Homework 3 Math280B Winter 2018

Due Friday in class, March 9. Relevant sections in Durrett’s textbook 5.2, 5.4, 5.5 and
5.7. Justify all your answers.

o0

1. Suppose (X,),—, and (Y,),”, are martingales with respect to filtration (F,),~.
Assume E[X?2] < oo and E[Y,?] < oo for all n.

(a) Show that for all n,

BIX, Y, — Xo¥i] = 3 B0~ Xpno 1)V~ Vi)

m=1

(b) Show that if Xy = 0, then for all n,

EX2] = Y El(Xm — Xm-1)?]-

m=1

2. Let (5,)5%, be a simple random walk. That is, Sy = 0 and, for n > 1, we have
Spn =& + ...+ &, where &,&s,... are i.id. with P(§; =1) =P(§ =-1) =1/2.

(a) Show that S2 — n is a martingale.

(b) Let T =inf{n: S, ¢ (—a,a)},where a € N. Show that E[T] = a?.

3. Let a > 0, and let X, X5, ... beii.d. random variables having a normal distribution with
mean y > 0 and variance 1. Let Sy =a, and let S, =a+ X; +---+ X, for n € N.

(a) Let Y, = e~ 29", Show that (Y;,),—, is a martingale.

(b) Show that
P (S, <0 for some n) < e 2K,

4. Let (X)), be a submartingale such that Xy = 0 and

sup X, (w) < oo
n>0

for all w € Q. Let &, = X,, — X,,_1, and suppose E[sup,,~&,] < co. Show that (X,)7%,
converges a.s.

5. Let (X,,),2, be a martingale such that Xy =0 and |X,,+1 — X,,| < r for all n, where
r is a positive real number.



(a) Show that

(b) Show that if z > 0, then

6. Let (Fn),—, be a filtration, and let Foo = (UL F,). Let A be an event such that
A € Fo but A is independent of Fy. Suppose P(4) = 1/2. Let X,, = P(A|F,) for all
n > 0.

(a) Show that if § <z <1, then

1
P (suan > w) < —.
n>0 2x

(b) Show that

e~ w

<E Xn
<nfuyx] <12

} < 1+log2.
n>0 -



