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(8 points) 1. In each of the following examples, a vector space V' is given, along with a subset S. Determine
whether S is a subspace or not. In each case, explain why it is or is not a subspace.

(@) V = Msys is the space of 2 x 3 matrices, A is a fixed 4 x 3 matrix, and S C V is the set of
2 x 3 matrices X satisfying AX " = 0.

25 + 3t
(b) VR3,andS{|:s2t} :s,teR}.
—t

(c) V—Rz,andS—{[:ﬂ : —1§m+y§1}.

(d) V = Py is the space of polynomials of degree < 4, and S is the subset of polynomials p in
V for which p(—1) — 2p(0) + p(1) = 2018.



Math 18: Lecture C Final Exam v.B Name:

March 24, 2017 (Total Points: 60) PID:

Instructions
1. No calculators, tablets, phones, or other electronic devices are allowed during this exam.
2. You may use tqo handwritten, double-sided pages of notes, but no books or other assistance during this exam.
3. Read each question carefully and answer each question completely.
4. Show all of your work. No credit will be given for unsupported answers, even if correct.
5

. Write your Name at the top of each page.

(1 point) 0. Carefully read and complete the instructions at the top of this exam sheet and any additional
instructions written on the chalkboard during the exam.

(6 points) 1. (a) Consider the following vector equation:

1 2 4 0 5
1 |1 420 |1 423 |3 +24| 1| =1{3
0 2 2 -2 4

Determine if this equation has a solution, and if so, describe it in parametric form.

(b) Let A be the matrix
1 2 4 0
A=1|11 3 1
0 2 2 -2

Describe the solution to the homogeneous equation Ax = 0 in parametric form.
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(6 points) 2. Let A be the invertible matrix

10 2 8
0 2 -3 -3
A= 00 1 7
00 0 -1

(a) Determine the third column of the inverse matrix A~

(b) Let B= AT, and let C = B3. Calculate det(C~!).
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(6 points) 3. For each of the following statement, circle T if it is always True; circle F if it is ever False. 2
points will be assigned for each correct response, 1 point for each blank non-response, and 0
points for each incorrect response. No justification is required.

(T F) If Aand B are row equivalent matrices, then Nul(A4) = Nul(B).

( T F) The columns of a 4 x 25 matrix span R*.

( T F ) The set of vectors x € R? satisfying 2% + 23 — 23 = 0 is a subspace of R3.
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2 3 5 8
1 2 5 14
(9 points) 4. Thematrix A= |—-1 —1 0 6 | hasreduced row-echelon form rref(A)
1 1 1 1
1 1 2 8

(a) Find a basis for Col(A), the column space of A.

(b) Find a basis for Nul(A), the nullspace of A.

(c) Find a basis for Nul(A)*, the orthogonal complement of Nul(A).

O O OO+

O O O~ O

O O = OO

Ne)

S O3



v.B (page 5 of 8) Name:

1 2 -1 2
(9 points) 5. Consider the vectors u; = |:1] , Ug = |:2] , Uz = ! 1 ] , V= !3]
1

0 1 4

(a) Show that B = {uj,us, us} is an orthogonal basis for R?, and compute ||uy ||, |[uz]|, [[us]|-

(b) Find the coordinates [v]z of the vector v in terms of the basis 5.

(c) Compute the orthogonal projection of v into the subspace spanned by the vectors {uz, us}.
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3 4 0
(8points) 6. Let A= (4 2 0 |.Ahas full rank.
0 0 -1

(@) Use the Gram-Schmidt process on the rows of A to find an orthonormal basis for Row(A).

(b) Find an upper triangular matrix R and an orthogonal matrix @ such that AT = QR.
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2 01
1 1 0].
0 0 2

(a) Find all the eigenvalues of A, together with their algebraic multiplicities.

(8 points) 7. Consider the matrix A =

(b) Give a basis for the eigenspace corresponding to each eigenvalue of A.

(c) Is A diagonalizable? Explain why or why not.
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1 -1 -1
(7 points) 8. Consider the matrix A = -1 1 —1].
-1 -1 1
(a) Explain how you can tell that A is diagonalizable without calculating any eigenvectors or

eigenvalues.

1 1
(b) u= |:1] and v = [ 1 ] are eigenvectors of A, with eigenvalues —1 and 2. Compute the
1 -2
inner product
< A2017u, V>.

(c) Compute the vector v + A217u.
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Instructions

1. No calculators, tablets, phones, or other electronic devices are allowed during this exam.
You may use one handwritten page of notes, but no books or other assistance during this exam.
Read each question carefully and answer each question completely.

Show all of your work. No credit will be given for unsupported answers, even if correct.

AN S

Write your Name at the top of each page.

(2 points) 0. Carefully read and complete the instructions at the top of this exam sheet and any additional
instructions written on the chalkboard during the exam.

(6 points) 1. Consider the following matrix equation Ax = b:

1 2 1| |x1 1
1 3 =3 |z2| = |1
0 1 —-2| |z3 1

(a) Determine the solution set of the matrix equation Ax = b and, if appropriate, write it in
parametric form.

(b) Determine the solution set of the corresponding homogeneous matrix equation Ax = 0
and, if appropriate, write it in parametric form.
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1 1 2
(6 points) 2. Let A= 10 1 1].
0 01

(a) Find A~1, the inverse of A.

(b) Find the matrix X such that A X = AT the transpose of A.
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1 0
(6 points) 3. Let A= [(1) (1) ;] and B= |0 1 [.
2 -1

(a) Compute AB. Is AB an invertible matrix? Justify your answer.

(b) Compute BA. Is BA an invertible matrix? Justify your answer.
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3 -1 1 —6 1 0 2 -1
(6 points) 4. The matrices A=|2 1 9 1| and B=|0 1 5 3 | arerow equivalent.
-3 2 4 7 000 O

(a) Find a basis for Col(A), the column space of A.

(b) Find a basis for Nul(A), the null space of A.

(c¢) Find a basis for Col (AT)J', the orthogonal complement of the column space of A”. Be

sure to explain how you know that it is a basis for Col (AT)J'.
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(6 points) 5. Let W be a subspace of R" with an orthogonal basis By = {wi,wa,...,wp}, and let
By ={vi,Vv2,...,v4} be an orthogonal basis for W+, the orthogonal complement of W.

(a) Explain why S = {wy,wa,..., Wy, vi,Va,...,V,} is an orthogonal set.

(b) Explain why the set S spans R".

(c) Explain why S is linearly independent.

(d) Explain why dim (W) + dim (W*) = n.
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(6 points) 6. The set B = {1, 142t 1+2t+ 4752} is a basis for Py, the vector space of polynomials of
degree at most two. The polynomial p = 1 + 4t?. Find [p] the coordinate vector for p
with respect to the basis B.

B?
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2 0 2
(6 points) 7. Consider the matrix A= [0 4 0].
2 0 2

(a) Determine the eigenvalues of A. (Note: One of the eigenvalues of A is 0.)

(b) Find a matrix P that diagonalizes A. That is, find P so that P~'A P = D, where D is a

diagonal matrix.
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-1 2 10

. 2 1 10

(6 points) 8. Let A= 1 2 o0
2 -1 0

(a) Find an orthonormal basis for Col(A), the column space of A.

(b) Find an orthogonal matrix @ and an upper triangular matrix R such that Q R = A.



