UNIVERSITY OF CALIFORNIA, SAN DIEGO

Semi-invariant Forms

A dissertation submitted in partial satisfaction of the requirements for the degree Doctor of Philosophy in Mathematics by Anne V. Shepler

Committee in charge:

Professor Peter Doyle, Chair Professor Kate Okikiolu Professor Douglas Smith Professor Nolan Wallach Professor Gabriela Wienhausen

1999

Copyright Anne V. Shepler, 1999 All rights reserved.

The dissertation of Anne V. Shepler is approved, and it is acceptable in quality and form for publication on microfilm:

Chair

University of California, San Diego

1999

To Olav

TABLE OF CONTENTS

Signature Page . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

Dedication . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv

Table of Contents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii

Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . viii

Vita and Publications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . x

Abstract of the Dissertation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xi

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.1 Layperson’s . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.2 Mathematician’s . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

2 Central Question . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 2.1 Reflection Groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 2.2 Forms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 2.3 Group Actions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.4 Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 2.5 Semi-invariants . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 2.6 The Question . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

3 Invariant Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 3.1 Invariants . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 3.2 Application to Semi-invariants . . . . . . . . . . . . . . . . . . . . . . . . 9

4 Arrangements of Hyperplanes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 4.1 Reflection Arrangements . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 4.2 Stanley Polynomials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

5 Basic Derivations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 5.1 Saito’s Criterion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 5.2 Correspondence between Semi-invariants . . . . . . . . . . . . . . . . . . . 14 5.3 Basic Anti-invariant Forms . . . . . . . . . . . . . . . . . . . . . . . . . . 15

6 Exterior Algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 6.1 χ-wedging . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 6.2 Criterion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 6.3 Criterion Satisfied . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

7 Results Also Hold for Υ^χ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

8 Logarithmic Forms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

9 Constructing Generators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 9.1 Operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 9.2 Basic χ-Forms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33 9.3 Basic Derivations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 9.4 Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

10 In Practice . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38 10.1 Irreducible Reflection Groups . . . . . . . . . . . . . . . . . . . . . . . . . 38 10.2 Two-dimensional Groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 10.3 Higher Dimensional Groups and Tables . . . . . . . . . . . . . . . . . . . 41

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

LIST OF TABLES

10.1 Degrees . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43 10.2 Klein’s Invariants . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 10.3 Basic Invariants and Derivations . . . . . . . . . . . . . . . . . . . . . . . 45 10.4 Basic χ-forms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46 10.5 Reduced Hilbert Series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

ACKNOWLEDGEMENTS

Valparaiso University aims to prepare students for a life fraught with ethical, emotional, and community challenges, not a life of mathematical research. Rick Gillman none-the-less convinced me while an undergraduate that mathematics is as fun as philosophy or theater, and thus managed to rescue me from the life of a starving actress in Chicago. I am thankful to him (and Jim Caristi) for the gentle shove toward a happier future. I am also grateful for the repeated advice from the talented actor James Serpento: “If you can do anything besides theater, do something besides theater.”

I thank both Ruth Williams and Adrian Wadsworth for the time and energy spent during my first year at U.C.S.D. trying to instill in me some mathematical maturity. I thank them also for their friendliness and for their open doors. They are models as teachers and mathematicians for scores of U.S.C.D. students. I am also grateful to Prof. Williams for her continued interest and kindness while I worked on this thesis.

It has been a joy to talk with Nolan Wallach about reflection groups and invariant theory. I often held some cloudy picture in my mind toward a solution to my problem, but could not express the vague idea. What relief and excitement to discover that Prof. Wallach understood immediately the suspicion I was failing to articulate! He pointed me in the right direction numerous times. I thank him heartily for his advice and encouragement.

I also thank Hiro Terao for his support and many kind emails from Madison and Tokyo.

Peter Doyle told me repeatedly that a differential form is “to integrate”, and I am glad that I can finally convince him of its other life as a noun. He was kind enough to introduce me to his grand plan of computing everything possible for reflection groups. His vision is inspirational if sometimes eccentric — “each form is a precious jewel, I tell you, a rare gem!!” — and his zeal and ardor of mathematics is contagious. He continuously lights the weird and wily alleys of mathematics. He has been a kind friend, and I am grateful to him and to Martha, Bonnie, Helen, and Forbes for making mathematics and San Diego a home.

My parents deserve my deepest thanks. When I was young, I believed that all grownups had a Ph.D. and that it was just a matter of choosing a field. Although my father is a math professor, he wisely avoided steering me toward a career in math or science. I’m not sure that the reverse psychology was intended, but it worked! His advice is (almost) never wrong, and I continue to rely on his wisdom about everything from car tires to math degrees. My mother believes religiously in hard work and education. Over the last years she has called weekly to ask, “are you studying? why aren’t you studying more?” I am blessed by her ardent faith. My brother and sister have been very supportive, and always help me keep mathematics and graduate school in perspective.

Scott Crass and his icosahedral models convinced me to first come to U.C.S.D. and then later to work on reflection groups and semi-invariants. His friendship has been steady and generous. I thank Arif Dowla for his inspirational speeches advising me to revolutionize all of mathematics and the sciences. I also thank Christian Gromoll, Euro, λ, Ken Matthews, Wendy Miller, Marvin Minei, Imre Tuba, and Mary Helen Johnson for being my family during the last years.

Finally, I thank Olav Richter for never begrudging nor coveting the time and energy I spend on mathematics. I thank him for putting up with my crankiness. I thank him for doing all the little (and big) jobs for me that I hate (z.B. die Wäsche). Since he’s been around, I wake up happy and go to sleep content, and that makes writing a thesis a whole lot easier!

VITA 1972 Born, Washington D.C.

1994 B.S. magna cum laude, Valparaiso University, Indiana 1994–1999 Teaching Assistant, Department of Mathematics, University of California, San Diego 1999 Ph.D., University of California, San Diego

PUBLICATIONS 1 Semi-invariants of finite reflection groups, to appear. Journal of Algebra. 2 Logarithmic forms and anti-invariant forms of reflection groups, with H. Terao, to appear. Singularities and Arrangements, Sapporo-Tokyo 1998, Advanced Studies in Pure Mathematics, North-Holland.

ABSTRACT OF THE DISSERTATION

Semi-invariant Forms by Anne V. Shepler Doctor of Philosophy in Mathematics

University of California San Diego, 1999

Professor Peter Doyle, Chair

Let G be a finite group of complex n × n unitary matrices generated by reflections acting on C^n . Let R be the ring of invariant polynomials, and χ be a multiplicative character of G. Consider the R-module of χ-invariant differential forms and the R-module of χ-invariants in the exterior algebra of derivations. We define a natural multiplication on these modules using ideas from arrangements of hyperplanes. We show that this multiplication gives each module the structure of an exterior algebra. We also define a multiarrangement associated to χ, and formulate the relationship between χ-invariants and logarithmic forms. We introduce a new method of computing basic derivations and the generating χ-invariants and give explicit constructions for the exceptional irreducible reflection groups.

Chapter 1

Introduction

1.1 Layperson’s

If you hold two mirrors together at a right angle and then place a key in front of the mirrors, you will see four keys — one real, three images. As you angle the mirrors closer together, you see more and more keys. Mathematicians like to place infinitely tall and wide mirrors in a space and examine how imagines bounce from mirror to mirror and end up in new locations. They fix some plane to act as a mirror, and then reflect vectors about that plane. This is accomplished on paper with a well-chosen matrix: when you apply the matrix to a vector, you get a new vector which is the image upon reflecting through the given plane. We are not really interested in the physics of reflecting light or mirrors. Rather, we would like to know how rearranging a space with reflections affects properties like length, volume, orientation (right changes to left!), etc. The distance between two points doesn’t change after a series of reflections. What other functions on the space are unaffected? Mathematical objects are called invariant when they are unaffected, and called semi-invariant when they are almost unaffected — they change by a constant. Semi-invariants are the subject of this thesis.

1.2 Mathematician’s

The present inquiry on semi-invariants arose from some questions about dynamical systems. In 1989, P. Doyle and C. McMullen [5] solved the fifth degree polynomial using a highly symmetrical dynamical system which preserved the Galois group A_5. In 1997, S. Crass and P. Doyle [4] tackled the sixth degree polynomial by again finding a dynamical system with special symmetry — this time A_6 symmetry. Each dynamical system was formed by iterating a map that was equivariant under the projective action of a reflection group. Such maps correspond naturally to semi-invariant differential forms. Because almost nothing was known about these forms, constructing the necessary dynamical systems was a difficult step in both cases.

This thesis introduces a general theory of semi-invariants. Specifically, we show that for any finite unitary reflection group G and multiplicative character χ of G, the module of χ-invariant differential forms has a natural multiplication which turns the module into an exterior algebra. This exterior algebra structure allows us to understand completely the forms that give rise to highly symmetrical dynamical systems, and gives us tools to compute these forms explicitly. We extend these results to vector fields (or derivations), observe some applications to logarithmic forms, and show new techniques for computing semi-invariants. We also give constructions for the exceptional irreducible reflection groups.

The theory presented here builds on work by R. Stanley, who characterized the module of χ-invariant polynomials in 1977 [17]. It also builds on more recent work by P. Orlik, K. Saito, L. Solomon, H. Terao and others on invariant derivations and the theory of hyperplane arrangements (see [9], Chapter 6).

Chapter 2

Central Question

Before we can ask the central question motivating this thesis, we need to establish some terminology. We define reflection groups, differential forms, derivation forms, some particular group actions, and semi-invariance. We then pose the questions that will drive our discussions.

2.1 Reflection Groups

Begin with a complex vector space V := C^n . A unitary n × n matrix is a reflection if its fixed point set is a hyperplane of V , i.e., an (n − 1)-dimensional space. A reflection matrix is characterized by the fact that n − 1 of its eigenvalues are 1 (corresponding to the fixed hyperplane) and the remaining eigenvalue is a non-trivial root of unity. If the non-trivial eigenvalue is a k-th root of unity, then we say that the reflection is k-fold. A reflection group is a finite group of matrices generated by reflections. They are often called finite reflection groups, finite pseudo-reflection groups, or u.g.g.r. (unitary groups generated by reflections).

Why must a reflection be a unitary matrix? Any finite group of complex n × n matrices is congruent to a group of unitary matrices. A unitary space comes equipped with a hermitian form, which allows us to talk about perpendicular objects. We wish a reflection matrix to behave as a mirror: a real reflection sends a vector perpendicular to a fixed hyperplane to its negative. A complex reflection multiplies the perpendicular vector by a root of unity.

Reflection groups are called real reflection groups, or Coxeter groups, when their matrices are real. Coxeter groups are generated by orthogonal reflections with determinant −1. The symmetry group of a regular complex polytope, called a Shephard group, is also a reflection group. In 1954, G. Shephard and J. Todd [11] published a paper that proved many fundamental properties of reflection groups: Finite unitary reflection groups. They extended results about real reflection groups to general (complex) reflection groups, collected information about the groups, and proved important new properties. Every reflection group is either irreducible or the direct product of irreducible components, each of which is itself a reflection group. Shephard and Todd list the thirtyseven irreducible reflection groups. Three of the groups on the list are infinite families. The remaining thirty-four are in dimensions 2 through 8.

2.2 Forms

Now some notation: Let S := C [x_1 , . . . , x_n] be the ring of polynomials on V and F := C (x_1 , . . . , x_n) be the field of rational functions. Denote the module of differential p-forms on V by Ω^p := ⨁ 1≤i_1<...<i_p≤n S dx_{i1} ∧ · · · ∧ dx_{ip} ≃ S ⊗ ⋀_p V^∗. Let ∂x_i := ∂ ∂x_i and let

Υ^p := ⨁ 1≤j_1<...<j_p≤n S ∂x_{j1} ∧ · · · ∧ ∂x_{jp} ≃ S ⊗ ⋀_p V. We agree that Ω^0 = Υ^0 = S. Let Ω := ⨁ p≥0 Ω^p and Υ := ⨁ p≥0 Υ^p.

Although the elements of Υ could be viewed as differential forms on V^∗, we reserve the term differential form for elements of Ω. Note that the set of vector fields on V is

Υ^1 = { ∑ i k_i ∂ ∂x_i : k_i ∈ S } . We identify Υ^1 with the set of derivations on V, C -linear maps θ : S → S satisfying θ(kh) = kθ(h) + θ(k)h for all k, h ∈ S. We call elements of Υ^p derivation p-forms, or just derivation forms.

It is convenient to define I^p as the set of ordered multi-indices of {1, ..., n} of length p: I^p := {I = {I_1, ..., I_p} : 1 ≤ I_1 < . . . < I_p ≤ n} . Note that I^0 is the empty set. For a multi-index I, let I^c denote the (ordered) complementary index. Let dx_I := dx_{I1} ∧ · · · ∧ dx_{Ip} and ∂x_J := ∂x_{J1} ∧ · · · ∧ ∂x_{Jp} . Then we can write any element of Ω^p as ∑ I∈I^p hI dxI and any element of Υ

p as ∑ J∈I^p kJ ∂xJ . Denote the volume form on V by vol := dx_1 ∧ · · · ∧ dx_n. If μ and ν are in Ω or Υ, we write μ .= ν if μ = c ν for some c in C^∗ .

It is helpful to define a matrix of coefficients for forms. For β_1, . . . , β_n in Υ^1 (or in Ω^1), write each β_j as

β_j = n∑ i=1 β^{(i)}_j ∂x_i ( or β_j = n∑ i=1 β^{(i)}_j dx_i )

and let M(β_1, . . . , β_n) be the matrix {β^{(i)}_j }, so that β_1 ∧ · · · ∧ β_n = det M ∂x_1 ∧ . . . ∧ ∂x_n (or det M vol).

2.3 Group Actions

Let G be a reflection group. The group G not only acts on the space V , but also on S, Ω^p, and Υ^p. The action on S is defined by gf := f ∘g^{−1} for f ∈ S, g ∈ G. The correspondence between x_i and ∂x_i =^∂_{∂xi} extends anti-linearly to degree one polynomials by ∂ (_n ∑ i=1 c_ix_i ) := n∑ i=1 c̄_i ∂x_i where c_i ∈ C . We define an action on dx_i and ∂x_j by gdx_i := d(gx_i) and g∂x_j := ∂(gx_j ). For a multi-index I = {I_1, . . . , I_p}, define gdx_I := gdx_{I1} ∧ · · · ∧ gdx_{Ip} and g∂x_I := g∂x_{I1} ∧ · · · ∧ g∂x_{Ip} . Extend the action to Ω^p and Υ^p by g ∑ I∈I^p h_I dx_I := ∑ I∈I^p gh_I gdx_I and g ∑ J∈I^p k_J ∂x_J := ∑ J∈I^p gk_J g∂x_J .

2.4 Remarks

Let W be any finite dimensional vector space over C . The dual space W^∗ is anti-linearly isomorphic to W by ∗ : w → w̄^t (conjugate transpose). Whenever a linear transformation L acts on W by a matrix l, there is an induced action L^∗ on W^∗ given by L^∗(u)w = u(Lw). If we use ∗ to define a dual basis, then the transformation L^∗ is given by the inverse transpose of the matrix l. Hence, one defines the matrix l^∗ = (l^t)^{−1}. Since our group is unitary, g^∗ = ḡ, and the group action we have defined on ∂x_i is the traditional one. In other words, the group respects the identification of V and V^∗ under the ∗ map. We have given the action in terms of the anti-linear map ∂ in order to exploit this fact. We will extend ∂ to a map taking polynomials to differential operators in Chapter 9.

2.5 Semi-invariants

Let χ be a multiplicative character of G, i.e. a homomorphism from G to C . For each g in G, χ(g) is a root of unity since g has finite order. We say that β in Ω or

Υ is χ-invariant if β satisfies gβ = χ(g) β for all g ∈ G. Without reference to a particular χ, we say that β is semi-invariant.

Define the G-modules of semi-invariants

(Υ^p)^χ := {θ ∈ Υ^p : gθ = χ(g) θ for all g ∈ G} , (Ω^p)^χ := {ω ∈ Ω^p : gω = χ(g) ω for all g ∈ G} , and Υ^χ := ⨁ 0≤p (Υ^p)^χ,

Ω^χ := ⨁ 0≤p (Ω^p)^χ.

Denote the trivial character of G by χ_o, i.e. χ_o(g) = 1 for each g ∈ G. Elements of Ω^{χo} and Υ^{χo} are called invariant. We will usually use a more traditional notation for the modules of invariants:

(Ω^p)^G := (Ω^p)^{χo} , (Υ^p)^G := (Υ^p)^{χo} , Ω^G := Ω^{χo} , Υ^G := Υ^{χo} .

2.6 The Question

Our discussions are motivated by a central question: What is the set of semiinvariant forms? How can semi-invariants be computed? Specifically, does the set exhibit any striking algebraic structure?

Chapter 3

Invariant Theory

The best known semi-invariants are those that are invariant: forms β that satisfy gβ = β for all g in G. A rich theory of invariants for reflection groups has developed around a powerful theorem by G. Shephard, J. Todd, and C. Chevalley [1] (V.5.3, Theorem 3) describing the set of invariant polynomials. We recall this theorem and a theorem by L. Solomon [14] describing the set of invariant forms. We also obtain an immediate application to semi-invariants from these results.

3.1 Invariants

Let R be the set of invariant polynomials. The celebrated theorem about invariant polynomials is Theorem 1. There exist n homogeneous polynomials, f_1, . . . , f_n, with R = C [f_1 , . . . , f_n]. The degrees of the f_i are uniquely determined.

We call the polynomials in the above theorem basic invariants, and call R the ring of invariants. Basic invariants have been constructed for all 37 of the irreducible reflection groups.

Notice that (Υ^p)^χ and (Ω^p)^χ are modules over R. In 1963, L. Solomon [14] showed that the R-module of invariant differential forms, Ω^G, has the beautiful structure of an exterior algebra:

Theorem 2. The module Ω^G is generated over R as an exterior algebra by the df_i, i.e., (Ω^p)^G is generated over R by the forms df_{i1} ∧ · · · ∧ df_{ip} , where 1 ≤ i_1, . . . , i_p ≤ n.

3.2 Application to Semi-invariants

Given any G-module N, we can define N^G := {n ∈ N : g(n) = n ∀g ∈ G}. We state a well-known proposition about G-modules; for proof, see Lemma 6.45 of [9].

Proposition 3. If M is a G-module of dimension r over C , then the R-module (S⊗M)^G is free of rank r (over R).

Corollary 4. The R-modules (Ω^p)^χ and (Υ^p)^χ are both free of rank (_n p ) . Proof: We follow an idea from Solomon [15]. Let Z be a one-dimensional G-module with generator z defined by gz = χ^{−1}(g) z for all g ∈ G. Let M = ⋀_p V^∗ ⊗ Z, and let G act on M by g(a ⊗ b) = ga ⊗ gb. Then M is a G-module of dimension (_n p ) . By Proposition 3, the R-module (S ⊗ M)^G is free of rank (_n p ) . The map ω → ω ⊗ z is a natural R-module isomorphism between the module of χ-invariant forms in Ω^p ≃ S ⊗ ⋀_p V^∗ and the module of invariants in (S ⊗ M), i.e., (Ω^p)^χ ≃ (S ⊗ M)^G. Hence (Ω^p)^χ has dimension (_n p ) . Similarly, (Υ^p)^χ has dimension (_n p ) . The idea behind these two results is essentially this: since ⋀_p V^∗ is generated by (_n p ) elements, (Ω^p)^χ is also generated by (_n p ) elements. But the dimension of ⋀_p V^∗ is (_n p ) because it is generated by wedging p of the x_i ∈ V^∗ together at a time — it’s an exterior algebra. The last result may provoke a suspicion: could there exist some analogue of the x_i in Ω^χ? Could there exist forms that are combined together p at a time to generate (Ω^p)^χ?

Chapter 4

Arrangements of Hyperplanes

Reflection groups are often studied using results from arrangements of hyperplanes. One important result completely describes semi-invariant polynomials. In this chapter, we explain the connection between reflection groups and hyperplane arrangements, and give the fundamental result on semi-invariant polynomials. We will often follow notation from the wonderful text Arrangements of Hyperplanes [9], which should be consulted as a general reference.

Consider a n-dimensional vector space W over a field K . A hyperplane in W is a (n − 1)-dimensional affine subspace of W . A hyperplane arrangement is a finite set of hyperplanes. For each hyperplane H in a hyperplane arrangement A, let α_H be a linear polynomial on W whose kernel is H. We call Q(A) = ∏ H∈A α_H

the defining polynomial of A. The polynomial Q(A) is uniquely defined up to a nonzero scalar multiple.

4.1 Reflection Arrangements

We now consider the arrangement defined by our reflection group G. Each reflection in our group fixes a hyperplane in C^n . Fix A as the collection of all such hyperplanes. Notice that the group G permutes the hyperplanes in A. For each H ∈ A, define α_H ∈ S by ker(α_H ) = H. Then the polynomial

Q := Q(A) = ∏ H∈A α_H defines the hyperplane arrangement A.

4.2 Stanley Polynomials

By Corollary 4, there exists a single polynomial that generates the entire set of χ-invariant polynomials over R (the dimension of (Ω^0)^χ is (_n 0 ) ). R. Stanley showed that this fundamental polynomial can be written in terms of the linear forms α_H that define the hyperplanes in A. We raise each linear form α_H to some power determined by the character χ. Specifically, fix some H ∈ A, and let G_H be the set of all elements in G that fix H pointwise. There exists a one-dimensional subspace L_H stable under G_H with V = H ⊕ L_H by Maschke’s theorem. The subgroup G_H is cyclic. Let s_H be a generator of G_H and let o(s_H ) be the order of s_H . Note that det(s_H ) is a primitive o(s_H )-th root of unity. Define a_H (χ) as the least integer satisfying 0 ≤ a_H (χ) < o(s_H ) and χ(s_H ) = det(s_H )^{−aH (χ)}. Let

Q_χ := ∏ H∈A α^{aH (χ)} H . The polynomial Q_χ is uniquely determined up to a nonzero scalar multiple by the group G. We call Q_χ the Stanley polynomial for χ because R. Stanley [17] proved that every χ-invariant polynomial is a product of Q_χ and an invariant polynomial:

Proposition 5 (Stanley). (Ω^0)^χ = R Q_χ.

Since vol is (det^{−1})-invariant, the following proposition follows immediately.

Proposition 6 (Stanley).

(Ω^n)^χ = R Q_{χ·det} vol.

Recall that χ_o is the trivial character, and note that Q_{χo} = 1. An important one-dimensional character is the det^{−1} character defined by χ(g) := det^{−1}(g). Note that when G is a Coxeter group, the det^{−1} character and the det character are identical since the reflections all have determinant −1. The polynomial Q defining the reflection arrangement is (det^{−1})-invariant, and in fact,

Q_{det}−1 = ∏ H∈A α_H = Q.

R. Steinberg [18] proved

Proposition 7. Given basic invariants f_1, . . . , f_n for G,

Q_{det} = ∏ H∈A α^{o(sH )−1} H

is the determinant of the Jacobian matrix { ∂ ∂x_i f^j } up to a nonzero scalar multiple.

Chapter 5

Basic Derivations

The det^{−1} character of our reflection group plays a primary role. It is often the only nontrivial multiplicative character, and as we saw in Chapter 4, the corresponding hyperplane arrangement is defined by Q_{det}−1 . Forms that are (det^{−1})-invariant have been studied in the context of Coxeter groups (see [16], for example), where they are called anti-invariant. We will also call them anti-invariant, although of course the group doesn’t always multiply these forms by −1 (the det and det^{−1} characters often differ in complex groups). We will prove the main result on semi-invariants in Chapter 6 by exploiting the existence of some very special 1-forms that are (det^{−1})-invariant. We construct these forms now using a result about invariant derivations called Saito’s Criterion.

5.1 Saito’s Criterion

Let A^′ be an arbitrary arrangement in C^n defined by Q^′. Define the module of A^′-derivations by D(Q^′) := {θ ∈ Υ^1 : θ(Q^′) ∈ Q^′S}.

If D(Q^′) is a free module over S, then A^′ is called a free arrangement. The following criterion was shown by K. Saito [10] in 1981:

Theorem 8 (Saito’s Criterion). Derivations ϕ_1, . . . , ϕ_n generate D(A^′) over S if and only if det M(ϕ_1, . . . , ϕ_n) .= Q^′.

H. Terao [19] showed a special relationship between invariant derivations and A-derivations for reflection arrangements in 1987:

Theorem 9.

D(A) ≃ S ⊗_R (Υ^1)^G.

Corollary 4 states that (Υ^1)^G is free of rank n over R. Hence, D(A) is free over S by the above theorem, and the reflection arrangement A is a free arrangement. Saito’s Criterion has the following corollary (see [9], Corollary 6.61).

Corollary 10. There exist n homogeneous invariant derivations ϕ_1, . . . , ϕ_n that generate (Υ^1)^G over R and whose coefficient matrix M(ϕ_1, . . . , ϕ_n) has determinant Q = Q_{det}−1 .

We call the ϕ_i in the last theorem basic derivations. For Coxeter Groups, one may choose the ϕ_i from the exterior derivatives of the basic invariants: ϕ_i = ∑ j ∂f_i ∂x_j ∂xj . 5.2 Correspondence between Semi-invariants

We explain how to dualize an invariant derivation into an anti-invariant differential form: For I ∈ I^p, define σ(I) (= ±1) by dx_I ∧ dx_Ic = σ(I) vol. Let Ψ : Υ^p −→ Ω^{n−p} be the unique S-linear map satisfying k ∂x_I → k σ(I) dx_Ic for k ∈ S and I ∈ I^p. The map Ψ is an module-isomorphism. In fact, Ψ takes χ-invariants to (χ · det^{−1})-invariants:

Proposition 11. The map Ψ induces a R-module isomorphism:

(Υ^p)^χ ≃ (Ω^{n−p})^{χ·det−1} .

Proof: For any matrix A, let A^i_j denote the entry in the i^{th} row and the j^{th} column, and let A_{K,I} denote the submatrix of A consisting of rows K_1, . . . , K_p and columns I_1, . . . , I_p, for K, I ∈ I^p. Jacobi’s theorem on the minors of the adjugate (1834) gives us a formula for the minors of A in terms of the complementary minors of A^∗ = (A^t)^{−1}:

det(A^∗_{K,I} ) = det(A^{−1}) σ(K) σ(I) det(A_Kc_{,I}c ).

Suppose that A = g^{−1} ∈ G. Then as Ā = A^∗,

Ψ(g∂x_K ) = Ψ ( ∑ i Ā^K1_i ∂x_i ∧ · · · ∧ ∑ i Ā^{Kp}_i ∂x_i )

= Ψ ( ∑ I∈I^p det(A^∗_{K,I} ) ∂x_I )

= ∑ I∈I^p det(A^∗_{K,I} ) σ(I) dx_Ic = ∑ I∈I^p det(A^{−1}) σ(K) σ(I) σ(I) det(A_Kc_{,I}c ) dx_Ic = ∑ I∈I^p det(A^{−1}) σ(K) det(A_Kc_{,I}c ) dx_Ic

= det(A^{−1}) σ(K) ( ∑ i A^{Kc1}_i dx_i ∧ · · · ∧ ∑ i A^{Kcn−p}_i dx_i )

= det(g) σ(K) g(dx_Kc ) = det(g) g (σ(K) dx_Kc ) = det(g) g(Ψ(∂x_K )).

Thus, g(Ψ(θ)) = (det g)^{−1} Ψ(gθ) = (det g)^{−1} χ(g) Ψ(g) for any θ in Υ^χ.

Although we showed the proposition directly from Jacobi’s theorem on the minors of the adjugate, it is really just an application of some familiar facts about ⋀_p V and ⋀_p V^∗. The modules Υ^p and Ω^p are natural S-duals of each other. The map Φ is better known as the Hodge-Star operator: we can define Ψ(θ) as the form ω that satisfies ω(α) = (θ ∧ α)(∂x_1 ∧ · · · ∧ ∂x_n)^{−1} ∈ C for each α in Υ^{n−p}. The proposition then follows from the fact that ω(α) = (gω)(gα) and g(∂x_1 ∧ · · · ∧ ∂x_n) = det g ∂x_1 ∧ · · · ∧ ∂x_n.

5.3 Basic Anti-invariant Forms

We now construct differential 1-forms from the basic derivations using the map Ψ. We are particularly eager to know the implication of Saito’s Criterion for our constructed 1-forms, and find the coefficient matrix explicitly.

Recall that we named our basic derivations ϕ_i and det M(ϕ_1, . . . , ϕ_n) = Q. Define μ_i := (−1)^{n−i} Ψ(ϕ_1 ∧· · ·∧ϕ̂_i ∧· · ·∧ϕ_n). Since each ϕ_i is invariant, ϕ_1 ∧· · ·∧ϕ̂_i ∧· · ·∧ϕ_n is also invariant, and hence μ_i ∈ (Ω^1)^{det−1} . Wedging corresponds to taking subdeterminants and σ({1, . . . , ĵ, . . . , n}) = n − j. Hence, the ij^{th} entry of M(μ_1, . . . , μ_n) is just (−1)^{(n−i)+(n−j)} = (−1)^{i+j} times the subdeterminant of M(ϕ_1, . . . , ϕ_n) obtained by deleting the i^{th} row and the j^{th} column. Thus, M(μ_1, . . . , μ_n) = QM^∗(ϕ_1, . . . , ϕ_n), and

det M(μ_1, . . . , μ_n) = Q^n det M^{−1}(ϕ_1, . . . , ϕ_n) = Q^n Q^{−1} = Q^{n−1}. Hence, μ_1 ∧ · · · ∧ μ_n = det M(μ_1, . . . , μ_n) vol = Q^{n−1} vol. We call the μ_i basic anti-invariant forms. We will see in the next chapter that these forms deserve the name.

Chapter 6

Exterior Algebra

In this chapter, we prove that semi-invariants enjoy a special freedom. We show that the modules Ω^χ and Υ^χ are free over R on exactly n generators. This result will completely explain the structure of the set of semi-invariants. We restrict our attention to Ω^χ in this chapter and give similar results for Υ^χ in the next. Throughout this chapter, we will use the word form to mean differential form. Most of the results here will appear in [12].

6.1 χ-wedging

The first step in understanding the structure of Ω^χ is to define a multiplication. Observe that Ω^χ is not closed under the exterior product! We will use the next lemma to show that Q_χ divides the exterior product of any two χ-invariant forms, which will allow us to define a multiplication. The lemma unwinds the definitions of Q_χ and the group action in a helpful coordinate system. Recall that

Q_χ = ∏ H∈A α^{aH (χ)} H and that s_H is a reflection in G of maximal order that fixes H pointwise.

Lemma 12. Suppose that μ is a χ-invariant p-form. Fix a hyperplane H ∈ A and let a = a_H (χ). Choose coordinates in which x_1 = α_H and s_H is diagonal, and write μ = ∑ I∈I^p μ_I dx_{I1} ∧ · · · ∧ dx_{Ip}

in these coordinates. Then x^{a−1}_1 divides μ_I whenever I_1 = 1 and x^a_1 divides μ_I whenever I_1 ≠ 1, for each I = {I_1, . . . , I_p} ∈ I^p.

Proof: Let s = s_H . In the given coordinates,

s = ρ 1 .. . 1 where ρ is the determinant of s. The group element s acts by s^{−1}dx_i = d(x_i ∘ s). Hence s^{−1}dx_i = dx_i whenever i ≠ 1, and s^{−1}dx_1 = ρ dx_1.

Let I = {I_1, I_2, ..., I_p} ∈ I^p. If I_1 = 1, then s^{−1}(μ_I dx_{I1} ∧ · · · ∧ dx_{Ip} ) = (s^{−1}μ_I ) s^{−1}dx_1 ∧ · · · ∧ s^{−1}dx_{Ip} = (μ_I ∘ s) ρ dx_1 ∧ · · · ∧ dx_{Ip} . If I_1 ≠ 1, then s^{−1}(μ_I dx_{I1} ∧ · · · ∧ dx_{Ip} ) = (s^{−1}μ_I ) s^{−1}dx_{I1} ∧ · · · ∧ s^{−1}dx_{Ip} = (μ_I ∘ s) dx_{I1} ∧ · · · ∧ dx_{Ip} . But μ is χ-invariant, so ρ^a μ = det(s)^a μ = χ^{−1}(s) μ = s^{−1}μ. Thus if I_1 = 1, then ρ^a μ_I = ρ μ_I ∘ s and ρ^{a−1} μ_I = μ_I ∘ s. Hence x^{a−1}_1 divides μ_I whenever I_1 = 1. Similarly, if I_1 ≠ 1, ρ^a μ_I = μ_I ∘ s and x^a_1 divides μ_I .

Lemma 13. Q_χ divides the exterior product of any two χ-invariant differential forms.

Proof: Let μ be a χ-invariant p-form and ω be a χ-invariant q-form. We show that each α^{aH (χ)} H divides μ ∧ ω. Fix H ∈ A and let s = s_H and a = a_H (χ). Assume that a ≠ 0.

Choose the coordinates from Lemma 12 in which α_H = x_1. Write μ = ∑ I∈I^p μ_I dx_{I1} ∧ · · · ∧ dx_{Ip} , ω = ∑ J∈I^q ω_J dx_{J1} ∧ · · · ∧ dx_{Jq} , and μ ∧ ω = ∑ K∈I^{p+q} γ_K dx_{K1} ∧ · · · ∧ dx_{Kp+q} in these coordinates. Then Lemma 12 implies that x^a_1 divides μ_I whenever I_1 ≠ 1 and x^a_1 divides ω_J whenever J_1 ≠ 1.

For I ∈ I^p and J ∈ I^q, the polynomial μ_I ω_J is divisible by x^a_1 given that not both I_1 and J_1 are 1. Each γ_K is either zero or a sum of terms of the form ±μ_I ω_J where the multi-indices I and J are disjoint. Hence, x^a_1 divides each γ_K and thus μ ∧ ω. So μ ∧ ω is divisible by α^a_H = α^{aH (χ)}_H . Since H was arbitrary, Q_χ divides μ ∧ ω.

Lemma 13 prompts us to define the following multiplication in Ω^χ: For differential forms μ and ω, define the χ-wedge of μ and ω as μ ⋏ ω := μ ∧ ω Q_χ . If μ and ω are χ-invariant forms, μ ⋏ ω is again χ-invariant, and thus, Lemma 13 implies Corollary 14. The R-module Ω^χ is closed under χ-wedging.

6.2 Criterion

When Solomon showed that Ω^G is generated over R by the df_i as an exterior algebra (Theorem 2), he used the fact that the df_i wedge to Q vol. We follow ideas in Solomon’s original proof to give a condition for n 1-forms to generate Ω^χ. Proposition 15 (Criterion). Let ω_1, . . . , ω_n be χ-invariant 1-forms. The forms ω_{I1} ⋏ · · · ⋏ ω_{Ip} , for I ∈ I^p and p ≥ 0, generate Ω^χ over R if and only if ω_1 ⋏ · · · ⋏ ω_n .= Q_{χ·det} vol.

Proof: If the forms ω_{I1} ⋏ · · · ⋏ ω_{Ip} generate Ω^χ, then they certainly generate (Ω^n)^χ and thus ω_1 ⋏ · · · ⋏ ω_n .= Q_{χ·det} vol (recall Proposition 6).

Now assume that ω_1 ⋏ · · · ⋏ ω_n .= Q_{χ·det} vol. The p-forms ω_{I1} ⋏ · · · ⋏ ω_{Ip} , I ∈ I^p, are χ-invariant by Corollary 14.

We first argue that the forms ω_{I1} ⋏ · · · ⋏ ω_{Ip} generate Ω^χ over the field F = C (x_1 , . . . , x_n). Since ω_1 ⋏ · · · ⋏ ω_n ≠ 0, ω_1 ∧ · · · ∧ ω_n ≠ 0, and the forms ω_{I1} ∧ · · · ∧ ω_{Ip} , I ∈ I^p, are linearly independent over F . If not, there exist rational functions r_I with 0 = ∑ I∈I^p r_I ω_{I1} ∧ · · · ∧ ω_{Ip} .

Fix J ∈ I^p and J^c ∈ I^{n−p}. Then 0 = ( ∑ I∈I^p r_I ω_{I1} ∧ · · · ∧ ω_{Ip} ) ∧ ω_J c_1 ∧ · · · ∧ ω_J c_{n−p} = ± r_J ω_1 ∧ · · · ∧ ω_n, and r_J must be zero. Thus the forms ω_{I1} ⋏· · · ⋏ω_{Ip} , I ∈ I^p, are also linearly independent over F , and thus span the (_n p ) -dimensional space

Ω^p(V ) := ⨁ I∈I^p F dx_{I1} ∧ · · · ∧ dx_{Ip} .

Choose an arbitrary χ-invariant p-form μ. Then there exist rational functions t_I ∈ F with μ = ∑ I∈I^p t_I ω_{I1} ⋏ · · · ⋏ ω_{Ip} . Fix J ∈ I^p and its complementary index J^c. We will show that t_J ∈ R.

By Corollary 14, the n-form (ω_J c_1 ⋏ · · · ⋏ ω_J c_{n−p} ) ⋏ μ is χ-invariant. Thus by Proposition 6, there exists a polynomial f ∈ R with ( ω_J c_1 ⋏ · · · ⋏ ω_J c_{n−p} ) ⋏ μ = f Q_{χ·det} vol.

On the other hand, ( ω_J c_1 ⋏ · · · ⋏ ω_J c_{n−p} ) ⋏ μ = ( ω_J c_1 ⋏ · · · ⋏ ω_J c_{n−p} ) ⋏ ∑ I∈I^p t_I ω_{I1} ⋏ · · · ⋏ ω_{Ip} = ( Q^{1−n}_χ ) ( ω_J c_1 ∧ · · · ∧ ω_J c_{n−p} ) ∧ ∑ I∈I^p t_I ω_{I1} ∧ · · · ∧ ω_{Ip} = ( Q^{1−n}_χ ) ± t_J ω_1 ∧ · · · ∧ ω_n = ± t_J ω_1 ⋏ · · · ⋏ ω_n .= ± t_J Q_{χ·det} vol.

Thus f Q_{χ·det} .= t_J Q_{χ·det}, and hence, t_J ∈ R. Since J was arbitrary, μ is in the R-span of {ω_{I1} ⋏ · · · ⋏ ω_{Ip} , I_p ∈ I^p}.

6.3 Criterion Satisfied

Now that we have a criterion for a set of 1-forms to generate Ω^χ, we wonder if there exist any forms that satisfy the criterion. In the case χ = det^{−1}, we have already constructed such forms. In Chapter 5, we built (det^{−1})-invariant 1-forms, μ_1, . . . , μ_n, whose exterior product is Q^{n−1} vol. We called the μ_i basic anti-invariant forms because they satisfy the criterion in Proposition 15: μ_1 ⋏ · · · ⋏ μ_n = Q^{1−n} μ_1 ∧ · · · ∧ μ_n = Q^{1−n} Q^{n−1} vol = 1 vol = Q_{det}−1_{· det} vol.

The case χ = det^{−1} is not just an example. We will use the basic anti-invariant forms to satisfy the criterion in Proposition 15 for arbitrary χ.

We first write Q_{χ·det} in terms of Q_χ. Recall that Q_χ = ∏ H∈A α^{aH (χ)} H .

Fix H ∈ A with a_H (χ) ≠ 0. The exponent a_H (χ · det) is the least nonnegative integer satisfying det(s_H )^{−aH (χ·det)} = (χ · det)(s_H ) = χ(s_H ) det(s_H ) = det(s_H )^{−aH (χ)} det(s_H ) = det(s_H )^{−(aH (χ)−1)}.

Hence a_H (χ · det) = a_H (χ) − 1. Now fix H ∈ A with a_H (χ) = 0. Then det(s_H )^{−aH (χ·det)} = (χ · det)(s_H ) = χ(s_H ) det(s_H ) = det(s_H ) = det(s_H )^{−(o(sH )−1)}.

Hence, a_H (χ · det) = o(s_H ) − 1. Then Q_{χ·det} = ∏ H∈A α^{aH (χ·det)} H = ∏ H∈A χ(s_H )≠1 α^{aH (χ)−1} H ∏ H∈A χ(s_H )=1 α^{o(sH )−1} H ,

a fact we use to prove the next theorem.

Theorem 16. If ω_1, . . . , ω_n generate (Ω^1)^χ over R, then ω_1 ⋏ · · · ⋏ ω_n .= Q_{χ·det} vol. Proof: By Corollary 14, ω_1 ⋏ · · · ⋏ ω_n is a χ-invariant n-form. Then by Proposition 6, there exists a polynomial f ∈ R with ω_1 ⋏ · · · ⋏ ω_n = f Q_{χ·det} vol.

We will show that f is a nonzero constant.

First, we show that f is nonzero. Suppose to the contrary that ω_1 ⋏· · ·⋏ω_n = 0. Let M be the coefficient matrix M(ω_1, . . . , ω_n), i.e. ω_1 ∧ · · · ∧ ω_n = det M vol. Then det M = 0, and one row of M is a linear combination of the other rows over F = C (x_1 , . . . , x_n). Multiplying by a least common multiple yields a relation over S: n∑ i=1 s_i ω_i = 0.

After applying a group element g, multiplying by χ^{−1}(g), and then averaging over G, we get a relation over R: 0 = ∑ g∈G n∑ i=1 χ^{−1}(g) gs_i gω_i

= n∑ i=1 ∑ g∈G χ^{−1}(g) gs_i χ(g) ω_i

= n∑ i=1 ∑ g∈G gs_i ω_i.

This contradicts the fact that (Ω^1)^χ is free over R with basis ω_1, . . . , ω_n. Thus, f is nonzero.

We show that f is constant by showing that f divides two polynomials that are relatively prime. We find these two polynomials by writing two particular sets of χ-invariant 1-forms in terms of the generators ω_1, . . . , ω_n. Notice that det M = f Q_{χ·det} (Q_χ)^{n−1}, since

f Q_{χ·det} vol = ω_1 ⋏ · · · ⋏ ω_n = (Q_χ)^{1−n} ω_1 ∧ · · · ∧ ω_n = (Q_χ)^{1−n} det M vol.

The first set of 1-forms is Q_χdf_1, . . . , Q_χdf_n. Since each df_i is invariant, each Q_χ df_i is χ-invariant and hence a combination of ω_1, . . . , ω_n over R. There exists some matrix of coefficients, N, with entries in S, such that Q_χdf_1 ∧ · · · ∧ Q_χdf_n = det M det N vol = f Q_{χ·det} (Q_χ)^{n−1} det N vol.

But Q_χdf_1 ∧ · · · ∧ Q_χdf_n = (Q_χ)^n Q_{det} vol by Proposition 7. Hence, f Q_{χ·det} det N = Q_χ Q_{det} and since det N ∈ S, f divides Q_χ Q_{det} (Q_{χ·det})^{−1}.

The second set of 1-forms is Q_{χ·det} μ_1, . . . , Q_{χ·det} μ_n, where the μ_i are basic anti-invariant forms. Each Q_{χ·det} μ_i is χ-invariant (since each μ_i is (det^{−1})-invariant), and thus an R-combination of ω_1, . . . , ω_n. There exists a matrix of coefficients, N^′, with coefficients in S, such that Q_{χ·det} μ_1 ∧ · · · ∧ Q_{χ·det} μ_n = det M det N^′ vol = f Q_{χ·det} (Q_χ)^{n−1} det N^′ vol.

But, Q_{χ·det} μ_1 ∧ · · · ∧ Q_{χ·det} μ_n = (Q_{χ·det})^n (Q_{det}−1 )^{n−1} vol.

Hence, f Q_{χ·det} (Q_χ)^{n−1} det N^′ = (Q_{χ·det})^n (Q_{det}−1 )^{n−1}.

Then since det N^′ ∈ S, the polynomial

(Q_{χ·det})^n (Q_{det}−1 )^{n−1} (Q_{χ·det})^{−1} (Q_χ)^{1−n} = (Q_{χ·det}Q_{det}−1 )^{n−1} (Q_χ)^{1−n} is divisible by f. We show that the two polynomials Q_χ Q_{det} (Q_{χ·det})^{−1} and (Q_{χ·det}Q_{det}−1 )^{n−1} (Q_χ)^{1−n} have no common factors by writing them both in terms of the α_H . We expand factors:

Q_χ = ∏ H∈A χ(s_H )≠1 α^{aH (χ)} H ,

Q_{det} = ∏ H∈A χ(s_H )≠1 α^{o(sH )−1} H ∏ H∈A χ(s_H )=1 α^{o(sH )−1} H ,

Q_{χ·det} = ∏ H∈A χ(s_H )≠1 α^{aH (χ)−1} H ∏ H∈A χ(s_H )=1 α^{o(sH )−1} H ,

Q_{det}−1 = ∏ H∈A χ(s_H )≠1 α_H ∏ H∈A χ(s_H )=1 α_H .

The first polynomial, Q_χ Q_{det} (Q_{χ·det})^{−1}, simplifies to ∏ H∈A χ(s_H )≠1 α^{o(sH )}_H .

The factor (Q_{χ·det} Q_{det}−1 )^{n−1} in the second polynomial simplifies to ∏ H∈A χ(s_H )≠1 α^{aH (χ)} H ∏ H∈A χ(s_H )=1 α^{o(sH )}_H n−1 ,

and hence the second polynomial, (Q_{χ·det} Q_{det}−1 )^{n−1} (Q_χ)^{1−n}, is just ∏ H∈A χ(s_H )=1 α^{o(sH )}_H n−1 .

Since f divides both polynomials, f must be constant. Thus, ω_1, . . . , ω_n satisfy

the criterion of Proposition 15.

Corollary 17. There exist n χ-invariant 1-forms that freely generate Ω^χ over R via

χ-wedging. Thus Ω^χ is isomorphic to an exterior algebra:

(Ω^p)^χ = Q^{1−p}_χ p⋀ R (Ω^1)^χ .

Proof: The generators of (Ω^1)^χ satisfy Proposition 15 by Theorem 16, and hence generate Ω^χ. We saw in the proof of Theorem 16 that the forms ω_{I1} ⋏ · · · ⋏ ω_{Ip} are independent over F and hence also independent over R. Thus, Ω^χ is freely generated.

We call the generators from Corollary 17 the basic χ-invariant forms, or for brevity, basic χ-forms.

Chapter 7

Results Also Hold for Υχ

We showed in the last chapter that Ω^χ has the structure of an exterior algebra, and as such is freely generated by n 1-forms. We expect analogous results for Υ^χ since χ-invariant derivation forms correspond to (χ · det^{−1})-invariant differential forms (Proposition 11). We define the χ-wedge of θ and β in Υ^χ as θ ∧ β Q_χ . The proofs of the following results are completely analogous to those in the last chapter, except for two slight changes due to the different group action. We therefore omit the proofs.

The first slight change occurs in the next lemma: notice that whenever I_1 = 1, x^{a+1}_1 divides θ_I instead of x^{a−1}_1 as in the version for Ω^χ.

Lemma 18. Suppose that θ is a χ-invariant derivation p-form. Fix a hyperplane H ∈ A and let a = a_H (χ). Choose coordinates in which x_1 = α_H and s_H is diagonal, and write μ = ∑ I∈I^p θ_I ∂x_{I1} ∧ · · · ∧ ∂x_{Ip}

in these coordinates. Then x^{a+1}_1 divides θ_I whenever I_1 = 1 and x^a_1 divides θ_I whenever I_1 ≠ 1, for I = {I_1, . . . , I_p} ∈ I^p.

Lemma 19. If θ and β are in Υ^χ, then Q_χ divides θ ∧ β.

Proposition 20. The R-module Υ^χ is closed under χ-wedging.

The other slight change occurs below in the criterion for n derivations to generate Υ^χ via χ-wedging: they must χ-wedge to Q_{χ·det}−1 ∂x_1 ∧ · · · ∧ ∂x_n instead of Q_{χ·det} dx_1 ∧ · · · ∧ dx_n. The change from Q_{χ·det} to Q_{χ·det}−1 occurs since dx_1 ∧ . . . ∧ dx_n is (det^{−1})-invariant while ∂x_1 ∧ · · · ∧ ∂x_n is det-invariant. Corollary 21. Forms θ_1, . . . , θ_n ∈ (Υ^1)^χ satisfy θ_1 ⋏ · · · ⋏ θ_n .= Q_{χ·det}−1 ∂x_1 ∧ · · · ∧ ∂x_n if and only if they generate Υ^χ over R via χ-wedging.

Corollary 22. There exist n χ-invariant derivation 1-forms that freely generate Υ^χ over R via χ-wedging. Thus Υ^χ is isomorphic to an exterior algebra: (Υ^p)^χ = Q^{1−p}_χ p⋀ R (Υ^1)^χ .

Chapter 8

Logarithmic Forms

We now discuss a few applications of the previous ideas to logarithmic forms. Some of these applications will appear in [12]. We have previously only considered differential forms with polynomial coefficients, but now consider differential forms with rational functions as coefficients. The S-module of logarithmic p-forms with poles along A (see also [9], p. 124) is defined as

Ω^p(A) := { ω Q_{det}−1

: ω ∈ Ω^p and ω ∧ dα_H ∈ α_H Ω^{p+1} for all H ∈ A } . G. Ziegler [20] extends this definition to multiarrangements of hyperplanes, hyperplane arrangements in which each hyperplane is given a positive integer multiplicity. We apply his definitions to our context of reflection groups and semi-invariants: Let A_χ be the multiarrangement consisting of each hyperplane H ∈ A counted with multiplicity α_H (χ), i.e., the multiarrangement defined by Q_χ. We define (as in [20]) the module of logarithmic p-forms of A_χ:

Ω^p(A_χ) := { ω Q_χ : ω ∈ Ω^p and ω ∧ dα_H ∈ α^{aH (χ)}_H Ω^{p+1} for all H ∈ A } . Let Ω(A_χ) := ⨁ p≥0 Ω^p(A_χ).

We first observe that any χ-invariant form can be turned into a logarithmic form of A_χ by merely dividing by Q_χ, and then show that Ω(A_χ) is closed under wedging:

Proposition 23. Q^{−1}_χ Ω^χ ⊂ Ω(A_χ).

Proof: Choose ω in (Ω^p)^χ and fix H ∈ A. Choose coordinates from Lemma 12 such that x_1 = α_H , ω = ∑ I∈I^p ωI dxI1 ∧ · · · ∧ dxIp , and x a_H (χ)

1 divides ω_I whenever 1 /∈ I. Then dα_H = dx_1, and ω ∧ dα_H = ω ∧ dx_1 = ∑ I,1 /∈I ω_I ∧ dx_1.

Thus ω ∧ dα_H is divisible by x^{aH (χ)}_1 and ω ∧ dα_H ∈ α^{aH (χ)}_H Ω^{p+1}. As H was arbitrary, ω Q_χ ∈ Ω(Aχ).

Proposition 24. Ω(A_χ) is closed under the exterior product.

Proof: Let ω/Q_χ and μ/Q_χ be in Ω(A_χ). Fix H in A and let a_H (χ) = a. Choose coordinates such that x_1 = α_H , and write ω = ∑ I∈I^p ωI dxI1 ∧ · · · ∧ dxIp and μ = ∑ J∈I^q μJ dxJ1 ∧ · · · ∧ dxJq in these coordinates. Since ω ∧ dx1 = ω ∧ dαH ∈ α a H Ω = x^a_1Ω, ω_I is divisible by x^a_1 as long as 1 ∉ I. Similarly, μ_J is divisible by x^a_1 whenever 1 ∉ J. As in the proof of Lemma 13, it follows that Q_χ divides ω ∧ μ. Whenever 1 ∉ I and 1 ∉ J, x^{2a}_1 divides ω_I μ_J , and thus ω ∧ μ Q_χ ∧ dx_1 is also divisible by x^a_1. Hence α^a_H divides (1/Q_χ) ω ∧ μ ∧ dα_H , and as H was arbitrary, (ω/Q_χ) ∧ (μ/Q_χ) is in Ω(A_χ).

A strong relationship holds between χ-invariants and logarithmic forms when χ = det^{−1}. Recall that A = A_{det}−1 and Q = Q_{det}−1 . We recall a few facts from Arrangements of Hyperplanes: The S-modules D(A) and Ω(A) are dual by an interior product ([9], Theorem 4.75). This duality and Saito’s Criterion imply two propositions ([9], Proposition 4.80, Proposition 4.81):

Proposition 25. Rational forms η_1, . . . , η_n freely generate Ω^1(A) over S if and only if η_1 ∧ · · · ∧ η_n .= Q^{−1} vol.

Proposition 26. If rational forms η_1, . . . , η_n freely generate Ω^1(A) over S, then the rational p-forms η_{I1} ∧ · · · ∧ η_{Ip} , I ∈ I^p, freely generate Ω^p(A) over S.

Combining this with our previous results, we realize that the 1-forms that generate Ω^{det−1} over R (the basic anti-invariant forms) also generate Ω(A) over S:

Corollary 27. Ω^p(A) = 1 Q S ⊗_R (Ω^p)^{det−1} .

Proof: If μ_1, . . . , μ_n are basic anti-invariant forms, then μ_1 ∧ · · · ∧ μ_n = Q^{n−1} vol. Hence by Propositions 25 and 26, Ω^p(A) is freely generated by Q^{−1}μ_{I1} ∧ · · · ∧ Q^{−1}μ_{Ip} , I ∈ I^p. The above corollary is shown with a different argument in [13].

Chapter 9

Constructing Generators

Corollary 17 guarantees that all χ-invariant forms can be computed from the basic χ-forms. But how does one find the basic χ-forms? We construct basic χ-forms using a new method called knocking. In Chapter 10, we will use knocking to give explicit constructions of the basic χ-forms for the irreducible reflection groups. Essentially, we switch dx_i (or x_i) and^∂_{∂xi} everywhere possible in a form, bar the complex scalars, and let the resulting operator act on polynomials. We use this idea in two ways: We first construct basic derivations from basic invariants, and then construct basic χ-forms from basic derivations and Stanley polynomials. Although basic derivations for the irreducible reflection groups have been computed in [6] and [8], this method seems easier, and the construction of basic χ-forms is new.

9.1 Operators

In Chapter 2, we defined ∂ ( ∑_n i=1 c_ix_i) := ∑_n i=1 c̄_i^∂_{∂xi} , where c_i ∈ C . For each f = f(x_1, . . . , x_n) ∈ S, we obtain a differential operator f(∂x_1, . . . , ∂x_n) by replacing each x_i by^∂_{∂xi} in f and replacing multiplication of x_i by composition of partial derivatives. Further extend ∂ to polynomials of arbitrary degree: For each f ∈ S, define ∂f := f̄(∂x_1, . . . , ∂x_n), where f̄ is the polynomial obtained by replacing each complex coefficient in f with its complex conjugate.

How does the group act on the set of ∂f? In Chapter 2, we defined the group action on Ω and Υ to commute with d and ∂. Define a group action on the set of operators ∂f (f ∈ S) by g ∂f := ∂(g f).

Lemma 28. For any polynomials f, P ∈ S and g ∈ G, (g ∂f)P = g(∂f(g^{−1}P )). Hence, g(∂fP ) = ∂(g f)(g P ). Proof: We use the chain rule and the fact that g is unitary. Since ∂ is anti-linear, it suffices to consider a monomial f = α x^{r1}_1 . . . x^{rn}_n where α ∈ C . Denote the matrix g by {a^i_j } and the matrix g^{−1} by {b^i_j }. Then a^i_j = b̄^j_i since g^{−1} = ḡ^t (g is unitary). For ease with notation, we implicitly sum over any subscript of x other than 1, 2, . . . , n in the following calculation: g ( ∂f(g^{−1}P ) ) = g ( ᾱ ∂ ∂x^{r1}_1 . . . ∂x^{rn}_n (P ∘ g) )

= g ( ᾱ a^{i1}_1 . . . a^{ir1}_1 . . . a^{j1}_n . . . a^{jrn}_n ∂P ∂x_{i1} . . . ∂x_{ir1} . . . ∂x_{j1} . . . ∂x_{jrn} ∘ g )

= ᾱ a^{i1}_1 . . . a^{ir1}_1 . . . a^{j1}_n . . . a^{jrn}_n ∂P ∂x_{i1} . . . ∂x_{ir1} . . . ∂x_{j1} . . . ∂x_{jrn} = ᾱ b̄^1_{i1} . . . b̄^1_{ir1} . . . b̄^n_{j1} . . . b̄^n_{jrn} ∂P ∂x_{i1} . . . ∂x_{ir1} . . . ∂x_{j1} . . . ∂x_{jrn} = ∂ ( b^1_{i1} . . . b^1_{ir1} . . . b^n_{j1} . . . b^n_{jrn} α x^{i1} . . . x^{ir1} . . . x^{j1} . . . x^{jrn} ) P = ∂(g f)P = g(∂fP ). Hence also, g(∂fP ) = ∂(g f)(g P ).

9.2 Basic χ-Forms

We now introduce a construction of differential 1-forms from derivations and polynomials that behaves well with respect to semi-invariance. The idea is to replace each ∂x_i with dx_i and each x_i with ∂x_i, bar the complex scalars, and then apply the resulting operator to a polynomial. We will eventually use this construction to combine invariant derivations and Stanley polynomials. For a derivation τ = ∑_n i=1 t^i ∂x_i and polynomial P , define the differential 1-form τ ⊚ P := n∑ i=1 ∂t^iP dx_i,

read τ knock P . We call ∑_n i=1 ∂t^i dx_i a lowering operator, as it lowers degree.

Proposition 29. Let τ be a ψ-invariant derivation, and P be a χ-invariant polynomial. Then τ ⊚ P is a (χ · ψ^{−1})-invariant differential 1-form.

Proof: Again, let g = {a^i_j } and g^{−1} = {b^i_j }, and note that a^i_j = b̄^j_i . Since τ is ψ-invariant and ∂ is anti-linear, ψ(g) τ = g τ = ∑ i g t^i ∂(x_i ∘ g^{−1})

= ∑ i g t^i ∂ ∑ j b^i_j x_j = ∑ i g t^i ∑ j b̄^i_j ∂x_j = ∑ i g t^i ∑ j a^j_i ∂x_j

and ψ(g) t^j = ∑ i a^j_i g t^i. (♠)

Then by Lemma 28 and the anti-linearity of ∂, g(τ ⊚ P ) = ∑ i g(∂t^iP ) g dx_i = ∑ i ∂(g t^i)(g P ) g dx_i = χ(g) ∑ i,j ∂(g t^i)P b^i_j dx_j = χ(g) ∑ i,j ∂(b̄^i_j g t^i)P dx_j = χ(g) ∑ i,j ∂(a^j_i g t^i)P dx_j . But by Equation ♠ above, χ(g) ∑ i,j ∂(a^j_i g t^i)P dx_j = χ(g) ∑ j ∂(ψ(g) t^j)P dx_j = χ(g) ψ̄(g) ∑ j ∂t^j P dx_j = χ(g) ψ^{−1}(g) τ ⊚ P.

We use the next corollary to construct basic χ-forms.

Corollary 30. Let θ be a basic derivation. Then θ ⊚ Q_χ is a χ-invariant differential 1-form.

9.3 Basic Derivations

The last theorem gave a method to construct a semi-invariant 1-form from a derivation and a polynomial. Now let’s do the reverse and construct a semi-invariant derivation from a differential 1-form and a polynomial. We replace each dx_i with ∂x_i and each x_i with ∂x_i, bar the complex coefficients, and let the operator act on a polynomial: For a 1-form ν = ∑_n i=1 v^idx_i and a polynomial P , define the derivation ν ⊖ P := n∑ i=1 ∂v^iP ∂x_i, read ν co-knock P . Again, we call ∑_n i=1 ∂v^i ∂x_i a lowering operator.

Proposition 31. Let ν be a ψ-invariant differential 1-form, and P be a χ-invariant polynomial. Then ν ⊖ P is a (χ · ψ^{−1})-invariant derivation.

Proof: Again, let g = {a^i_j } and g^{−1} = {b^i_j } and note that a^i_j = b̄^j_i . Since ν is ψ-invariant and ∂ is anti-linear, ψ(g) ν = g ν = ∑ i g v^i ∑ j b^i_j dx_j and ψ(g) v^j = ∑ i b^i_j g v^i.

Then by Lemma 28 and the anti-linearity of ∂, g(ν ⊚ P ) = ∑ i g(∂v^iP ) g ∂x_i = ∑ i ∂(g v^i)(g P ) g ∂(x_i ∘ g^{−1})

= χ(g) ∑ i ∂(g v^i)P ∂ ∑ j b^i_j x_j = χ(g) ∑ i,j ∂(g v^i)P b̄^i_j ∂x_j = χ(g) ∑ i,j ∂(b^i_j g v^i)P ∂x_j = χ(g) ∑ j ∂(ψ(g) v^j )P ∂x_j = χ(g) ψ̄(g) ∑ j ∂v^j P ∂x_j = χ(g) ψ^{−1}(g) τ ⊖ P.

We use the next corollary to construct basic derivations.

Corollary 32. Let f_i and f_j be basic invariants. Then df_i⊖f_j is an invariant derivation.

9.4 Remarks

The fact that knocking preserves semi-invariance is not surprising. Recall the ∗ map from Chapter 2, ∗ : W → W^∗ = ∗(W ), defined on any finite-dimensional complex vector space W. This map respects tensor products and also symmetric and exterior tensor powers: (W ⊗ W )^∗ ≃ W^∗ ⊗ W^∗, S(W ⊗ W )^∗ ≃ S(W^∗ ⊗ W^∗), (W ∧ W )^∗ ≃ W^∗ ∧ W^∗. Hence it respects the symmetric and exterior tensor powers on V , V^∗, V^{∗∗} and V^{∗∗∗}. The ∗ map also obviously respects the isomorphisms e_i ↔ ∂x_i (V ≃ V^{∗∗}) and x_i ↔ dx_i (V^∗ ≃ V^{∗∗∗}) (where e_i is a basis vector of V dual to x_i).

Knocking can be viewed as an application of the ∗ map: pass the ∗ map through symmetric and exterior powers to create an operator. But g ∈ G also preserves symmetric and exterior powers (by definition of the group actions), and can be “passed through” to individual v ∈ V and v^∗ ∈ V^∗. We remarked in Chapter 2 that G respects the correspondence V ↔ V^∗ given by ∗. Hence, we expect the group to preserve knocking. Since the ∗ map is anti-linear, ψ^{−1}(g) pulls out of a ψ-invariant lowering operator when g acts.

Chapter 10

In Practice

Now that we have a developed a theory of semi-invariants, how to we apply the theory in practice? Chapters 6 and 7 showed that one can build all semi-invariants from a few fundamental forms, and Chapter 9 gave a new method (knocking) for constructing these fundamental forms. We show here how these ideas are used to compute semiinvariants explicitly. Specifically, we show how to find all the semi-invariants for the exceptional irreducible reflection groups. We make some remarks about the irreducible reflection groups and display a reduced form of the Hilbert Series of χ-invariants for each of the exceptional groups. We give explicit constructions of the basic χ-forms and basic derivations for the two-dimensional exceptional groups using the constructions from Chapter 9. We indicate the basic χ-forms for the higher dimensional exceptional groups as well.

10.1 Irreducible Reflection Groups

We remarked in Chapter 1 that every reflection group is either irreducible or the direct product of irreducible components, each of which is itself a reflection group. We thus focus on semi-invariants of the irreducible reflection groups. The irreducible reflection groups consist of three infinite families and thirty-four exceptional groups. Shephard and Todd gave each group a serial number: the infinite families are numbered 1 through 3 and the exceptional groups are numbered 4 through 37. The exceptional groups range in dimension from 2 to 8 and are labeled G_4 through G_{37}.

Groups G_4 through G_{22} are two-dimensional and fall into three categories. For any reflection group, we can mod out by the set of scalar matrices to obtain a projective group. Each projective group corresponding to a two-dimensional exceptional group is either the tetrahedral group (size 12), octahedral group (size 24), or icosahedral group (size 60). With an abuse of terminology, we also call the corresponding reflection group tetrahedral, octahedral, or icosahedral. We focus here on the two-dimensional exceptional groups for several reasons. Most of the exceptional groups are two-dimensional. These groups lend themselves well to presentation — in fact, all of the semi-invariant forms (including basic invariants) for all nineteen of the two-dimensional exceptional groups can be computed from just three polynomials! Most of the two-dimensional groups have many multiplicative characters and thus a wealth of semi-invariants. The two-dimensional group G_{19} has thirty multiplicative characters, more than any other exceptional group!

In contrast, the higher dimensional exceptional groups, G_{23} through G_{37}, are lacking in multiplicative characters. The trivial and the det^{−1} characters are usually the only multiplicative characters. Only four groups have more: G_{25}, G_{26}, G_{28}, and G_{32}. We showed in Chapter 5 how to construct basic anti-invariants from basic derivations, and basic derivations have been computed for the exceptional groups in [6] and [8]. Hence, the basic χ-forms for almost all of these groups are easy to find. The basic χforms for the remaining four groups, G_{25}, G_{26}, G_{28}, and G_{32}, can also be computed in a straightforward way — we indicate how in Section 10.3.

Unlike the two-dimensional groups, the projective groups corresponding to groups G_{23} through G_{37} are unique with one exception: both G_{25} and G_{26} are lifts of the Hessian group of order 216. The group G_{24} is the lift of Klein’s group of order 168. Group G_{27} is called the Valentineer group and its projective group is isomorphic to the alternating group A_6 (see S. Crass’s work ([4], [2], and [3]) on this group and the highly symmetrical dynamical systems built from its semi-invariants). Groups G_{35}, G_{36}, and G_{37} are better known as the Coxeter groups E_6, E_7, and E_8.

Recall that we labeled basic invariants f_i and basic derivations ϕ_i. The degrees of the df_i are called the exponents of the reflection group, and the degrees of the ϕ_i are called the coexponents of the group. When a group is a Shephard or Coxeter group, the degree of df_i (exponent) plus the degree of ϕ_{n−i} (coexponent) is always the degree of f_n. Any group that displays this numerology is called a duality group. Most of the exceptional groups are duality groups, and one may ask “why do duality groups exhibit such numerology, and why don’t other reflection groups?” This question in part motivated this thesis, and certainly motivated the constructions in the last chapter and calculations presented here. There are seven nonduality groups in dimension 2, G_7, G_{11}, G_{12}, G_{13}, G_{15}, G_{19} and G_{22}, and only one higher dimensional nonduality group, G_{31}. In the next sections, we explore the influence of duality on constructing basic χ-forms.

We invite the reader to peruse Table 10.5, which indicates the Hilbert series of χ-invariant differential forms for all of the irreducible reflection groups (excepting the infinite families). We have multiplied each series by (1 − x^{d1} ) . . . (1 − x^{dn} ), where d_i is the degree of f_i, to obtain a polynomial called the reduced Hilbert series that ignores the contribution of the basic invariants. Corollary 17 implies that the quotient is indeed a polynomial, and that this polynomial factors. The coefficient of x^iy^j is the dimension over R of the space of j-forms of homogeneous polynomial degree i. The symbol ▶ indicates a nonduality group. Nolan Wallach suggested factoring the polynomials with negative exponents, which prompted the idea to knock Stanley polynomials and basic derivations together. The Hilbert series were computed from character tables using a version of Molien’s theorem and the software GAP and Mathematica.

10.2 Two-dimensional Groups

We now restrict our attention to the two-dimensional exceptional groups. We compute basic derivations for the duality groups with a simple formula: ϕ_i = df_{n−i} ⊖ f_n. The numerology of a duality group suggests this formula, but perhaps the formula in some sense also sheds light on the numerology. Each basic χ-form of a duality group is either df_i Q_χ or ϕ_i ⊚ Q_χ. With nonduality groups, these constructions may give zero for some i. We then substitute f_nf_i (for some i) for f_n. (This is also the case with G_{31}, the nonduality group in dimension 4.)

For each group G_4 through G_{22}, we list the serial number, size, degrees of basic invariants (exponents + 1), degrees of basic derivations (coexponents), and degrees of the Stanley polynomials in Table 10.1. We indicate each nonduality group with the symbol ▶ (as before) throughout our tables. The reader should compare results for duality groups and nonduality groups.

Klein [7] explored the invariant theory for the projective tetrahedral, octahedral, and icosahedral groups in detail. There are three important invariant polynomials for each projective group, f, h, and t. Up to a scalar, the polynomial h is the Hessian of f and the polynomial t is the Jacobian of f and h. Table 10.2 gives f, h, and t for the tetrahedral, octahedral, and icosahedral groups explicitly. Any invariant of the corresponding reflection group can be written as a product of the f, h, and t. In Table 10.3, we give the basic invariants in terms of f, h, and t and give the basic derivations in terms of co-knocking f_n with df_i. We write each Stanley polynomial as a product of the f, h, and t in Table 10.4. The Stanley polynomials were found by examining the effect of group generators using Mathematica. Table 10.4 gives the basic χ-forms in terms of knocking Stanley polynomials with basic derivations (we omit the trivial character). Using these tables, the reader can compute any semi-invariant form for a two-dimensional exceptional group from the appropriate polynomial f alone!

10.3 Higher Dimensional Groups and Tables

The basic χ-forms for the rest of the exceptional groups follow the same patterns. We have computed the basic derivations and basic χ-forms for the groups G_{25}, G_{26}, G_{28}, and G_{32}. The other higher dimensional groups carry only the trivial and det^{−1} multiplicative characters. Hence, their semi-invariants can be constructed from the basic derivations computed in [6] and [8]. We have also computed basic derivations and basic χ-forms for the nonduality group G_{31}. We indicate the results here, but forego the explicit calculations.

As with the two-dimensional groups, basic derivations for the duality groups can be computed with the simple formula: ϕ_i = df_{n−i} ⊖ f_n. Again, each basic χ-form of a duality group is either df_i Q_χ or ϕ_i ⊚ Q_χ. The reduced Hilbert series in Table 10.5 indicates how to choose df_i Q_χ or ϕ_i ⊚ Q_χ. Each factor (1 + x^dy) in the reduced series corresponds to df_i Q_χ, where d is the degree of df_i (exponent). Each factor (1 + x^{−e}y) corresponds to ϕ_i ⊚ Q_χ, where e is the degree of ϕ_i (coexponent). Again, with our nonduality group G_{31}, the construction ϕ_i = df_{n−i} ⊖ f_n gives zero for one i. We then substitute f^2_n for f_n.

The following tables can be used to construct the semi-invariant forms of all the exceptional groups.

Table 10.1: Degrees

Tetrahedral Groups

Group Size Exponents +1 Coexponents Stanley Polynomials deg f_i deg ϕ_i deg Q_i 4 24 4, 6 1, 3 8, 4 5 72 6, 12 1, 7 12, 12, 4, 16, 4, 8, 8, 8 6 48 4, 12 1, 9 6, 10, 14, 4, 8 ▶ 7 144 12, 12 1, 13 6, 18, 18, 12, 12, 22, 10, 10, 16, 4, 4, 14, 14, 14, 8, 8, 8

Octohedral Groups

Group Size Exponents +1 Coexponents Stanley Polynomials deg f_i deg ϕ_i deg Q_i 8 96 8, 12 1, 5 12, 6, 18 9 192 8, 24 1, 17 12, 12, 24, 30, 6, 18, 18 10 288 12, 24 1, 13 12, 18, 6, 26, 14, 20, 8, 34, 22, 28, 16 ▶ 11 576 24, 24 1, 25 12, 12, 24, 30, 6, 18, 18, 38, 14, 26, 26, 20, 20, 32, 8, 46, 22, 34, 34, 28, 28, 40, 16 ▶ 12 48 6, 8 1, 11 12 ▶ 13 96 8, 12 1, 17 18, 6, 12

14 144 6, 24 1, 19 12, 20, 8, 28, 16 ▶ 15 288 12, 24 1, 25 6, 18, 12, 22, 34, 28, 16, 14, 26, 20, 8

Icosahedral Groups

Group Size Exponents +1 Coexponents Stanley Polynomials deg f_i deg ϕ_i deg Q_i 16 600 20, 30 1, 11 36, 12, 48, 24 17 1200 20, 60 1, 41 30, 78, 66, 54, 42, 48, 36, 24, 12 18 1800 30, 60 1, 31 24, 48, 12, 36, 20, 44, 68, 32, 56, 40, 64, 88, 52, 76 ▶ 19 3600 60, 60 1, 61 30, 78, 66, 54, 42, 48, 36, 24, 12, 50, 98, 86, 74, 62, 20, 68, 56, 44, 32, 70, 118, 106, 94, 82, 40, 88, 76, 64, 52 20 360 12, 30 1, 19 40, 20 21 720 12, 60 1, 49 30, 70, 40, 50, 20 ▶ 22 240 12, 20 1, 29 30

Table 10.2: Klein’s Invariants Tetrahedral Groups

f x^4_1 + 2i √ 3 x^2_1x^2 + x^4_2 h x^4_1 − 2i √ 3 x^2_1x^2 + x^4_2 t x_1x_2(x^4_1 − x^4_2)

Octohedral Groups

f x_1x_2(x^4_1 − x^4_2) h x^8_1 + 14x^4_1x^4_2 + x^8_2 t x^{12}_1 − 33x^8_1x^4_2 − 33x^4_1x^8_2 + x^{12}_2

Icosahedral Groups

f x_1x_2(x^{10}_1 + 11x^5_1x^5_2 − x^{10}_2 ) h x^{20}_1 − 228x^{15}_1 x^5_2 + 494x^{10}_2 x^{10}_2 + 228x^5_1x^{15}_2 + x^{20}_2 t x^{30}_1 + 522x^{25}_1 x^5_2 − 10005x^{20}_1 x^{10}_2 − 10005x^{10}_1 x^{20}_2 − 522x^5_1x^{25}_2 + x^{30}_2

Table 10.3: Basic Invariants and Derivations Tetrahedral Groups

Group Size Exponents +1 Basic Inv. Coexponents Basic Der. deg f_i f_i deg ϕ_i ϕ_i 4 24 4, 6 f t 1, 3 df_2 ⊖ f_2 df_1 ⊖ f_2 5 72 6, 12 t fff 1, 7 df_2 ⊖ f_2 df_1 ⊖ f_2 6 48 4, 12 tt f 1, 9 df_2 ⊖ f_2 df_1 ⊖ f_2 ▶ 7 144 12, 12 fff tt 1, 13 df_2 ⊖ f_2 df_1 ⊖ f^2_2

Octohedral Groups

Group Size Exponents +1 Basic Inv. Coexponents Basic Der. deg f_i f_i deg ϕ_i ϕ_i 8 96 8, 12 h t 1, 5 df_2 ⊖ f_2 df_1 ⊖ f_2 9 192 8, 24 h tt 1, 17 df_2 ⊖ f_2 df_1 ⊖ f_2 10 288 12, 24 t hhh 1, 13 df_2 ⊖ f_2 df_1 ⊖ f_2 ▶ 11 576 24, 24 hhh tt 1, 25 df_2 ⊖ f_2 df_1 ⊖ f^2_2 ▶ 12 48 6, 8 f h 1, 11 df_2 ⊖ f_2 df_1 ⊖ f^2_2 ▶ 13 96 8, 12 h ff 1, 17 df_2 ⊖ f_2 df_1 ⊖ f^2_2 14 144 6, 24 f tt 1, 19 df_2 ⊖ f_2 df_1 ⊖ f_2 ▶ 15 288 12, 24 ff tt 1, 25 df_2 ⊖ f_2 df_2 ⊖ f^2_2

Icosahedral Groups

Group Size Exponents +1 Basic Inv. Coexponents Basic Der. deg f_i f_i deg ϕ_i ϕ_i 16 600 20, 30 h t 1, 11 df_2 ⊖ f_2 df_1 ⊖ f_2 17 1200 20, 60 h tt 1, 41 df_2 ⊖ f_2 df_1 ⊖ f_2 18 1800 30, 60 t hhh 1, 31 df_2 ⊖ f_2 df_1 ⊖ f_2 ▶ 19 3600 60, 60 hhh tt 1, 61 df_1 ⊖ f_2 df_1 ⊖ f^2_2 20 360 12, 30 f t 1, 19 df_2 ⊖ f_2 df_1 ⊖ f_2 21 720 12, 60 f tt 1, 49 df_2 ⊖ f_2 df_1 ⊖ f_2 ▶ 22 240 12, 20 f h 1, 29 df_2 ⊖ f_2 df_1 ⊖ f^2_2

Table 10.4: Basic χ-forms Tetrahedral Groups

Group Character Stanley Poly. Q_χ Degree Basic χ-forms Degrees G4: χ_1 hh 8 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 7, 5 χ_2 h 4 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 3, 1 G5: χ_1 fhh 12 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 11, 5 χ_2 ffh 12 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 11, 5 χ_3 f 4 ϕ_1 ⊚ Q_χ df_1Q_χ 3, 9 χ_4 ffhh 16 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 15, 9 χ_5 h 4 ϕ_1 ⊚ Q_χ df_1Q_χ 3, 9 χ_6 hh 8 ϕ_1 ⊚ Q_χ df_1Q_χ 7, 13 χ_7 ff 8 ϕ_1 ⊚ Q_χ df_1Q_χ 7, 13 χ_8 fh 8 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 7, 1 G6: χ_1 t 6 ϕ_1 ⊚ Q_χ df_1Q_χ 5, 9 χ_2 ht 10 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 9, 1 χ_3 hht 14 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 13, 5 χ_4 h 4 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 3, 7 χ_5 hh 8 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 7, 11 ▶ G_7: χ_1 t 6 ϕ_1 ⊚ Q_χ df_1Q_χ 5, 17 χ_2 ffht 18 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 17, 5 χ_3 fhht 18 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 17, 5 χ_4 ffh 12 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ f_2Q_χ 11, 11 χ_5 fhh 12 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ f_2Q_χ 11, 11 χ_6 ffhht 22 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 21, 9 χ_7 ft 10 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ f_2Q_χ 9, 9 χ_8 ht 10 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ f_2Q_χ 9, 9 χ_9 ffhh 16 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ f_2Q_χ 15, 15 χ_{10} f 4 ϕ_1 ⊚ Q_χ df_2Q_χ 3, 15 χ_{11} h 4 ϕ_1 ⊚ Q_χ df_2Q_χ 3, 15 χ_{12} fht 14 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 13, 1 χ_{13} hht 14 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ f_2Q_χ 13, 13 χ_{14} fft 14 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ f_2Q_χ 13, 13 χ_{15} fh 8 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ f_2Q_χ 7, 7 χ_{16} ff 8 ϕ_1 ⊚ Q_χ df_2Q_χ 7, 19 χ_{17} hh 8 ϕ_1 ⊚ Q_χ df_2Q_χ 7, 19

Table 10.4: Continued Octohedral Groups

Group Character Stanley Poly. Q_χ Degree Basic χ-forms Degrees G8: χ_1 ff 12 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 11, 7 χ_2 f 6 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 5, 1 χ_3 fff 8 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 17, 13 G9: χ_1 ff 12 ϕ_1 ⊚ Q_χ df_1Q_χ 11, 19 χ_2 t 12 ϕ_1 ⊚ Q_χ df_1Q_χ 11, 19 χ_3 fft 24 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 23, 7 χ_4 ffft 30 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 29, 13 χ_5 f 6 ϕ_1 ⊚ Q_χ df_1Q_χ 5, 13 χ_6 fff 18 ϕ_1 ⊚ Q_χ df_1Q_χ 17, 25 χ_7 ft 18 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 17, 1 G10: χ_1 ff 12 ϕ_1 ⊚ Q_χ df_1Q_χ 11, 23 χ_2 fff 18 ϕ_1 ⊚ Q_χ df_1Q_χ 17, 29 χ_3 f 6 ϕ_1 ⊚ Q_χ df_1Q_χ 5, 17 χ_4 fffh 26 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 25, 13 χ_5 fh 14 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 13, 1 χ_6 ffh 20 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 19, 7 χ_7 h 8 ϕ_1 ⊚ Q_χ df_1Q_χ 7, 19 χ_8 fffhh 34 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 33, 21 χ_9 fhh 22 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 21, 9 χ_{10} ffhh 28 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 27, 15 χ_{11} hh 16 ϕ_1 ⊚ Q_χ df_1Q_χ 15, 27

Table 10.4: Continued Octohedral Groups (cont.)

Group Character Stanley Poly. Q_χ Degree Basic χ-forms Degrees ▶ G_{11}: χ_1 t 12 ϕ_1 ⊚ Q_χ df_1Q_χ 11, 35 χ_2 ff 12 ϕ_1 ⊚ Q_χ df_2Q_χ 11, 35 χ_3 fft 24 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ f_2Q_χ 23, 23 χ_4 ffft 30 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ f_2Q_χ 29, 29 χ_5 f 6 ϕ_1 ⊚ Q_χ df_2Q_χ 5, 29 χ_6 fff 18 ϕ_1 ⊚ Q_χ df_2Q_χ 17, 41 χ_7 ft 18 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ f_2Q_χ 17, 17 χ_8 fffht 38 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 37, 13 χ_9 fh 14 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ f_2Q_χ 13, 13 χ_{10} fffh 26 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ f_2Q_χ 25, 25 χ_{11} fht 26 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 25, 1 χ_{12} ffh 20 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ f_2Q_χ 19, 19 χ_{13} ht 20 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ f_2Q_χ 19, 19 χ_{14} ffht 32 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 31, 7 χ_{15} h 8 ϕ_1 ⊚ Q_χ df_2Q_χ 7, 31 χ_{16} fffhht 46 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 45, 21 χ_{17} fhh 22 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ f_2Q_χ 21, 21 χ_{18} fffhh 34 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ f_2Q_χ 33, 33 χ_{19} fhht 34 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 33, 9 χ_{20} hht 28 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ f_2Q_χ 27, 27 χ_{21} ffhh 28 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ f_2Q_χ 27, 27 χ_{22} ffhht 40 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 39, 15 χ_{23} hh 16 ϕ_1 ⊚ Q_χ df_2Q_χ 15, 39 ▶ G_{12}: χ_1 t 12 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 11, 1 ▶ G_{13}: χ_1 ft 18 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 17, 1 χ_2 f 6 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 5, 13 χ_3 t 12 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 11, 7 G14: χ_1 t 12 ϕ_1 ⊚ Q_χ df_1Q_χ 11, 17 χ_2 ht 20 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 19, 1 χ_3 h 8 ϕ_1 ⊚ Q_χ df_1Q_χ 7, 13 χ_4 hht 28 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 27, 9 χ_5 hh 16 ϕ_1 ⊚ Q_χ df_1Q_χ 15, 21

Table 10.4: Continued Octohedral Groups (cont.)

Group Character Stanley Poly. Q_χ Degree Basic χ-forms Degrees ▶ G_{15}: χ_1 f 6 ϕ_1 ⊚ Q_χ df_2Q_χ 5, 29 χ_2 ft 18 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ f_2Q_χ 17, 17 χ_3 t 12 ϕ_1 ⊚ Q_χ df_1Q_χ 11, 23 χ_4 hhf 22 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ f_2Q_χ 21, 21 χ_5 fhht 34 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 33, 9 χ_6 hht 28 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ f_1Q_χ 27, 15 χ_7 hh 16 ϕ_1 ⊚ Q_χ df_1Q_χ 15, 27 χ_8 fh 14 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ f_2Q_χ 13, 13 χ_9 fht 26 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ f_1Q_χ 25, 1 χ_{10} ht 20 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 19, 7 χ_{11} h 8 ϕ_1 ⊚ Q_χ df_1Q_χ 7, 19

Table 10.4: Continued Icosahedral Groups

Group Character Stanley Poly. Q_χ Degree Basic χ-forms Degrees G_{16}: χ_1 fff 36 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 35, 25 χ_2 f 12 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 11, 1 χ_3 ffff 48 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 37, 47 χ_4 ff 24 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 23, 13 G17: χ_1 t 30 ϕ_1 ⊚ Q_χ df_1Q_χ 29, 49 χ_2 fffft 78 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 77, 37 χ_3 ffft 66 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 65, 25 χ_4 fft 54 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 53, 13 χ_5 ft 42 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 41, 1 χ_6 ffff 48 ϕ_1 ⊚ Q_χ df_1Q_χ 47, 67 χ_7 fff 36 ϕ_1 ⊚ Q_χ df_1Q_χ 35, 55 χ_8 ff 24 ϕ_1 ⊚ Q_χ df_1Q_χ 23, 43 χ_9 f 12 ϕ_1 ⊚ Q_χ df_1Q_χ 11, 31 G18: χ_1 ff 24 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 23, 53 χ_2 ffff 48 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 47, 77 χ_3 f 12 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 11, 41 χ_4 fff 36 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 35, 65 χ_5 h 20 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 19, 49 χ_6 ffh 44 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 43, 13 χ_7 ffffh 68 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 67, 37 χ_8 fh 32 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 31, 1 χ_9 fffh 56 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 55, 25 χ_{10} hh 40 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 39, 69 χ_{11} ffhh 64 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 63, 33 χ_{12} ffffhh 88 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 87, 57 χ_{13} fhh 52 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 51, 21 χ_{14} fffhh 76 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 75, 45

Table 10.4: Continued Icosahedral Groups (cont.)

Group Character Stanley Poly. Q_χ Degree Basic χ-forms Degrees ▶ G_{19}: χ_1 t 30 ϕ_1 ⊚ Q_χ df_1Q_χ 29, 89 χ_2 fffft 78 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ f_2Q_χ 77, 77 χ_3 ffft 66 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ f_2Q_χ 65, 65 χ_4 fft 54 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ f_2Q_χ 53, 53 χ_5 ft 42 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ f_2Q_χ 41, 41 χ_6 ffff 48 ϕ_1 ⊚ Q_χ df_2Q_χ 47, 107 χ_7 fff 36 ϕ_1 ⊚ Q_χ df_2Q_χ 35, 95 χ_8 ff 24 ϕ_1 ⊚ Q_χ df_2Q_χ 23, 83 χ_9 f 12 ϕ_1 ⊚ Q_χ df_2Q_χ 11, 71 χ_{10} ht 50 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ f_2Q_χ 49, 49 χ_{11} ffffht 98 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 97, 37 χ_{12} fffht 86 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 85, 25 χ_{13} ffht 74 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 73, 13 χ_{14} fht 62 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 61, 1 χ_{15} h 20 ϕ_1 ⊚ Q_χ df_2Q_χ 19, 79 χ_{16} ffffh 68 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ f_2Q_χ 67, 67 χ_{17} fffh 56 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ f_2Q_χ 55, 55 χ_{18} ffh 44 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ f_2Q_χ 43, 43 χ_{19} fh 32 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ f_2Q_χ 31, 31 χ_{20} hht 70 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ f_2Q_χ 69, 69 χ_{21} ffffhht 118 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 117, 57 χ_{22} fffhht 106 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 105, 45 χ_{23} ffhht 94 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 93, 33 χ_{24} fhht 82 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 81, 21 χ_{25} hh 40 ϕ_1 ⊚ Q_χ df_2Q_χ 39, 99 χ_{26} ffffhh 88 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ f_2Q_χ 87, 87 χ_{27} fffhh 76 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ f_2Q_χ 75, 75 χ_{28} ffhh 64 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ f_2Q_χ 63, 63 χ_{29} fhh 52 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ f_2Q_χ 51, 51

Table 10.4: Continued Icosahedral Groups (cont.)

Group Character Stanley Poly. Q_χ Degree Basic χ-forms Degrees G20: χ_1 hh 40 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 39, 21 χ_2 h 20 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 19, 1 G21: χ_1 t 30 ϕ_1 ⊚ Q_χ df_1Q_χ 29, 41 χ_2 hht 70 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 69, 21 χ_3 hh 40 ϕ_1 ⊚ Q_χ df_1Q_χ 39, 51 χ_4 ht 50 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 49, 1 χ_5 h 20 ϕ_1 ⊚ Q_χ df_1Q_χ 19, 31 ▶ G_{22}: χ_1 t 30 ϕ_1 ⊚ Q_χ ϕ_2 ⊚ Q_χ 29, 1

Table 10.5: Reduced Hilbert Series

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . G4 χ_0 (1 + x^3y)(1 + x^5y) χ1 x^8(1 + x^{−1}y)(1 + x^{−3}y) χ2 x^4(1 + x^{−1}y)(1 + x^{−3}y) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . G5 χ_0 (1 + x^5y)(1 + x^{11}y) χ1 x^{12}(1 + x^{−1}y)(1 + x^{−7}y) χ2 x^{12}(1 + x^{−1}y)(1 + x^{−7}y) χ3 x^4(1 + x^{−1}y)(1 + x^5y) χ4 x^{16}(1 + x^{−1}y)(1 + x^{−7}y) χ5 x^4(1 + x^{−1}y)(1 + x^5y) χ6 x^8(1 + x^{−1}y)(1 + x^5y) χ7 x^8(1 + x^{−1}y)(1 + x^5y) χ8 x^8(1 + x^{−1}y)(1 + x^{−7}y) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . G6 χ_0 (1 + x^3y)(1 + x^{11}y) χ1 x^6(1 + x^{−1}y)(1 + x^3y) χ2 x^{10}(1 + x^{−1}y)(1 + x^{−9}y) χ3 x^{14}(1 + x^{−1}y)(1 + x^{−9}y) χ4 x^4(1 + x^{−1}y)(1 + x^3y) χ5 x^8(1 + x^{−1}y)(1 + x^3y) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ▶ G7 χ_0 (1 + x^{11}y)(1 + x^{11}y) χ1 x^6(1 + x^{−1}y)(1 + x^{11}y) χ2 x^{18}(1 + x^{−1}y)(1 + x^{−13}y) χ3 x^{18}(1 + x^{−1}y)(1 + x^{−13}y) χ4 x^{12}(1 + x^{−1}y)(1 + x^{−1}y) χ5 x^{12}(1 + x^{−1}y)(1 + x^{−1}y) χ6 x^{22}(1 + x^{−1}y)(1 + x^{−13}y) χ7 x^{10}(1 + x^{−1}y)(1 + x^{−1}y) χ8 x^{10}(1 + x^{−1}y)(1 + x^{−1}y) χ9 x^{16}(1 + x^{−1}y)(1 + x^{−1}y) χ10 x^4(1 + x^{−1}y)(1 + x^{11}y) χ11 x^4(1 + x^{−1}y)(1 + x^{11}y) χ12 x^{14}(1 + x^{−1}y)(1 + x^{−13}y) χ13 x^{14}(1 + x^{−1}y)(1 + x^{−1}y) χ14 x^{14}(1 + x^{−1}y)(1 + x^{−1}y) χ15 x^8(1 + x^{−1}y)(1 + x^{−1}y) χ16 x^8(1 + x^{−1}y)(1 + x^{11}y) χ17 x^8(1 + x^{−1}y)(1 + x^{11}y) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Table 10.5: Continued

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . G8 χ_0 (1 + x^7y)(1 + x^{11}y) χ1 x^{12}(1 + x^{−1}y)(1 + x^{−5}y) χ2 x^6(1 + x^{−1}y)(1 + x^{−5}y) χ3 x^{18}(1 + x^{−1}y)(1 + x^{−5}y) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . G9 χ_0 (1 + x^7y)(1 + x^{23}y) χ1 x^{12}(1 + x^{−1}y)(1 + x^7y) χ2 x^{12}(1 + x^{−1}y)(1 + x^7y) χ3 x^{24}(1 + x^{−1}y)(1 + x^{−17}y) χ4 x^{30}(1 + x^{−1}y)(1 + x^{−17}y) χ5 x^6(1 + x^{−1}y)(1 + x^7y) χ6 x^{18}(1 + x^{−1}y)(1 + x^7y) χ7 x^{18}(1 + x^{−1}y)(1 + x^{−17}y) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . G10 χ_0 (1 + x^{11}y)(1 + x^{23}y) χ1 x^{12}(1 + x^{−1}y)(1 + x^{11}y) χ2 x^{18}(1 + x^{−1}y)(1 + x^{11}y) χ3 x^6(1 + x^{−1}y)(1 + x^{11}y) χ4 x^{26}(1 + x^{−1}y)(1 + x^{−13}y) χ5 x^{14}(1 + x^{−1}y)(1 + x^{−13}y) χ6 x^{20}(1 + x^{−1}y)(1 + x^{−13}y) χ7 x^8(1 + x^{−1}y)(1 + x^{11}y) χ8 x^{34}(1 + x^{−1}y)(1 + x^{−13}y) χ9 x^{22}(1 + x^{−1}y)(1 + x^{−13}y) χ10 x^{28}(1 + x^{−1}y)(1 + x^{−13}y) χ11 x^{16}(1 + x^{−1}y)(1 + x^{11}y) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Table 10.5: Continued

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ▶ G11 χ_0 (1 + x^{23}y)(1 + x^{23}y) χ1 x^{12}(1 + x^{−1}y)(1 + x^{23}y) χ2 x^{12}(1 + x^{−1}y)(1 + x^{23}y) χ3 x^{24}(1 + x^{−1}y)(1 + x^{−1}y) χ4 x^{30}(1 + x^{−1}y)(1 + x^{−1}y) χ5 x^6(1 + x^{−1}y)(1 + x^{23}y) χ6 x^{18}(1 + x^{−1}y)(1 + x^{23}y) χ7 x^{18}(1 + x^{−1}y)(1 + x^{−1}y) χ8 x^{38}(1 + x^{−1}y)(1 + x^{−25}y) χ9 x^{14}(1 + x^{−1}y)(1 + x^{−1}y) χ10 x^{26}(1 + x^{−1}y)(1 + x^{−1}y) χ11 x^{26}(1 + x^{−1}y)(1 + x^{−25}y) χ12 x^{20}(1 + x^{−1}y)(1 + x^{−1}y) χ13 x^{20}(1 + x^{−1}y)(1 + x^{−1}y) χ14 x^{32}(1 + x^{−1}y)(1 + x^{−25}y) χ15 x^8(1 + x^{−1}y)(1 + x^{23}y) χ16 x^{46}(1 + x^{−1}y)(1 + x^{−25}y) χ17 x^{22}(1 + x^{−1}y)(1 + x^{−1}y) χ18 x^{34}(1 + x^{−1}y)(1 + x^{−1}y) χ19 x^{34}(1 + x^{−1}y)(1 + x^{−25}y) χ20 x^{28}(1 + x^{−1}y)(1 + x^{−1}y) χ21 x^{28}(1 + x^{−1}y)(1 + x^{−1}y) χ22 x^{40}(1 + x^{−1}y)(1 + x^{−25}y) χ23 x^{16}(1 + x^{−1}y)(1 + x^{23}y) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ▶ G12 χ_0 (1 + x^5y)(1 + x^7y) χ1 x^{12}(1 + x^{−1}y)(1 + x^{−11}y) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ▶ G13 χ_0 (1 + x^7y)(1 + x^{11}y) χ1 x^{18}(1 + x^{−1}y)(1 + x^{−17}y) χ2 x^6(1 + x^{−1}y)(1 + x^7y) χ3 x^{12}(1 + x^{−1}y)(1 + x^{−5}y) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . G14 χ_0 (1 + x^5y)(1 + x^{23}y) χ1 x^{12}(1 + x^{−1}y)(1 + x^5y) χ2 x^{20}(1 + x^{−1}y)(1 + x^{−19}y) χ3 x^8(1 + x^{−1}y)(1 + x^5y) χ4 x^{28}(1 + x^{−1}y)(1 + x^{−19}y) χ5 x^{16}(1 + x^{−1}y)(1 + x^5y) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Table 10.5: Continued

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ▶ G15 χ_0 (1 + x^{11}y)(1 + x^{23}y) χ1 x^6(1 + x^{−1}y)(1 + x^{23}y) χ2 x^{18}(1 + x^{−1}y)(1 + x^{−1}y) χ3 x^{12}(1 + x^{−1}y)(1 + x^{11}y) χ4 x^{22}(1 + x^{−1}y)(1 + x^{−1}y) χ5 x^{34}(1 + x^{−1}y)(1 + x^{−25}y) χ6 x^{28}(1 + x^{−1}y)(1 + x^{−13}y) χ7 x^{16}(1 + x^{−1}y)(1 + x^{11}y) χ8 x^{14}(1 + x^{−1}y)(1 + x^{−1}y) χ9 x^{26}(1 + x^{−1}y)(1 + x^{−25}y) χ10 x^{20}(1 + x^{−1}y)(1 + x^{−13}y) χ11 x^8(1 + x^{−1}y)(1 + x^{11}y) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . G16 χ_0 (1 + x^{19}y)(1 + x^{29}y) χ1 x^{36}(1 + x^{−1}y)(1 + x^{−11}y) χ2 x^{12}(1 + x^{−1}y)(1 + x^{−11}y) χ3 x^{48}(1 + x^{−1}y)(1 + x^{−11}y) χ4 x^{24}(1 + x^{−1}y)(1 + x^{−11}y) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . G17 χ_0 (1 + x^{19}y)(1 + x^{59}y) χ1 x^{30}(1 + x^{−1}y)(1 + x^{19}y) χ2 x^{78}(1 + x^{−1}y)(1 + x^{−41}y) χ3 x^{66}(1 + x^{−1}y)(1 + x^{−41}y) χ4 x^{54}(1 + x^{−1}y)(1 + x^{−41}y) χ5 x^{42}(1 + x^{−1}y)(1 + x^{−41}y) χ6 x^{48}(1 + x^{−1}y)(1 + x^{19}y) χ7 x^{36}(1 + x^{−1}y)(1 + x^{19}y) χ8 x^{24}(1 + x^{−1}y)(1 + x^{19}y) χ9 x^{12}(1 + x^{−1}y)(1 + x^{19}y) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Table 10.5: Continued

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . G18 χ_0 (1 + x^{29}y)(1 + x^{59}y) χ1 x^{24}(1 + x^{−1}y)(1 + x^{29}y) χ2 x^{48}(1 + x^{−1}y)(1 + x^{29}y) χ3 x^{12}(1 + x^{−1}y)(1 + x^{29}y) χ4 x^{36}(1 + x^{−1}y)(1 + x^{29}y) χ5 x^{20}(1 + x^{−1}y)(1 + x^{29}y) χ6 x^{44}(1 + x^{−1}y)(1 + x^{−31}y) χ7 x^{68}(1 + x^{−1}y)(1 + x^{−31}y) χ8 x^{32}(1 + x^{−1}y)(1 + x^{−31}y) χ9 x^{56}(1 + x^{−1}y)(1 + x^{−31}y) χ10 x^{40}(1 + x^{−1}y)(1 + x^{29}y) χ11 x^{64}(1 + x^{−1}y)(1 + x^{−31}y) χ12 x^{88}(1 + x^{−1}y)(1 + x^{−31}y) χ13 x^{52}(1 + x^{−1}y)(1 + x^{−31}y) χ14 x^{76}(1 + x^{−1}y)(1 + x^{−31}y) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ▶ G19 χ_0 (1 + x^{59}y)(1 + x^{59}y) χ1 x^{30}(1 + x^{−1}y)(1 + x^{59}y) χ2 x^{78}(1 + x^{−1}y)(1 + x^{−1}y) χ3 x^{66}(1 + x^{−1}y)(1 + x^{−1}y) χ4 x^{54}(1 + x^{−1}y)(1 + x^{−1}y) χ5 x^{42}(1 + x^{−1}y)(1 + x^{−1}y) χ6 x^{48}(1 + x^{−1}y)(1 + x^{59}y) χ7 x^{36}(1 + x^{−1}y)(1 + x^{59}y) χ8 x^{24}(1 + x^{−1}y)(1 + x^{59}y) χ9 x^{12}(1 + x^{−1}y)(1 + x^{59}y) χ10 x^{50}(1 + x^{−1}y)(1 + x^{−1}y) χ11 x^{98}(1 + x^{−1}y)(1 + x^{−61}y) χ12 x^{86}(1 + x^{−1}y)(1 + x^{−61}y) χ13 x^{74}(1 + x^{−1}y)(1 + x^{−61}y) χ14 x^{62}(1 + x^{−1}y)(1 + x^{−61}y) χ15 x^{20}(1 + x^{−1}y)(1 + x^{59}y) χ16 x^{68}(1 + x^{−1}y)(1 + x^{−1}y) χ17 x^{56}(1 + x^{−1}y)(1 + x^{−1}y) χ18 x^{44}(1 + x^{−1}y)(1 + x^{−1}y) χ19 x^{32}(1 + x^{−1}y)(1 + x^{−1}y) χ20 x^{70}(1 + x^{−1}y)(1 + x^{−1}y) χ21 x^{118}(1 + x^{−1}y)(1 + x^{−61}y) χ22 x^{106}(1 + x^{−1}y)(1 + x^{−61}y) χ23 x^{94}(1 + x^{−1}y)(1 + x^{−61}y) χ24 x^{82}(1 + x^{−1}y)(1 + x^{−61}y) χ25 x^{40}(1 + x^{−1}y)(1 + x^{59}y) χ26 x^{88}(1 + x^{−1}y)(1 + x^{−1}y) χ27 x^{76}(1 + x^{−1}y)(1 + x^{−1}y) χ28 x^{64}(1 + x^{−1}y)(1 + x^{−1}y) χ29 x^{52}(1 + x^{−1}y)(1 + x^{−1}y) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Table 10.5: Continued

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . G20 χ_0 (1 + x^{11}y)(1 + x^{29}y) χ1 x^{40}(1 + x^{−1}y)(1 + x^{−19}y) χ2 x^{20}(1 + x^{−1}y)(1 + x^{−19}y) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . G21 χ_0 (1 + x^{11}y)(1 + x^{59}y) χ1 x^{30}(1 + x^{−1}y)(1 + x^{11}y) χ2 x^{70}(1 + x^{−1}y)(1 + x^{−49}y) χ3 x^{40}(1 + x^{−1}y)(1 + x^{11}y) χ4 x^{50}(1 + x^{−1}y)(1 + x^{−49}y) χ5 x^{20}(1 + x^{−1}y)(1 + x^{11}y) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ▶ G22 χ_0 (1 + x^{11}y)(1 + x^{19}y) χ1 x^{30}(1 + x^{−1}y)(1 + x^{−29}y) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . G23 χ_0 (1 + xy)(1 + x^5y)(1 + x^9y) χ1 x^{15}(1 + x^{−1}y)(1 + x^{−5}y)(1 + x^{−9}y) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . G24 χ_0 (1 + x^3y)(1 + x^5y)(1 + x^{13}y) χ1 x^{21}(1 + x^{−1}y)(1 + x^{−9}y)(1 + x^{−11}y) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . G25 χ_0 (1 + x^5y)(1 + x^8y)(1 + x^{11}y) χ1 x^{12}(1 + x^{−1}y)(1 + x^{−4}y)(1 + x^{−7}y) χ2 x^{24}(1 + x^{−1}y)(1 + x^{−4}y)(1 + x^{−7}y) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . G26 χ_0 (1 + x^5y)(1 + x^{11}y)(1 + x^{17}y) χ_{det}−1 x^{21}(1 + x^{−1}y)(1 + x^{−7}y)(1 + x^{−13}y) χ_{det} x^{33}(1 + x^{−1}y)(1 + x^{−7}y)(1 + x^{−13}y) χ_{det}4 x^{24}(1 + x^{−1}y)(1 + x^{−7}y)(1 + x^5y) χ_{det}2 x^{12}(1 + x^{−1}y)(1 + x^{−7}y)(1 + x^5y) χ_{det}3 x^9(1 + x^{−1}y)(1 + x^5y)(1 + x^{11}y) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . G27 χ_0 (1 + x^5y)(1 + x^{11}y)(1 + x^{29}y) χ1 x^{45}(1 + x^{−1}y)(1 + x^{−19}y)(1 + x^{−25}y) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . G28 χ_0 (1 + xy)(1 + x^5y)(1 + x^7y)(1 + x^{11}y) χ1 x^{24}(1 + x^{−1}y)(1 + x^{−5}y)(1 + x^{−7}y)(1 + x^{−11}y) χ2 x^{12}(1 + x^{−1}y)(1 + x^{−5}y)(1 + x^1y)(1 + x^5y) χ3 x^{12}(1 + x^{−1}y)(1 + x^{−5}y)(1 + x^1y)(1 + x^5y) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Table 10.5: Continued

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . G29 χ_0 (1 + x^3y)(1 + x^7y)(1 + x^{11}y)(1 + x^{19}y) χ1 x^{40}(1 + x^{−1}y)(1 + x^{−9}y)(1 + x^{−13}y)(1 + x^{−17}y) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . G30 χ_0 (1 + xy)(1 + x^{11}y)(1 + x^{19}y)(1 + x^{29}y) χ1 x^{60}(1 + x^{−1}y)(1 + x^{−11}y)(1 + x^{−19}y)(1 + x^{−29}y) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ▶ G31 χ_0 (1 + x^7y)(1 + x^{11}y)(1 + x^{19}y)(1 + x^{23}y) χ1 x^{60}(1 + x^{−1}y)(1 + x^{−13}y)(1 + x^{−17}y)(1 + x^{−29}y) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . G32 χ_0 (1 + x^{11}y)(1 + x^{17}y)(1 + x^{23}y)(1 + x^{29}y) χ1 x^{80}(1 + x^{−1}y)(1 + x^{−7}y)(1 + x^{−13}y)(1 + x^{−19}y) χ2 x^{40}(1 + x^{−1}y)(1 + x^{−7}y)(1 + x^{−13}y)(1 + x^{−19}y) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . G33 χ_0 (1 + x^3y)(1 + x^5y)(1 + x^9y)(1 + x^{11}y)(1 + x^{17}y) χ1 x^{45}(1 + x^{−1})(1 + x^{−7}y)(1 + x^{−9}y)(1 + x^{−13}y)(1 + x^{−15}y) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . G34 χ_0 (1 + x^5y)(1 + x^{11}y)(1 + x^{17}y)(1 + x^{23}y)(1 + x^{29}y)(1 + x^{41}y) χ1 x^{126}(1 + x^{−1}y)(1 + x^{−13}y)(1 + x^{−19}y)(1 + x^{−25}y)(1 + x^{−31}y)(1 + x^{−37}y) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . G35 χ_0 (1 + xy)(1 + x^4y)(1 + x^5y)(1 + x^7y)(1 + x^8y)(1 + x^{11}y) χ1 x^{36}(1 + x^{−1}y)(1 + x^{−4}y)(1 + x^{−5}y)(1 + x^{−7}y)(1 + x^{−8}y)(1 + x^{−11}y) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . G36 χ0 (1 + xy)(1 + x^5y)(1 + x^7y)(1 + x^9y)(1 + x^{11}y)(1 + x^{13}y)(1 + x^{17}y) χ1 x^{63}(1 + x^{−1}y)(1 + x^{−5}y)(1 + x^{−7}y)(1 + x^{−9}y)(1 + x^{−11}y)(1 + x^{−13}y)(1 + x^{−17}y) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . G37 χ0 (1 + xy)(1 + x^7y)(1 + x^{11}y)(1 + x^{13}y)(1 + x^{17}y)(1 + x^{19}y)(1 + x^{23}y)(1 + x^{29}y) χ1 x^{120}(1 + x^{−1}y)(1 + x^{−7}y)(1 + x^{−11}y)(1 + x^{−13}y)(1 + x^{−17}y)(1 + x^{−19}y)(1 + x^{−23}y)(1 + x^{−29}y)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Bibliography

[1] Bourbaki, N. Groupes et Algébres de Lie. Chapitre 4,5 et 6. Hermann, Paris, 1968.

[2] Crass, S. Solving the sextic by iteration: a study in complex geometry and dynamics, to appear. Experimental Mathematics.

[3] Crass, S. Solving the sextic by iteration in three dimensions, submitted.

[4] Crass, S., and Doyle, P. Solving the sextic by iteration: a complex dynamical approach. Internat. Math. Res. Notices 1997, no. 2, 83–99.

[5] Doyle, P., and McMullen, C. Solving the quintic by iteration. Acta Math.

163, no. 3-4 (1989), 151–180.

[6] Enta, Y., and Terao, H. Basic derivatives for G_{34}. In Singularities (Iowa City, IA, 1986) (1989), vol. 90 of Contemporary Math., Amer. Math. Soc., Providence, RI, pp. 225–228.

[7] Klein, F. Vorlesungen über das Ikosaeder und die Auflösung der Gleichungen vom fünften Grade. (German) [Lectures on the icosahedron and the solution of equations of fifth degree] Reprint of the 1884 original. Edited, with an introduction and commentary by Peter Slodowy. Birkhäuser Verlag, Basel; B. G. Teubner, Stuttgart, 1993.

[8] Orlik, P. Basic derivations for unitary reflection groups. In Singularities (Iowa City, IA, 1986) (1989), vol. 90 of Contemporary Math., Amer. Math. Soc., Providence, RI, pp. 211–228.

[9] Orlik, P., and Terao, H. Arrangements of Hyperplanes. Springer-Verlag, Berlin, 1992.

[10] Saito, K. Theory of logarithmic differential forms and logarithmic vector fields. J.

Fac. Sci. Univ. Tokyo Sect. IA Math. 27, no. 2 (1981), 265–291.

[11] Shephard, G. C., and Todd, J. A. Finite unitary reflection groups. Canad. J.

Math. 6 (1954), 274–304.

[12] Shepler, A. Semi-invariants of finite reflection groups, to appear. Journal of Algebra.

[13] Shepler, A., and Terao, H. Logarithmic forms and anti-invariant forms of reflection groups, to appear. In Singularities and Arrangements (Sapporo-Tokyo 1998), Advanced Studies in Pure Mathematics, North-Holland.

[14] Solomon, L. Invariants of finite reflection groups. Nagoya Math. J. 22 (1963), 57–64.

[15] Solomon, L. Invariants of Euclidean reflection groups. Trans. Amer. Math. Soc.

113 (1964), 274–286.

[16] Solomon, L., and Terao, H. The double Coxeter arrangements. Comment.

Math. Helv. 73 (1998), 237–258.

[17] Stanley, R. Relative invariants of finite groups. Journal of Algebra 49 (1977), 134–148.

[18] Steinberg, R. Invariants of finite reflection groups. Canad. J. Math. 12 (1960), 616–618.

[19] Terao, H. The Jacobians and the discriminants of finite reflection groups. Tohoku Math. J. 41 (1989), 237–247.

[20] Ziegler, G. Multiarrangements of hyperplanes and their freeness. In Singularities (Iowa City, IA, 1986) (1989), vol. 90 of Contemporary Math., Amer. Math. Soc., Providence, RI, pp. 345–359.