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The Parallel Server System
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J-dimensional Scheduling Control Process
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Brownian Methodology

Harrison (1988,2000), Harrison-Van Mieghem (1997)

* Formulate a queueing system control problem
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* Formulate a
« Formulate a notion of

* Formulate a (BCP)
and reduce the BCP to an equivalent workload

problem (EWP)

« Analyze the BCP (or EWP) and “interpret” Its
solution to generate a for
the original queueing system
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Brownian Methodology

Harrison (1988,2000), Harrison-Van Mieghem (1997)

Formulate a
Formulate a notion of

Formulate a (BCP)
and reduce the BCP to an equivalent workload
problem (EWP)

Analyze the BCP (or EWP) and “interpret” its
solution to generate a for
the original queueing system

Prove that the candidate policy Is
and that It achieves the same cost as the
solution to the BCP
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Queueing Model
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Queueing Model

A(t)=CS5(T'(1))
—A

Assumption: (A(t), S(t)) are independent renewal pro-
cesses satisfying exponential moment condition.
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Queueing Model

— A()—CS(T(1))
“A

g IS Lipschitz continuous (Lip. constant < 1),
non-decreasing, = (),

° IS continuous, non-decreasing, ,
° >
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Heavy Traffic

LP formulation
(Harrison—1999, Williams—2000):

minimize p
subject to:
Rr=)\ Ar<pl, >0
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Heavy Traffic

LP formulation
(Harrison—1999, Williams—2000):

minimize p
subject to:
Rr=)\ Ar<pl, >0

solution satisfies g =1, A =

LP has a unique solution ( p*, + ), and that
IS called the nominal allocation vector

Assumption: + >0 for ' <B
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Queueing Control Problem

Diffusion Scaling:
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Fluid Scaling: = 72
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Queueing Control Problem

Diffusion Scaling:
AT(t) = r (A(rt) — Ar’t)
ST(t) = rH(S(rt) — pr’t)
Fluid Scaling: = 2

N\ et

Q'(t) = A"(t)—CS"( )+ R
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Queueing Control Problem

riy-n{ [earoa)

AN

= A"()—CS"(1"(1)+R
.\

IS continuous, non-decreasing,
= 0, Qi(-)=0.
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Brownian Control Problem
minimize E / e 1t . dt
0

by choosing such that

~

= X()+R

= A

IS non-decreasing and >

IS non-increasing and <0, 1 > B,
>
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SOlUtiOn tO BCP (Harrison-L6pez, 1999; Williams, 2000)

The following are equivalent ( Complete Resource
Pooling Condition ):

« The has a (y*,2*) >0
e B=I+K-1

> the linked by basic activities
IS a
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SOlUtiOn tO BCP (Harrison-Lopez, 1999; Williams, 2000)

=W* / yf =0 forall ¢ # "
=V* / 2} =0 forall £ # k"

(S argmm{—}

Wi () = y"X()+
= sup (—y"X(s))

0<s<t
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SOIUtion tO BCP (Harrison-Lopez, 1999; Williams, 2000)

=W* / yf =0 forall ¢ # "
=V* / 2} =0 forall £ # k"

J =E / e 'h - dt
0
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Threshold Policy (williams, 2000)

Example:

B=6, | =4, K=3
The Threshold Policy uses only basic activities

Dynamic Scheduling of a Parallel Server System in Heavy Traffic with Complete Resource Pooling: Asymptotic Optimality of a Threshold Policy — p.9



Threshold Policy (williams, 2000)
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Threshold Policy (williams, 2000)
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Asymptotic Optimality

Theorem: The Threshold Policy iIs asymptotically
optimal for the general parallel server system under
the complete resource pooling condition:

lim E ( / Ooe—vth@r(t)dt)
0

r—00

> lim B / () (1)t
0

r—00

= J'< o
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State Space Collapse

Residual Process:

R (s)= ()!(s)—c;logr, if s has athreshold
T Q5 (s) otherwise

L emma:
For . =4,

P( sup |R:(s)| > ¢;logr) —0asr — oo.
s€[0,r2¢]
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State Space Collapse
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State Space Collapse

Qi(s) = Ai(s) — 351 Cij 5 )
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Related Works

e Ata and Kumar, 2002
e Mandelbaum and Stolyar, 2002

 Stolyar, 2002
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Partial Tree
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