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In a game, two dice are rolled and the sum of the two is observed. 


If the sum is 4, the player loses. If the sum is 7 the player wins. 
Otherwise the game continues: the dice are rolled repeatedly until 
either a sum of 4 or 7 is observed. 


Let X be the Bernoulli random variable that X=1 if in the end the player 
wins and X=0 if the player loses. 


Let N be the number of rolls until the end of the game.  


What is the conditional distribution of X given N=k? 


  

Example: a dice game
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Conditional expectation

X, Y discrete random variables. 


The conditional expectation of X given               is defined 
as 


     provided that  

𝔼(X |Y = y) = Σxi
xiℙX|Y(xi |y)

{Y = y}

ℙ(Y = y) > 0.
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In the same way as for expectation E(X), we can compose 
the random variable X with a function                   , and the 
conditional expectation of g(X) given           is 


g : ℝ → ℝ

𝔼(g(X) |Y = y) = Σxi
g(xi)ℙX|Y(xi |y) .

Y = y

Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng


Tianyi Zheng




Example

Let N be a random variable taking value in {0,1,2,…}.


Let                be a sequence of i.i.d. random variables with 
mean m, independent of N.


Let                                  . 


The conditional expectation of X given N=n is

ξ1, ξ2, . . .

X = ξ1 + . . . + ξN
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Properties of conditional expectation

(similar to the law of total probability, a special case of the 
so called “tower property” of conditional expectation)


      


     This identity is usually written in a more compact form as 

𝔼(g(X)) = Σyi
𝔼(g(X) |Y = yi)ℙ(Y = yi)

𝔼(g(X)) = 𝔼(𝔼(g(X) |Y)) .
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