Math 280 A Homework 5

November 6, 2017

Exercise 1. By Fubini, we have

/F(:r—i—c) — F(z)dz = //]l(x7w+c]dFdx = //IL(wH_C]dxdF = /ch:c.

Exercise 2. Denote Fi, Fy as o-algebras on 21, Qo respectively. We would like to prove F = Fy, where
F as the o-algebra generated by rectangle sets and denote Fy as the smallest o-algebra that makes 7y, o
measurable. Note that F is the smallest o-algebra that contains A = {E; X Es, By € F1, E2 € Fa}. Take m;
as an example, the preimage of E; € Fi, is E; x 5. Therefore, F( is the smallest o-algebra that contains
B= {El X QQ,El Gfl}U{Ql X E27E2 € .7:2}

Notice that A contains B, and any element in 4 is an intersection of two elements in B, therefore F = Fy
by the standard inclusion argument.

Exercise 3. (i) By Fubini’s theorem:
/( | F)~ F@)dGy) = [ [ tes@tei@dr@ac)
= / ]]-a<m§y§b(x7y)d(,u X V)
R2
—(uxv)a<z<y<h)

(ii) By part (i) we have

", F(y)dG(y) = F(a)G(b) — F(a)G(a) + (p x v)(a <z <y <b).

By symmetry we have
/( ) G(y)dG(y) = G(a)F(b) — F(a)G(a) + (p x v)(a <y < x < b).

Add up both sides, notice that the addition of the last part gives measure p x v on the rectangle (a, b} x (a, b,
plus the diagonal {(z,z),a < x < b}. The rectangle part will give (F(b) — F(a))(G(b) — G(a)). Denote A as
the set of discontinuities inside (a,b] of F', we have

(pxv)((z,x),a <x<b)= /( ) ]l{y}(x)dF(:v)dG(y)

= [uttwhac) = [ wtwhac+ [ uupice



The first part is a summation of countably many points, and the second part is 0 due to the integrand is 0.
Now by MCT:

[ i = [ ST gntishace) = 3 [ 1auonice) = Sutapriad,

Combine the equations and the result follows.
(iii) The desired probability is

P(X; <Xy) = /P(X1 < x)dF(z) = /F(x)dF(w)

Send a — —00, b — oo in the result of (ii), and the result follows.

Exercise 4. If P(A; i.0.) = 1, then for all elements in set E = {A4; i.0.}, there is some A; containing
this element, therefore it is easy to see that P(U;A4;) = 1. On the other side, if P(U;A;) =1, P(N;A$) =0
By independence we have [[;-, P(A¢) = 0. Notice that all P(AS) > 0 by the fact that P(A;) < 1, then for
all positive integer k we have [];2, P(A$) = 0. Now

PNy Unzidn) = 1= P(UX) NuxiA7) = 1= lim [] P(A5) =1

n>i

If we allow P(A;) =1, just choose 4; = Q and all other A; = 0 and the relation is violated.

Exercise 5. Denote event A; = {|X,,|/c, > 1/n}. If P(A; i.0.) = 0, for almost every w, X,,/¢,, — 0 is
guaranteed. By Borel-Cantelli Lemma, choose ¢, such that P(|X,,|/c, > 1/n) < 1/n% Now Y. P(A,) < o,
and P(A; 4.0.) =0 is ensured



