Math 286: Fall 2022
Homework 1

| Available | Friday, October 7 || Due | Sunday, October 23 |

Turn in the homework by 11:59pm through Gradescope. Late homework will not be
accepted.

1

2.

. Exercise 1.1 on p. 21 in Chung & Williams.
Exercise 2.4 on pp. 54-55 in Chung & Williams.
Exercise 2.10 on p. 55 in Chung & Williams.

. Exercise 2.13 on p. 56 in Chung & Williams.

Let B = (B;);>0 be a standard Brownian motion. Show that B* € A*(Z, B), and prove

that
t 1 t
/ Bde:—Bf—/ B, ds.
0 3 0

[Hint: Use left-endpoint Riemann-Stieltjes sums, and show that any such sequence
converges in £% as the partition mesh tends to 0.]

As always, assume we have a filtered probability space (Q2,.%, (:#;);>0, P) with filtra-
tion satisfying the usual conditions. If p € [1, 00|, then we write L] _ for the set of indis-
tinguishability classes of progressively measurable stochastic processes X : R, x 2 —
R such that for all ¢ > 0,
Xl = || sup ||
0<s<t

< Q.
p

For X,Y € 1LY , define

loc’

dp(X,Y) =) 27 A X = V|
k=1

Similarly, write L{) _ for the set of indistinguishability classes of progressively measur-

able processes X such that
sup | Xs| < oo, forallt > 0,
0<s<t

0

oo, define

almost surely. For X,Y € L

SUDp<s<k ’Xs - Ys|
1+ supgc < [ Xs — Y5

do(X,Y) =) 27"AE
k=1

You may take for granted that if L°(Q, %, P) is the set of P-almost everywhere equiv-
alence classes of random variables Q — R, then d(X,Y) = E| X Y] | is a complete

T+ X—Y]
metric on L°(, .7, P) that topologizes convergence in probability.



(i)

(i)

(iii)

(iv)

Fix p € {0} U [1,00]. Prove that (L{ ., d,) is a complete metric space and that
p

a sequence (X"),ey in L{  converges to X € L{  if and only if for all ¢ > 0,
SUpPg<s<; | X — Xg| = 0in LP as n — oo. (To be clear, convergence in L° is conver-
gence in probability.)

Prove that if X € L{ and if 7 is a stopping time, then the map L) . 2 X — X7 €
L . is well-defined and continuous.

loc
Suppose that 1 < p < oo, and define M\ to be the set of indistinguishability
classes of (right-)continuous LP-martingales. Prove that M C L} . is closed and
that
QM. N) = 32275 A B[[M = NP7 < dy(M, N) < 2, (M, N),
p J—
k=1

forall M, N € M{"°.

Fix p € [1,00). Suppose (M™),en is a sequence of (right-)continuous martingales
and M is a process such thatif ¢ > 0, then M]* — M, in L” asn — oo. Without using
Doob’s Regularization Theorem, prove that M has a (right-)continuous modifica-
tion. Assuming M is one such (right-)continuous modification, prove thatif p > 1,
then M™ — M inL? asn — oo, and thatif p = 1, then M" — M in L% asn — oo.

loc loc



