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Brownian Methodology
Harrison (1988,2000), Harrison-Van Mieghem (1997)

� Formulate a queueing system control problem

Formulate a notion of heavy traffic

Formulate a Brownian control problem (BCP)
and reduce the BCP to an equivalent workload
problem (EWP)

Analyze the BCP (or EWP) and “interpret” its
solution to generate a candidate control policy for
the original queueing system

Prove that the candidate policy is asymptotically
optimal and that it achieves the same cost as the
solution to the BCP

Dynamic Scheduling of a Parallel Server System in Heavy Traffic with Complete Resource Pooling: Asymptotic Optimality of a Threshold Policy – p.3



Brownian Methodology
Harrison (1988,2000), Harrison-Van Mieghem (1997)

� Formulate a queueing system control problem

� Formulate a notion of heavy traffic

Formulate a Brownian control problem (BCP)
and reduce the BCP to an equivalent workload
problem (EWP)

Analyze the BCP (or EWP) and “interpret” its
solution to generate a candidate control policy for
the original queueing system

Prove that the candidate policy is asymptotically
optimal and that it achieves the same cost as the
solution to the BCP

Dynamic Scheduling of a Parallel Server System in Heavy Traffic with Complete Resource Pooling: Asymptotic Optimality of a Threshold Policy – p.3



Brownian Methodology
Harrison (1988,2000), Harrison-Van Mieghem (1997)

� Formulate a queueing system control problem

� Formulate a notion of heavy traffic

� Formulate a Brownian control problem (BCP)
and reduce the BCP to an equivalent workload
problem (EWP)

Analyze the BCP (or EWP) and “interpret” its
solution to generate a candidate control policy for
the original queueing system

Prove that the candidate policy is asymptotically
optimal and that it achieves the same cost as the
solution to the BCP

Dynamic Scheduling of a Parallel Server System in Heavy Traffic with Complete Resource Pooling: Asymptotic Optimality of a Threshold Policy – p.3



Brownian Methodology
Harrison (1988,2000), Harrison-Van Mieghem (1997)

� Formulate a queueing system control problem

� Formulate a notion of heavy traffic

� Formulate a Brownian control problem (BCP)
and reduce the BCP to an equivalent workload
problem (EWP)

� Analyze the BCP (or EWP) and “interpret” its
solution to generate a candidate control policy for
the original queueing system

Prove that the candidate policy is asymptotically
optimal and that it achieves the same cost as the
solution to the BCP

Dynamic Scheduling of a Parallel Server System in Heavy Traffic with Complete Resource Pooling: Asymptotic Optimality of a Threshold Policy – p.3



Brownian Methodology
Harrison (1988,2000), Harrison-Van Mieghem (1997)

� Formulate a queueing system control problem

� Formulate a notion of heavy traffic

� Formulate a Brownian control problem (BCP)
and reduce the BCP to an equivalent workload
problem (EWP)

� Analyze the BCP (or EWP) and “interpret” its
solution to generate a candidate control policy for
the original queueing system

� Prove that the candidate policy is asymptotically
optimal and that it achieves the same cost as the
solution to the BCP

Dynamic Scheduling of a Parallel Server System in Heavy Traffic with Complete Resource Pooling: Asymptotic Optimality of a Threshold Policy – p.3



Queueing Model
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Queueing Model
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Assumption: (A(t) , S(t)) are independent renewal pro-

cesses satisfying exponential moment condition.
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Queueing Model
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Heavy Traffic
LP formulation

(Harrison–1999, Williams–2000):

minimize �

subject to:

�� =
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,

� � � � 1, � �

0
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Heavy Traffic
LP formulation

(Harrison–1999, Williams–2000):

minimize �

subject to:

�� =
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,
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0

LP has a unique solution ( � �

, � �

), and that
solution satisfies � �

= 1,

� � �

= 1

� �

is called the nominal allocation vector

Assumption: � � � > 0 for

� �

B
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Queueing Control Problem

Diffusion Scaling:
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Queueing Control Problem
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Brownian Control Problem
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Solution to BCP (Harrison-López, 1999; Williams, 2000)

The following are equivalent ( Complete Resource
Pooling Condition ):

� The dual LP has a unique solution
��� �	 � � � � 0

�

� � � � � � �

� the buffer-server graph linked by basic activities
is a tree
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Solution to BCP (Harrison-López, 1999; Williams, 2000)
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Threshold Policy (Williams, 2000)

Example:
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B = 6, I = 4, K = 3
The Threshold Policy uses only basic activities
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Threshold Policy (Williams, 2000)
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Threshold Policy (Williams, 2000)
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Asymptotic Optimality

Theorem: The Threshold Policy is asymptotically
optimal for the general parallel server system under
the complete resource pooling condition:
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State Space Collapse
Residual Process:
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State Space Collapse
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State Space Collapse
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