D™ is the set of all functions w : IR, — R™ that
are right continuous on IR, and have finite left limits on (0,00). The member of
D™ that stays at the origin in IR™ for all time will be denoted by 0. For w € D™
and t > 0, let

[wlle = sup |w(s)]. (1.1)
s€[0,¢]



Consider D™ to be endowed with the usual Skorokhod J;i-topology (see [8]). Let
M™ denote the Borel g-algebra on D™ associated with the J;-topology. All of
the continuous-time processes in this paper will be assumed to have sample paths
in D™ for some m > 1. (We shall frequently use the term process in place of
stochastic process.)

Suppose {W"}22, is a sequence of processes with sample paths in D™ for some
m > 1. Then we say that {W"}2 | is tight if and only if the probability measures
induced by the W"’s on (D™, M™) form a tight sequence, i.e., they form a weakly
relatively compact sequence in the space of probability measures on (D™, M™).
The notation “W"™ = W7”, where W is a process with sample paths in D™, will
mean that the probability measures induced by the W™’s on (D™, M™) converge
weakly to the probability measure on (D™, M™) induced by W. If for each n,
W™ and W are defined on the same probability space, we say that W" converges
to W uniformly on compact time intervals in probability (u.o.c. in prob.), if
P(|W™ —=W]|; > ¢e) — 0 as n — oo for each ¢ > 0 and all ¢ > 0. We note that if
{W"} is a sequence of processes and W is a continuous deterministic process (all
defined on the same probability space) then W™ = W is equivalent to W" — W
u.o.c. in prob. This is implicitly used several times in the proofs below to combine

statements involving convergence in distribution to deterministic processes.
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The Parallel Server System

In this Chapter we review the description of a parallel server system given in

[39).

2.1 System Structure

Our parallel server system consists of I infinite capacity buffers for holding jobs
awaiting service, indexed by i € Z = {1,...,I}, and K (non-identical) servers
working in parallel, indexed by k € K = {1,...,K} (see e.g., Figure 2.1, where
a system considered by Harrison and Lépez [16] is pictured). Each buffer has its
own stream of jobs arriving from outside the system. Arrivals to buffer ¢ are called
class i jobs and jobs are ordered within each buffer according to their arrival times,
with the earliest arrival being at the head of the line. Each entering job requires a
single service before it exits the system. Several different servers may be capable
of processing (or serving) a particular job class. Service of a given job class i by
a given server k is called a processing activity. Although we shall not use this
notation, such a processing activity can be associated with the ordered pair (i, k)
and there is an upper bound of I- K on the number of processing activities. Due to
system constraints, the actual number J of processing activities available may be

less than this upper bound. In any event, we assume there are J < I- K possible



I =4 classes
J = 8 activities

K =3 servers

Figure 2.1: Example of a parallel server system.

processing activities labeled by j € J = {1,...,J}. The correspondences between
activities and classes, and activities and servers, are described by two deterministic

matrices C, A, where C is an I x J matrix with

1 if activity j processes class 1,
C, = rr (2.1)
0 otherwise,
A is a K x J matrix with
1 if server k performs activity 7,
0 otherwise.

Note that each column of C contains the number one exactly once and similarly
for A, since each activity j has exactly one class i(j) and one server k(j) associated
with it. We also assume that each row of C and each row of A contains the number
one at least once (i.e., each job class is capable of being processed by at least one
activity and each server is capable of performing at least one activity).

For the example pictured in Figure 2.1, the matrices C and A are given by

11100000
A=100011010

0
0
1
0 000O0O0OT1TO0T71

0 00 00O
1 000T1O0
0 1 0001
0 01100

1
0
0

0



Once a job has commenced service at a server, it remains there until its service
is complete, even if its service is interrupted for some time (e.g., by preemption
by a job of another class). A server may not start on a new job of class ¢ until it
has finished serving any class ¢ job that it is working on or that is in suspension
at the server. In addition, a server cannot work unless it has a job to work on.
When taking a new job from a buffer, a server always takes the job at the head-
of-the-line. (For concreteness, we suppose that a deterministic tie-breaking rule is
used when two (or more) servers want to simultaneously take jobs from the same
buffer, e.g., there is an ordering of the servers and lower numbered servers take
jobs before higher numbered ones.) This setup allows a job to be allocated to a
server just before it begins service, rather than upon arrival to the system. We

assume that the system is initially empty.

2.2 Stochastic Primitives

All random variables and stochastic processes used in our model description
are assumed to be defined on a given complete probability space (22, F,P). The
expectation operator under P will be denoted by E. For i € Z, we take as given a
sequence of strictly positive i.i.d. random variables {u;(¢),¢ = 1,2, ...} with mean
At € (0,00) and squared coefficient of variation (variance divided by the square
of the mean) a? € [0,00). We interpret u;(¢) as the interarrival time between the
(¢ — 1)** and the £*® arrival to class i where, by convention, the “O' arrival” is

assumed to occur at time zero. Setting &;(0) = 0 and

&)=Y w(l), n=12.., (2.4)
=1
we define
Ai(t) =sup{n >0:&(n) <t} for all ¢ > 0. (2.5)

Then A;(t) is the number of arrivals to class i that have occurred in [0, ], and \; is

the long run arrival rate to class i. For j € J, we take as given a sequence of strictly
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positive ii.d. random variables {v;(¢),¢ = 1,2,...} with mean p;' € (0,00) and
squared coefficient of variation b5 € [0,00). We interpret v;(£) as the amount of
service time required by the (" job processed by activity j, and p; as the long
run rate at which activity j could process its associated class of jobs i(7) if the
associated server k(j) worked continuously and exclusively on this class. For j € 7,

let 7;(0) =0,
ni(n) => v(), n=12,., (2.6)

and

S;j(t) =sup{n > 0:n;(n) <t} for all t > 0. (2.7)

Then S;(t) is the number of jobs that activity j could process in [0, ] if the asso-
ciated server worked continuously and exclusively on the associated class of jobs
during this time interval. The interarrival time sequences {u;(¢),f = 1,2,...},
i € 7, and service time sequences {v;(¢),{ =1,2,...}, j € J, are all assumed to

be mutually independent.

2.3 Scheduling Control and Performance Mea-

sures

Scheduling control is exerted by specifying a J-dimensional allocation process

T ={T(t),t > 0} where
T(t) = (Ti(t),..., ITy(t))  fort >0, (2.8)

and T}(t) is the cumulative amount of service time devoted to activity j € J by
the associated server k(j) in the time interval [0,¢]. Now 7" must satisfy certain
properties that go along with its interpretation. Indeed, one could give a discrete-
event type description of the properties that 7" must have, including any system
specific constraints such as no preemption of service. However, for our analysis,

we shall only need the properties of 7" described in (2.12)—(2.17) below.
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Let
I(t) =1t — AT(t), t>0, (2.9)

where 1 is the K-dimensional vector of all ones. Then for each k € K, I;(t) is
interpreted as the cumulative amount of time that server k has been idle up to
time ¢t. A natural constraint on 7" is that each component of the cumulative idletime
process I must be continuous and non-decreasing. This immediately implies the
property that each component of T" is Lipschitz continuous with Lipschitz constant
less than or equal to one. For each j € J, S;(T;(t)) is interpreted as the number
of complete jobs processed by activity j in [0,t]. For ¢ € Z, let

Qi(t) = Ai(t) = Y CyS;(Ty(t), t=>0, (2.10)

which we write in vector form (with a slight abuse of notation for S(7'(t))) as
Q(t) = A(t) — CS(T'(t)), t=>0. (2.11)

Then Q;(t) is interpreted as the number of class ¢ jobs that are either in queue or
“In progress” (i.e., being served or in suspension) at time ¢. We regard @) and [ as
performance measures for our system.

We shall use the following minimal set of properties of any scheduling control
T with associated queue length process ) and idletime process I. For all ¢ € 7,

1€J, kek,

T;(t) € F for each t >0, (2.12)
T;(-) is Lipschitz continuous with Lipschitz constant less than or (2.13)
equal to one, non-decreasing, and 75(0) = 0,

Ii.(+) is continuous, non-decreasing, and [;(0) = 0, (2.14)

Qi(t) >0 for all ¢t > 0. (2.15)

For later reference, we collect here the queueing system equations satisfied by @
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and I:

I(t) = 1t—AT(t), t>0, (2.17)

where @, T and [ satisfy properties (2.12)—(2.15). We emphasize that these are
descriptive equations satisfied by the queueing system, given C, A, A, S and a
control T', which suffice for the purposes of our analysis. In particular, we do not
intend them to be a complete discrete-event type description of the dynamics.
Remark. The reader might expect that 7" should satisfy some additional non-
anticipating property. Although this is a reasonable assumption to make, and
indeed the policy we propose in Chapter 6 satisfies such a condition, we have not
restricted T' a priori in this way. Indeed, we shall see that, for the parallel server
system under the complete resource pooling condition, our policy is asymptotically
optimal even when anticipating policies are allowed. This is related to the fact that
the Brownian control problem has a so-called “pathwise solution”, cf. [16].

The cost function we shall use involves linear holding costs associated with
the expense of holding jobs of each class in the system until they have completed
service. We defer the precise description of this cost function to the next chapter,
since it is formulated in terms of normalized queue lengths, where the normalization
is in diffusion scale. Indeed, in the next chapter, we describe the sequence of parallel
server systems to be used in formulating the notion of heavy traffic asymptotic

optimality.



3

Sequence of Systems, Heavy

Traffic, and the Cost Function

For the parallel server system described in the last chapter, the problem of
finding a control policy that minimizes a cost associated with holding jobs in the
system is notoriously difficult. One possible means for discriminating between
policies is to look for policies that outperform others in some asymptotic regime.
Here we regard the parallel server system as a member of a sequence of systems
indexed by r that is approaching heavy traffic (this notion is defined below). In this
asymptotic regime, the queue length process is normalized with diffusive scaling
— this corresponds to viewing the system over long intervals of time of order r?
(where r will tend to infinity in the asymptotic limit) and regarding a single job
as only having a small contribution to the overall cost of storage, where this is
quantified to be of order 1/r. The setup in this chapter is a generalization of that

used in [2] to multiserver systems.

13
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3.1 Sequence of Systems and Large Deviation

Assumptions

Consider a sequence of parallel server systems indexed by r, where r tends
to infinity through a sequence of values in [1,00). These systems all have the
same basic structure as that described in Chapter 2, except that the arrival and
service rates, scheduling control policy, and form of the cost function (which is
defined below in Section 3.3) are allowed to depend on r. Accordingly, we shall
indicate the dependence of relevant parameters and processes on r by appending a
superscript to them. We assume that the interarrival and service times are given

foreachr>1,1€Z, 7€ J, by

1 1
Wi (l) = —ai(f), vi(0) = —u;(0), forl=1,2,..., (3.1)
AL 1

where the @;(¢), v;(¢), do not depend on r, have mean one and squared coefficients
of variation af, b7, respectively. The sequences {a;(€), £ = 1,2,...}, {0;((), £ =
1,2,...}, 1 € Z, j € J are all mutually independent sequences of i.i.d. random
variables. (The above structure is a convenient means of allowing the sequence
of systems to approach heavy traffic by simply changing arrival and service rates
while keeping the underlying sources of variability ,(¢), ©;(¢) fixed. For a first
reading, the reader may like to simply choose A" = A and " = u for all r. Indeed,
that simplification is made in the paper [39]. This type of setup has been used
previously by others in treating heavy traffic limits, see e.g., Peterson [30].)

We make the following assumption on the first order parameters associated

with our sequence of systems.
Assumption 3.1.1 There are vectors A € ]Rfr, JIAS ]Ri, such that
(i) \i >0 forallieZ, ;>0 foralljeJ,

) N — A, " —p,  asr— oo.
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In addition, we make the following exponential moment assumptions to ensure

that certain large deviation estimates hold for the renewal processes A}, ¢« € Z, and
S7,j € J (cf. Lemma 7.6.1 below and Appendix A in [2]).

Assumption 3.1.2 Fori€Z,j € J, and all ¢ > 1, let
wll) = <ai(0), v(0) = —;(0). (3.2)

Assume that there is a non-empty open neighborhood Oq of 0 € IR such that for
all l € Oy,

—
IS
—~
—
SN—
Il

log B[] < oo, for alli € T, and (3.3)
log E[e1 W] < 0o, forall j € J. (3.4)

=
©
—~
—
SN—
Il

Note that (3.3) and (3.4) hold with ¢ in place of 1 for all £ = 1,2,..., since
{w;(0), ¢=1,2,...},1€Z, and {v;(¢), L =1,2,...}, j € J, are each sequences of
i.i.d. random variables.

Remark. This finiteness of exponential moments assumption allows us to prove
asymptotic optimality of a threshold policy with thresholds of order logr. We
conjecture that this condition could be relaxed to a sufficiently high finite moment
assumption, and our method of proof would still work, provided larger thresholds
are used to allow for sufficient accomodation of larger deviations of the primitive
renewal processes from their rate processes. In this case, Lemma 7.6.1 would need
to be modified to use estimates based on sufficiently high finite moments, rather
than exponential moments (cf. [4]). Here we have chosen the tradeoff of smaller
thresholds and exponential moment assumptions, rather than larger thresholds and

certain finite moment assumptions.

3.2 The Fluid Model and Heavy Traffic

There is no conventional notion of heavy traffic for our model, since the nominal

(or average) load on a server depends on the scheduling policy. Harrison [14] (see
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also Laws [27] and Harrison-Van Mieghem [17]) has proposed a notion of heavy
traffic for stochastic networks with scheduling control. Following [39], we attempt
to motivate that definition here (in the context of our parallel server system) via
desired behavior of an associated fluid model. This fluid model also plays a role
in establishing asymptotic optimality of control policies.

Here we regard a flow as a continuous deterministic function. The fluid model
corresponding to our sequence of parallel server systems is a formal limit under law
of large numbers scaling in which the primitive stochastic processes A” and S are
replaced by linear flows which move at rates equal to the limiting average rates A
and pu, respectively. In addition, the processes )", I" and T" are replaced by flows
Q, I and T which must satisfy the fluid model equations (cf. (2.16)—(2.17)):

Q) = X —RT(t), (3.5)
I(t) = 1t— AT(t), (3.6)

where R = Cdiag(u) and for all 4, j, k,

T;(-) is Lipschitz continuous with Lipschitz constant less than or (3.7)
equal to one, non-decreasing, and TJ(O) =0,
I.(+) is continuous, non-decreasing, and I;(0) = 0, (3.8)

Qi(t) > 0 for all ¢t > 0. (3.9)

Equations (3.5)—(3.6) and (3.7)—(3.9) define the fluid model (with zero initial con-
dition). A flow, T, satisfying (3.5)—(3.6) and (3.7)—(3.9) will be called a fluid
control. One might interpret T' as representing average (at a law of large numbers
scale) or “nominal” allocations of service to the processing activities. For a given
fluid control T', we say the fluid system is balanced if the associated fluid “queue
length” @ does not change with time (cf. Harrison [11]). Here, since the system
starts empty, that means Q = 0. In addition, we say the fluid system incurs no
idleness (or all fluid servers are fully occupied) if I = 0, i.e., AT(t) = 1t for all
t>0.
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Definition 3.2.1 The fluid model is in heavy traffic if the following two conditions
hold:

(i) there is a unique fluid control T* under which the fluid system is balanced,

and

(ii) under T*, the fluid system incurs no idleness.

Remark. The question of how to perform a heavy traffic analysis of a model when
the above conditions are not satisfied is an interesting open problem. (For a start,
see the related work by Laws [26] and recent work of Harrison [15].)

Since any fluid control is differentiable at almost every time (by (3.7)), we can
convert the above notion of heavy traffic into one involving the rates x*(t) :T*(t),

(13N

where “ "7 denotes time derivative. This leads to the notion of heavy traffic as
formulated by Harrison [14] in terms of the following linear program.

Linear Program
minimize p subject to Rx =\, Az <pl and z > 0. (3.10)

Remark. Harrison [14] calls this the static allocation problem.

The following is used by Harrison to define heavy traffic.

Assumption 3.2.2 There is a unique optimal solution (p*,z*,) of the linear pro-

gram (3.10). Moreover, that solution is such that p* =1 and Ax* = 1.

Remark. It will turn out that z} determines the average fraction of time that
server k(j) should devote to activity j. For this reason, z* is called the nominal
allocation vector.

The following lemma is proved in [39].

Lemma 3.2.3 (Williams [39]) The fluid model is in heavy traffic if and only if
Assumption 3.2.2 holds.
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Example 3.2.4 Harrison and Lopez [16] considered the system pictured in Figure

2.1 with . .
1 55 5 4
A=1=,1,2 =(-,=,1,2,5,=,4,- | . A1
<27 Y 73) 7 /’l/ (47 27 ) 757 27 75) (3 )
With these data, Assumption 3.2.2 holds, and the unique optimal solution of (3.10)
has )
221 9 1
=l s, —,—, 1 . 12
x (575757107107 7070) (3 )

We impose the following heavy traffic assumption on our sequence of parallel

server systems, henceforth.

Assumption 3.2.5 (Heavy Traffic Assumption) For the sequence of parallel
server systems defined in Section 3.1, assume that Assumptions 3.2.2 holds, and

that there is a vector 0 € RY such that
rAN"—=R'z") — 0, asr— oo, (3.13)
where R"” = Cdiag(u").

For the formulation of the Brownian control problem, it will be helpful to
distinguish basic activities j which have a strictly positive nominal fluid allocation
level 27 from non-basic activities j for which z; = 0. By relabeling the activities
if necessary, we may and do assume henceforth that 27 > 0 for j = 1,...,B and
z;=0for j =B+1,...J. Thus there are B basic activities and J — B non-basic

activities.

3.3 Diffusion Scaling and the Cost Function

For a fixed r and control policy T", the associated queue length process Q" =
(@7, ...,Q%) and idletime process I" = (I7,...Ig) are given by (2.16)—(2.17)
where the superscript r needs to be appended to A, S, @, I and T there. The
diffusion scaled queue length and idletime processes are defined by

~

Q" (t) =r'Q"(r%),  I"(t) =r"'I"(r*), forallt>0. (3.14)
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We consider an average cumulative discounted holding cost for the diffusion scaled

queue length process and control 7":
J(T") = E < / e " h-Q(t) dt) : (3.15)
0

where 7 > 0 is a fixed constant (discount factor) and h = (hy,...,h1)’, h; > 0 for
all 1 € Z, is a constant vector of holding costs per unit time per unit of diffusion
scaled queue length. Recall that - ” denotes the dot product between two vectors.

To write equations for QT, I, we introduce centered and diffusion scaled ver-

sions A", S" of the primitive processes A", S":

AT(t) = r (A7) — AP) . ST() = (ST — ), (3.16)

a deviation process Y (which measures normalized deviations of server time allo-

cations from the nominal allocations given by x*):

~

Y7(t) =r~t (2t = T7(r%t)), (3.17)
and a fluid scaled allocation process T":

T (t) = r 217 (r*t). (3.18)
On substituting the above into (2.16)—(2.17), we obtain

Q(t) = A"(t) = CS"(T"(t)) +r(\" — R'z")t + R"Y" (1), (3.19)
I'(t) = AY"(t), (3.20)

where by (2.13)—(2.15) we have

I7(-) is continuous, non-decreasing and I7(0) = 0, for all k € K, (3.21)
Q'(t)>0forallt>0andicT. (3.22)

On combining Assumption 3.1.1 with the finite variance and mutual indepen-

dence of the stochastic primitive sequences of i.i.d. random variables {@;(¢)}72,,
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i€, {0;(0)}2,, j € J, we may deduce from renewal process functional central

limit theorems (cf. [20]) that
(A", 8") = (A,S), asr— oo, (3.23)

where A, S are independent, A is an I-dimensional driftless Brownian motion that
starts from the origin and has a diagonal covariance matrix whose i diagonal
entry is A\;a?, and S is a J-dimensional driftless Brownian motion that starts from

the origin and has diagonal covariance matrix whose j* diagonal entry is ujb?.
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Brownian Control Problem

Given the heavy traffic assumption of the previous chapter and the fluid model
interpretation of this condition, to keep queue lengths from growing on average,
it seems desirable to choose a control for the sequence of parallel server systems
that asymptotically on average allocates service to the processing activities in
accordance with the proportions given by x*. At first one might be tempted to
set T7(t) = x*t. However, this is not a valid control, since in general (2.15) will
be violated due to the random fluctuations in the arrival process A" and service
process S”. To see how to achieve the proportions z* on average, and to do so in
an optimal manner, we turn to a finer approximate model than the fluid model.
This is called a Brownian model, with an associated Brownian control problem
that may be regarded as a formal diffusion approximation to the queueing control
problem. The relationship between the Brownian model and the fluid model is
analogous to the relationship between the central limit theorem and the law of

large numbers.

4.1 Brownian Model

To formally describe the Brownian model, we consider a sequence of parallel

server systems as described in Section 3.1. Following the method proposed by

21
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Harrison [10, 13, 16], one arrives at the following formal Brownian control problem
approximation (under diffusive scaling) to the control problem for a parallel server
system. The Brownian control problem described in this chapter is a slight variant
of that used by Harrison and Lépez [16]. In particular, we allow Y to anticipate
the future of X. One can obtain this formulation by formally passing to the limit
as r — oo in the control problem for the r*® parallel server system. An important
assumption in this formal procedure is that in fluid or law of large numbers scale,
the allocation processes achieve the average levels for a balanced system in the

heavy traffic limit, i.e., formally we have that as r — oo, 7" = T*, where
T(t) = z*t, t>0. (4.1)

The Brownian motion X appearing in the Brownian control problem defined below

is the formal limit in distribution of X ", where for t > 0,

X7(t) = A"(t) — CS™(T7 (1)) + r(\" — R7z*)t. (4.2)
The functional central limit theorems for the independent renewal processes A", S”
(cf. (3.23)), a time change theorem (together with the assumption that 7" = T*),
and (3.13), are used to derive the covariance matrix and drift for the Brownian
motion X. The control process Y in the Brownian control problem arises as
a formal limit of the deviation processes Y7 (cf. (3.17)), where convergence of
Y7(0) to Y(0) may be not required. Recall from the end of Section 3.2 that
the first B components of yr correspond to basic activities and the last J — B
components correspond to non-basic activities. The non-increasing assumption in
property (4.7) below corresponds to the fact that Yj’”(t) = —r T} (r’t) is non-
increasing whenever j is a non-basic activity. The initial conditions on I and 37]-,
j=B+1,...,J, in (4.6)-(4.7) are relaxed from those in the prelimit to allow
for the possibility of an initial jump in the queue length in the Brownian control
problem. (In fact, for the optimal solution of the Brownian control problem, under

the complete resource pooling condition to be assumed later, such a jump will
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not occur and then the Brownian control problem is equivalent to one in which
1(0) =0, Y(0)=0.)

Definition 4.1.1 (Brownian control problem)
minimize E (/ e h-Q(t) dt) (4.3)
0
using a J-dimensional control process Y = (Y7, . .. ,fﬁ)’ such that

Q) = X(t) +RY(t) forallt >0,
I(t) =AY (t) forallt >0,

Y; is non-increasing and Y;(0) <0, for j=B+1,...,J,

(4.4)
(4.5)
I, is non-decreasing and I,,(0) > 0, for all k € K, (4.6)
(4.7)
(4.8)

Qi(t) >0 forallt >0, i €T,

where X is an I-dimensional Brownian motion that starts from the origin, has
drift 0 (cf. (3.13)) and a diagonal covariance matriz whose it" diagonal entry is

equal to )\1G12+ 2;21 Cij :ujb?x; ’
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Solution of the Brownian Control

Problem via Workload

In this chapter, we summarize the results from Harrison [14], Harrison and Van
Mieghem [17], Harrison and Lépez [16], and Williams [39] (see also Bramson and
Williams [5] for the validity of results in [14] for parallel server systems), concerning
the reduction of the dimension of the Brownian control problem to an “equivalent
workload formulation”, and a resulting solution of the Brownian control problem.
For this, let

N={cR":§=Rr, Az =0and zy = 0}, (5.1)

where xy is the (J—B)-dimensional vector consisting of the last (J—B) components
of the J-dimensional vector x. One may intuitively think of the elements of AN
as reversible displacements in the sense that, in the Brownian control problem,
when the “queue length” Q(t) is strictly positive, one can adjust this queue length
using a small displacement 6 € N without incurring any additional “idleness” and
without using any non-basic activities. Since N is a vector space, such changes are
“reversible”. (For further discussion of the interpretation of N, we refer the reader
to Harrison [14].) In a sense, the idea of the equivalent workload formulation is to
focus on controlling non-reversible displacements of “queue length”, i.e., those in

the orthogonal complement N+ of N.
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5.1 Solution via Workload

The following result claimed in Harrison [14] and validated, in particular, for
parallel server systems in [5], is a key to this. The statement involves the dual to
the linear program (3.10) introduced in Section 3.2.

Dual Program
maximize y - A subject to YR <A, 2-1<1 and z>0. (5.2)

Theorem 5.1.1 (Harrison [14]|, Bramson-Williams [5]) In the dual program
(5.2), let (y*, 21), ..., (y%, 2¥) be the extreme points of the feasible set of solutions
that satisfy y* - X =1, L =1,...,L, (i.e., the maximum in the dual program (5.2)

is achieved at these extreme points). Then,
N+ = span{y*, ... y"}. (5.3)

We focus here on the case in which there is a unique optimal solution of the
dual program (5.2) and hence N'* is one-dimensional. Theorem 5.1.3 below, due
to Harrison and Lépez [16], provides a convenient characterization of this case.
For the statement of their result, we need the following notion of communicating

Sservers.

Definition 5.1.2 Consider the graph G in which servers and buffers form the
nodes and (undirected) edges between nodes are given by basic activities. We say
that “all servers communicate via basic activities” if, for each pair of servers, there

s a path in G joining all of the servers.

Theorem 5.1.3 (Harrison-Lépez [16]) The following are equivalent:
(i) the dual program (5.2) has a unique optimal solution (y*, z*),
(ii) the number of basic activities B is equal to I+ K — 1,

(111) all servers communicate via basic activities.
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Example 5.1.4 For Example 3.2.4, there is a unique solution of the dual program

111 1Y 111y
Do — S (e I 4
Y <5’10’4’10)’ © (4’2’4) (5.4)

Since A = Rz* and \; > 0 for each i, each buffer i is connected to some server

given by

by a basic activity (i.e., there is a basic activity j such that i(j) = 4). It follows that
condition (i77) is equivalent to the condition that the entire graph G is connected.

The following corollary to Theorem 5.1.3 is proved in [39].

Corollary 5.1.5 (Williams [39]) The graph G is a tree if and only if the equivalent
conditions of Theorem 5.1.3 hold.

Henceforth we make the following assumption.

Assumption 5.1.6 (Complete Resource Pooling Condition) The equivalent con-
ditions (i)-(iii) of Theorem 5.1.3 hold.

Let (y*, 2*) be the unique optimal solution of (5.2). By complementary slack-
ness, ((y*)R); = ((2*)A); for j = 1,...B. Let u* be the (J — B)-dimensional
vector of dual “slack variables” defined by ((y*)'R — (2*)'A); + uj_g = 0 for
j=B+1,...,J. Then the following lemma is proved in [16] (Corollary to Propo-

sition 3) using the relation between the primal and dual linear programs.
Lemma 5.1.7 (Harrison-Lépez [16]) We have y* > 0, 2* > 0, u* > 0,
(YR =(z"))A—1[0 (u)], and z2"-1=1, (5.5)

where 1 is the K-dimensional vector of ones, 0' is a B-dimensional row vector of

ZET0Ss.

Now, we review a solution of the Brownian control problem obtained by Harri-

son and Lépez [16]. For @ satisfying (4.4)(4.8), define W = y*-Q, which Harrison
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[14] calls the (Brownian) workload. Let Yy be the (J — B)-dimensional process
whose components are Y/j, j=B+1,...,J. By Lemma 5.1.7 and (4.4)—(4.8),

Wt)=y" - X(t)+V(t) forallt>0, (5.6)

where
V =2"-1—u" Yy is non-decreasing and V(0) > 0, (5.7)
W (t) > 0 for all t > 0. (5.8)

Now, for each t > 0, since the holding cost vector h > 0 and y* > 0, we have

Q=3 (Z—) v Qu(t) > WV (1) (5.9)

=1 t

where

h* = min (i) . (5.10)

AN
It is well-known and straightforward to see that any solution pair (W, V) of (5.6)-
(5.8) must satisfy for all ¢ > 0,

V(t) > V*(t) = sup (—y*-)?(s>), (5.11)

0<s<t

and hence W (t) > W*(t) where

WH(t) = y* - X(t)+ V(). (5.12)

The process W* is a one-dimensional reflected Brownian motion driven by the

one-dimensional Brownian motion y* - X, and V* is its local time at zero (see e.g.,

7], Chapter 8). In particular, V* can have a point of increase at time ¢ only if
W*(t) = 0.

Now, let i* be a class index such that h* = h;«/y}, i.e., the minimum in (5.10)

is achieved at i = i* (i.e., hy/ys < hy/yf for all i = 1,2,...1I), and let k* be a

server that can serve class ¢* via a basic activity. Note that neither ¢* nor £* need

be unique in general. Then the following choices Q* and I* for Q and I ensure
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that for each ¢ > 0, properties (4.6)—(4.8) hold and the inequality in (5.9) is an
equality with W (t) = W*(t) there:

QrL(t) =W*(t) [y, Qi (t)=0 forall i, (5.13)
L) =V*(t)/z., L{t)=0 fork#k*, Yy=0. (5.14)

A control process Y* such that (4.4)-(4.8) hold with Q*,Y*, I* in place of Q,Y, I
there is given in [39]. It can be readily verified that this is an optimal solution for

the Brownian control problem (cf. [16]) and the associated minimum cost is

J*=E (/OOO e h-Q(t) dt) = h*E (/OOO e W (t) dt) . (5.15)

The quantity J* is finite and can be computed as in Section 5.3 of [9].

5.2 Interpreting the Solution

Now, even though the Brownian control problem can be analyzed exactly (as
above), the solution obtained does not automatically translate to a policy for the
sequence of parallel server systems. However, some desirable features are suggested

by the form of (5.13)—(5.14), namely,

(a) try to keep the bulk of the work in the class i* with the lowest (or equal
lowest) ratio of holding cost to workload contribution, i.e., the class ¢ with

the lowest value of h;/y;,

(b) try to ensure that the bulk of the idleness is incurred only when there is

almost no work in the entire system, and
(c) try to ensure that the bulk of the idletime is incurred by server k* alone.

Harrison [12] has proposed a general scheme (called BIGSTEP) for obtaining
candidate policies for a queueing control problem from a solution of the associated

Brownian control problem. The policies obtained in this manner are so-called
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discrete-review policies which allow review of the system status and changes in the
control policy only at a fixed discrete set of times. For a two-server example (with
Poisson arrivals, deterministic service times and particular values for A, 11), a family
of discrete-review policies was constructed and shown to be asymptotically optimal
in Harrison [13]. Based on their solution of the Brownian control problem and the
general scheme laid out by Harrison [12], Harrison and Lépez [16] proposed the use
of a family of discrete review policies for the multiserver problem considered here,
but they did not prove asymptotic optimality of these policies. Recently, Ata and
Kumar [1] have proved asymptotic optimality of a family of discrete review policies
for open stochastic processing networks that include parallel server systems, under
heavy traffic and complete resource pooling conditions.

Another approach to translation of solutions of Brownian control problems into
viable policies has been proposed by Kushner et al. (see e.g., [23, 24, 25]). However
this also involves discretization by way of numerical approximation. We note that,
of the works by Kushner et al. mentioned above, the paper by Kushner and Chen
[23] is the closest to the current one in that it considers a parallel server model.
However, it is in a very different parameter regime, namely one that corresponds
to heavy traffic but with no resource pooling.

Assuming the complete resource pooling condition, in the next chapter we
describe a simple “continuous review” policy for the sequence of parallel server
systems, which allows changes in the control to be made at random times and
in particular at times when the system status changes. Our policy is a dynamic
priority policy in which priorities for certain “transition” activities depend on the
number of jobs in the associated class relative to certain threshold or “safety-stock”
levels. Changes in the priorities only occur as a threshold is crossed. We prove
in Chapter 10 that the proposed policy is asymptotically optimal. In [2], we have
already proved that this is so for the special case of a two-server two-buffer system.
An important feature of that proof was that the limiting (under diffusion scale)
queue length and idleness processes were effectively one-dimensional, i.e., a form of

state-space collapse occured in the diffusion limit. A similar phenomenon occurs



here for our multiserver system (cf. Theorem 6.2.1).
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Threshold Policy and Asymptotic
Optimality Result

In this chapter, we describe a dynamic threshold policy which Williams [39]
proposed as a candidate for an asymptotically optimal control policy for parallel
server systems under the heavy traffic (Assumption 3.2.5) and complete resource
pooling (Assumption 5.1.6) conditions. (A notion of asymptotic optimality is de-
scribed formally at the end of this chapter.) This threshold policy takes advantage
of the tree structure of the server-buffer graph G (cf. Corollary 5.1.5). We note
that there can be many asymptotically optimal policies. The one described here
is simply proposed as one that is intuitively appealing and is easy to describe. In-
deed, independently, Squillante et al. [32] proposed a tree-based threshold priority
policy for a parallel server system. However, their policy appears to be different

from that described here.

6.1 Threshold Policy

In reviewing the description of the threshold policy, it may help readers to keep
the following intuitive characteristics in mind. The policy only involves the use of

basic activities (and so in the following, the word “activity” will be synonymous
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with “basic activity”). The aim of the policy is to achieve the desirable properties
(a)—(c) listed in the previous chapter. A key to the description of the policy is
a hierarchical structure of the server-buffer tree G and an associated protocol for
the dynamic allocation of class priorities at each server. This protocol is described
in an iterative manner, working from the bottom of the tree up towards the root.
A server tree S, which results from suppressing the buffers in G, is helpful in
describing this iterative procedure. See Figure 6.1 for an example of a G and
associated S.

In this paper, each tree with a distinguished root will be assumed to grow
downwards from its root and the root will be at the highest level. The server k*
at the root is chosen to be one that can service a “cheapest” class ¢*, i.e., a class
that achieves the minimum in (5.10), via a basic activity. One may now think of
placing the root at the highest level and letting the servers and buffers in G (or
just the servers in the server tree) cascade below it in a hierarchy of alternating
levels of servers and buffers where lower levels are farther from the root. The idea
behind the threshold policy is to keep servers below the root level busy the bulk of
the time (indeed, they should only be rarely idle and their idletimes should vanish
on diffusion scale as the heavy traffic limit is approached), while simultaneously
preventing the queue lengths of all classes except ¢* from growing appreciably on
diffusion scale. Transition buffers which link one level of servers to those at the
next highest level are used to achieve these two competing goals. We call the classes
associated with these buffers transition classes. In brief, when the queue length
for a transition class gets to or below its threshold, any service of that class by the
server immediately above it in the tree is suspended and this causes temporary
overloading (on average) of the servers below, which prevents these servers from
incurring much idleness. When the queue length for the transition class builds
up to a level above its threshold, then assistance from the higher server is again
permitted and the servers below are temporarily underloaded (on average) and
so queue lengths for classes serviced by these servers are prevented from growing

too large. The effect of this policy is to allow the movement (via the transition
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buffers) of excess work from lower level to higher level buffers (and eventually, by
an upwards cascade, to the buffer for class i*), while simultaneously keeping all
servers busy the bulk of the time, unless the entire system is nearly empty and
even then to ensure that the vast majority of the idleness is incurred by the server
k* at the root of the tree.

Some of the features of the structure of the server-buffer tree that have been
touched on in the above discussion warrant further comment, as these features will
play an integral role in the arguments to follow. In particular, the tree structure
dictates that each buffer i € Z can have only one activity a(i) servicing the buffer
from above (here, a(-) is mnemonic for “activity above”). Furthermore, the server
(server k, say) conducting activity a(i) can have at most one activity b(k) servicing
a buffer immediately above the server in the tree. In other words, each buffer and
server in the server-buffer tree G can have at most one activity immediately above
it. If buffer 7 is a non-transition class, then there are no servers servicing buffer ¢
from below, i.e., buffer i has only one associated basic activity, namely a(3).

Recall that we are assuming throughout that the Assumption 3.2.5 of heavy
traffic and Assumption 5.1.6 of complete resource pooling both hold. In the fol-
lowing, when describing the server-buffer tree G, the terms class and buffer will
be used interchangeably and only basic activities will be utilized. In reviewing
the description of the threshold policy, the reader may find it helpful to refer to
Example 6.1.1 which follows the description.

Threshold Policy. To describe the threshold policy, we first focus on the server
tree S and imagine it arranged in levels with the root at the highest level. Consider
a server at the lowest level. As a server within the server-buffer tree G, this server
is to service its classes according to a priority scheme that gives lowest priority to
the class that is immediately above the server in G. This class is also served by a
server in the next level up in S and so is a transition class. There will always be
such a class unless the server is at the root of the tree. The priority ranking of the
other classes that a server at the lowest level serves is not so important. These are

all terminal classes in that there are no servers below them. Here, for concreteness,
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we rank the classes so that for a given server, the lower numbered classes receive
priority over the higher numbered ones. For future use, we place a threshold on
the transition classes associated with each of the servers in the lowest level of S.

Now go to the next level up the server tree S. This level may have “terminal”
server nodes and server nodes that lead to server nodes lower down the server tree.
As servers in the server-buffer tree G, each server at this level performs its activities
in the following prioritized manner. Activities leading (via transition buffers) to
server nodes lower down the tree are given highest priority (if there is more than one
such activity, rank the activities so that activities serving lower numbered classes
are served first). However, if the number of jobs in a transition class associated
with such an activity is at or below the threshold for that class, service of that
activity is suspended. The next priority is given to activities that service (terminal)
classes that are only served by that server (again ranked according to a scheme
that gives lower numbered buffers higher priority), and lowest priority is given to
the activity serving the transition class leading to the next highest level of servers.
This transition class should again have a threshold placed on it such that service
of that class by the server at the next highest level is suspended when the number
of jobs in the class is equal to or below the threshold level. If two or more servers
simultaneously begin to serve a particular transition buffer, a tie breaking rule is
used to decide which server takes a job first. For concreteness we suppose that the
lowest numbered server shall select a job before the next higher numbered server,
and so on. Note that two servers in the same level cannot both serve the same
buffer below them since G is a tree.

This process is repeated until the root of the server tree is reached. At the root,
the same procedure is applied as for lower levels in the tree, except that there are
no activities above the root server in the server-buffer tree and an overriding rule
is that lowest priority is given to the “cheapest” class ¢*.

Threshold Sizes. For each r, the size of the thresholds in the r** parallel server
system is of order logr. However, while each threshold is of order logr, for our

proofs, the threshold sizes need to increase moderately as one moves up the tree
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to compensate for an associated accumulation of stochastic variability. For an
intuitive understanding of this, consider a transition buffer. The amount of time
allocated by a server k to an activity that serves the buffer from below depends on
the other (higher priority) activities performed by server k (servicing buffers from
the level immediately below that server). The times that these higher priority
activities are in use depend on their associated buffer levels which may in turn
depend on activities farther down the tree, and so on. The hierarchical depen-
dence just described may cause the allocation processes associated with activities
located farther up the tree to deviate more from their long term averages than
their counterparts below. Larger threshold values for the transition buffers above
will allow related activities more time to approach their long term averages before
the associated queue lengths approach zero or twice the threshold size. For similar
reasons, the threshold size for a buffer belonging to a group of transition buffers
served by one server from above, should be larger the lower the priority of the
buffer. To facilitate the description of this increase in threshold sizes, in section
7.1 we show how the buffers can be renumbered, so that higher priority buffers
for a given server have lower numbers and buffers higher up the tree are assigned
higher numbers. This renumbering does not change the threshold policy, it simply
allows us to streamline its description. In particular, under this scheme, the size of
the threshold for each transition buffer increases with its numbering. The details
of this scheme are provided in the next chapter.

Remark. Note that our threshold policy prescribes that a threshold be placed on
class ¢* if that class is a transition class. We conjecture that the policy which re-
moves the threshold in this case is also asymptotically optimal, but we keep it here
as a means to simplify our proof. In particular, servers below i* may experience
significant idletime if the threshold is removed. Our threshold policy also involves
preemption of service. There is a corresponding policy without preemption that
we conjecture has the same behavior in the heavy traffic limit, since in that regime
a maximum of J jobs (in suspension or not) should not impact the asymptotic

behavior of the system.
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Figure 6.1: The server tree (on the left) and server-buffer tree (on the right) for
the three-server network of Figure 2.1 with the data of Example 6.1.1.

Example 6.1.1 Consider the system pictured in Figure 2.1 with the data described
i Example 3.2.4, and suppose that h = (1, 2,2, 1)/. Then h* =5, i* = 1 and
k* =1, cf. [16, 39]. The associated server tree and server-buffer tree are pictured

i Figure 6.1.

6.2 Asymptotic Optimality

In Chapters 8 and 9, we prove the following limit theorem for a certain sequence
of threshold policies, {T™*}. For each r, T"* is a threshold policy as described
above, where the thresholds on the transition buffers are of order log r. The specific
threshold sizes, which, as mentioned above, increase as one moves across and up

the tree, are specified precisely in the next chapter (cf. (7.4)).

Theorem 6.2.1 Consider the sequence of parallel server systems indexed by r,
where the r'" system operates under the threshold policy T™* described above. Then

the associated normalized queue length and idletime processes satisfy

<Qr7[%~) = (Q*,I"), as r — oo, (6.1)
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where QF = 0 for all i € T\{i*}, I} = 0 for all k € K\{k*}, Q% is a one-
dimensional reflected Brownian motion that starts from zero and has drift (y*-0) [y}
and variance Zgzl(y;“)Q()\ia?—i—Zj:l Cijnibixs)/(yi)?, and I, is a specific multiple
of the local time at the origin of QF. (In fact, Q% , I}. are equivalent in law to the

processes given by (5.11)-(5.14)).

Recall the definitions of J* and J” from (5.15) and (3.15), respectively. The fol-
lowing theorem is the main result of this paper. It is proved in Chapter 10 using
Theorem 6.2.1. It shows that J* is the best that one can achieve asymptotically
and that this asymptotically minimal cost is achieved by the sequence of dynamic
theshold policies {77*}. Thus we conclude that our sequence of threshold policies

{T"*} is asymptotically optimal.

Theorem 6.2.2 Suppose that {T"} is any sequence of scheduling control policies

(one for each member of the sequence of parallel server systems). Then

liminf J"(T7) > J* = lim J"(T"*), (6.2)

r—o00 r—o00

and J* < o0.

Remark. The notion of asymptotic optimality used here is also used for example

in Puhalskii-Reiman [31].
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Preliminaries and Description of

the Proof

In this chapter, we will precisely specify the threshold sizes used for {T7*},
give some preliminary definitions and results, and outline the proofs of Theorems

6.2.1 and 6.2.2.

7.1 The Server-Buffer Tree G: Layers and Buffer
Renumbering

Recall from Chapter 5 that the graph G, consisting of server and buffer nodes
linked by basic activity edges, is a tree (cf. Corollary 5.1.5). In the sequel, to facil-
itate our proof, we will decompose the server-buffer tree, G, somewhat differently
from how we described it in Chapter 6. We say that the server-buffer tree consists
of one or more layers, where a layer consists of a server level along with the buffer
level immediately below it. (At the lowest layer, the buffer level may be empty.)
Activities that serve the buffers (from above and below) in a particular layer are
also considered part of that same layer. We enumerate the layers from 1 to [*, [*

being the top layer of the tree consisting of a single server, server k*, the buffers

38
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served by this server (including buffer ¢*), and the corresponding activities. (The
activities which serve these buffers from above are all performed by server k*.)
Recall from Chapter 2 that Z, K, and J index job classes, servers, and activities,
respectively.

Convention. Since our threshold policy only uses basic activities, to simplify
notation, in this chapter and the next (Chapters 7 and 8) only, the index set J
will just include the basic activities 1,2,...,B. Then J will be the same as B.

Figure 7.1 depicts two layers [ (I > 1) and [ — 1 in the server-buffer tree. We

refer to the server level in layer [ as ! and the buffer level as Z'. Consider a server
k in layer [. The collection of buffers in layer [ served by server k is denoted by Z,
(in Figure 7.1, 7 € Z,).
Arrangement Convention. If k # k*, we assume, without loss of generality,
that the buffers in L, are arranged in a manner which ensures that the transition
buffers are positioned to the left of the non-transition buffers, and within the groups
of transition and non-transition buffers, the lower numbered buffers are to the left
of the higher numbered ones. If k = k*, the arrangement in the previous sentence
holds with the exception that buffer i* is placed at the far right in level IV . (The
simplest way to think of doing this rearrangement is to work from the top of the
tree downwards.)

The activity that serves buffer i € Z, using server k is labeled a(i), and the
activities that serve buffer + using servers from layer [ —1 are denoted by J, while
the servers themselves are denoted by KC; (the underscore indicates that the servers
are “below” ¢ while a(-) is a mnemonic for “above”). We will denote the collection
of activities which service buffer i (activity a(i) together with J.) by J;. The
servers in C, are in layer [ — 1 and so repeating the above scheme in this layer,
we have that the buffers served by server k' € I, from above are indexed by Z,,,
the transition buffers in Z,, are to the left of the non-transition buffers, within the
groups of transition and non-transition buffers, the lower numbered buffers are to

the left of the higher numbered ones, the activity of serving buffer i € Z,, by server
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k' is called a(i'), and so on. Note also that for each buffer i € 7', J. =0, K, = 0,
i.e., layer 1 contains no activities that serve buffers in this layer from below. In

fact, we could have Z' = ().
Il

\\< 7,

7;/ Zk’

B

Figure 7.1: Layers [ and [ — 1 of the server-buffer tree

’Cl

Renumbering Convention. To simplify our proofs, we renumber the buffers in
the server-buffer tree: starting from layer 1, if I+ # 0, we enumerate the buffers
in I' from left to right, i.e., the buffer farthest to the left is buffer 1 and the one
farthest to the right is buffer |Z*|. Continuing with layer 2, the buffer farthest to the
left is labeled |Z*|+ 1, and the one farthest to the right is labeled || +|Z?|, and so
on ending with layer I*. If T' = 0, we use the same methodology except that buffer 1
will then be the buffer farthest to the left in layer 2. Note that by our arrangement
convention described above, for any server k # k*, with this renumbering, the
transition buffers in L, are numbered lower than the non-transition buffers in Z,

and hence have higher priority (for server k) and within the groups of transition
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and non-transition buffers in I,, the higher priority buffers have lower numbers.
If k = k*, the previous statement holds with the exception that i* is the highest
numbered buffer and has the lowest priority among all buffers in IZ,.. It also

follows from our numbering scheme that i* = 1.

7.2 Threshold Sizes and Transient Nominal Ac-
tivity Rates

It will be convenient to define the following transient nominal activity rates
which apply to activities processed by a single server from above and that serve
buffers at or to the left of a given buffer when that buffer is either a transition
buffer above its threshold or a non-empty non-transition buffer. For k € K such

that Z, # () and i € Z,, let

T = Z Tq(ir)» (7.1)

i'€Ly
i'<i

and for each i' € Z,, i’ <1, let

a(i)

-
Z;

(7.2)

A
Liq =

(Note that this defines z; and #;; for all i € Z since each buffer is below exactly
one server.) Since ;) determines the overall average fraction of time that server
k should devote to activity a(i'), and since activities a(i’), i > i, i’ € Z,, will be
turned off during a period in which buffer i either exceeds its threshold if it is a
transition buffer or is non-empty if it is a non-transition buffer, z; , ¢ <1, i € Z,,

might be interpreted as the average fraction of time that server k should devote to

activity a(i") during such a period of time. Note that

> dip =1, (7.3)

i'€Ly
i’ <i
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and if i # ¢, i' € Z,,, i <4, then ;4 > x};, since then rf <1 (if k € K and
[ # I*, server k serves a buffer from layer [ + 1, by an activity b(k) that is above
k, and so by the heavy traffic condition, xz(k) + Zi,@k xz(i,) =1, and if k € KV,
then k = k* and 3,7 , @5 = 1, where ¢/ < i* for all ¢’ in Z,.). If buffer ¢ is
a transition buffer, during a period in which it is above its threshold, or if it is a
non-transition buffer, during a period in which it has jobs waiting or in service, the
activities served by server k that have lower priority than a(i) will not be in use.
Consequently, the higher priority activities will (on average) be on for a higher
proportion of time during this period than given by the long run averages xz(i,),
i' <14, 1 €Z,. The constants Z; are used to account for these higher anticipated
average allocations.

We now define the size of the thresholds to be used with our threshold policy.
For each r > 1, let L, = [clogr]| for a sufficiently large constant ¢. The minimum
size of ¢ is determined by the proofs of Lemmas 8.3.1-8.3.4 and Theorem 6.2.2 (see
the remark below). For 1 <i <1, let

L = W—ﬂ : (7.4)

3
€i—1

where {¢;}i=) is defined as follows. We also define a constant e in this process.
First we choose € > 0 such that

d(sminémin,uminAminx* i HI 17
¢ < mi Ll =1 7.5
oo { 2048(3 + 2t masOmmscf oo 1L (7-%)

where Ay, = min{1,\; : i € Z}, pmin = min{1, p; : j € T}, Apax = max{1, \; :
i € I}, fimax = max{1l,pu; : j € T}, Dpin = min{l, \; — Zjelx;,uj 21 €T}
Omin = min{1, Zjeli i+ Tty — i 0 1 € I\{i"}}, Omax = max{1, Z].GL_ Tipg+

*

Tiiftay — N+ 1 €T}, xhy, = min{ar:;|f cJ €T}, Msum = max{l,zjej i}, and

Hafi) .
= ———— 1<i<L (7.6)
64 Zjem Hj

Then we define by backward induction on 4,

Vi

, ei:@,ogid. (7.7)

€1 —

L
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(Note that 7, < 1 foralli € Z, and ¢; < €;,1 < €< 1,i=0,1,2,...I—1.) Finally,
in the 7" system, if i is a transition buffer, we let L be the threshold for buffer
t. If 7 is a non-transition buffer, L is not used to define a threshold, it is simply
defined to make the iterative definition of L} simple as ¢ increases.

Remark. For our method of proof to work, the constant ¢ must be sufficiently
large. In the proofs of Lemmas 8.3.1-8.3.4 and of uniform integrability in the
proof of Theorem 6.2.2, a means for determining a value ¢* is described such
that our method works provided ¢ > ¢*. This value is determined from several
applications of large deviation estimates for the renewal processes associated with
the interarrival and service time sequences (cf. Assumption 3.1.2). As in [2], we
have not attempted to give a concise formula for ¢* nor to optimize its value, since
the relevant fact is that sufficiently large thresholds of order logr work and this
order is the smallest for which our proof works. (For an analysis of the effects of

different threshold sizes for some dynamic scheduling problems, see [34, 35].)

7.3 State Space Collapse Result and Outline of
its Proof

A key element in the proof of Theorem 6.2.1 is to first show the following “state
space collapse” result.

Theorem 7.3.1 Consider the sequence of parallel server systems indexed by r,
where the r'™ system operates under the threshold policy, T™*, described in Chapter
6 and Section 7.2. Then

( yIT i e N}, ke lC\{k*}) = 0 asr— o0, (7.8)

where 0 is the function in DYWX=2 that remains at the origin of R™WE=2 for all

time.

The idea behind the proof of this theorem is that, for sufficiently large r, under

the threshold control 7"*, and for a transition class ¢ € Z\{i*}, once the queue
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length process Q! has first reached its threshold level L] (cf. (7.4)), the normalized
class ¢ queue length process Q: “keeps close” to the normalized threshold level
f}f = L7 /r, since when it is above this level, it is driven down towards the level
at an “average” rate of (i’i,i,ug(i) + ZJ'EL- wip — Aj)r > 0, where Tpipy < T <1
(cf. (7.2)), and when it is below the level, it is driven up towards the level at an
average rate of (A} — > ., aju7)r > 0. For a non-transition class i # i*, J, = ()
and Q;’ is driven down to;&;ards zero at an average rate of (im/ﬂ;(i) — AD)r > 0.
The claimed positivity of the quantities above holds for large r since Rz* = \ (cf.
Assumptions 3.1.1 and 3.2.5) and %;,; > Th for i # i*.

Indeed, large deviation estimates for the primitive renewal processes and esti-
mates for the cumulative allocation processes (cf. Lemma 8.3.1) are used below to

show that the probability that, on any given compact time interval,

(a) for a transition class i # i*, Q7 deviates by at least LI — |J,;|r~" from the

threshold level L7, or
(b) for a non-transition class i # i*, Q7 reaches the level L7, or higher,

goes to zero as r — oo. From (a) we then have, on any compact time interval,
that, with high probability for large r, once Q) reaches L[, for a transition buffer
i € T\{i*}, the idleness processes I7, for k € K;, cannot increase since the queue
length process Q;" stays away from zero. These results, as well as an estimate
on the idletime of server £ € K, prior to ()} reaching L}, are stated formally in
Theorem 8.1.1. The proof of this theorem proceeds by an induction on the buffers
in the server-buffer tree, starting from ¢ = 1 and iterating to buffer : =1 — 1. The
induction setup is described in Section 8.3 and the proofs are in Sections 8.4-8.8.
Theorem 7.3.1 follows from Theorem 8.1.1 using the fact that the threshold L]
being of order logr implies that j}: — | T~ goes to zero as 1 goes to infinity.
Once Theorem 7.3.1 is established, one can show, using the model equations

for queue length and idletime (cf. (2.16)—(2.17)), that the fluid scaled allocations



45

T*(t) = r=2T7*(r?t) associated with T"* satisfy
T = T* asr — oo, (7.9)

where T* was defined in (4.1). One can then combine the above to prove Theorem
6.2.1. These results are proved in Chapter 9.

For the proof of Theorem 6.2.2, we first show (cf. Lemma 10.1.1) that for any
subsequence that achieves the “liminf” on the left side of (6.2) as a limit and for
which the “liminf” is finite, the fluid level asymptotic behavior described in (7.9)
must hold along the subsequence. This, together with a pathwise lower bound for
h"- Q”, where h" is a perturbation of h given in (10.12), allows us to establish the
inequality in (6.2). The equality in (6.2) follows from Theorem 6.2.1 after showing

that a certain uniform integrability condition holds.

7.4 Residual Processes, Excursions, and Shifted

Allocation Processes

Key to our proof of Theorem 7.3.1 is the behavior of what we call the residual

processes defined for i € Z, r > 1, s > 0, by

Ri(s) = { Qi(s)— LI, if 7 is a transition class, (7.10)

Qi (s), otherwise.

For the case when i # ¢* is a transition buffer, the idea of our proof is to move
the center of one’s attention to the threshold and to show that ()] reaches the
threshold level L] relatively quickly and then “chatters” back and forth across this
threshold, not frequently deviating “far” from it, so that () rarely again goes as
low as the level | 7|, or as high as the level 2L} — |7 |. When translated into the
behavior of R}, this means that we show that R} reaches the level zero relatively
quickly and then it chatters back and forth across the zero level, rarely deviating

by as much as £(L] — |7J,|) from this level (cf. Theorem 8.1.1). If i # i* is a
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non-transition buffer, we show that @} (or equivalently R}) rarely goes above the
level L7. We have defined R] for ¢ = ¢* for convenience only.
For describing the excursions of R] above zero, we introduce the following

notation.

Definition 7.4.1 Fori € Z, let 7/, = inf{s > 0: Rj(s) > 0}, 7/, = inf{s > 77 :
Ri(s) > 1}, 7y = inf{s > 77, : R{(s) < 0} and define recursively 7/,, ; = inf{s >
7-‘7,1271—2 : RT(S) Z 1}7 7_2?:271 = inf{s Z 7—1’7:271—1 : R:(S) S O}; fO?" n= 2737 .. We say

(2 K3

that [TFg, 1, Trey) is the n'™ “up” excursion interval for RI(-). On {77

2n—
we let B}, = 7/y, — T/9,_1, the length of this interval, and on {7}y, , = oo}, we
let 57, = 0.

1<OO}7

For describing the “down” excursion intervals of R} when ¢ € Z is a transition

class, we define
R} = —Rj = L] - Q. (7.11)

If i is not a transition class, we set “R; = 0, and hence the following definition is

only non-trivial for a transition class 1.

Definition 7.4.2 Fori € I, let %], = inf{s > 7/, : ‘Ri(s) > 1}, ], = inf{s >
dri’:l :9R7(s) < 0} and define recursively dr{:%_l = inf{s > drifzn_Q CARE(s) > 13,
Ton = inf{s > dr{:%_l DR (s) <0}, forn =2,3,.... We say that [drfzn_l, Z2n]

)

is the n'" “down” excursion interval for RL(-) and on {%7,, | < oo} we let Br, =

“\n
Ton — drz-’:%_l, and on {drz-’:%_l = oo} we define % 7, = 0.

Estimates of the on-time of the activities in J;, that process class ¢ jobs in
the n'™ (up/down) excursion interval for R, are needed to obtain estimates of the
value of R! during such an interval (cf. (8.40) and (8.63)). The estimates for the
on-time of the activities in J, in turn depend on estimates for the on-time of
activities farther down the tree, whereas the estimate for the on-time of actitity
a(i) depends on estimates for the on-time of the (higher priority) activities that

are served from above by the same server that serves buffer ¢ from above. To
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keep track of all relevant on-times, for each i € Z, j € J, define shifted allocation

processes for n > 1 and s > 0, by

T (s) = TT(T‘T,2n71 +5) — 7}?«(7}1:21171)7 on {7/

@] 7 7 2n—

deTJn<3) = T‘jr(dTi?:2n—l +5) — @r(dngn—1>7 on de?:2n—l <oo}, (7.13)

L <oo}, (712

and on {7/,, ; = oo} let T} = 0, on {%7,, | = oo} let I} = 0. We have that
on {7/, ; < oo}, T;;" measures the on-time of activity j € J following an up-
crossing to or above level one by R}, and, for a transition class ¢, on {drg:z”fl < o0},
dTZT]n measures the on-time of activity j following a down-crossing to or below level
minus one by Rj. Note that ;" = 0 if i is not a transition class.

7.5 Preliminaries on Stopped Arrival and Ser-

vice Processes

For the proof of (8.1) in Theorem 8.1.1, we need to establish some preliminary
results concerning the properties of the arrival and service processes stopped at
certain hitting times, so that we can apply the results of Appendix A in [2] to
shifted versions of these processes.

Let N, = INU {oo}. Consider NI x INZ_ to be partially ordered by compo-
nentwise inequality, i.e., (n,m) < (p, ¢) if and only if n; < p;, and m; < g; for all
i € I, j € J. Recall from Section 2.2 the definition, for the r'" system, of the
cumulative interarrival time process for class 7 € 7, &7, and the cumulative service

time process for activity j € J, nj. For each (p,q) € INE x IN? et
Fpg = oG A+ 1)) m(Alg+1): i€l je TV,

where Py denotes the collection of P-null sets in the complete probability space
(2, F,P). Then {F., : (p,q) € N, x INL} is a multiparameter filtration (cf.
Ethier and Kurtz [8], p. 85).
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Definition 7.5.1 A (multiparameter) stopping time relative to {F), : (p,q) €

INL x INL} is a random variable T taking values in INL x IN? such that
{T = (p,q)} € F, forall (p,q) € N, x INL. (7.14)

The o-algebra associated with such a stopping time T is

7={BeF:BN{T =(p,q)} € F,, for all (p,q) € NI, x NL}.  (7.15)

Lemma 7.5.2 Suppose r > 1 is such that Ly > J + 1. Then, for each v € T,
n>1,

,];ZL = (Ag(TZ:Qn—l)v S;(ET(TZ:Qn—I)) NS I’j € \7) )
dZZ,L = (Ar(dﬁ:zn—l):S;(@T(dTZQn—l)) ri1€Z,j€ «7)

]

are (multiparameter) stopping times relative to the filtration {F7, : (p,q) € INL, X
IN? Y, where we adopt the convention that each of A(-), SHTI(),i€T,jeJ,

takes the value oo when evaluated at the time co.

Remark. Here we need r large enough to simplify the proof of Lemma 7.5.2. Since,
in the sequel, we let r approach infinity, this result will suffice for our purposes.
Proof. This lemma can be proved in a similar manner to Lemma 8.3 in [38].

For completeness, we include a proof in Appendix A. |

Lemma 7.5.3 Let 7 be a (multiparameter) stopping time relative to the filtration
{Fy (pq) € INL x INL}. Let T7 denote the first T components of T and TV
denote the other J (= B) components of T so that T = (T*,T7). In the following,
for notational convenience, we make the convention that each of ui(-),vi(:), i €
I,7€J, takes the value oo when its arqgument takes the value co. Then,

(uj (T +1),0}(T7 +1): i€ T,jeJ) e Fr, (7.16)

and, on {T € IN' x IN'}, the conditional distribution of {(u}(T + n), vi(T;7 +
n):i€Z,j€J),n=23..} gwen Fk is the same as the (unconditioned)
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distribution of the original family of i.i.d. random variables {(uj(n),vj(n) : i €

I,jed),n=12..}

Proof. For a proof with |Z| = 1, |J| = 2, see the proof of Lemma 7.6 in [2]. The

general proof is similar. a

7.6 Large Deviation Bounds for Renewal Pro-
cesses

The following lemma, which will be used extensively in proving state space

collapse in Chapter 8, summarizes the results of the discussion in Appendix A in
[2].

Lemma 7.6.1 Let {((i)}2, be a sequence of strictly positive independent random
variables, where {((i)}2, are identically distributed with finite mean 1/v, for some
v € (0,00), and ((1) may have a different distribution from (i) fori > 1. Assume
that there is a nonempty open neighborhood O of 0 € R such that for i = 2,3,.. .,

A(l) =1ogE(e“D) <00 foralll € O. (7.17)

Let the values of r > 1 range through a sequence that increases to infinity. For

each r, let v > 0 and suppose that lim,_,., V" = v. For eachr and 1= 2,3, ..., let

¢'(i) = (). (7.18)

Given 0 < e <v/2, let re > 1 be such that forr > r,

v —v| < e (7.19)

" 1 1 1 1
”—( ) < —( €)<—, (7.20)

v \V+3 v\l+s v

1 € 1 € 1
U B A T 1 e
I/( +2(V7"—e)) T v +2V - (7.21)
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For eachr>1, s >0, let

N"(s) = sup {n >0 : iCT(i) < s} : (7.22)

Then forr >r., s> 2/e,

P(N"(s) > (V" +¢€)s) < exp <—((”T+6)5_1)A* G( 1i))>
( 1

and forr >r., s >0,

P(N"(s) < (V" —¢€)s) < exp <—(V7" —€)sA” G (1 * i)))

where
A(x) = ?élﬂg(lx — A(1)), (7.25)

and where the values of the quantities involving A* in the above are strictly positive.

(The function A* is called the Legendre-Fenchel transform of A.)

In the sequel, we will use the following result from Appendix A of [2] for estimating
the probability involving ¢"(1) in (7.24). Assuming ((1) has the same distribution
as {C(7)}2,, let ¢"(1) = (v/v")((1), and 0 < [y € O. Then, for each » > 1 and
s >0, for any n > 1,

" l
P (mhx (i) > 5 —s) <n exp (—;—f) exp (A(lo)). (7.26)
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Proof of State Space Collapse

Throughout this chapter, it is assumed that in the r*® parallel server system
we use the allocation process T"* associated with the threshold policy described
in Chapter 6 and Section 7.2. To simplify notation, here we shall simply write 7"
in place of T™*, since no other policy is considered in this chapter. The associated

queue length and idletime processes will be denoted by Q", I", respectively.

8.1 Main Technical Result

Recall the definition of the residual processes (cf. (7.10)), and the role of ¢ in
the definition of L, (cf. Section 7.2). For the following theorem, which is the main
technical result of this chapter and from which Theorem 7.3.1 will follow, there is
c¢* > 0 such that the results hold provided the fixed constant c is greater than c*
(cf. the proof of Theorem 8.1.1).

Theorem 8.1.1 For eachi € I\{i*}, k€ K,, t > 0, and € > 0,

P( sup |RI(s)| > L] — |£Z|) — 0 asr— oo, (8.1)
roSs<rlt

P (Ii(1]g) >re) — 0 asr— oo, (8.2)
P (I;(r*t) = I}(7}y) > 0, 7[y <7°t) — 0 asr — oo, (8.3)

51
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and, in addition, if i* is a transition class, then for each k € IC;., t > 0, and € > 0,

P( inf  Qi.(s) < [T, ) — 0  asr — oo, (8.4)
TZ*70§S§T2t —

P (I}(1hg) >re) — 0 asr— oo, (8.5)
P (I(r’t) = I}(1)4) >0, 7Ly <7%t) — 0 asr — . (8.6)

Here, 7}y = inf{s > 0 : Qj(s) > L} if class i is a transition class, 7/, = 0 if class
i s a non-transition class, and |J,| is the number of basic activities that serve

class i from below in the server-buffer tree (cf. Figure 7.1).

Here we have used the convention in (8.2)-(8.3) and (8.5)(8.6) that I}(7],) =
limy o If(t), on {7/, = oo}, and in (8.1) (respectively, (8.4)) that the supremum
(respectively, infimum) over an empty set is defined to equal —oo (respectively,
Remark. Although the results in Theorem 8.1.1 suffice for the proof of Theorem
7.3.1 and subsequently for Theorem 6.2.1, a refinement of Theorem 8.1.1, with
estimates of the left members in (8.1)-(8.3), (cf. Theorem 8.3.5) is needed to

establish certain uniform integrability used in the proof of Theorem 6.2.2.

8.2 Auxiliary Constants for the Induction Proof

In the proofs of Theorems 8.1.1 and 8.3.5, we will use the following constants
which grow logarithmically with r. For i € Z, » > 1, L7, and ¢; as defined in (7.4)
and (7.7), respectively, let

s; = i) (8.7)
I
- 8L (8.8)

)‘i - Zjeii I;kluj

Note that if 7 is a non-transition class then the denominator in (8.8) is equal to \; >

0 (by our convention that a sum over an empty set is zero), and if 7 is a transition
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class then the denominator is also positive since A = 27 ;) fta(i) + Zje 7 Tihy (cf.
(3.10)). Let

so =ty = % = Ly, (8.9)

and, for each 1 € Z, r > 1, let

LI — |+ 2
dor = : r(|l’| *) , if 7 is a transition class, (8.10)
Zjeii(:uj + &) (@] + &)

otherwise let 97 = L. Finally, for each r > 1, let

M" = maX{sr tr, %0 iGI}. (8.11)

iV 21

Several lemmas are used in establishing Theorems 8.1.1 and 8.3.5 (including
Lemmas 8.3.1-8.3.4 of Section 8.3). For the proofs of these lemmas we require that
r > 1 is large enough so that various relations involving the auxiliary constants
defined above and the parameters for the r" parallel server system hold. It is
important to note that, for this, the size of r should not depend on the variable ¢
referred to in those theorems and lemmas. We first require that r is large enough

that

st >sh .y, ti>tl ., %T>% | forallie€Z. (8.12)
For each i € Z, let
61’ = Z I;/LJ + ji,iﬂa(i) - )\z (813)
jed,

Then, 6; > 0 for i € Z\{i*} since \; = EJ'GL Ty + T Hai) < ZjeL Ty +
T illa(s), Using the fact that xz(i) < &y, for i #i* (cf. (7.2)). For the proof of part
of Lemma 8.3.1 (associated with (I.1) and up excursions) we require that, for all
ie I\{i*},

., ) €; (/La(i) — €€
NN < - APel) oL 8.14
AT = Adl mm{4 32| ] &1
’ﬂ; . Mj‘ < min {%, %} , forall j € J,, (815)
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, 4N + 9, _
8\ + 39;
Ty — i V< Ma(i), 1
Ma(z) € > 8/\z _’_451/1“ (4) (8 7)

2\ Aid;
T . v E s > . = 1
Mta < (2)\1 + 51) jedg Ty T Bt Ait 2)\ + (5 (8.18)

5
1 < — i tag 8.19
T, 4 25, Tiha@ (8.19)

(Note that (8.16)—(8.18) do not hold for i = i*, for large r > 1, since, in this case,
0i= = 0, € > 0, and A\l — Ni=, pf — pj, j € Jpx, as 7 — 00.)
For each i € Z, define
Ci=N— ) wipu; >0, (8.20)
jed;
since \; = ZJEL- T 15+ T ) Ra() > ZJEL- xip; > 0, using the fact that Ty Hali) >
0. For the proof of part of Lemma 8.3.1 (associated with (I.1) and down excursions)

we require that, if 7 is a transition class,

) 8\ — 34, .
:uj +e < m,u], for all ] € li’ (821)
Al —€ > 2/\ — Z T, (8.22)
1 st 2

(Note that (8.23) does not hold for a non-transition class i since the right hand
side there is zero for all » > 1 by our convention that a sum over an empty index
set is zero.)

For each i € Z, let
€ ZJEL. H
1—2|7.le
and set & = 1 if J, = 0. To use Lemma 7.6.1, we need & < min{\;/2, p;/2 :

& =

T, A0, (8.24)

j € Ji} for a transition class i (& will only be used in this case). To see



95

that this condition is satisfied, we note that by (7.5) and (7.7), ¢ < 1/(4J) <
1/(4|J,]) so that & < QGiZjejiﬂj < min{\;/2, u;/2}, for all j € J, since
€; < min{ Amin, fbmin }/4ftsum- Then, for the proof of part of Lemma 8.3.1 (asso-
ciated with (I1.2)), we require that

D DT AR CH P | (8.25)

Jed, i€J;

For the proof of Lemma 8.3.4, for all « > i, ¢ € 7, « € Z, we require that

i a@ENTL Mg 1A 3
sf>[€—<ua(i)—'u() )] QL - (8.27)

4 16 ,ua(i) 2’ )\L 2
r * r * 7 lua(i)ei
)\i — Tai)Ha(i) — Z Ll < 39 (828)

ied,

€z<|lL| + 2) max{pa(i), )\l — Zjeii ;p;“lu]}

Li > . : (8.29)
mln{)‘m Zjeji(:uj + EL)}
and, in addition, if ¢ is a transition class,
ZjeiL (kj + EL)(x;f +é€) S 1 4, S 4 (8.30)
Ry SL - r . .
Zjelb (W +e)(@;+e) 2 Haiy€i
For each i € Z, let
(Ha() — €i)€i AN
(= —————— —, = . 31
é; 67 <min§ o, < jeJ; (8.31)
The inequality here holds by (7.5). In addition, if 7 is a transition class, let
~1
€; Ha(s)€i
€1; = Z (/Lj -+ Ei) — (,ua(i) — L) , (8.32)
: 16 16
JjeJ,;
and set €;; = 1 if ¢ is not a transition class. In either case, we also define
_ Ha@®i, —1 _ HMa(i)
€2 = 16 (xa(i) -+ 62’) < T (833)
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If i € 7 is a transition class, for each j € J, let

_ lua(i)ei * -1 :uj
€35 — @(I‘] + 6171‘) < 5 (834)
The inequalities in (8.33) and (8.34) hold since €; < min{z%; | minTri./ fmax }, DY
(7.5). To apply the large deviation bounds of Lemma 7.6.1 in the proofs of Lemmas

8.3.1 and 8.3.4, we require that

) 2 2 2 4
Ly > max{—, —, — T ,
€ € (ma(i) — 61')6271‘ (iEj + EZ')EZ‘

2 2

(LC; + 61')61'7 (Z’; + 61,i)€3,j

1€, g eli.}. (8.35)

Assumption 8.2.1 We henceforth assume that r* > 1 is defined such that for all
r > r*, the following hold:

(i) conditions (8.12), (8.14)~(8.19), (8.21)~(8.23), (8.25)~(8.30), and (8.95) hold
foralli € I, 1 € I, with the proviso that (8.14)-(8.19) do not need to hold
if i = 4%, (8.21)-(8.23) do not need to hold if i is a non-transition class, and

(8.30) does not need to hold if v is a non-transition class,
(ii) for eachi €L, j € J,, (7.19)-(7.21) hold with
(a) X[ in place of V", \; in place of v, and any of €;, €, &, or & /2 in place
of € there,

(b) 1 in place of V", y; in place of v, and any of €;, €;/2, &, &, or €35, in

place of € there, and

(c) L @ place of V", ia) in place of v, and €;; in place of € there.

Remark. The condition before (7.19)—(7.21) that 0 < € < v/2 is automatically

satisfied for the choices of €, v in Assumption 8.2.1.
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8.3 Induction Setup

In the sequel we will use induction on ¢ to show that the following (I)—(1I) hold
for each i € 7\ {:*}, and (III) holds for i = i*. Recall the definitions of r*, s/

7

t7, 4" M" from Section 8.2. Note in particular that r* is independent of ¢ (see
below).

(I) For all » > r* ¢ > 0 satisfying r?t > M", and each k € K,,

(L) P( sup rRz<s>|sz—|zi|)

7o Ss<r2t

< pri(r?t) (C’ ex (Q)LT) + 011 exp (— C’f?r%)),
1) P () 2 1)

< pai( r2t) (C ex C’QLT) + C’2 exp (— C’é?r%)),

(1.3) (Ik(T t) (7—1’"0> > O 7_20 < TQt)
< e (ClY e (= CL) + Y exw (- €L,

l:

1,2,3, m =1,2,3,4 are positive constants; the polynomials and constants do not

where p; 4, p2.i, p3; are polynomials with non-negative coefficients, and Cz P
depend on ¢ or r. The polynomials p; ; and p3; have degree at most 7 + 1 and p,;
has degree at most i.

(IT) For all r > r*, t > 0 satisfying r*t > M", and each ¢ € T with ¢ > 1,

(I11) supP (T (1) = (@i + )5 5] < Bl Taus < 7°1)

n>1
< pualr*) (O exp (= CRI1g) + O exp (= CL0r1)),
(I1.2) if ¢ is a transition class,

sup P (dTL Ta"

i L L)
n>1 (%)

(%)) < (o) — €)%, lan 1 < T2t>
< ) (OB s~ € + €Y exp (- L),
(H?’) P (Ta(z)<t ) < ( a(z) — Gi)t:)

< p672-(7"2t) (Cé}i) exp ( = C’é?LS) + Céi.) exp ( — C’éf?er)),
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where py i, P54, Pe.; are polynomials (of degree at most i+ 1) with non-negative coef-
ficients, and C, T), [=4,5,6, m=1,2,3,4 are positive constants; the polynomials
and constants do not depend on ¢ or r.
Remark. The variable ¢ appearing on the right side of (II.3) stems from an
estimate obtained in (8.139) in the proof of Lemma 8.3.4, involving the number of
class 7 jobs in the system at time ¢" < r?t for sufficiently large r > 1.

In addition to (I) and (II), if ¢* is a transition class, we will show the following.

IIT) For all r» > r*, t > 0 satisfying 7%t > M", and each k € K.,
( ying i

(IIL1) P< qgswal (s) < —L _2*>

< pr )(C’ Lo exp ( C’ﬁ) Ly) + C’1 veexp (— Cfi)*rzt)),
(IIL.2) P (I;(7h o) > th)
< pa+ 7“2t)< 5 i exp (2) LT) + C’2 . XD ( C’éi)*TQt)),
(IIL.3) P (I;(r*t) — Ii(th o) > 0, T*O<r2t)
)

< p3i-(r’t ( 3 i exp( C'(Q) LT) + C’3 . eXPp ( Céi)*rzt)),

where pj i+, P2+, p3+ are polynomials with non-negative coefficients, and Cz i
[=1,2,3, m=1,2,3,4 are positive constants; the polynomials and constants do
not depend on ¢ or r. The polynomials p; ;~ and ps,;+ have degree at most I + 1
and py;+ has degree at most 1.

Property (I) is used to obtain the conclusions (8.1)—(8.3) in Theorem 8.1.1.
Property (II) describes the properties associated with buffer i that are carried
forward to prove (I) for buffers ¢ > ¢ and to prove Property (III), which in turn is
used to prove (8.4)—(8.6). The induction proof depends on the following lemmas

that are proved in Sections 8.4-8.7 below.

Lemma 8.3.1 Fiz i € Z \ {i*}. Suppose that for all r > r*, t > 0 satisfying
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r*t > M", and each j € J,, we have

(i) supP(TE7(5) < (@] = 0)sl 87 < B Tie s < 1°1)

w1 2 ©,n
< pm(r?t) <C’§’1Z-) exp ( — C%-)LS) + C’S;) exp ( - Céj?r%)),
(19) if i is a transition buffer,

sggP(dZ}ff(dsf) > (25 + ei)dsg, dT£2n_1 < r2t>
n>

< ps,i(r’t) (Cé}i) exp (— C'éi-)LS) + C’éi) exp (— C’éf?r%)),
(i) P(T(8) > (] +e)t;)
< poa(rt) (C8Y) exp (= € Lg) + ) exp (= C{r2t) ),

(1) sup P (T750(50) < (1 = )87, 5} < Bl 7hany < 1)
n=z

< p107i(7’2t) (Cicl))z eXp ( - C%?iLS) + CS?@' eXp ( - C%?ﬂ’%)),

where pri, Psi, Po.i, Dro; are polynomials (of degree at most i) with non-negative
coefficients, and C’l(;n), [ = 7,8,9,10, m = 1,2,3,4 are positive constants; the

polynomials and constants are independent of t, n, and r. Then, (1) holds for i.

Lemma 8.3.2 Leti € T\{i*}. Suppose that (I) and (I1) hold with i' in place of 1,
for alli' < i. Then (i)—(iii) of Lemma 8.5.1 hold for all r > r*, t > 0 satisfying
r*t > M", and each j € J,.

Lemma 8.3.3 Leti € Z\{i*}. Suppose that (I) and (I1) hold with i' in place of 1,
for alli’" <. Then (iv) of Lemma 8.3.1 holds for all v > *, and t > 0 satisfying
r?t > M.

Lemma 8.3.4 Leti € I\{i*}. Suppose that (1) and (II) hold with i' in place of i,
for alli’" < i. Then (II) holds for i.

Lemmas 8.3.1-8.3.4 combined with a formal induction yield the following.

Theorem 8.3.5 (I) and (II) hold for each i € Z\{i*}. In addition, (III) holds if

1* is a transition class.
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With Lemmas 8.3.1-8.3.4 in place, the steps in the induction argument used
in proving Theorem 8.3.5 are as follows (assuming the ordering of the buffers is as

described in Section 7.1).

1. Fix ¢ € Z\{i*}, and assume that (I) and (II) hold for all i < i (for i = 1,

this is a vacuous assumption).
2. Use Lemmas 8.3.2 and 8.3.3 to show that (i)—(iv) in Lemma 8.3.1 hold for .
3. Apply Lemma 8.3.1 to conclude that (I) holds for i.
4. Apply Lemma 8.3.4 to conclude that (II) holds for 1.

It then follows that (I) and (II) hold for all ¢ € Z\{:*}. Then, if ¢* is a transition
buffer, we combine the proof of Lemma 8.3.2 and parts of the proof of Lemma
8.3.1 (adapted for i = i*) with the fact that (II) holds for « = ¢* and i < ¢*, to
prove that (III) holds.

The formal proof of Theorem 8.3.5 is given in Section 8.8. As a guide to the
reader, before beginning the proofs of the lemmas and Theorems 8.3.5 and 8.1.1,
we briefly describe some of the ideas involved in proving Theorems 8.3.5 and 8.1.1.

Lemma 8.3.1 is the main lemma that drives the induction. The result of this
lemma yields that all queue length processes and idletime processes (except Q.
and I].) vanish (on diffusion scale) as r goes to infinity (for ¢ sufficiently large).
To obtain (I) for buffer i € Z\{i*}, our proof requires that, in addition to large
deviation estimates on the primitive renewal processes, there are estimates on the
allocation processes (in each excursion interval for the residual process associated
with buffer i) corresponding to the activities which process class i jobs, i.e., (i)—
(iv) in Lemma 8.3.1 hold. The estimates (i)—(zi¢) are derived from the induction
assumptions for (II) (with ¢ replaced by ¢/ < i in (II)), using the fact that, for
each j € J,, the utilization of activity j is constrained by the (higher priority)
activities for server k(j) which serve buffers in the layer below that server. These

estimates are given by the proof of Lemma 8.3.2 which is contained in Section
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8.5. Similarly, the on-time of the activity, a(i), that serves buffer ¢ from above can
be estimated (in an (up) excursion for R}) by having estimates, derived from the
induction assumption for (IT), on the (higher priority) activities associated with
server k(a(i)) (recall that buffers which have higher priority for server k(a(i)) are
all numbered lower than ¢). These estimates are proved in Lemma 8.3.3 in Section
8.6. Finally, the proof of Lemma 8.3.4 in Section 8.7 (which uses the fact that (I)
holds for buffer i together with the induction assumption for (II), with ¢ replaced
by ¢’ < 7 in (II), completes the induction step by showing how to transition between
layers.

For (II1.1)—(III.3), assuming that i* is a transition buffer, we first use the proof
of Lemma 8.3.2 (cf. Section 8.5) to show that (i7) and (7i7) in Lemma 8.3.1 hold
for i*, r > r*, t > 0 satisfying r*t > M", and each j € 7., given that (I) and (II)
hold for all i < i* (cf. (8.90)—(8.91) and (8.92)—(8.93), respectively). Then, we use
the proof of Lemma 8.3.1 in Section 8.4 (with i* in place of i, there) to show that
(IT1.1)—(I1IL1.3) hold. (For (III.1) we use the second part of the proof of (I.1) (for
the down excursions of R, i.e., (8.59)—(8.77)), for (III.2) we use the proof of (I.2)
(cf. (8.78)—(8.86)), and for (II1.3) we use the proof of (1.3) (cf. (8.87)).)

Properties (I) and (III) will be used to prove (8.1)—(8.3) and (8.4)—(8.6), re-
spectively, of Theorem 8.1.1, for a sufficiently large constant ¢ appearing in the

definition of Lj.

8.4 Proof of Lemma 8.3.1: Estimates on Allo-
cation Processes Imply Residual Processes

Stay Near Zero

Proof of Lemma 8.3.1. Fix i € Z\{i*}. Suppose that for all r > r*, ¢ > 0
satisfying r*t > M", and each j € J,, (i)-(iv) hold. The proof that follows is an

extension of the proof of Theorem 7.2 in [2].
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For the special case when class 7 is not a transition class, we have K, = (),
J, =0, 7, =0, and “Rj = 0. This implies that (I.2) holds trivially and the
part of the proof of (I.1) below, from (8.59) through (8.77), is not needed. Conse-
quently, (8.59)-(8.77) and (8.78)-(8.86) below will only be of importance when i is

a transition class.

Proof of (I.1). We first consider the “up” excursions of R;. Forn > 1, r > 1,

J € Ji, on {1],, | < oo}, we define shifted renewal processes, for s > 0, as follows.

A:zn(s) = A;'"(TiTanl + ) — A;(TZ:anl)? (8.36)
Szrgn(s) = S;‘n(j}r(TZanl) +8) — S;(@T<Tif2n71))v (8.37)
A (s) = sup{m 2 0: € (A (]y,_y) +m) = & (A (1]5,_1)) < s}, (8:38)

515(s) = sup{m > 0: 0} (S}(1] (713,1)) +m)
=555 (15 (Ti2n-1))) < s}, (8.39)
and, for concreteness, on {7/, ; = oo} we define Aj}", S/’ fulfz” : gf 7 to be

identically zero. Recall the definition of 775" from (7.12).

Consider the nt? «

for 0 < s < f,,

up” excursion interval for Rj. We have that on {7],, ; < oo},

Ri(fypy +8) = 1+ A7 (s) = Y SiT(T77(5)), (8.40)

JET;

and, taking account of the fact that a new arrival to class ¢ occurs at 7,

-1 < 00

and a job may have been partially served by activity j € J; at 77

fon—1 < 00, wWe
also have that, for s > 0,

v

A;’f(s):A;j;“(s), and S]7(s) > SIT(s), j€ T (8.41)

By (7.5), we have that

i oo\l o= ) i | L — i i (s 42
€ <mm{2 5 < S 3, T s x;:j €T (8.42)
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where J; and ;; are given in (8.13) and (7.2), respectively. For the third term in
(8.42), we have that

8\ + 30; ’ 8\ + 36;
0T
8(Ai + 0;)
0iZi
8(Zje£i x;klu] + j\jz,z;ua(z))
0T
8 Zjeji Hj
0
8 Zjej oy
OminTpin
8/'1/5111"[1
> € > ¢, by (7.5), (8.43)

v

v

v

v

where the second inequality follows since z; < 1, for all j € J, and Z;; < 1, for
all i € Z. The inequalities involving the remaining terms in (8.42) can be justified
in a similar manner.

In the following, it is assumed that r > r* and t > 0 satisfies 72t > M". Then
r’t > 2/¢; by (8.9)-(8.12), and (8.35). Define nl = [(A] + ¢)r*| + 1. Then
since each “up” excursion of R] is initiated by an arrival to class 4, using the
large deviations bounds for renewal processes given in Lemma 7.6.1 we have the
following estimate, for all » > r*, of the probability that there are at least n] — 1
'r)th

complete “up” excursions of R in [0, r%t] (Ti2nr—1 is the beginning of the (n;

(up) excursion interval):

IN

P (A} (r?t) > nj)
P(A7(r’t) > (A] + €)r’t)
< Kexp(—K|r’t), (8.44)

P(7ign 1 < r’t)

IN

where K = exp(A%* (\i(L+€/30))1)) > 0, K] = MA® (A(1+€/30)) 1) > 0,

depend on the Legendre-Fenchel transform A{"* of the logarithmic moment gener-
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ating function A? of u;(1) (cf. (3.3)—(3.4)), \;, and ¢;, but are independent of ¢ and
T

Now,
P(R;?(s) > L7 —|J,| some s € [0, 7"215])
< P70 <7%)

+P< Tionr—1 > r’t, Ri(s) > L] — |J,| some s € [0,7’215})

< P(Ti?:an—l < 7“215)
n;—1

+Z < s) > L — |J,| some s € (7], 1, Ti9n),

Tion-1 < 7”2t>- (8.45)
For each positive integer n, let
T = {AR(sD) < (A +e)s;
Sij (@5 —e)si) = (uj — &) (@] —€)si, j € T3
177 (si) > (2] —e)si, € T
Sf(f(z)((:%“ —€)s;) = (Ng(i) — &) (T — €)s;;
T:an(z)( ;) > (Tig — €)8]; Tion 1 < r’t}. (8.46)

The set Y™ is a “good” set, in the sense that, on it, various shifted stochastic
processes can be bounded on one side at time s] by certain linear functions.

Let
P:n = fiT(A;(Tir,zn—l) + L — |l| - 1)
—g(A:(TZQn—l)) on {7/ Tion—1 < oo}, (8.47)

and let p;" =0 on {7],, , = co}.

Now,

{R:(S > LT - |j | some s € ( z2n 177-1271) 7-‘1ﬂ2n—1 < OO}

1y

{R(s) > L —|J,| some 86( T o),

z2n 1 '42n

"< Bins Tion-1 < oo}, (8.48)
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since, on {7/, ; < oo}, p;" is the minimum possible amount of time required for

RY to reach the level L} — | 7| in the n'" (up) excursion. Then,

P(Ri(s) = L] — | 7,] some s € (75,1, 7/a,).

Tion_1 < 7“225)
< P( 22n 1 S r t (T:,n)07 p;“,n S Bzrn)
+P(Ri(s) 2 L] = || some s € (7o, 1, 700,)s 1" ). (8.49)

Now, on T, we have

1+A7“n 7f ZSTnTrn r

]6(7;
< 1+ AD(s) Z Sy (@) — e)si) — S::(Z)((a?” —€)s))
JjeJ,
< 1T+ (AN +e)si — 2(90; — &) () — €i)s; — (Zii — €) (Hagy — €i)s]

< I+ 2)\+5 Zxﬂj—i_:pwﬂaz)

4)\ + 0 7] 4N\ + 20; H S\ + 30, "8\ + 46, Ha(i) | S

2\ 2, o
= 1+ 2N + 0, Z Tty + Tiiflatiy | — N+ 0, E Tjj + Tiifla(i)
Jed; jed;
9 r
71‘11 a(t Si
AN + 26, itta®
0;
= 1= 5 Tiilaw)s; <0, 8.50
4N, + 20, biHa@? (8.50)

for r > r*, and where, in the third inequality we have used (8.16)—(8.18) along
with (8.42), and in the last inequality we have used (8.19). It then follows from
(8.40) that

in = Tion = Tign_1 < &; on X" for r > 7" (8.51)

i,n 7,21
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Furthermore, on Y for 0 < s < &7,
L+ A (s) = D ST () S T+ (N +e)si = LT = 1T, =1, (8.52)
J€Ti
by (8.7). Hence by (8.40) we have that on Y}, Rj(s) < Lj — |J,| for s €
(77 9n_1,Ti2n), Whenever 7 > r*. Thus the last probability in (8.49) is zero for all

such r.

It remains to estimate

P (1], < 7% (Y7)% o™ < B7,)
< P (p:" < S8f, Tign1 < 7’225)
+P (A7 (s)) > (] 4 €)s), T op_y < 7°t)
+ 3 P (S — €)sh) < (4 — ) (2] — €)s), Ty, 1 < 171

JjeJ,

P <ST””. ((i"“' —€i)si) < (pa@ — €)(Zii — €)si, Tigp 1 < 7"2t>
+ZP ; (LC _61):7S<6: zTZn 1§T2t)

VISVE
+P <,I17,7:;:Z7,)(S:) S (j:l,l - ) :7 S < ﬁzrnn 'Lr2n 1 < T2t> ; (853)

for » > r* and t > 0 satisfying 7%t > M".

Now, the set {7],, ; < 0o} is contained in the set {7,]; € IN' xIN?} (cf. Lemma
7.5.2). Using Lemmas 7.5.2 and 7.5.3, we conclude that on {7, € IN' x N7},
the conditional distribution of {uj(Aj(7]5,_1) +m), m = 1,2,3,...} given Fr.
is equal to that of a sequence of strictly positive independent random variable;s
where the members indexed by m = 2,3, ... are identically distributed with the
same distribution as u}(1) (for this lemma, observe that L{ > J + 1 by (8.35) and
(7.5) since ¢; < € < 1/2(J +1)). Then, as in equation (84) of [2], for r > r*, and
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t > 0 satisfying r% > M",
P (A’f’?“(s’?) (A + €)s}, Tl on_q < T°t)
< E (Lizy emnny P (A7) > (N + )] | 7, )

n,i

< exp (— ((A] 4 €)s) — 1) AD" (— (1 +1 - )))

< Kyexp(—K,L}), (8.54)

by Lemma 7.6.1 (since si > 2/¢; by (8.9), (8.12), and (8.35)), and where Ky =
exp((17,] + 3)AT" ((Ni(1 +€/3X:)) 7)) > 0 and K5 = AP (Mi(1 +€/3)0))7) >0
do not depend on t, n, or r. Similarly, for r > r*, t > 0 satisfying 7%t > M",

P(p:m < 8:7 7—ir2nfl S T2t)

< E(l{fﬂ ent <} P (p <si |77 ))

< B (L cwnan P (A7) 2 L 17| 1] 77, )

< B (L enneneyP (47160 > O+ 050177 )

< Kyexp(~ KLY, (8:55)

where the third inequality follows by the definition of s} (cf. (8.7)).
In a similar manner (cf. (85)-(86) of [2]), for all r > r*

, t > 0 satisfying
r’t > M", and j € T,
P(S:]"((xj —€)s;) < (1 — €)(T] — €)si, Tion 1 < )
< B(Lgy e P (171 = )s) < (15 — )& — e)s],
Tion_1 < r2t | FU_))
6.
< exp (=~ 20)(F - e)siAs (- (14 5)))
! 1 214

rn € -
+E<1{TJJ€H\IIXH\IJ}P (UZ:] > e

i on— 1§r2t|]—"’}

: ) (8.56)

by Lemma 7.6.1, where 27 = z7if j € J,, T}, = @4, v;; = v} (S} (1] (1] 5,-1)) +1),

and A;’*, j € J; is the Legendre-Fenchel transform of the logarithmic moment
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generating function A3 of v;(1), j € J; (cf. (3.3)-(3.4)). (Note here that when we
use (7.24) of Lemma 7.6.1, we do not need the condition that s > 2/e required in
(7.23), e.g., in the case above, we do not require that (7} — €;)s} > 2/¢;.) Now, in
a similar manner to that for (87) in [2], using (7.26), we have for all » > r*, ¢t > 0
satisfying r?t > M",

64

rn v ~x T r 2

P <vi7j 2 (75 — €)8is Tion 1 ST t)
J

r r(_T € s r r
= P (IS0 (L) + 1) > 5 (5 — 05T, Ty < 7%

J
ST(TQt)+1 Ei
P ( max vj(m) > (T} — eﬁsf)

m=1 2”]
L(uf+ei)r®t]+1 ;
< P " nax vi(m) > €i (T —€)s]
m=1 2”; j
+P (S7(r*t) > (1} + e)r’t)

< (L +e)r®t] + 1) Kyexp(—Kys7) + Ks exp(—Kir?t), (8.57)

where Ky = max{exp(Aj(lo)) : j € Ji} > 0, Kj = min{(loe;/2) (7 — &) : j €
Ji} > 0, where 0 < Iy € Oy (cf. (3.3)—(3.4)), and where we have used (7.26) to ob-
tain the estimate involving K and K} in (8.57). Also, K5 = max{exp(AJ"((;(1+
/313))1) 1§ € Ji} > 0 and K = min{ A (i (1+e/37)) ) 5 j € i} >0,
Here we have used (7.23), and for this we note that since M" > 2/¢;, we have that
r?t > 2/¢;. Note that Ky, K}, K5, K do not depend on ¢, n, or 7. It follows that
the last term in (8.56) is bounded by the expression in (8.57) for all » > r*, ¢t > 0
satisfying r*t > M", and j € .

Combining all of the above (from (8.44) onwards), we have for all » > r*, ¢t > 0
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satisfying r?t > M",

P(Rf(s) > L} —|J,| some s € [0,7"%])
< Kyexp(—K|r*t)
+(n] — 1){2K2 exp(— Ky L) + | J;| K3 exp(— K3s])
+ Z (1% + €)r’t] + 1) Ky exp(—Kjs]) + | T3] K5 exp(— Kir?t)
JET:
£ sup P(TL(s]) < (& — €)s, 5] < Bl oy <7%) J (858)
jeg; "<
where K3 = 1, K = min{(u; — 26)(Z; — &) A" (0 ' (1 + €/25)) = j € Ti} >0
from (8.56).

Now we consider the “down” excursions of R;. For this, we assume that J, # 0,
i.e., we assume that class 7 is a transition class, since (8.58) suffices for the proof
(cf. (8.77)) that (I.1) holds when class ¢ is a non-transition class. The treatment
of the down excursions is very similar to that for the up excursions.

Foreachn > 1,7 >1,j € J,, and s > 0, on {*],, ; < oo}, define shifted

processes
e :,7?(3) = Az (dTZTZn 1+S) Az(de?:Qn—l)7 (859)
i) = SHTT (g r) +5) = SHTT (a0 ), (8.60)
A (s) = sup{m > 0: & (A (Mg 1) +m) — & (A} (%g, 1)) < s}, (8.61)
Wi () = sup{m > 0:1;(S] (TJ< Ton 1)) +m+1) (8.62)

_U;(S;(T;(dﬁfzn—l)) +1) < s},

and, for concreteness, on {%/,, | = oo} define A7}, 9577, dA:f : dSr” to be iden-

tically zero. Recall the definition of “I}7" from (7.13). Consider the ' “down”

excursion interval for R. We have that on {%/,,_; < co},

Ry +8) =1+ > ST (s) - “ALT(s), 0<s<B

7,2n i,n)
JjeJ;

(8.63)
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] T
since Ta(i

to that for (8.41) we have that,

)(dr?:%_1 +s) =Ty, (T 3p_1), for 0 < s <937, , and in a similar manner

7 a i,n?

AT (s) > AT (s), and 9S[7(s) <S[T(s)+1, forallje g,  (8.64)

By (7.5), we have that

. i [ . 4\ " .
€i<mln{5,7j,$]~,(m_l) x]-,: ] GZZ}, (865)

where %; is defined in (8.20).

In the following, we assume that r > r* and ¢ > 0 satisfies 7>t > M". Then
%t > 2/e; by (8.9)(8.12), and (8.35). Define %7 = sze e —i—q)r%J +17,.
Since each “down” excursion of R] is initiated by a completion of a class i job
by some activity j € J, using the large deviations bounds for renewal processes
given in Lemma 7.6.1, we have the following estimate of the probability that there

are at least ; — 1 complete down excursions in [0, r%¢]:

P("lpuy o <71) < P SHT0°0) 2 0y)

jed,
< P( A= %g)
ied,
< Y P(SI(%) > (i + e)r*t)
jed,

< Kgexp(—Kjr’t), (8.66)

where Ky = |7, max{exp(A2* (a1 + e/3u) ) © j € T} > 0, K =
min{y; AT ((1; (14 €/3p;))7") = j € J,} > 0 are independent of ¢ and r.
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Now (cf. (8.45)),

P(R ) <|J,| — L some s € [1],, 2t]>
< P(d ) > Li —|J,| some s € | Zo,rzt])

£y P(de(s) > 1]~ |7 | some s € (T, 1, ),
n=1
Ul g < 7’2t>. (8.67)
For each positive integer n, let

= AT > (N - ) ST
W@+ €) %)) < (1) + e) () +ez) L JET;
UTIE) < (@ + )], § € Ty Uiy S} (8.68)

Then,

P(Ri(s) = L = || some s € (*p 1, o), aus S 77)
< P( 22n 1 S’I’Qt, (d'rr’n))
P ('Ri(s) > Lj — | 7,| some s € (ri, . o) T7) . (8.69)
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using (8.65), (8.20)—(8.22), and (8.23), we have for r > r*,

1+ Z dSrn dTrn d r ) dAZ,;L<dS7‘”)

(2

Jj€J,

L+ ) 4500 ((2] + ) 7)) — AT (%)
VENE

L) (@ 4 &) (i) + ) %) — (A — ) %]
JET,

AN S\ _3d5. 2\
1 ! * v [P v *o d r
+ Z 4)\—661$] 8)\7,—46161#] 2)\1—%1 ]; CL'][L] Si

2\
1 A *
* 2)\i—d5i];xﬂ’u] (4)\2,_ 2)\_ Zm,u]

1- (4/\‘_ 2)\_ Zm i | 9T < 0. (8.70)

It then follows from (8.63) that for r > r*,

\n 1,2n

B = — oy < %) on AT (8.71)

Furthermore, on " for 0 < s < 97,

1+ Z dSrn dz—w’n dAZ?('S)
JEJ,

< 14+ (W +ea) @) +e)s =L — (|T,|+1) (8.72)
jed,

by (8.10), and hence we have that on “Y7", “R7(s) < Li—|J .| for s € (], _1, T o),

whenever r > r*. Thus the last probability in (8.69) is zero for all such r.
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It remains to estimate

P<d7—ir,2n—1 < 7”2t7 (dr:n)c>

< P < (N —e) S, oy < 7)

17

+ Z (Sr" Ti + €) 7Y > > (p + &) (2] + €)% 27d7—i1:2n—1 < er)
JEJ,

+ Z (dz'ﬂ”n d T Z (ZIZ’ +€l)d :7 deTZn 1 S T2t)> (873)

JEJ,

for r > r* and t > 0 satisfying r?t > M".
As in (8.56)(8.57), letting ;" = uj (A} (*]y,_,) + 1), we have for r > r* and
t > 0 satisfying r*t > M" (which implies that r?t > 2/e;),

1 7

P(UII() < (N — )0, g < %)
< Krexp(—K;%))
rn € dr r T
+E (1{abrr ety P ( > 2)\;«6151‘7 d7'z‘,2n—1 <1’ f%&))
< Krexp(—Ky'sy) + (LN + e)rt] + 1) Ky exp(— K4 %))
+Kg exp(—K§r?t), (8.74)

by Lemmas 7.5.2-7.6.1 and (7.26), where K; = 1, K} = (\; — 2¢;)AY* (A7 (1 +
€/2\;)) > 0, Kg = exp(A¢(lp)) > 0, K = lpe;/2N; > 0,0 < [y € Oy, Ky =
exp(AY" (N(1 +6/3X\))7Y) > 0, and K§ = NAD"(N(1 + €/3)\))71) > 0, which
are all independent of ¢, n, and r.

Finally, for all » > r*, ¢ > 0 satisfying r?t > M", by Lemmas 7.5.2-7.6.1 (since
(2} + &) %] > 4/¢; by (8.9), (8.12), and (8.35)), we have

2P (I + ) 50) > (0 + )@+ ) ] e < )
jeJ;

13

< B (L cxmann PUST (05 ) 50
jed,

> (uf + €/2)(ah + €)%Y, rlgn_y < 17| ﬁTJ,i)
KoK, (8.75)
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where Kyo = |J,|max{exp(A"((u;(1 + €/6p5)7") = j € I} > 0, Kjy =
min{ (25 +€) A7 (15 (1+€/6p;)~") + j € J,} > 0, which are independent of ¢, n,
and r, and where we have used (8.64) together with the fact that (x5 +¢;) %] > 2/¢;
(cf. the statement preceding (8.75)) in the first inequality.

Combining all of the above (from (8.66) onwards), we have for all » > r*, ¢ > 0
satisfying r2t > M,

P(R;(s) < |J,| = Lj some s € [0,r2t]>
_ P(ng’(s) > L7 — |7,| some s € [0,7“275])
< Kgexp(—Kgr?t) + (] — 1) {K7 exp(—K3%T)
+ (LN, + €)r?t] + 1) Kgexp(—K3%)) + Ky exp(—K4r’t)
+ 19 exp(— Ko %))
- Z sup P(dTZTJ"(dSS) > (x5 + &)%), Ty < 7’215) } (8.76)

79
N

On combining the results (8.58) and (8.76) for the up and down excursions, as-
sumptions (4), (i), and (iv) of Lemma 8.3.1, the definitions of n?, %}, s, 4% LI
and the fact that s7 > L and %7 > Lt for all i € Z (by (8.9) and (8.12)), it follows
that for » > * and ¢t > 0 satisfying 7%t > M", we have

P( sup [Ri(s) =L~ |7,

2
r{ogsgr t

< pu(rgt) <C’£1i) exp ( - C@LS) + C’fi-) exp ( - C’f?r%)), (8.77)

where C’{?) >0, m =1,2,3,4, and py; is a polynomial (of degree at most i + 1)
with non-negative coefficients, and where the constants and the polynomial are
independent of 7 and ¢. Note that since i > 1, terms involving (r*t)? are absorbed

in the polynomial py ;(r*t).

Proof of (1.2). Since IC; = 0, if ¢ is a non-transition class, (I.2) trivially holds in

this case. So it suffices to consider the case when 7 is a transition class. Note that
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forOSsSTZO,

Qi (s) = Ai(s) — Y Sj(T( (8.78)

JjeJ,

since activity a(i) will be turned off for such s. By (7.5) and (8.24), we have

(8.79)

A= Dier Tk N
O<€,~<min{1, L A jeg

, ——, = &
(T +2) 22 e

since

< i Ai — Zjegi Hj 1
€; min ) ,
2048(J +2) Zjej 2 Zjeli Hj

Ai Ky .
, Jed, . (8.80)
42 e i 42 jeg, M }

vi<lforalljeJ,and 1>1-2[J [ >1/2.
We have,

IN
T T T

IN

AL = D ST S L), by (878),

IN

P(AI(t]) > (N — &)l T;(t:) < (2} +e)t; foralljeJ,

ST +e)t]) < (p) + &) (o] +)t] forall jeJ,

(AT — &) — Z(:cj + ) () + &)t < L;)
ied,
i (A?f(tf) < (N — Ez-)tl-")
+ 3 P(SH((5 + e)t]) > (] + &) (@ + )t
JjeJ,
n Z P l‘ + el)tr) (881)
JjeJ,

Now, for r > r*, using (8.25), (8.26), (8.24), (8.79), (8.8), and the fact that 2} < 1
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for all j € J,, we have

e A Y e Y05 e |
]EJ jell JEZZ
1 N
> |3 =Y @y | = (T +Dé —ea Y (uy+28) | ¢
JjeJ,; jed,
1 r r
> |5 ;x wi | = (7, +2)& | £ > L. (8.82)
J

Hence, the first probability in the last expression of (8.81) is zero. From Lemma
7.6.1 (since (7} +€)t] > 2/&, for all j € J, by (8.9), (8.12), and (8.35)) we have
forallje ., r>r"

P(b’;((ac;k +e)ty) > (g + &)(x) + ei)t;")

* r Sy* 1 1
< exp <_(Hj<$j +€)t] — 1)Aj7 (M_ (1 T & >>)
3

< Kiexp(—Kjt)), (8.83)

where K1y = max{exp(A;"((u;(1 + &/3p;))™") = j € J,;} > 0, and Kj;, =
min{ g (2} + ;) AT ((u; (1 4 &/3p5)) " - j € J,} > 0. Using (7.26) in conjunction
with Lemma 7.6.1, we have for » > r*, 0 < [y € Oy,

1 €
P(AI(t) < (N —&)ff) < exp (—(Ai RN (x (1 ’ 5)))
+ _l[)gzt: (Aa(l ))
exp o, exp(Af(ly
< Kigexp(—Kip,t}), (8.84)

where Ky = max{1,exp(A%(ly))} > 0, K}y = min{(\; — 2&)AT" (N 11+ &/20)),
lo€;/2X\;} > 0. Note that Kiy, K{;, K12, K{5 do not depend on 7.
Then, combining (8.81)—(8.84), we have for each k € IC;, for all r > r*,

P(I(1y > t]) < Kuexp(—Kjt) + Kigexp(—K7,t])

+ Y CP(TI(t]) > (] + €)t). (8.85)
jed,
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By assumption (ii7) of Lemma 8.3.1, the definitions of ¢/ and L[, and the fact that
tr > L (by (8.9) and (8.12)) for r > r*, it follows that for all k € IC;, r > r*, and
t > 0 satisfying r*t > M", we have

P (11:(7'[0) > t’.’)
< ) (C8) exp (= CRILY) + O exp (- CiUr)), (3.86)

where py; is a polynomial (of degree at most i) with non-negative coefficients, and
C’éf,?) > 0, for m = 1,2,3,4, and where the constants and the polynomial do not

depend on t or 7.

Proof of (1.3). Since KC; = 0 if 7 is not a transition class, (I.3) holds trivially in
this case. So suppose ¢ is a transition class. Note that under the threshold policy,
since class i (being above server k) is the lowest priority class for server k € IC;, I
can increase only when Qf < |K;| = |J,|. The bound of |J | occurs here because
there may be a class i job in service or in suspension at each of the other |J |
servers (|J,| — 1 servers below and one server above i) that can serve class 7. In
particular, if server k € K; incurs some idletime in [7],,7%t], ie., 7/, < 7%t and
Ii(r*t) — I (7]y) > 0, then Rj(s) < —Lj + |7,| for some s € [7/,r*t]. Thus, for
r > r* t > 0 satisfying 7%t > M", and k € K,,

P(I;(r*t) — I} (15) > 0, 7y < 1°t)
< P( inf Ri(s)<-L]+|7))

Tzogsgﬂt

< pg,i(r2t) (C’SZ) exp ( — Cg() Z LT) 0(3) exp ( - C’éi)r%)), (8.87)

where ps; is a polynomial (of degree at most ¢ + 1) with non-negative coefficients,
and Cé?) > 0, form = 1,2,3,4, by (8.77), where the constants and the polynomial

do not depend on t or r.
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8.5 Proof of Lemma 8.3.2: Estimates on Alloca-
tions for Activities Immediately Below Each

Buffer

Proof of Lemma 8.3.2. Fix i € Z\{i*}. Suppose that i is a transition buffer, so
that J, # 0, and assume that (I) and (II) hold with ¢" in place of 4, for all 7 < i
(for ¢ = 1 this is a vacuous assumption). In the following, recall (cf. Section 1.1)

that a sum over an empty set is defined to equal zero. In particular, the results

below hold even if Z, = 0.

Proof of (i). For r > r* ¢ > 0 satisfying r*t > M", j € J,, and k = k(j), we have
P(T77'(s)) < (2] — &)s], 57 < ﬁ: ZTQn 1 < 7"2t)

%,J % J Sis

= P(sf = Y Thiy(s) < (a5 = )sh, 7 < B, Tans <7°1)

z/EZk
- P(ZT:;L )2 3" @it b st s < Bl T 1<7“2t>
'€, '€,
< ZP(T';;E@)( )Z< ()+El) :7 IS zn? 22n 1§T2t)' (888)

€Ly

The first equality holds since server k, k € IC;, does not incur any idle time in the
n'™ (up) excursion interval for RY which is of length B, and the second equality
holds since » . ver, x* aiy T x; = 1. For the last inequality, we have used the fact
that ¢; > Iey > |Z,|er, by (7.7) (since v, < 1 for all [ € Z, and the fact that
i’ € I, satisfies i’ < i by the ordering assumed for the buffer numbering). Hence,
for r > r*, t > 0 satisfying 7%t > M",

supP(T H(si) < (@ —€)si, s; < Bl Tion 1 ST t>

n>1

< pm(er) (C%) exp ( - C’;QZ-)LS) + Céi») exp ( — C%)rzt)), (8.89)

since (II.1) was assumed to hold with 4" in place of i for all i’ < i and |Z,| < oo, and

where p7; is a polynomial (of degree at most i) with positive coefficients, C’%) >0
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for m = 1,2, 3,4; the polynomial and the constants do not depend on t, n, or r.

Thus, (i) of Lemma 8.3.1 holds.
Proof of (ii). For r > r*, t > 0 satisfying rt > M", j € J., and k = k(j), we have

P(dT?:’jn(dsr) = (x + Gz) Sis dTiT2n71 < 7”275)

7

= (S — ZdTTn (Ik< 1,2n 1+ S) ]k( z2n 1))

i'€Z,,

> (5 + €;) %!, d7f2n—1 < 7‘275)

S ( Z dj‘;ranl/) Z x / 3 €; 817 de?:Qn—l S TQt)
€Ly, €Ly,
< Z P(dTT" si) < (whun — €) WS g < 7‘2t>. (8.90)

i€y,

In the above, the equality follows from (2.9); the first inequality holds since the
idletime process, I}, is non-decreasing and non-negative, and since Zi'ezk/ mz(i,) +
x; = 1. Note also for the last inequality that €; > Tey > |Z;|ey. Hence, for r > r*,
t > 0 satisfying r?t > M",

sup P(077(%5]) = (& + €)', “py < 7%t)

n>1

< pg?i(r2t) (C’é}i) exp ( — C’é g LT) 0(3) exp ( — C’éf?r%)), (8.91)

since (I1.2) was assumed to hold with ¢ in place of ¢ for all i’ < ¢, and |Z,| < oo,
and where pg; is a polynomial (of degree at most ), C’éf?) > 0 for m = 1,2,3,4.
The polynomial and the constants do not depend on ¢, n, or r. Thus, (i7) of Lemma

8.3.1 holds.

Proof of (). For j € J,, and k = k(j), we have in a similar manner to that for
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the proof of (ii) above that for r > r*,
P(T}(t) = (a; +€)t))

< Pt = Y Tt - Lit) = (2 + &)t

z’Elk
< P(X T () < Y (@i — e)tl)
< ¥ P(T;"(i/)(t;") < (@h — ei/)t;"). (8.92)

z’EZk
Hence, for r > r*, t > 0 satisfying r?t > M",
P(T7(5) = (@] +e)t;)
< pg,i(rzt) <Cé’1l-) exp ( — Céi)LS) + C’éi-) exp ( — Céi-)er)), (8.93)
since (I1.3) was assumed to hold with 4’ in place of i, and ¢ > ¢, for all ' < i, and
where pg; is a polynomial (of degree at most i), C’é?) > 0 form =1,2,3,4. The

polynomial and the constants do not depend on ¢ or r. Thus, (iii) of Lemma 8.3.1
holds. O

8.6 Proof of Lemma 8.3.3: Estimate on Allo-
cation for the Activity Immediately Above
Each Buffer

Proof of Lemma 8.3.3. Fix i € Z\{i*}, and let & = k(a(7)). Assume that (I)
and (II) hold with i’ in place of i for all ' < i. Note that by the priorities assigned
to buffers by server k, we have that

Z Tiaan(s)=s, for0<s<pgj, (8.94)

€L,
i'<i

since activities that have lower priority than activity a(i) will not be “on” and

server k will not idle in the n'® up excursion interval for R7. We then have for
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r > r*, t > 0 satisfying %t > M",

P (71770 (50) < (Bia = @), 7 < B, Tl < r%)

= P(sf— 3 Tl (sh) < @i,z-—e) S B Tans 771

V€L,
i<
= P Tl 2 X sl + st sf < s 1 <7%)
/€T, V'€,
i'<i i'<i
S P( 17;& T ZZE )S +€Sz73 <5;rn7 zTQn 1§T2t>
i€, i€,
i'<i i'<i
2
<> P( () (57) 2 (@agry + €0)si, 57 < By Tigny <7 t)‘ (8.95)
7 Elk
i'<i

The first equality follows by (8.94) and the second uses (7.3). The second to last
inequality holds since Z; s > x7 for all i' € Z,, v < i, and the last inequality
follows since ¢; > Iey > |{i’ € Z w1 <i}|ey. (Notice that if buffer i is the highest
priority buffer for server k, ie., {i' € Z, : ¢ < i} = (), then the first probability
n (8.95) is zero since 177, (s7) = si for sj < B, by (8.94).) Hence, for r > r*,
t > 0 satisfying r?t > M",

iglﬁ(ﬂl’b( 1) < (@i = )sT 7 < By Tlaus < 771)

< plo,i(rzt) <C’fé)z exp ( C’fg)ZL”) + ClO ' €XP ( C’%?ir%)), (8.96)

since (II.1) was assumed to hold with ¢ in place of ¢, for all ¢/ < i, and where py;
is a polynomial (of degree at most ), 0101 > (0 for m = 1,2,3,4. The polynomial
and the constants do not depend on t, n, or r. Thus (iv) of Lemma 8.3.1 holds. O
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8.7 Proof of Lemma 8.3.4: Transition Between
Layers in the Server-Buffer Tree

We will show below that (II) holds for ¢ € Z\{i*} given that (I) and (II) hold
with ¢/ in place of 4, for all V' < 1.
Proof of Lemma 8.3.4. Fix i € Z\{i*}. Assume that (I) and (II) hold with ¢’
in place of i, for all i’ < 4. Then, from Lemmas 8.3.1-8.3.3, we have that (I) holds
for i as well. By (7.5) and (7.7), we have, for any ¢ € Z satisfying ¢ > 1,

I
¢ < min [y Haw) Ha(i)
' IT 71024, 1024, (n + )
Ai — E]’GL TjH Fa(i) (8.97)
18), 16(A = X TiH) [

since ¢ < ¢, for all [ € Z. To validate the denominator in the third term in (8.97),
we note that 1024 Zjeji (pj +€) < 1024 (prsum + | Jil€) < 2048 ptsym, which implies
that the inequality holds for the third term. For the fourth and fifth term recall
that \; — Zjeil Tipy = Ty Hat) > 0 foralll € Z.

Proof of (IL.1). Forr > 1, n>1,s >0, € Z such that « > i, j € J;, k = k(j),

on {7/, ; < oo}, define

AvN(s) = A1) g,y +8) = Al(T) 9, 1), (8.98)
Sii(s) = SiTi (7] 90 1) +8) = Si(T{ (7] 21))- (8.99)
Si7(s) = supfm > 020 (S}(T7 (7 50-1)) +m)
—77;(5;(7?(7:%—1))) < s}, (8.100)
ATi(s) = sup{m > 0: €(A](7/5, 1) +m+ 1)
=& (AL (T 9 ) +1) < s}, (8.101)
If,?(s) = (7901 +58) = (T 20 1), (8.102)

r o rn rm o gr,n ATmo grn
and for concreteness on {7/, ; = oo}, we define A7, S/*', S/, AVY, 1)y, to be
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identically zero. Then we have, for all s > 0,
AT (s) = AT (s) — 1, S/ (s) = ST (s). (8.103)
Now, for r > r*, t > 0 satisfying 7%t > M", . € T satisfying ¢ > 4, and n > 1,

P (T77)(s) > (i + @)l 0 < Bl 7y <7°4)

< (S:;(z (771:21 5) ) S:f(z)((xj;(i) —i—ei)sf), S, S Bns Thon1 < 7275)
< P8I (@ + )s7) < Q1Tlanr) + AT (S))
= 2SI SD)s L S B T < 1)
jed,
< P(S:’;(i)((xz(i) +€)s]) < (Mo — €24)(Top) + €)S Tap 1 < T2t>

P (Q (7 0y) + AT ()= Y SIT (T (7))
Jj€J,
> ($:(z + 51’)(#2(1‘) —€2:)8,, S, < ﬁf ern 1S 7"2t) (8.104)
For the second inequality, we have used the fact that the number of class i jobs
processed by activity a(i), between time 7/, , and time 7, , + s}, namely,
Sy (Ll niy(s7)), is less than or equal to the number of class i jobs present at time
T, 9n_1, namely, Q7 (75, 1), plus the number of arrivals between time 77,, , and
time 7/, ; + 5], namely A;7'(s]), less the number of class 4 jobs processed during
this time interval by the activities indexed by J,, namely, > 7, ST (sT)) (cf.
(2.10)).
Letting vLa(Z) Vi) Oa@y Loy (Tl2n-1)) + 1), by Lemmas 7.5.2-7.6.1 together
with (7.26) and (8.33), in a similar manner to (8.56)—(8.57), for r > r*, n > 1, and
t > 0 satisfying r?t > M", we have

P <5:’an<z>((333<i> +€)s)) < (o — €2,0)(Thesy T €)S], Thap 1 < 7“275)
< Kiyzexp(—Kiss))

€2, r 7
‘I—E(]_{Tr E]NIXH\IJ}P< La(l) > 2—( ()+ EZ) L’ TL,Qn—l S TQt | f 7‘:‘,L>>

Hagiy
< Kigexp(—Kigs)) + ([ (e + €)r’t] + 1) Kiaexp(—K7ys))

+ K5 exp(—Ksr°t), (8.105)
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where K13 = 1, Ky = (o) — 2€2) (25 + ei)AZ’(’;)( ;()( + €2,i/20taii))) > 0,
Ky = exp(As (lo)) > 0, K, = (ZOEZ,i/Qﬂa(i))(:EZ(Z') +e€) > 0,0 < ly € Oy,
K5 = eXP(AS* ((Ha@y (1 + €/3ptai)) ")) > 0, and Kjy = Ha(i) Mol (g (1 +
€/3ka())) ) > 0, which are all independent of ¢, n, and r.

For r > 1,n > 1,7 € Z such that ¢ > 1, let

T::zn = {QQ(TZQn—l) (:uzz(z 61/16) Sy A'f”( T) < ()‘: + M;(z)€1/16)‘9: + 1’

n r r Fagiy€i * T
7 (1~ e0t) = (4~ 100 (3 — vt s € 7,

TLT]"(.S:) > (25 —€1q)s,, J €T T an1 < 7‘275}, (8.106)

where €, ; is defined in (8.32), and if J, = (), we omit the terms involving j € J,
from the definition of Y.
For the last probability in (8.104) we have,

(QT( Lr2n 1 _|_AT” 7” ZST” 7:” T

JE€J,;
> (€ + &) (M) — €24)80, 8 < Bl TVopq < 771)

< P Qo) AT ()= D ST (T (s))

JE€J,;
> (€hy + &) (o — €24)8,, To7 Tlony < 771)
+P (QT( T on— ) > (:U’Z(i)ei/l(i)sfu Tlon—1 < T2t>

Ha(i)€i
+P (A:’f(sf) > ()\;’ + 1((; ) L T < 7"225)

rn * ’ua 7 €i * r r
-+ Z (S — € l) ) (IU’] 16|(\)7 |> ( — € 1)8” TL,anl S TQt)

JE€J,

+ Y P (T)(s)) < (2 — €14)s], 8 < B, Trog g S1°L) (8.107)
jed;

For the first term in the right side of the inequality in (8.107) we have on Y;7" that
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forr>r*,n>1,

Q} (T30 1) + AL (s)) = ) SP(TT(s7))

jed,

NZ(z) Z(z) i MZ(z)Ez
< r A's" r 1— r_ *_ i
— 16 S, + i + 16 L + Z IU’J 16|j| (‘x] €1 )SL

JEZZ' —t

He

= <8> ST+ ATsT — Z:z:ju;strl
JE€J,;

Ha() T * T T a(l)eZ T r r
< 5, + Aj —Zx,ust—l—l—l— 16 L+Z/"L]€IZSL
jed; jed,
2(1)6 r.r x rr
< 1S + \s, — Z TS, +
JjeJ;
HaEi
S
ied,
o Lai € Ha@€i\
. (xa@ua(i) e T )
< (2o + &) (o) — €24)8, (8.108)

where in the second inequality we have used the fact that >, , 7 < 1. For the
third inequality we have, using (8.32) together with (8.15), if J, # 0,

Z'EJ-”? € a(i)€i My (i) €i
I i U SRR S
For the fourth inequality we have used (8.27), together with (8.15). The fifth
inequality follows by (8.28). The final inequality follows by (8.33), together with
(8.27). Hence, the first probability in the second expression of (8.107) is zero, for
alln > 1, r > r* t > 0 satisfying %t > M".

For the second term in the right side of the inequality in (8.107), using the
result established at the beginning of this proof that (I.1) holds for ¢, we have for
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86

P (Q;(TZQn—l) > (Ng(i)ei/w)sfa Ton-1 < 7“275)

< P( sup
T 0S8ST on 1
< P swp Ri(s)>L -7

o <s<rit

< pl,¢(7“2t) <C’£11) exp ( — Cfi)LS) + Cﬁ) exp (

R(s) 2 L] = |T], 7oy <771)

- O{f?r%)), (8.110)

where p;; is a polynomial (of degree at most ¢ + 1) with non-negative coefficients,

and 01(,?) > 0, for m = 1,2,3,4, and where the polynomial and constants are

independent of ¢ and r. In (8.110), the first inequality holds since s] (for ¢ > i) is

considerably larger than L. Specifically,

He(i)Ei oo Fa@€ L] — (17,1 +2)
6 16 N+ €,

< Faiy A [Ha@y L Pag)

- ,ua(i) )\: + €, 16)\L €; 16)\L
LV baey  Li Hagi)

> = e R U 9

= 1 {16& i TSN A )

1 Hali)

> LT 4+ - |sLT - ! p

> 20+ g 82— Sa(l) + 2)

> 2L,

for » > r*. In the first inequality of (8.111), we have used

(8.111)

(7.4), and the fact that

e, < 1foralll € Z. In the second inequality, we have used (8.27) together with the

fact that ¢, < X\,/2 to obtain A,/(A] +¢,) > 1/2. The third
€ < € < fa@i)/256N, (cf. (8.97)), and the fourth inequality

inequality follows since

follows from (8.29).

For the third term in the right side of the inequality in (8.107), using (8.14),

(8.31), together with the fact that s > 2/¢; for all ¢+ >

i (by (8.9), (8.12) and
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(8.35)), we have as in (8.54), for r > r*, n > 1, t > 0 satisfying r?t > M",

/J’Z 3 €;
P (Aff(s:) > ()\: + 1(—(;) s, + 1, 79, 1 < 7“2t)

< PAT(S) > (A + &) st 41, gy < 721)
= B (1{7”61NIXIN~‘}P (A’[j?(SZ") > (N +¢€) s, | ]—“))
< Kigexp(—Kigs,), (.112)

by Lemmas 7.5.2-7.6.1, where K5 = exp(A"(\i(1+€&/3)\;))7)) > 0 and Kjg =
MNAST(N(1+€/3M))™1) > 0 do not depend on ¢, n, or 7.

Letting v, = v}(S} (T} (7/2,_1)) + 1), for the fourth term in the right side of
the inequality in (8.107), using (8.14) and (8.31), we have, by a similar argument
to that for (8.56), that for r > r*, n > 1, t > 0 satisfying r*t > M", j € J, # 0,

TN * r r IU’Z(z)EZ % ro
P (SLJ ((z] —era)sy) < (Mj - 16!111) (27 — €1i)s,, T/op 1 < 7‘2’5)

< P (S ((@) — edst) < (15 = @) (] = e1)sl, s < 7%)
< Kirexp(—Ki;s))
n éz * r r T
—|—E (]‘{TJ’LENIXH\IJ}P (vL,j > 2—/1/‘7]"('%] - 6]_,7;)8L, TL,Qn—l S 7’2t ‘ f T’{‘,L))
< Kirexp(—Kj;s;)

+ (L1} + e1,0)r°t] + 1) Kigexp(—Kigs]) + Kigexp(—Kigr’t), (8.113)

where K7 = 1, Ki; = min{(p; — 2&) (] —e1q) A" (5 (L +&/2p5)) - j € T} >0,
Kig = max{exp(Ai(lp)) > 0: j € J,}, Kig = min{(lo€;/2p;)(x] —e15) © J €
T} >0,0<1ly €O, Kig = max{exp(A"((u;(1 +€/3u;))7") : j €T} >0,
and K1{g = min{u; A" ((1;(14€/3p;))~") : j € J.} > 0, which are all independent
of t, n, and r.

For the fifth term in the right side of the inequality in (8.107), we have for
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For the first inequality in (8.114) we use the fact that }_, .,
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r*,n > 1,t > 0 satisfying r’t > M", j € J. # 0, k = k(j),

P<T:73n(‘9:) S (IL’; —€ 1) :7 S < ﬁw’u L2n 1 < r t)

b b 2
P<5: - T;;EZ/)(S:) — I (s)) < (@] —ei)s)s s, S Bl Tlanoa <7 t)
Z’GZk
9 2
P( T:arzi’)(sr> Z ‘T S +€1ZSL7 S < /6Ln7 L2n 1 < r t)
V€L, €Ly,

Z P <Tbranl/) )= ( La(iry + 61) 5., 8, < Zn’ T[,Zn—l < T2t>

'€l

+P (Ij,jj( ) > % STy T < r2t> . (8.114)

)—l—x;:l. The

a(

last inequality in (8.114) follows from the fact that when J # 0, for all i’ € Z,,

1 € ,uzz(z)
€Li = T (Ma(i) - >
> ez (s + ) 16 16
Ha(i)€i
64 Zjeii g
Yi€i
IEi/, (8115)

AVARRN AV

v

by (7.7) (since 7' < i), and where I > (|Z,| + 1). The first inequality in (8.115)

holds since €; < min{pmin, 1}, by (7.5), and the second inequality follows by the
definition of ~; (cf. (7.6)).

For the second term in the last expression in (8.114), we have that for r > r*,

n > 1, t > 0 satisfying r* > M",

sup P (IZ‘I?( ) Z I L7 TZ?n—l S T2t>

n>1

< P(I(2r%t) — IL(1]) > 0, 7}y < 2r%t)
+P (I (7o) = t7)
< p37i(27’2t) (C’é}i) exp ( - C:,Ei-)LS) + Céi) exp ( — 20§?r%)>

—i—pgﬂ-(?ﬁt) (CQ(}Z») exp ( - C’éi)Lg) + Céf? exp ( - C’é?r%)), (8.116)
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where po; and p3; are polynomials (of degree at most ¢ and i+ 1, respectively) with
non-negative coefficients, and C’l(’;n) >0, for 1 =2,3, m =1,2,3,4, since (I) holds
for ¢ (with 2¢ in place of t), and k € K,. The polynomials and the constants do not
depend on t, n, or r. The first inequality in (8.116) holds since on {7/,, ; < r°t},
170 (s)) < T(1) gy 4 57) < I(r%t 4 s7) < I;(2r°t), as s] < M" < r?t, and since
by (8.115),

€Li v Vi€iS, viei(L] — (|T,] +2)

T =TT T IO\ +¢,)

Q- (L] +2)

N (A +€)

oA (L dld]+2)

T N +e \\E A,

oA 18L" Ca()+2)

N )\f +€ >\z - Zjeii x;k,uj )\L
1 17LF

> 1 (LB (8.117)
2 )\’L - zjgii leu’j

In the second inequality in (8.117), we have used the fact that ¢; < ([T._, vm)/T"
< /I, as v, < 1 for all m (cf. (8.97)). In the third inequality of (8.117),
we have used (7.4). In the fourth inequality we have used the fact that ¢; <
(AN — Zjeji zipg)/(18X,) (cf. (8.97)) and ¢; < 1. In the fifth inequality we have
used (8.29) along with the estimate A, /(A] +¢,) > 1/2 used in proving (8.111).

Combining all of the above (from (8.104) onwards), we have for all r > r*
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t > 0 satisfying r?t > M",

sup P (T770(57) 2 (i + €)sl 57 < Bl Tiony <7°)
< K_ls exp(—Ki3s;)
+<L(M£(i) +e)r’t] + 1)K14 exp(—K7ys)) + K5 exp(—Ki57°t)
+p1,i(r2t) (Cl(,li) exp ( - C@LG) + C’l(i) exp ( — C’f?r%))
+ K6 exp(—Kigs,) + | ;| K17 exp(—K;s;)
+ Z (15 + e1,0)r°t] +1) Kigexp(—Kigs]) + | T, | K1g exp(—K{qr’t)

VISVE
3D sw P(T70 () = (i + sl
: n>1
JjeJ, zel’k(]) =
< Ln’ TL7:2n—1 §T2t>

+3.:(2r°1) <C:§,17:) exp (— C5ILY) + C5 exp (- QCéi)TQt))

22 (C8) exp (= CEIL5) + O exp (= C80r%1) )} (8.118)

By the assumption that (II.1) holds with ¢’ in place of i, for all i’ < i, the definition
of s}, and the fact that s; > L, for all | € Z, it follows that for r > r*, ¢ > 0
satisfying 7%t > M,

P(T:;:EZ)(S:)>( ()+61) :78 <5LTL7 L27’l 1§Tt>

< p4,i(r2t)(q§}i exp (— CELE) + CF exp (- Ci}r%)), (8.119)

where py; is a polynomial (of degree at most i 4+ 1) with positive coefficients, and
C’i?) > 0, for m = 1,2,3,4. The polynomial and the constants do not depend on
t or r. This completes the proof that (II.1) holds for 7.

Proof of (11.2). Fix a transition class ¢ > i¢. Foreachr > 1, n>1,s>0, j € 7,
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on {7y, < oo} define

A(s) = AT +s) = AL(T a0 0),

S (s) = Sj(T7(*an1) +8) = SHTF (70 1)),

W) = sup{m 2 01 & (A (g +m)) = & (A (% 5,0)) < s}
Wri(s) = sup{m = 0:n0f(S}(T] () 5,1)) +m+1)

=1 (S} (T} (*rl201)) +1) < s},

and for concreteness on {7, | = oo}, we define AT, dGTI AATT dGTI 4 he

L,2n— L) 1,3 L, ) L,

identically zero. Then, for each s > 0,
AT (s) 2 AT (s), ST (s) > ST (s) — 1. (8.120)
We have for r > r*, t > 0 satisfying r?t > M",

P < 17 )( s,) < (95:(1‘) — €) ) dTZ:Qn—l < 7“2t>

t,a(i Lo
< (dsfg(z (T () < defi ((952(1') —€)%]), a1 < 7”2t>
< P (Arn(d T) Srn (d rn Zd TN dTTn dr))
JjeJ,
dArn d r Z dSrn dTrn d 'r)) . dSZ?:(z‘)((xZ(i) _ Ei)dS:),
jed;
dTLTQn—l S TQt)

< (QT( Toon—1 T ) — Qi Toon-1) 2 (Na(z)ez/32)d 5.5 dTLr2n—1 < TQt)

+P dArn dr Zd mn dTTn r))
Jjed;

987 (i) — &) 50) < (tiy€i/32) '), iy < 7%, (8121)
where the last inequality in (8.121) follows by (2.10), as in (8.104).
For each r > 1 and n > 1, let
A= {2 O - (e/32)
5:2( )(( a(i) — €i) dsf) < (Mg + €24) (T — €) A 41
WCrt (@ +er) %)) < () +esy) (@ + )% +1, j € T;
TIATY < (2% 4 €)%, Gy < 1Pt) (8.122)

L)
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where €,; and €3 ; are defined in (8.33) and (8.34), respectively.
Then, for the last term in (8.121), we have
P (A7) = Y T (T ()
jed,
Py (@i =€) S7) < (ia/32) 50, s < 7%)
< dArn dr strn dTrn 'r’))
JjeJ,
dS::@ (( Lao(i) — ei)dsf) < (NZ 0) €z‘/32)d . drfzn: 4 :271 1 S 7"2t>
+P (dA::;rl(de) < ()‘: (:ua(z 61/32)) ‘ :7 dTLT2n—1 S r t)
+P (dSﬁ@ (o) — €) %)) > (i + €20) (@hy — €) %7+ 1, 75, ) < 7‘2t)

+ Z P dSTn x +€1,Z‘)d L) (1 + €35)(x; +61Z) s+ 1, TL% 1 < TQt)
JjeJ,;

+ Y P (UTIS) = (2 4 €)%, gy < 17L) (8.123)
JjeJ,

_d

On A" we have for r > r*, t > 0 satisfying r*t > M,

ATEST) — 157 (g — ) S0) = 3 4507 (T ()
JeJ,
> )\rdsr_’ua(z)zdr_( + )(x* _ -)dST
= i 2 39 :ua() €2,i a(?) €i L
—Z t e )] +en) s — 2
JE€J,
SECEEATAED SETIL L L S EE
JjeJ,
— Z JUEY, ds” €2,i(Tp(i) — €)% — Z €3,5(; + €14) A"
jed; jed,
o€ Ma@)€i Ha@€i Mo €i a(i)€i a(i)€i
> [ _Hab  Fa) e — e De _ M Ha@ ) dr
32 32 16 16 16
Ha@)€i 4
> " 8.124
39 o (8.124)

where in the second to the last inequality we have used (8.28), (8.30), (8.109),
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(8.33), and (8.34), and in the last inequality we have used the fact that pa) < 245,
by (8.27). Hence, the first probability in the right side of (8.123) is zero.

For the second term in the right side of (8.123), letting u;}" = uf (A} (), ;) +
1), we have as in (8.74), using Lemmas 7.5.2-7.6.1 and (7.26), for r > r*, t > 0
satisfying rt > M",

P (dAr@(dST) < (A} = (Mo €1/32))’%] dTZqznfl < 7"2t)

L)

S P(dATTL(d T) ()‘T_el/z)d :7 dLTQn 1 S r t)
< Koy exp(—Kjy%s))

+E <1{dTT entxn P < > 4€)ird8:’ o1 ST frdTJ,L)>
< Kogexp(—Kh%!) + (LN + €)r?t] + 1) Koy exp(—Kj, %))

+ Koy exp(—Kbyr?t), (8.125)

where Ky = 1, Kby = (N — &)AT" (AL + &/4N)) > 0, Koy = exp(Af(lp)) > 0,
Ky = 1g&;/4N > 0, 0 < ly € Op, Koo = exp(A{"((Ni(1 + €/3X\))71)) > 0, and
Kby = NAT*(Ni(1 + €;/30;))™) > 0, which are all independent of ¢, n, and r.

For the third and fourth terms in the right side of (8.123), we have in a similar
manner to (8.112), using Lemmas 7.5.2-7.6.1 (since (27, — €) 4T > 2/ey;, and
(7 +€1,0) %] > 2/eg;, for all j € J,, by (8.9), (8.12), and (8.35)) for r > r*, ¢t > 0
satisfying %t > M,

<dS’"" (o) ) (K + €20) (Tau) — €)% +1, %" o1 < r2t>

(dSrn oy —1—6“)5{91") (1 +e35)(x; ) %+ 1, 7'2n 1§rt>
JEJ,

= P(dS”v”, (@) — &) )) > (o) + e20) (o) — €) S, Tapq < 7’2t)

+ Z P(dSM (x5 + €14) %)) > (1 + €35) (2] + €14) ], Ty < 7“215)
i€J;

< Kygexp(—K)%"), where (8.126)

Kos = | T3 max{exp(A;7 ((Hag) (L + €2,/3ptag) ™1)); exp(AT ((15(1 +€35/3p5) 7)) -
j€ J} >0, Kig = min{pae)(@h, — €)A)G ((tay (1 + €0,i/3ptaqy) ™5 (x5 +
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1) N (g (1 + €35/3p)~") = j € J,} > 0, which are independent of ¢, n, and 7.
For the last probability in (8.123), we have for r > r*, ¢ > 0 satisfying r*t > M",
j €T, k=k(j), asin (8.90),

L)

< Yp (dT;“;;Z W) < (e — €)%, drgjgn,lgr%). (8.127)

'€l

<d1—1r n<d 7“) (Ilf + 6 z) dsr dT:Qn—l S ’I“Qt)

Finally, for the first term in the last expression of (8.121) we have that for
r > r* t > 0 satisfying r?t > M",

P(Qi(dTLTQn 1+ 8 ) QT( Z"2n 1) (Maz€2/32)d:7 dLTQn 1 STQt)
< P swp Qi) = (iyes/32)%)

0<s<2r2t

< P sw  Ri(s) =L -7

‘ri’:0§3§2r2t
< pi(2r®) <Cl(,1i) exp(—C’S)LS) + C'ﬁ) exp(— 20@7”275)), (8.128)

where p;; is a polynomial (of degree at most ¢ + 1) with non-negative coefficients,
and Cs?) > 0, for m = 1,2, 3,4, since (I.1) was already proved to hold for i (with
2t in place of t). The polynomial and the constants do not depend on t or r. The
first inequality above uses the fact that M” > 9" and the second inequality holds

since for r > r*,

Citat) s
32
€iflgs) Ly (7, +2)

32 ZJ‘GL('“; +e)(xf +e)

B Ez‘,ug(i) . ZjeiL (Mj + EL)('/L‘; + €L) ‘ Ha(i) (LT B (|j | I 2)
B2ty Dy W5+ e)(@] +e) Dy (el +ea) " T
€ilba(i) (L:
> dqg+2)
256 Zjej (NJ +e )(x + EL) ?
> 2L, (8.129)
by (8.27), (8.30), (7.4), (8.29), and since ¢; < min { 10242%?(“'# 7 1} (cf. (8.97)).
Ji€d; 7 ¢

(We have used the fact that x7 +¢€, < 2, since 27 < 1 and ¢, < 2} by (7.5).)
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Combining all of the above from (8.121) onwards, we have for r > 7*, ¢t > 0
satisfying 7%t > M,
supP(dTZ;IEi) (%)) < (w5 — &) %)y Tlopy < r2t)
n>1
< pri(2r?t) (C’ﬁ-) exp (— Cﬁ)Lr) + C’ﬁ) exp (— 20@7"%))
+E exp(—Kogs]) + (L(A] + €)r?t] + 1) Koy exp(—K3, %))
+ K g9 exp(— Kbyr?t) + Kos exp(—Kb,%")

)
+ Z Z SupP<dIVL’raniz T = ( Z(i’) - ei’)dsrv

JeT V€L

G < r2t>. (8.130)

By the induction assumption that (I1.2) holds with " in place of i for all i’ < 7, the
definition of %", and the fact that %! > Lp for all [ € Z, it follows that for r > r*,
t > 0 satisfying r% > M",

sup P (def(i) (%7) < (o) — €)%y Moy < 7“275)

n>1 ’ ’

< p5,i(7"2t) <C’5(71i) exp ( — Cé?}Lg) + C’éi) exp ( - Céf?r%)), (8.131)

where ps; is a polynomial (of degree at most ¢ + 1) with non-negative coefficients,
and C’é?) > 0, for m = 1,2,3,4. The polynomial and the constants do not depend
on r or t. Thus, (I1.2) holds for i.
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Proof of (11.3). For r > r* and ¢ > 1 fixed,

P Ty (t) < (5 — Ei)tf)

P (Soo) (T (1)) < Sao (220 — €0)t)))

S (Ar tr Z S?" Tr ) Sg o (Tr ( 7"))
JeJ,

> A() - S STy St (@ *()—ei)tf)>

JEJ,
P (Q1(8) = (uiges/32)1)
P (A1) = Y S5 (T7(E) = Sy (i) — €)1

< (e /32)tf). (8.132)

IN

IN

Let,

T = {AIE) = (N (ige/32)8
Sa(i ((552(1') —e)t]) < (Mg + €2.0) (Tau) — €t
S]r( iIZ’ + € 1 ) (/JJ; -+ ‘Eg’j)(lﬁf -+ 6171')15:, j € li;
T;(t7) < (v +ea)t;, j € T, } (8.133)

J

Now, for the last term in (8.132), we have

(Ar (t) = 3 SHTI(E)) — Sy (s — €t < (uz(i)ei/32)tf)

Jje€J,;
< P(4t) J; ST,

~S3 (<x;:<i> —)t]) < (i /32T,

TP (A1) < (N = (e es/32)E,),

( () —e)ty) > (Mg(i)+62,i)<$:(i)_ei)t:)

ZP(S ((x Fe)t) > (M§+63,j>(x;+q,i)t;)

ied,

+ P(T;(t:) > (:c;f+el,i)tf). (8.134)

<.
M
1<

.
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For the first term in the right side of (8.134) we have that on Y7,

L’L’

for r > r*,

(4T r r % r ’LLZ(’L)EZ r
Ai(t)) JGZJS Saz)(( a(i) — ey > 29 tr,  (8.135)

in a similar manner to that in (8.124). Hence the first probability in the right side
of (8.134) is zero.
For the second term in the right side of (8.134) we have, using (8.31), for r > r*,

P (A1) < (N = (agoei/32)1; )
P (A1) < (N —&/2)t))
< K24 eXp(—Ké4tf) + KQ5 exp(—Kég)tf), (8136)

IN

by Lemma 7.6.1 and (7.26), where Koy = 1, K, = (A\;—&)AT (N 1 (14+¢;/40)) > 0,
Koy = exp(Af(lo)) > 0, Ké5 = l062/4)\l > 0, for 0 < l[) S Oo.

For the third and fourth terms in the right side of (8.134) we have, using Lemma
7.6.1 (since (), — €)t] > 2/€x; and (z] + €13)t] > 2/e, for all j € T, by (8.9),
(8.12), and (8.35)), for r > r*,

P(Si ((@h — ea)th) > (i + 2wl — €)1
+ 3 P(Si () + e)t) > () + ) (& + )t

SV
< Kygexp(—Kigt!), where (8.137)

K = | 73| max{exp (A7 (ko) (1+€2,/3paci))) ~H))s exp(AT" (1 (1+€5,5/3p15)) 7)) -
je T} >0, Ky = mm{uau (w5 — €A (Hay (1 + €2,4/3ptagiy)) )5 py (25 +
e ) AT (i (14 €3,/3p)) 7)) = € T} > 0.

For the fifth term in the right side of (8.134) we have for j € J,, k = k(j), in

a similar manner to that in (8.92), for r > r*,

P(T7(t]) > (] + er)t]) < Y P(Thp(t]) < (xhay — €n)t]). (8.138)

el
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For the first term in the last expression of (8.132) we have that for r > r*

t > 0 satisfying r?t > M",

P (Qi(t]) > (un€i/32)t;)
< P( sw R(9)>1-|7))

r{ogsgr%

< pri(rt) <C’£1i) exp ( — C@Lg) + C’fi) exp ( — C’f?r%)), (8.139)

where p;; is a polynomial (of degree at most ¢ + 1) with non-negative coefficients,
and Cf?) > 0, form = 1,2,3,4, since (I.1) was proved to hold for i. The polynomial
and the constants do not depend on t or r. For the first inequality in (8.139), we
have used the fact that

P €i M) €i 8L
—tL . "
32 32 )‘L_Zjeg T
S Hai) . Ha(i)€i L
T tal) AN = Xeg T €
S Ha(s) Ly
- 8\ — Zjegb m;f,uj) €
> oI, (8.140)
by (7.4), (8.27), and the fact that ¢; < min { 508 _ga(’; =) 1} (cf. (8.97)).
¢ JjeEJ, "itI

Combining all of the above (from (8.132) onwards), we have for all r > r*

t > 0 satisfying r?t > M",
P<T¢:(i) (t)) < (vo) — Gi)t:>
< pri(r’t) <01(71i) exp ( — Cf}Lg) + Cf? exp ( — C’ﬁ-)ﬁt))
+Koq exp(—Kyty) + Koz exp(—Kost]) + Kog exp(—Kogt;)

+3 Y P(Tg’(i,)(tf) < (@i — ei/)tf) (8.141)

J€T; V€Lu(j)

By the assumption that (I1.3) holds with ' in place of i, for all i’ < i, and the
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definition of ¢7, it follows that for r > r* ¢ > 0 satisfying r?t > M",

P ( (:(i)(t:) < (ff;(z’) - Ez‘)t:)
< pei(r’t) <C’é71i) exp ( — Céi)LS) + C’éi-) exp ( — Cﬁ(i)r%)), (8.142)

where pg; is a polynomial (of degree at most ¢ + 1) with non-negative coefficients,
and C’éf;) > 0 for m =1,2,3,4, since (I.1) was already proved to hold for i. Thus,
(I1.3) holds for i. O

8.8 Proofs of Theorems 7.3.1, 8.1.1, and 8.3.5

We will now establish the state space collapse result described in Section 7.3.
Proof of Theorem 8.3.5. Fix i € Z\{i*} and assume that (I) and (II) hold for
all i < i. Then, by Lemmas 8.3.2-8.3.3, (i)—(iv) in Lemma 8.3.1 hold for r > r*,
t > 0 satisfying 7*t > M", for i and each j € 7., and hence (I) holds for i by
Lemma 8.3.1. By Lemma 8.3.4, we have that (II) also holds for i. The conclusion
of the first statement in Theorem 8.3.5 then follows by the induction principle.

For (III), suppose that i* is a transition class, and let k € ... By the above,
for r > r*, t > 0 satisfying r*t > M", we have that (IT) holds with * in place of ,
i' € Z, in place of i.

For r > r*, by the same proof as for Lemma 8.3.2, (ii) of Lemma 8.3.1 holds
with i* in place of i (cf. (8.90)), and then by the same proof as for Lemma 8.3.1
(cf. the second half of (I.1), (8.59)—(8.77), for the (down) excursions of RL.), with

7* in place of i there, we have that for r > r*

< pr(rt) (C’SZ-)* exp ( — C’fi)* LS) + C’{i)* exp ( — C’l(i)*r%)), (8.143)

P( inf  RIL(s) < —L.+1|J,

7
r 2
Ti*yogs<r t

where p; ;+ is a polynomial (of degree at most I+ 1) with non-negative coefficients,

and C’g;i) >0, m =1,2,3,4 are independent of r and ¢. Thus (III.1) holds.
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To establish (II1.2), we note that by the same proof as for Lemma 8.3.2, for
r > r*, (ii7) of Lemma 8.3.1 holds with ¢* in place of i (i.e., for j € J.), since
(I1.3) holds with ¢* in place of ¢ and ¢’ € Z, (where k = k(j)) in place of i (cf.
(8.92)), for r > r*. Then, by the same proof as for (I.2) in Lemma 8.3.1 (with ¢*

in place of i there, cf. (8.78)—(8.86)), we have,

P (Ik( Ty 0) > t:*)
< pog(r?t) (cé}il exp (— CLLLE) + O exp (- cgj?*r?t)), (8.144)

where po+« is a polynomial (of degree at most I) with non-negative coefficients,
and CQ(ZZ) >0, m=1,2,3,4 are independent of r and t.

Finally, for (II1.3) we argue as in the proof of (I.3) in Lemma 8.3.1 (cf. (8.87)),
that I}, k € K;-,
for r > r*, t > 0 satisfying r?t > M",

can increase only at times s > 0 such that QL (s) < |J .|,

P (I} (r*t) — I (7 9) >0, 7.y < r2t)
< P( inf  QlL(s)

2 - —i*>
T*0<S< t

< pr(r’t) (Cﬁ) exp (— oy Z*LT) Cﬁ)* exp (— C’fi)*r%)), (8.145)

by (8.143). O

Proof of Theorem 8.1.1. Note that (I) and (II) hold for all i € Z\{i*} by
Theorem 8.3.5. Fix i € Z\{i*}, k € K,, and ¢ > 0. For ¢t = 0, (8.1) and (8.3)
hold trivially since Rj(0) = 0 if 77, = 0. So we assume that ¢ > 0 is fixed. Since
M" = O(logr), there exists an r; > r* such that for all » > r;, 7>t > M". Then
for r > ry,

P( swp |R(s)| = LI —|Z,])

T£O§s§r2t
< pri(rt) (C’SB exp (— Cf}Lg) + C’f?’z) exp (— Cf?r%)), (8.146)
by (I.1), where p; ; is a polynomial of degree at most i + 1 and Cf?), m=1,2,3,4

are positive constants. The polynomial and the constants are independent of ¢ and

Tr.
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Since t] = o(r), there is an v’ > 7, such that ¢{ < re for all » > 7. Then, by
(L.2), for r >+

([ (TZTO> )
(Il:( 10) > tr)
< p27,~(r2t) <C’§712-) exp ( — Céi)LS) + C’éi-) exp ( — Céi-)r?t)), (8.147)

IN

where p,; is a polynomial of degree at most ¢ and C2 i m=1,2,3,4, are positive
constants. The polynomial and constants do not depend on ¢ or 7.

Finally, we have by (1.3) that for r > ry,

P ([,:(7’215) — ]]:(T;:O) >0, 779 < r2t)
< p37,~(r2t) <C’§}2 exp ( - Céi)LS) + C’éi-) exp ( - Céf?r%)), (8.148)

where ps3; is a polynomial of degree at most 7 + 1 and C?Ef?), m = 1,2,3,4 are
positive constants. The polynomial and constants do not depend on ¢ or r.

Since L = [clogr] (and hence for d > 0, exp(—dLj) < r=°?), it follows from
(8.146)—(8.148) that there is a constant ¢y > 0 (not depending on ¢ or r) such that
if ¢ > ¢p, the expressions in (8.146)—(8.148) tend to zero as r — oo (for each fixed
t>0).

For (8.4)—(8.6), suppose that ¢* is a transition class. Let k € C;., and ¢ > 0.
For t = 0, (8.4) and (8.6) hold trivially since 77. ; > 0 for a transition class, so we
fix t > 0. Then, as above, for r > r;, we have that r?t > M". We then have, for
2Ty,

P( inf  QlL(s)

2 — —i*>
T o Ss<r2t

— P( inf  R.(s) < —L.

T*0<s<r2t t — >

< pue (20 (O exp (= CELLY) + O exp (= Cr)), (3.149)

by (IIL.1), where p; ;+ is a polynomial (of degree at most I + 1) with non-negative
coefficients, and Cgﬁ) >0, m=1,2,3,4 are independent of r and t.
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Since t!. = o(r), there exist r” > r;, such that tI. < re, for all » > r”. Then by
(II1.2), we have for r > 7",
P (I;(1] o) = 7e)
P (I(7f.0) > t7.)
P (r’t) (Célz) exp (— C’éi)* Ly) + C’Q(i)* exp (— C’Q(i.)*r?t)), (8.150)

)
)

IN

.
Ti* 0

A

where ps;+« is a polynomial (of degree at most I) with non-negative coefficients,
and 02(?*) >0, m=1,2,3,4 are independent of r and t.
Finally, we have by (IIL.3) that for r > ry,

P (I} (r*t) — IZ(TZ*’O) >0, .o < r2t)
< e (r?t) (C?E}}* exp (— CYLLY) + O exp (= O er)>, (8.151)

i* i*

where ps ;- is a polynomial of degree at most I + 1 and C’ézl), m = 1,2,3,4 are
positive constants. The polynomial and the constants are independent of ¢ and r.

Since L, = [clogr], it follows that there is a constant ¢; > ¢y (not depending
on t or r), such that if ¢ > ¢, then the expressions in (8.149)—(8.151) tend to zero
as r — oo (for each fixed ¢t > 0). O

We now show that state space collapse occurs for our parallel server system
operating under the threshold policy, {T"*}.
Proof of Theorem 7.3.1. It suffices to show that as r — oo, (Q7 : i € Z\{i*}; IT
ke K, i € Z) = 0. Note for this that £ € IC\{k*} is either in [, for some
i€ I\{i*} or in K. if i* is a transition class.

Fix t > 0. By Theorem 8.1.1 and the properties of {L!};c7, for each ¢ > 0,
there is an r” = r”(e,t) > 1 such that whenever r > " for all i € Z\{i*}, k € K,
2L7/r < e, and

P( sup  |RI(s)| > LT — |L|) < (8.152)
r;0§s§r2t
P(J,;‘(ngo) > rg) <« (8.153)

P(J,g(r%) — I () > 0, 7Ty < 7“215) <, (8.154)
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and if ¢* is a transition buffer, for all k£ € IC,.,
P(J;;(r?t) —I(75 ) > 0, Th < r2t> <e. (8.155)
Recalling the definition of || - ||; from Section 1.1, we then have for all r > r”,

P<||Qﬂ|t > ¢ for some i € Z\{i*}, or || I|; > & for some k € K\{k*})

- P(||Q§||T2t > re for some i € Z\{i*}, or |I][l,2; > re for some k € IC\{k*})

< P( sup Qi (s) > 2L; for some i € Z\{i*}, or
r{ogsgr%
I;(7{y) = re for some k € K; and i € Z, or
1o < r’t and I;(r?t) — I (7]y) > 0 for some k € K; and i € I)
< Y p( sw IR -17))
i€Z\{i*} [OSSST%
+ZZ{ 'o) = re) + P(I(r*t) — I (7]4) > 0, 7'0<rt)}
i€Z kek,
< (I4+2K —3)e. (8.156)

|
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Weak Convergence under the

Threshold Policy

This chapter is devoted to the proof of Theorem 6.2.1. Throughout this chapter
we assume that the allocation processes T"* and thresholds for our threshold policy
as described in Chapters 6 and 7 are used in the r*" parallel server system. We
append a superscript * to the queue length and idle time processes (Q™*, ")
to indicate that the threshold policy is employed. Recall that T;’* = 0 for the
non-basic activities j = B+ 1,...,J, and for all r > 1.

In addition to the scaled processes defined in Chapter 3, we define the following

fluid scaled processes. For each t > 0, let

AT(t) = r2A(r?t), (9.1)
S(t) = r28"(r’t), (9.2)
["(t) = r2I"(r?t), (9.3)
Q (t) = r2Q"(r?t). (9.4)

104
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9.1 Fluid Limits for Allocation Processes
Recall the definitions from Section 2.2 of the functions,
i J—=I, k:J-—=K, (9.5)

where for j € J, i(j) is the buffer processed by activity j and k(j) is the server

which processes activity j. Also, recall from Assumption 3.1.1 that
A=A\, oy — o,  asr — oo. (9.6)

Recall from Chapters 6 and 7 that a(i) is the activity above buffer ¢ in the server-
buffer tree, and k* is the server at the root of the server-buffer tree in layer | = [*.

For the top layer [ = [* and i € ', define

r
Zk*

22* = Z*, y: = —, (97)
a(i)
and for layer [ = [* —1,...,1, define by backwards induction on [,
Zi = Yiwk) M), for each k € Kt
2L 0
Yy, = M, for each i € T, (9.8)

Fai)

where b(k) is the activity immediately above server k which links it to a buffer in
the next highest layer (see Figure 9.1). Here z;. is the variable, determined from
one component of the unique solution (y*, z*) of the dual problem (5.2) defined
in Chapter 5. Then, since each basic activity either links a buffer in some layer
[ 4+ 1 to a server below it in layer [, or links a server in some layer [ to a buffer

immediately below it in layer [, we have for each basic activity j,
?/f(j),u; = ZI:(]')7 j=1...,B, (9.9)
i.e., for any basic activity 7,

, (9.10)
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Figure 9.1: Activity b(k) above a server k that is in layer [

where y" = (y! 1 i€71), 2" = (2} : ke K),
R" = Cdlag(,ur), Cij = 044(5)> Akj = 6k,k(j)7 for allj € j, (911)

and 0, = 1 if z = y and 6, , = 0 otherwise. The dimensions of C and A are I xJ
and K x J, respectively (cf. (2.1), (2.2), and below (3.2.5)).

Lemmas 9.1.1, 9.1.2, and 9.1.4, which are proved below, will be used in Chapter
10 for the proof of asymptotic optimality (Theorem 6.2.2) as well as in the proof
of Lemma 9.1.5, which shows that the fluid scaled allocation processes, {T7*},
associated with the threshold policy, converge in distribution (as r goes to infinity)

to the nominal allocation processes T* defined in (4.1).

Lemma 9.1.1 We have that (y",2") — (y*,2%) as r — oo, where (y*, z*) is the

optimal solution to the dual linear program specified in (5.2).

Proof. We prove that 2] — z}, yr — y;, as r — oo, for all k € K!, i € Z', for
l=1,2,...,0% by backward induction on [. The result of the lemma then follows,
since each server belongs to some layer and similarly for each buffer. From (5.5)
and (9.9), we have that Yig i = 2y and i py = 24, for all basic activities
j=12...,B.

Note that layer [* has one server k* and the buffers in that layer are indexed

by Z,.. We have that (by definition) z}. = z+. Then for i € Z,., we have by (9.6)
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and (9.7), that

** ** Z* a(i
Pa@y — Ha@)  Ha()

Now, for the induction step, suppose that (y!, z;) — (yf, 2) as r — oo, for all
i €I ke K somel>2 ForkecKIY iecZ, wehave by (9.6), (9.9), and
(5.5) that as r — oo,

T

2 = Yiwe) P — Yibe) Hok) = Zr(b(k)) = ks (9.13)
since i(b(k)) € Z!, and

20 0 250 0
gy = a0 _, o) _ ey (9.14)
Fea(i) Ha(s)

since k(a(i)) = k. This completes the induction step and the conclusion of the

lemma then follows. O
We have by (3.17), (3.19), (3.20), Assumption 3.2.2, and (9.11) that

Q(t) = rYAT(t) — rICST(TT (1) + (N — R7z*)t + R (2t — T7(£))(9.15)
I"t) = 1t—AT"(t), (9.16)

where 1 is the K-dimensional vector of all ones. Recall from Assumption 3.2.5

that

r(A"—R'z") =0 asr— oo, (9.17)
where § € R™.
Lemma 9.1.2 For (y",z") as defined in (9.7)-(9.8), we have that

(v )R (z*t = T"*(t)) = (") I™*(t), for allt > 0.
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Proof. Since 27 = 0 and Tf’* = 0 for all non-basic activities j, we have from

Assumption 3.2.2, (9.10) and (9.16) that for all ¢ > 0,

(V)R (2t =T (1)) = (") (Az*t — AT™*(t))
= (") (1t — AT™*(¢))
= ()T (). (9.18)

a

Definition 9.1.3 A sequence of processes with paths in D™ for some m > 1 is
called C-tight if it is tight in D™ and any weak limit point of the sequence (obtained

as a weak limit along a subsequence) has continuous paths almost surely.

For Lemma 9.1.4 below, note that the result holds for any sequence of schedul-

ing policies, not just for the threshold policy.

Lemma 9.1.4 Let {T"} be any sequence of scheduling control policies (one for

each member of the sequence of parallel server systems). Then

{@ ). & ().5().T (). I'()) } is Cetight
Proof. It follows from (3.23) that
(A7(-),57()) = (A()p(-))  as T — oo, (9.19)

where A\(t) = At and pu(t) = ut for all ¢ > 0. In addition, since they correspond to
cumulative allocations of time, each of the components of 7" is uniformly Lipschitz
continuous with a Lipschitz constant less than or equal to one and this property
is preserved by the fluid scaled processes T7. It follows immediately from this and
(9.19) that {(A"(-),S"(-),T"(:))} is C-tight, cf. Theorem 15.5 in [3]. From the
equations (2.16)—(2.17) for queue length and idletime we have that for each t > 0,

Q'(t) = A'(t) - CS(T"(1)), (9.20)

I'(t) = 1t—AT"(t). (9.21)
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Combining these with the C-tightness established above and a random time change
theorem (cf. [3], p. 145), we obtain the desired result. O
Lemma 9.1.5 below is needed in the proof of Theorem 6.2.1 in combining the

functional central limit theorem, (3.23), with a random time change theorem.
Lemma 9.1.5 For the fluid scaled allocation processes, T;’*, J € J, we have,

T =T asr— oo, (9.22)
where T*(t) = x*t, for all t > 0.

Proof. We note first that since Tf’* =0 and T]* =0forj=B+1,...,J, for all
r > 1, we have that (trivially)

() =T:() asr—oo, forj=B+1,...,J. (9.23)

Now from (3.23) and the fact that Tjr’*(t) <t jeJ, forallt > 0, we have
that

(r’lflf(), r’lé’;(T;*()) ci€Z,jeJ) =0, asr— oo, (9.24)

where 0 is the identically zero function in D+J.

Using (9.15) and Lemma 9.1.2 we have that for each ¢ > 0,
Y QU =y XTH(t) + 27 (1), (9.25)
where
X (t) = r A7) = CST(T (1) + (A — R7a)t, (9.26)
and by (9.24), (9.6) and (9.17),
X" ()= 0asr — oco. (9.27)
Thus, for ¢t > 0,

YR Q1) = ¢ () + 2 L (), (9.28)
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where, by (9.25), (9.27), Lemma 9.1.1, and Theorem 7.3.1 we have

=y XU - YL OO+ Y AL =0 (9.29)
i€T\{i*} kek\{k*}

as r — oo, where 0 is the one-dimensional zero process. Here y" > 0, 2" > 0, Q2" >
0, ¢"*(0) = 0, I;"(0) = 0, I;:*() is continuous and non-decreasing. Furthermore,
from the definition of the threshold policy in Chapter 6, for r sufficiently large,
we note that, in the r*® system operating under the threshold policy, the idletime
at server k* can increase only if the queue length at buffer i* is at or below its
associated threshold level. Hence I;." can only increase if Q}:" is at or below the

level LI /r?. (Since L. — oo as r — oo, we have that L. > |J .

for sufficiently
large r. If this condition were violated, then the idletime at server k* might increase
if there were between Lj. and |J .| jobs either in service or in suspension at the
servers in [C,..) Note that the above even applies to the case when i* is a non-
transition class since in this case server k* is busy whenever buffer i* is nonempty,
and in particular whenever Q. > LI. > 0.
It then follows from an oscillation inequality for solutions of a perturbed Sko-
rokhod problem (cf. the proof of Theorem 5.1 in [37]) that
Zn (1) < — inf (C7(s)) +ynLir 2 (9.30)

- 0<s<t

Hence, it follows by (9.29), the continuous mapping theorem, Lemma 9.1.1, and

the fact that zp« > 0, that
IV = 0asr— oo (9.31)

By (9.28) and (9.29), we then have that

QL = 0asr — oo, (9.32)

since y > 0. To obtain the conclusion of the lemma, we appeal to Lemma 9.1.4

and assume that (Q(-), A(:), S(:), T(-), I(-)) is obtained as a weak limit point of
(@), (), 5(), To(), T*(-))} along a subsequence. Since (Q(), 7()) = 0



(by Theorem 7.3.1, (9.31), and (9.32)), and (A(-),S(-)) = (A(-), u(+)) (by (9.19))
we have by passing to the limit in (9.20)-(9.21) that T satisfies

0 = M-—RT(), (9.33)

0 = 1t— AT(t), (9.34)
for all t > 0, where T inherits the properties (3.7) from T™*. Thus, the fluid system
is balanced and incurs no idleness (cf. Chapter 3) under T. Hence, by Definition
3.2.1, Assumption 3.2.2, and Lemma 3.2.3, we have that 7 = T*. It follows that
(Qr’*('% Ar(')? ST(’)’ Tﬁ*(.)’ jT7*()) = (0’)‘('>’N('>’T*(')70)7 as r — oo. The

conclusion of the lemma then follows. O

9.2 Proof of Theorem 6.2.1: Convergence of Dif-
fusion Scaled Performance Measures under

the Threshold Policy

We now prove that the diffusion scaled performance measures for our sequence
of parallel server systems operating under the allocation processes {7"*} converge
in distribution to the processes given in (5.13)—(5.14).

Proof of Theorem 6.2.1. For each ¢ > 0, we have by multiplying (9.25) through
by r that
W () =y - QU (t) =y - X" (t) + 2" - 1™ (t) (9.35)

where X"* is defined by (4.2) (with T" replaced by T"* there). By the functional
central limit theorem (3.23), Lemma 9.1.5, and a random time change theorem (cf.

[3] §17), we have that as r — oo,
(A7), 87(T™())) = (A(), S(T*(-))). (9.36)
It then follows from the definition of X™*, (9.6), and (9.17) that

X=X, asr— oo, (9.37)
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where

X(t) = A(t) — CS(T*(t)) +6t, t>0, (9.38)
is an I-dimensional Brownian motion with drift  and a diagonal covariance matrix
whose ' diagonal entry is \;a? + Z;Ll Cijp;b3}.

Rearranging (9.35), we have that for ¢t > 0,

~ ~

Y QN (1) = (7 () + 2 L1 (1), (9.39)

where

CHO =YX = Y g+ Y AL =y X(), (940)
ieT\{i*} kek\ {k*}

as r — 00, by (9.37), Lemma 9.1.1, and Theorem 7.3.1. Here y" > 0, 2" > 0, Q:* >

0, ¢"*(0) = 0, I;¥(0) = 0, I}7(-) is continuous and non-decreasing. Furthermore,

from the definition of the threshold policy in Chapter 6, for sufficiently large r, I o

, for sufficiently

can increase only if Q72" is at or below level L7, /r (since L. > |J .
large 7).

By Theorem 4.1 in [37], since L. /r — 0 as r — oo, we then have that
(Q:’l*7 ]AI:;*) = (Q;"W fl:*)a as T — 0, (941)

where Q% , I. are given by (5.13)-(5.14). Combining this with Theorem 7.3.1 and
Lemma 9.1.1 yields,

(Qm I, W) = (Q*, ", W), asr — oo, (9.42)

where W* is defined in (5.11)(5.12), and Q*, I* are defined by (5.13)-(5.14).
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Asymptotic Optimality of the
Threshold Policy

In this chapter we prove Theorem 6.2.2. We follow a similar development to
that in Section 9 of [2]. Before proceeding with the proof, we first establish some
preliminary results concerning fluid scaled processes under a sequence of scheduling
control policies, T'= {T"} (one for each member of the sequence of parallel server
systems). The associated queue length and idletime processes will be denoted by
Q", I", and the fluid and diffusion scaled versions of these processes will be denoted
by Q",I" and QT, I ", respectively. We also let

J(T) = liminf J"(T7), (10.1)

T—00

where J"(T") is defined by (3.15). When our sequence of threshold policies {T7*}
is used, we append a superscript * to the queue length, idletime etc. processes,

i.e., we use Q"*, I™*, etc.

113
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10.1 A Necessary Condition for Asymptotic Op-
timality

The next lemma implies that, when searching for an asymptotically optimal
policy, we may restrict to those policies whose associated fluid scaled allocation

processes converge (along a subsequence) to those given by T*.

Lemma 10.1.1 Let T = {T"} be a sequence of scheduling control policies such
that J(T) < oo. Consider a subsequence {T"} of {T"} along which the liminf in
the definition of J(T') is achieved, i.e.,

lim J"(T") = J(T). (10.2)

/

Then,

/ =/ —

(er(')7AT,<')>STI('>7TT (')>[T ()) = (Ov A()vu()vT*<)>0) as ' — o0, (103)

where TT(t) = T"(r*)/r?* and T*(t) = x*t, for allv > 1 and t > 0, 2* is given
by the heavy traffic Assumption 3.2.2, 0 denotes the constant process that stays at
the origin for all time, and A(t) = Mt, u(t) = ut for allt > 0.

Proof. It follows from Lemma 9.1.4 that
{ (QTI(')ﬂ Ar!(')? STI(')a Tr/(')? jr/<>) } (10'4)

is C-tight. Thus, it suffices to show that all weak limit points of this sequence are

given by the right member of (10.3). For this, suppose that

is obtained as a weak limit of (10.4) along a subsequence indexed by 7. Without
loss of generality, by appealing to the Skorokhod representation theorem (cf. [§],
Theorem 3.1.8), we may choose an equivalent distributional representation (for

which we use the same symbols) such that all of the random processes in (10.4)
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indexed by r” in place of ’, as well as the limit (10.5), are defined on the same
probability space and the convergence in distribution is replaced by almost sure

convergence uniformly on compact time intervals, so that a.s., as "’ — oo.

@]

(Qr/,<')>AT//(')a 5«7"”(‘),/1_"7“”(‘)’ ]_T"(_)) N (Q()j/_l()’ ()71_—'()7]_()) u.0.C. (106)

. We next show that a.s.,

From (9.19) we have that a.s., A(-) = A(-) and S(-) = u(-)
= J(T) < oo with (10.6) and

Q(-) = 0. Combining the fact that lim,_,, Jr (T 7””)
Fatou’s lemma, we have

]. ey /) 11 > =
0= lim —J"(T"") > E (/0 e liminf (h- Q™ (t)) dt) (10.7)

r''—oo T r’’—oo

= E(/Oooe“h-Q(t)dt).

Since h; > 0, for all i € Z, and a.s., Q has continuous paths in ]Rfr, it follows from
the above that a.s., Q(-) = 0. Then, by letting 7 = 7" — oo in (9.20)-(9.21) and
using (9.19), (10.6), and the definition of R, we have a.s., for each t > 0,

0 = M-—RT(t), (10.8)
I(t) = 1t— AT(t). (10.9)

Multiplying (10.8) by (y*)" while recalling that y*- A =1 = 2*-1 and (y*)'R =
(z*)A —[0" (u*)'], where u* > 0 (cf. Theorem 5.1.1 and Lemma 5.1.7), we obtain

0=2"-1(t)+[0" (u*)]T(¢). (10.10)

Since a.s., the components of I(-) and T'(-) inherit the property from I""(-), T"" (")
that they are all non-negative for all time, it follows from (10.10), and the fact
that z;; > 0 for all k € K, uf > 0 for all j = 1,2,...,J — B, that as., I(-) =0,
and Tj(-) = 0 for all j = B+ 1,...,J. We then observe that T is a fluid control
under which the fluid system in (3.5)-(3.6) is balanced and incurs no idleness (cf.
Chapter 3). Hence, by Definition 3.2.1, Assumption 3.2.2, and Lemma 3.2.3 we
have that T(-) = T*(-). O
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10.2 Proof of Asymptotic Optimality

We now prove that our threshold policy is asymptotically optimal.
Proof of Theorem 6.2.2. We first concentrate on proving the inequality on the
left side of (6.2). For this, let T'= {T"} be a sequence of scheduling control policies.
If J(T') = oo, then the inequality holds trivially and so we assume that J(7') < oc.
Recall the definitions of (y", 2") from (9.7)-(9.8). For each j = B+1,...,J, let
ui g = ((2")A = (y")'R");. Then by (9.10), we have that

(y)R" = (')A = [0 (u)], (10.11)

where for sufficiently large r, «” > 0 by Lemma 5.1.7, (9.6), and Lemma 9.1.1.
For each i € Z, let

hay!
hp =2 (10.12)
Yi

where h is defined in the paragraph following (3.15). Since ¢* is, by assumption,
the “cheapest” buffer (cf. Chapter 6), we have that

hi« _ h; ,
— < —, foralliel. (10.13)
Y= Y;

Then, using (10.11), (3.19)—(3.20) and (10.12)—(10.13), we have for all ¢ > 0,

I
WQU(t) = > hQi(t)
=1

I

hi* rAr

> — E y; Qi (1)
=1

Yix

— Ty
_ e (- X0+ V7). (10.14)

*

Yix

where X" is given in (4.2),

~ ~ A

Vi) = (YA~ [0 (7)) Y7(t) = 2" - I"(t) —u” - VE(E), t>0, (10.15)
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where Y is defined by (3.17) and Y7 is the (J — B)-dimensional process whose
components are }A/j’", j=B+1,...,J.

Now, since h" - QAT(t) >0 for all t > 0, y" - X" starts from zero, and V" is non-
decreasing (for sufficiently large ) and starts from zero, it follows from the well
known minimality of the solution of the Skorokhod problem (cf. e.g. Appendix B
in [2]) that for all r sufficiently large,

V' (t) > sup <—yr . XT(S)> for all t > 0, (10.16)
0<s<t
and hence
R B .
WeQ) 2 e (y’“ : X’") (t) forallt >0, (10.17)

where p(z)(t) = x(t) +supgc,,(—2(s)) for all £ > 0 and 2 € D satisfying 2(0) = 0.
Now, let {T"'} be a subsequence of {77} such that lim,_. J" (") = J(T).
By Lemma 10.1.1, the fact that the limit there is deterministic, and (3.23), we

have that as " — oo,

(A7 (), 87 (), T7()) = (A(), 5(). T*(")). (10.18)

By invoking the Skorokhod representation theorem, we may assume without loss
of generality that the convergence above is almost surely uniform on compact time
intervals (w.0.c.) and then for X" given by (4.2), using Assumption 3.2.5, we have

that a.s. as r’ — oo,
(A"(), 87 (), 77 (), X" () = (A(),8(), T*(), X()) woc,  (10.19)

where X (t) = A(t) — CS(T*(t)) + 0t, for t > 0, defines a Brownian motion as

described in Definition 4.1.1. Then by Fatou’s lemma, we have

J(T) = lim J'(T") > E ( / e liminf (h-Q" (1)) dt) . (10.20)

r'—oo r’'—o0

Now we claim that a.s., for each ¢t > 0,

liminf (h- Q" (t)) > h-Q*(t), (10.21)

r'—o0
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where Q* is given by (5.11)-(5.14). To see this, fix w € Q such that w is in the
set of probability one where the convergence in (10.19) holds u.o.c., and the limits
have continuous paths. Fix ¢ > 0. If the left member of the inequality (10.21)
is infinite at w, then the inequality clearly holds. On the other hand, if the left
member is finite at w, then there is a further subsequence indexed by r” (possibly
depending on w and t) such that

lim (h-Q" (t,w)) = liminf (h-Q" (t,w)) < cc. (10.22)

Since h; > 0 and Q7" (t,w) > 0, for all i € Z, it follows that Q" (¢,w) is bounded
as " — oo, for all i € Z, and then using the fact that hl — h;, for all i € T (cf.
Lemma 9.1.1), we have

lim (h—h"")- Q" (t,w) = 0. (10.23)

r’’—o0

Then, using (10.17), (10.19), the continuity of ¢ on D, the fact that o(y*- X)(-,w)

is continuous, and (5.12)—(5.13), we have

lim h-Q"(tw) = lim (h Q" (tw)+ (h—h") Qr”(t,w))
hl* 1 A
> Iimi o s
ipint o (0 X7) ()
hi* * h’b* T sk
= o © (y ~X> (t,w) = " W*(t,w) =h-Q"(t,w).

Thus, (10.21) holds. Now, substituting this in (10.20), we conclude that

J(T)>E (/OOO e h-Q (1) dt) = J". (10.24)

This completes the proof of the inequality in the left side of (6.2).

Suppose now that the threshold policy T"* is used in the r*® parallel server
system. For the purpose of establishing the finiteness of J* and the equality in the
right side of (6.2), by appealing to Theorem 6.2.1 and the Skorokhod representation

theorem, we may assume that a.s.,

Q"™ — Q" wo.c. asr — o0, (10.25)
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where Q* is given by (5.11)~(5.13). Then for
H*=h-Q" and H* =h-Q* (10.26)

we have

H™ — H* (m x P)-ae. on Ry x €, (10.27)

where dm = ve 'dt on (IRy,By) and B, denotes the Borel g-algebra on IR,.
Then, since (IR x , B, x F,m x P) is a probability space, to establish

J(T™)=E (/ e TP HT(t) dt) — J* < ooasr— oo, (10.28)
0
it suffices to show that
limsup E (/ e‘”t(ﬁr’*(t))th) < 0 (10.29)
r—00 0

which implies the required uniform integrability. From (9.35) we have

H* =h-Q™ < (Z b ) W (10.30)

iz Vi
where
W =y Q= y - X" VT (10.31)
and for each t > 0,
X" () = A'(t) — CST(T™*(t)) + r(\" — R'z")t, (10.32)
Vet = 2 I7(). (10.33)

For each r > 1 and t > 0, let
Gt — {Q:’*(s) < 2L’ forall s €012, ic I\L&}. (10.34)

By the definition of 7", on G™ we have that (for r large enough so that L] > |7 |

for all i € Z,.), I} can have a point of increase at s € [0, 1] only if

Wr(s) < ( S ooy Y y;fL;) /7’, (10.35)

[ISYAV 1€ x
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i.e., for which Q7 (s) is at or below the level L /r for all i € Z,. (this applies to both
the case when ¢ € Z,.. is a transition class as well as when 4 is a non-transition class,
since for a non-transition class 7, server k* is busy whenever buffer ¢ is nonempty,
in particular, whenever Q7 > L7 /r > 0).
Thus, on G™, it follows from an oscillation inequality for solutions of a per-
turbed Skorokhod problem (cf. the proof of Theorem 5.1 in [37]) that
G A < swp (—y X = S0 )

0<s<t kA
+< S ooini+ Yy y;L;> rl
zeI\lk* zEZk*
< sup [y X7(s)| 4 ) AL ()
0<s<t kA
+< > oL+ ) nyQ) rt, (10.36)
’LEI\Ik* zEZk*
where we have used the fact that I}, k € K\{k*}, is non-decreasing, to obtain
the last inequality.
Since I7(r?*t) < r?t for all k € K, we have for ¢ satisfying r?t < M",

B(( o)) < (%

r

r

2
) for all k € K. (10.37)

On the other hand, for r» > r*, for each t > 0 satisfying r*t > M,

E( (I (1)": 2\ 6™)

< r’p (Q \ Gr’t>
242 T,k r 2

< r Z P(Qi (s) > 2L; for some s € [0,r t])

(ISTAV AN
< r*? Z P< sup |Ri(s)| > L] — ‘J’D

i€T\L v Tzogsgﬂt
< Z p1i(r°t) <C£1i) exp(—Cﬁ)Lg)%—Cl(i-) exp(—Céj?r%))

(ISTAV AN
< tp(r’t) (C W exp(~CP L) + C® exp(—C (4)7"%)), (10.38)
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by Theorem 8.3.5, where the py, C’ﬂ?), m = 1,2,3,4, are as in (I.1), p(s) =
$ 2 ienz,. Pri(s), for all s >0, cW) = max{C&) ci € I\L}, C® = maX{C’l(i) :
i € I\I).}, C® = min{CY : i € T\Z}.}, W = min{C}}) : i € T\Z,.}. Hence
p is a polynomial (of degree at most I 4+ 1) with non-negative coefficients and
C™ >0, m=1,2,3,4; the polynomial and constants do not depend on ¢ or r.
By (9.17) and the fact that LI is of order logr for all i € Z, there is 1’ > r*,
such that for all » > ', y" - (A" — R"z*)r < y*-|0] + 1 and (Ziez\zk* 2yr LT +
Zielk* y{L?)ril < 1. Then we have for r > 7/, and t > 0 satisfying 7%t > M",

2
using the inequality <Z?:1 xz> <ny " a7 repeatedly, that

= E((f;:’f(t))2 ; G”) + E((f,:’**(t))z QN G"t>
S I B, (i)

k* i€T Oss<t

+3 3w PE( s (S5177(0)”) + (- 10l + 1))’

. <s<
jeg Oss<t

HE 1)) (2) E((i,’;*(t)f) + 1}

k£k*

IN

+tp(r2t) <Cv(1) exp(—CP L) + CG) exp(—C’(4)7"2t)>, (10.39)

where the first term to the right of the equality sign is controlled via (10.36), and
the second term is controlled via (10.38). Using the fact that exp(—C®Lp) <
r=¢?e (since L = [clogr]), and the fact that for any polynomial ¢ and d >
0, g(z)e~% is bounded for # € R, we have that there is a constant ¢, > ¢;
(independent of ¢ and r) and ” > 7’ such that for each fixed ¢ > ¢y and all r > 7",
the last term in (10.39) is bounded by a polynomial in ¢, independent of r.

Then, using (10.30)—(10.33), (10.37), (10.39), and the fact that M" = o(r), for
c sufficiently large (chosen independently of ¢ and r), we see that to prove (10.29)

it suffices to show that, as functions of ¢, the following are all in a bounded subset
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of L*(m) = L'Y(Ry, B, m) for r sufficiently large:

E(Os,;gt (A;’(s))Q), E(Osggzt (S;(TJT:*(S)))Q), E((f,?*(t))Q), (10.40)

foralli e Z, j € J, k € K\{k*}. The bounds for the first two expectations can be
obtained as in Section 9 in [2]. For the third bound, fix k£ € K\{k*}, and let i be
the transition buffer that is immediately above k. Let € > 0 and choose " > r”
such that for all i € Z and r > ", re > tI (cf. (8.8)). Fix r > 7. By (10.37), we
need only consider ¢ > 0 satisfying r?t > M". Since I, (r*t) < r%t,

B( (7 (1)°)
= /OOOP<(f£’*(t))2 > 3>ds

r2t2

_ / P(I1*(r%t) > /5 ) ds
0
242

/0 h [P(1 (L) > rv3)

+P( inf Rg(u)g—L;ﬁHLD}ds

ﬁbgugr%

IN

2t2

< € +/ P (1,7 (1]y) > re)ds

2

+22P( it | Ri(u) < —10+ 7))

ﬁbgugr%
< @+t {thP (17 (77) > #7)

cp( R < - +17))

T oSu<r?t
< €4t {T2tp27i(7“2t) (Cé}i) exp ( - C’;?LS)
+CQ(:? exp (— Céi-)er))
+7‘2tp1,i(r2t) (C&) exp ( — C@Lg)
+C’f’i) exp (— C’l(i-)er)) }, (10.41)

by (I.1)—(1.2) which hold for all ¢ # ¢* by Theorem 8.3.5, or by (III.1)—(II1.2) (if
k € KC,.) which also hold by Theorem 8.3.5. In the first inequality in (10.41), we
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have used that fact that [;”* (r?t) — I} (7],) = 0 if inf .y <ucp2e B (u) > =L +|T |-

Since exp(—C',gy)iLS) < Tﬁc’(j’)ic, m = 1,2, and the fact that for any polynomial
q and d > 0, q(x)e”% is bounded for € IR,, it follows that that there is a
constant ¢z > c¢o (independent of ¢ and r), r** > r” such that for each fixed
¢ > c3, and all r > r**, the right member above can be bounded by a polynomial
in ¢ (not depending on 7). Combining (10.37) with the above, we conclude that
{E((I;*(-))®)} is a bounded sequence of functions in L'(m), provided that ¢ is
fixed and sufficiently large. a



Appendix A

Appendix: Proof of
Multiparameter Stopping Time
Property

Proof of Lemma 7.5.2. We show the case of 7,7, only, the case of 4T,
being similar. Let ¢ € Z. For the proof, we fix n > 1 and r > r* (so that
Li=L; > |J,|+1, for all i € Z), and to simplify the notation, we suppress the
superscript r. We first define a sequence of stopping times {o,}7°, that specifies
the successive times at which an arrival occurs to, or a departure occurs from,
any class ¢ € Z. This allows us to give a discrete-event-type description of the
dynamics of our parallel server system. Let oy = 0, and o, (¢ > 1) be the time
of the /" change in the number of arrivals to, or the number of departures from,
any class ¢ € Z. It can be readily shown that o, < oo a.s. for each ¢, and that
oy — 00 as. as £ — oo. Since {F,, : (p,q) € NL x INL} contains all of the
P-null sets and the underlying probability space is complete, for the proof of the
stopping time property, we may ignore the exceptional P-null sets on which the
aforementioned properties do not hold. Thus, without loss of generality, for this
proof, we assume that for each w € €, o4(w) < oo for all ¢, and o/(w) — o0

as { — oo. For k € K, we define Z} = {i € Z, : iis a transition class} and

124
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3" = {i € Z, : i is a non-transition class}.

l
7

For each ¢, we define the following auxiliary variables below: C¢, Q¥, Sf ,ub v
i €Z, j € J,and for convenience, we let x* = (oy, C’, f,Sf,uf,vf 1e€Z,je ).
For £ = 0, define C° = 0, Q) = Q4(0) = 0, &) = 0, u) = uy(1), v) = v;(1), 7 € T,
j € J. Now, consider £ > 1. Let Q% = Q;(0y), i € Z. For each i € Z, to keep track
of whether there is a class 7 job in process or in suspension for activity j € J;,
we define the (indicator) random variables Sf, j € J;, as follows. For j € J;, let
Sf = 1 if there is a class ¢ job (in process or in suspension) at server k(j) at the
time oy, otherwise, let Sf = 0. Since J is the disjoint union of J; over ¢ € Z, this
defines Sf for all j € J. (Note that Zjeji Sf is a lower bound on the number of
class i jobs in the system at the time 0,.) To count the number of times that @,
hits L, + 1 from below, define C* = sup{m > 1 : 7,01 < o/}. Let u} denote
the residual interarrival time for class i, i € Z, as measured from oy, i.e., u} is the
amount of time remaining after o, until the next class ¢ arrival with the convention
that if o, is the time of a class 4 arrival then uf = u;(A4;(0y) + 1).

For j € J,,if Q7' = 0 for all i’ € Z}}), and Q5" < Ly, for all i' € Zy;,
and if in addition Sf‘l =1, let Uf be the residual service time of the class ¢ job
being served by activity j € J, at the time o, with the convention that if a class
i job completed service at server k(j) at the time oy, then v = v;(S;(Tj(0¢)) + 1),
the service time for the next class i job to be served at server k(j). Otherwise, let
vf = vf‘l.

For k€ K,i € Zy,if Qi > Liand Qi ' < Ly for all i’ € I, i' < i, let v} ;) be
the residual service time of the class ¢ job being served by server k at time o, with
the convention that if a class 7 job completed service at server k at the time oy, then
iy = Va) (Satiy(Tagiy(00)) + 1), T Qi7" < Ly or Q7" > Ly, some i’ € I, i’ < i,
server k does not allocate any service time to class ¢ jobs in the interval [o,_1, 0y)
and we let vf ) = v}, Fori € L', if Q' > 0, Qi7" < Ly, for all i’ € Z}}, and
Qf,_ V=0, forall i € Z,", i' < i, let vf;(i) be the residual service time of the class

17 job being served by server k at time o, with the convention that if a class 7 job
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completed service at server k at the time oy, then vﬁ(i) = Va(i) (Sa)(Tu@i)(00)) + 1).
If Q' =0 or Qf,_l > Ly for some i € I}, or Qf,_l > 0, for some i’ € Z,",
i’ < i, server k does not allocate any service time to class ¢ jobs in the interval
[0¢—1,00) and we let vﬁ(i) = vf;(:;. Here, we have divided the activities into those
below buffers (above servers) and those below servers (above buffers).

For each (p,q) € NI x INZ let
qu = {Ai(TL,2n71> = pi»Sj<T‘j(TL,2n71)) =4q;: €1, j¢€ j} (Al)

By the convention concerning the removal of exceptional P-null sets made above

and the definition of A;,S;,7 € Z, j € J, at the time oo, we have

By = {TL7277/—1 = OO} = \ {TL72n_1 < OO} (AQ)
= Q \ U qu (A-?’)

(p,g) EINTXINY
and so it suffices to show that B, € F,, for each (p,q) € IN' x IN?. Now for each
(p,q) € N' x IN” and £ > 0, let

B, = {Ailo)) =pi, Si(Tj(00) =q;: i€Z, j €T} (A4)

Now, when 7, 9,1 is finite, it is equal to o, for some ¢ (depending on w), and so

we have

B,y = |JBn{n2n1 =01} (A.5)
=1
11pt+13q

= | Byn{@=L+1}n{Q " <L +1}n{c' =n},
/=1

where 17 and 13 are I and J-dimensional vectors of ones, respectively. We show
by induction on ¢ that the following two properties hold for £ = 0,1, ..., for each
(p,q) € N' x IN’:

(i) B, € Fpg
(i) 1pe H' € Fpy,
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where

H = {x",m=0,...,(}. (A.6)

(Note that B, is a set whereas 1 Bﬁqu is a random vector so that (i7) means that
this vector is measurable with respect to the o-algebra F,,.) It is easy to see that
these properties (i)—(ii) and (A.5) imply that B,, € F,, for each (p,q) € IN' x IN’.

The truth of (i)-(44) for £ = 0 and all (p,q) € IN' x IN? is readily verified since
oo = 0, the arrival, service, allocation, and queue length processes all start from
zero, and Fyo contains the initial interarrival and service times, u;(1), v;(1), i € Z,
jeJ.

For the induction step, assume that for some ¢ > 0, (i)—(i¢) hold for all (p,q) €
INT x IN?. Now,

Byt = (BN B.) (A7)
(n,m)

where the union is over all (n,m) € INT x IN?, such that n; < p,, m; < g;, for all
i €Z,jc J. By the induction assumption, for fixed (p,q) € IN' x IN? and any
(n,m) € N' x IN such that n; < p;, m; < ¢, i €T, j € J, we have

Bﬁm € Fom, 1B£LmH€ € Fum. (A'S)
ForkeK,icZ,,j€ J ., define the sets

O[,a(i) {Qf > LZ} N {Qf/ < L; for all i € 'Zk: il < Z},
Op; = {Qi < Ly foralli € Z;;,} N {Q, =0 for all i’ € Z; ) } N {S] = 1}.

For i € Z\", define

Oraiy = {QF >0}N{Q5 < Ly foralli € Z;} N
{Q =0 foralld € Z}" : i’ <i}.
Here O is mnemonic for “occupied”. For example, the set Oy, is the set on which,

at the time oy, server k(j) is “occupied” by a class i job (busy serving a class i job)

since, on this set, the number of jobs in each of the transition buffers in the layer
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below buffer i served by server k(j) is below its threshold, the number of jobs in
each non-transition buffer served by server k(j) is zero, and in addition either (a)
the total number of class 7 jobs in the system is greater than the number of servers
below buffer i or (b) the total number of class i jobs in the system, say m, is less
than or equal to the number of servers below buffer ¢ and at most m — 1 of these
servers (other than server k(j)) have class i jobs that they are serving or have in
suspension.

Foreachi € 7, let k; 1, ..., k|7 be alist of the servers k(j) : j € J; arranged in
increasing order, and let {j;1, ji2, ..., Ji |z} be the corresponding list of activities:
k(Jim) = kim, m =1,...,J;. (This enumeration is done to simplify the treatment

of the tie breaking rule.) For fixed i € Z, x € {0, 1}/ let

¢ ¢ ‘
Om,z‘ = ( U Ofdi,k) U ( U OZ]’i,k) Y /\ Yji o
k:xp=1 k:x=0 k:xp=1
where we set véi = 00, and where 0 = z € {0,1}l such that z, = 0 for 1 < k <
| 7i|. The set OF; is the set on which the activities which serve buffer 7 at time oy
are given by the positive entries in x. For example, if z = (0,1,1) then on (’)ﬁﬂ-

activities j; 2 and j; 3 are busy serving class ¢ jobs at time o, while activity j;; is
¢

ui is the minimum of the (residual) service times of the

not active. In this case, v
two class ¢ jobs being served at the time oy.
Then, since g, is the first time after o, that a new arrival or departure occurs,

we have

Op41 = Oy -+ /\ Z 1Oi,i (Uf N Ui,i) . (Ag)

€L ze{0,1}17il
For each i € 7 and w € Q, the sum in (A.9) collapses to a single term since w € (952-
for exacly one z € {0,1}/%:l. The last term in (A.9) is the minimum (taken over
all buffers i) of the (residual) interarrival time for buffer i and of all the (residual)

service times of the activities which are serving class ¢ jobs at time oy.
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Now, on B forieZ, je J,

nm?

Ai(gf-‘rl) = ni+1{uf:(n+1—aé}’

Si(Tj(oe1)) = mj_’_loé,jm{”fzaﬁrl—w}'

Thus, on BY,,, we can represent A;(c411), S;(T;(0e11)), i € Z, j € J, as measurable

nm’

functions of X, and so it follows from the induction assumption (A.8) that
Byt N By, € Fum C Fpq. (A.10)

Then by (A.7), (¢) holds with £+ 1 in place of £. It remains to verify (ii) with £+ 1
in place of ¢. By (i), (A.7), and (A.8), for this it suffices to show that

Lpennpe X € Fpp. (A.11)

This follows from the induction assumption (A.8) and (A.10), and the following

representations for the remaining variables contained in y‘*':

CZ+1 - Cé + 1{Q{ZLL}Q{’U‘€:O'£+1*UZ} Z 10£,Lm{uf<v£,L} . <A12)
z€{0,1}17:l
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On Bt for ke K, i € Z,,

pq

041

Q" = Aioen) Z Si(Ti(oe41))
jedi
JjeT;

+1 l
U - 1{“f>‘7£+1—012}(ui — (001 = 00)) + 1{uf:w+1—ae}ui(pi + 1),

+1 ¢
Yj - 1O£,jﬂ{1}§>0e+1—0e} (Uj o <O-€+1 - O-e))

¢ .
oy nfvt=gin -0 Vi@ 1) +log 05 J € Ti

+1 . . ¢
Sa(z = logem t 1O?+1,a(i>mOz,a(i)ﬂ{vﬁ(i>>04+1—0z} + 1O§+1,a<i)ﬂoe,a(i)8a(l)’
SH = 1, 041 for all +1_g for all NT

J {77 >7,1tn{Q,;" <L, Ior all eIk( )}m{Q =0 1or all i'eZ; )}

+1{Qf,+1>Li/ for some €Ly YU{QLT >0 for some rezit)}
’ <1Oz,jﬁ{v§>0z+1*0z} + 10?,jsf>

+1{Qf“§\lil}ﬂ{Qf,“§L/ for all & €Ll {4 =0 for all i ey}
'<1oe,jm{u§>ag+1—ae} + log ngst=1y

+1(oe,]-m{u§:az+1—ae})u(ozjm{s;f:o})
1 T;l st m—1 of+1 } ) )
{Q 2 —mt1 ],L m! (Oe’ji » m{ui o >U£+170'£})U02ji » = SJ

for j € J,, where m : j = j;,,. In the last term of the definition of Sf“, we
have used our tie breaking rule from Chapter 6 which posits that lower numbered
servers (and hence lower numbered activities by our enumeration of J; in this
section) have higher priority when a job can be served by more than one server

(activity). For S;*', we use induction on m to show that 8“1

is an F,, measurable
random variable for m = 1,2,...,|J;|. (For m = 1, the result is trivial since the
second sum in the last term of the definition of Sf“ is defined to be zero.) Suppose
the result holds for all m" < m and let j = j;,,. Then the first sum in the last
term of Sf“ is over those activities whose class ¢ job assignments are made after
those of activity j at the time 0,4 (i.e., they have lower priority than j). Such

an activity contributes one to the sum if either it has a class ¢ job in process at o,



131

and that job remains with the activity (in process or in suspension) at o4, or it
has a class 7 job in suspension at o,, which will still remain with the activity at
o¢+1. The second sum is over those activities whose class ¢ job assignment is made
ahead of j (i.e., they have higher priority than j). Such an activity contributes
one to the sum if there is a class 7 job in process or in suspension for the activity
at 0yy1. The random variables Sf;:/, m’ < m appearing there are F,, measurable
by the induction assumption, andyit follows that Sf“ is F,, measurable.

For sz;)l, note that Oy, ; depends on Qf“ which was determined earlier. O
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