CAP REPRESENTATIONS OF G»
AND THE SPIN L-FUNCTION OF PGSpg

WEE TECK GAN AND NADYA GUREVICH

ABSTRACT. We give a construction of a family of CAP representations of the exceptional
group G2, whose existence is predicted by Arthur’s conjecture. These are constructed by
lifting certain cuspidal representations of PGSps. To show that the lifting is non-zero,
we establish a Rankin-Selberg integral for the degree 8 Spin L-function of these cuspidal
representations of PGSpe.

1. Introduction

This paper is part of our project devoted to the construction and classification of CAP
representations of the split exceptional group of type G5. Let us recall the notion of CAP
representations, which is due to Piatetski-Shapiro. Let F' be a number field with adele ring
A and let GG denote a quasi-split reductive group over F. Then we have:

Definition: A cuspidal representation m of G(A) is said to be CAP (cuspidal associated to
parabolics) if there exists

(i) a parabolic subgroup P = M N of G;
(i) a cuspidal unitary representation o of M (A) (the Levi factor of P);
(iii) an unramified character x of M(A),

such that 7 = ®,7, is nearly equivalent to the irreducible constituents of Ind% ¢ ® y (normal-
ized induction). In other words, for almost all v, 7, is isomorphic to the unique unramified
constituent of the local induced representation. In this case, we say that n is CAP with
respect to (P, o, X).

One of the main problems in the study of CAP representations is the determination of
those triples (P, 0, x) with respect to which CAP representations exist. Arthur’s conjecture
on square-integrable automorphic forms provides a precise determination of such triples, as
well as a classification scheme for the representations associated to a given triple (P, o, x). In
particular, it predicts that the CAP representations should be precisely the non-tempered
cuspidal representations and all of their local components should be non-generic. For a
detailed discussion of this, the reader can consult [GG,§1].

With the knowledge of Arthur’s conjecture, the study of CAP representations can be
divided into two steps:

1991 Mathematics Subject Classification. Primary: 11F70; Secondary: 11F67.
1



2 WEE TECK GAN AND NADYA GUREVICH

(A) For each triple (P, o,x) furnished by Arthur’s conjecture, give a construction of CAP
representations with respect to (P, o, ). After constructing some cuspidal representations,
checking whether they are CAP is an almost everywhere issue: one needs to determine their
unramified local components for almost all places v.

(B) Give a precise classification of the representations constructed in (A) in accordance with
Arthur’s conjecture and show that they exhaust the part of the cuspidal spectrum associated
to the given triple (P, o, x). This would entail the understanding of all the local components
of the constructed representations, the arrangement of these representations into packets as
well as the determination of the multiplicity with which each representation occurs in the
space of cusp forms.

After these preliminaries, we turn our attention to the case of G3. The group G2 has 3
parabolic subgroups up to conjugacy: the Borel subgroup B, the Heisenberg parabolic P and
the so-called 3-step parabolic Q. Regarding steps (A) and (B) above, the following results
are known:

e For the Borel subgroup B, both steps (A) and (B) were carried out completely in
[GGJ] and [G1].

e For the Heisenberg parabolic P, (A) was done by Rallis-Schiffmann [RS], while (B)
was completed in [GG].

Somewhat interestingly, for the parabolic @, Arthur’s conjecture predicts that there should
be two subfamilies of CAP representations (this is already reflected in the structure of the
residual spectrum; cf. [GGJ, Prop. 7.2]):

e the first subfamily is CAP with respect to (@, 7g,|det|), where 7g is a particular
dihedral cuspidal representation of the Levi subgroup L & G L+ associated to a non-
Galois cubic field E. For this, (A) and parts of (B) were addressed in [GGJ]| and
[G1].

e The second subfamily is CAP with respect to (Q, 7, | det ]1/ 2), where now 7 is essen-
tially any cuspidal representation of PG Ly. This is the remaining family of CAP
representations for which nothing is known as yet.

The purpose of the present paper is to carry out step (A) for this remaining family of
representations:

Main Theorem

Let 7 be a cuspidal representation of PGLs(A) such that L(7,1/2) # 0. Then we con-
struct a packet of cuspidal representations of Ga(A), all of which are CAP with respect to
(@, 7, | det [1/2).

It seems that our current knowledge is not sufficient for accomplishing the more in-depth
step (B), so we shall defer this issue to the future.

It is typical to construct CAP representations of G by lifting from a smaller group. This
is the case for our earlier work concerning the other families of CAP representations of Gs.
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However, since Gs is itself fairly small, one quickly runs out of smaller groups to consider.
In this paper, we shall construct the desired representations of Go by lifting certain CAP
representations on the larger group PG Spg.

The representations of PGSpg which we start with were constructed by D. Ginzburg in
his recent paper [Gi]. In Section 4, we will briefly recall Ginzburg’s construction, modifying
it a little since he presented the construction for simply-connected groups, while we work
with adjoint (or similitude) groups. Ginzburg’s construction involves representations of the
groups SLs and PGSps, for n = 1,2,3,4. So we shall begin by recalling some facts about
the structures and representations of these groups in Sections 2 and 3.

The lifting from PGSpg to G is an exceptional theta correspondence; Go X PG Spg being a
dual pair in the split adjoint group of type E7. Results from local theta correspondence show
that the theta lift of Ginzburg’s representations, if non-zero, will be CAP of the desired type.
In Section 5, we shall show that the theta lift of Ginzburg’s representations to G is non-zero
if and only if these representations possess a non-zero period integral over the subgroup

Cg = Resg/p(SL2)/u2  for some étale cubic algebra E.

We shall then show that such a period is non-vanishing for some F of the form F' x K, with
K a quadratic algebra.

To achieve this, we consider a Rankin-Selberg integral which picks up this period as a
potential residue. The main work of this paper consists of showing that this Rankin-Selberg
integral represents the (degree 8) Spin L-function of Ginzburg’s representations. The analysis
of this Rankin-Selberg integral occupies Sections 6-12. Note that since Ginzburg’s represen-
tations are CAP, their Spin L-functions are products of well-understood L-functions (on
GLy and GLg X GL2) and do have a pole at the point of interest. From this, we see that the
residue of our Rankin-Selberg integral at the relevant point is non-zero.

At the end of the paper, we explain how the constructions we use fit into the framework of
Arthur’s conjectures. In particular, we describe the Arthur parameters for all representations
and discuss the conjectural structure of local and global Arthur packets.

Acknowledgments: A large part of this work was completed when both authors visited the
THES during August 2004. We thank the IHES for providing a quiet yet stimulating working
environment. We also thank David Ginzburg for a number of useful conversations regarding
his work. The first author is partially supported by a Sloan Research Fellowship and NSF
grant DMS-0500781, while the second author is partially supported by a grant from the Israel
Science Foundation.

2. Preliminaries

In this section we discuss the structure of the groups that will be used in our construction.

2.1. Symplectic groups. Let (W, (—, —)) denote a symplectic vector space of dimension 2n
over a field F. We have the corresponding symplectic group

Spon = Sp(W) = {9 € GL(W)| < gw, gv >=< w,v > Yv,w € W}.
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This is a split simply-connected absolutely simple group of rank n. We denote its simple
roots by a1, ..., a,, where a,, is the unique long simple root.

The similitude group GSpa, is given by
GSp(W) ={(g,\) € GL(W) x G| < gw, gv >= X < w,v > Yv,w € W}

The projection onto the first factor defines an embedding GSps, — GLs,, while projection to
the second factor gives the similitude map s : GSps, — G,,. Obviously Sps, is the kernel
of s and the group GSps, has a one dimensional center Zs, = G,,. The group PGSpa,
is defined as GSpa,/Zoy. It is an adjoint group with trivial center. We often identify its
representations with those representations of GSps, with trivial central character.

Let W = W7 @& W5 be the sum of two symplectic spaces. Then there exist a natural
embedding
Sp(Wh) x Sp(Wa) — Sp(W).
For any subgroups Hy of GSp(W7) and Hy of GSp(Ws), we denote

(Hl X HQ)O = {(hl,hg) € Hi x Hy: S(hl) = S(hg)} .
Then (Hy x H)? embeds as a subgroup of GSp(W).

2.2. Parabolic subgroups. Any standard parabolic subgroup of a split group of type C,
has its Levi factor of type A, ,—1 X ... x Ay, 1 x C; with nqy + ... +np +1 = n. We call
such a parabolic subgroup of type (ni,...,ng;l). Since there is a natural bijection between
parabolic subgroups of Spa,,, GSpa, and PG Sps,, we use the same notations for the parabolic
subgroups of these groups. Let us be more precise about the Levi factor in each case.

Let P = M N be a parabolic subgroup of type (nq,...,ng;l). Then we have:

GLy, X ... x GLy, X Spy G ~ Spo,
M~ GLy, X ...x GL,, x GSpy G ~ GSpa,
(GLnl X ... X GLnk X Gspgl)/Zgn G~ PGSpgn

In this paper we will consider symplectic groups of rank 1,2, 3,4. Here is a list of the parabolic
subgroups which will be useful for this paper.

G P type
Cl B=TU | (1,0
CQ P4 = M4U4 (2; 0)
Q4= L4V} (1;1)
Cs | Po = MgUs | (1,2;0)
Qe =LeVs | (1)
Oy | Ps = MsUs | (1,1,2;0)
Qs = LgWs 2;2

(2:2)
Rg = SsWs | (2,2;0)
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2.3. Metaplectic groups. If k is a local field, the group Spa, (k) has a two-fold cover called
the metaplectic group and denoted by 3792n(k) Similarly, the adelic group Sp2,(A) has a
metaplectic double cover %Qn(A). In each case, for a subgroup H of Spay, we denote by H
the inverse image of H in S?)Qn.

If P = MN is a parabolic subgroup, then the two-fold covering splits naturally over
N (k). Thus, we may regard N (k) as a subgroup of Sp,, (k) so that P(k) = M (k) - N(k). If
M = GLg4, X ... x GLq; X Spap, then

M (k) = GLay (k) Xy Xove Xy GLay (k) X 1y Spap,(F).
Here a\ia(k:) is the double cover of GL,(k) defined by

(91, €1) - (g2 €2) = (9192, €1€2(det(g1), det(g2)k)
where (—, —)j, is the quadratic Hilbert symbol of k.

2.4. Weil representations. For each additive character i of k, there exists a Weil repre-
sentation w,?/}” of the Jacobi group

Jon (k) = Hapt1(k) % Spoy (K),

where Hoy, 11 is the Heisenberg group of dimension 2n 4 1. The restriction of wi" to Hopt1(k)
is the unique irreducible smooth representation of Ha,t1(k) with central character ¢. The
representation w?p” can be realized on the space S(k™) of Schwarz-Bruhat functions on k".

Similarly, one has the Weil representation w?p” of the adelic group Ja,(A) = Hopy1(A) %
*%m (A), which can be realized on S(A™). It has an automorphic realization
Hi" :S(A") — A(J2p),
given by
02M(8)(9) = D (Wi'(9)$) ().
LBEF"
Here A(Ja,) denotes the space of automorphic forms on Ja,, i.e. the space of Jacobi forms.

In the following, we will denote the space of automorphic forms on a group G by A(G)
and the space of cusp forms by Ay (G).

2.5. The group G5. Now we come to the split exceptional group of type Go. We fix a based
root system for GGo and denote by a and 3 the short and long simple root respectively. The
group (G9 has two maximal parabolic subgroups up to conjugacy:

(1) P = MU is the Heisenberg parabolic subgroup. The Levi part M is isomorphic
to GL9 and generated by the short simple root «. The unipotent radical U is a
Heisenberg group of dimension 5 with center Z.

(2) @ = LV is the non-Heisenberg maximal parabolic. The Levi part L is isomorphic to
G Lo and generated by the long simple root 3. The unipotent radical V' is a three-step
unipotent group. Hence we shall sometimes call ) the 3-step parabolic.
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2.6. Langlands quotients. Given a parabolic subgroup P = M N of G, a tempered rep-
resentation o of M and an unramified character A of M in the positive Weyl chamber, we
denote by Jp(o, \) the associated Langlands quotient. It is the unique irreducible quotient of
the induced representation Indg 0 ® A, where the induction here and elsewhere is normalized.
If P is a maximal parabolic and s > 0, we write Jp(o, s) in place of Jp(o,d}).

2.7. Fourier coefficients. Let U be a unipotent subgroup of G and ¥ be a character of
U(A) trivial on U(F). For any automorphic form f on G(F)\G(A), we define the Fourier
coefficient of f with respect to (U, ¥) by

Jow(h) = / F(uh) - T () du
U(F)\U(A)
Fix once and for all an additive character ¢ = [[, ¥, of F\A. For a € F*, we let 1, denote
the character 1, (x) = 1(ax). For each one of the groups G = Go, SLy, PGSpy, PGSpg and

PGSps, we will define a Fourier coefficient fy g, (depending on a € F* and the choice of 1)
of an automorphic form f on the group G.

e G = (G5 and U is the unipotent radical of the Heisenberg parabolic subgroup. The
character ¥, on U is defined by

Vo(Ilgevp(rg)) = ¥(—rp + arzaip)-
e G =SLy and U = N. The character ¥, is defined by
\1’2,a(xa(r)) = ¢(a7’)
G = PGSp4 and U = Uy. Define

\Il47a (HﬁeU4xﬁ(7’ﬁ)) = 1/1(7‘0@ - ar20¢1+052)'
G = PGSpe and U = Us. The character ¥¢ , on Ug is defined by

Ve .a(Tlgevs2p(rp)) = ¥(ray + Tas — ar205+a3)-
G = PGSpg and U = Ug. The character ¥g, on Uy is defined by

Uso(Hpevszp(rs)) = ¥(ray + ras — AT205-+04)-
For an automorphic subrepresentation 7 of G(A), we set

F(TF):{CLEFX : fuw, #0 for some f € Vy}.

It is not difficult to see that F(7) is the union of square classes in F*. Similarly for an
admissible representation m, of G(F,) we set

F(my)={a € F}: (m)vw, #0}.
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2.8. Periods. We shall now define a class of period integrals on PG Spg. For all étale cubic
algebras F over F'| set

GLy(E)" = {9 € GLy(E)|det(g) € F*}.

There is a natural conjugacy class of embeddings of GLy(E)? into GSpg(F). We obtain
such an embedding as follows. Consider the 2-dimensional F-vector space F ¢ FE with an
alternating form (—, —). By restriction of scalars, we view E? as 6-dimensional vector space
over F' equipped with the alternating from Trg/p(—,—). It is easy to see that the group
GLy(E)" preserves the form Trp p(—,—) up to scalars, and thus we have an embedding
GLy(E)? — GSps.

We shall restrict our attention to the algebras of the form F' x K, where K is a quadratic
algebra over F. Such K’s are parametrized by a € F*/F*2. We write

Ckg = GLQ(F X K)O/ZG = {(gl,gg) S GLQ(F) X GLQ(K) : det(gl) = det(gg)} /AGm

Then we have seen that C'x can be embedded as a subgroup of PGSpg. For the purpose of
the computations later on, it is necessary to describe an embedding explicitly in this case.

We consider the F' x K-module:
W=FetdKfi®Kfo® Fey
equipped with the (F' x K)-valued alternating form

(e1,e2)Pxr = (1,0) and  (f1, fo)rxx = (0, %) € FxK.

The group GLo(F) x GL2(K) acts naturally on W and the subgroup (GLo(F) x GLo(K))°
preserves (—, —)pxx up to scalars. Regarding W as an F-vector space, we then have the
alternating form (—, —) = Tr(—, —)pxx given by

(ae1 + afy,bes + Bfa) = ab+ %TTK/F(CMB).

Writing K = F'- 1+ F - y/a, with y/a a trace zero element, we fix the following F-basis for
W )

€1, flv \/aflv 7af27 f27 €2.
With respect to this basis, the alternating form (—, —) is represented by the standard skew-
symmetric matrix,

-1
We shall represent elements of GSp(W) as matrices with respect to this basis. It is then easy
to write down the embedding

(GLy(F) x GLy(K))"? — GSps
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explicitly. Note in particular that when K = F' x F' is split, this embedding is not a standard
embedding of SLo X SLy X SLo < Spg.

For a cusp form f of PGSpg, we may now define the period integral

Pr(f) = / F(h) dh
Cx (F)\Ck(A)

and for a cuspidal representation m, set

F(r)={a€ F*: Pg,(f)#0 forsome f€}.

Again, F () is the union of square classes in F*. We shall see later that for a cuspidal
representation m of PGSpg(A), one has

F(m) C F(n).

3. Waldspurger and Saito-Kurokawa Lifts

In this section, we recall certain results about the square-integrable automorphic forms of
various groups. Throughout, we fix a non-trivial character ¢ of A/F.

3.1. Local Waldspurger packets. Let F, be a local field. and fix a non-trivial additive
character v, of F,. For any irreducible infinite-dimensional (unitary) representation 7, of

PGLsy(F,), Waldspurger defined a local packet A, of irreducible representations of SLy(F,).
The packet contains two elements o, and o, if 7, is a discrete series representation and
it contains a single representation o otherwise. The packets themselves are intrinsically
defined, but their parametrization by representations of PG Ly depends on the choice of 4,
since it relies on the theta correspondences between S Lo and various forms of SO3. Since we
have fixed ), we shall suppress this dependence on ), from our notations.

PGLsy
dB

As an example, if 7, = In 1, then

o = Ind%L2 Xep * s
where x, is the character on T defined in [W1, Pg. 4].

3.2. Global Waldspurger packets. With the local packets defined and given an irreducible
cuspidal representation 7 = @7, of PGLy(A), one can define the global packet

{®0’Z” oM gﬂ,}.

Waldspurger proved that a representation o = ®o¢” in the global packet occurs in the space
of cusp forms on SLs if and only if

[ =e(r.1/2) € {£1}.

v
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We denote by A, the subset of the global packet which consists of those representations
satisfying this condition. Thus, if S; denotes the set of places v such that 7, is discrete
series, then

HA =275 jf 4G >,

On the other hand, if S, is empty, then A, contains one element if the epsilon factor
€(1,1/2) = 1, and is empty otherwise. As 7 varies over all cuspidal representations of PG La,

the representations in A, exhaust the cuspidal spectrum of S Ly orthogonal to the elementary
Weil representations.

3.3. Local Saito-Kurokawa lift. In [PS], Piatetskii-Shapiro investigated the theta lift from

ﬁg to PGSpy ~ SOs, using the dual pair SLy x SO5 C Spyy and the Weil representation
w}ﬁo. This is the so-called Saito-Kurokawa lift. His local results can be summarized as follows
(cf. also [Sch] and [G2])

Proposition 3.1. Let 7, be an irreducible representation of PGLa(F,) and let o, € flTu. Let
Oy, (0w) be the local theta lift of o,,. Then we have:

i) Oy, (0v) is a non-zero irreducible representation.
ii) If o, is supercuspidal, then 8y, (0y) is supercuspidal iff 1 ¢ F(oy). If 1 € F(0y) then
Oy, (00) = Jp,(70,1/6).

For o € A,,, we denote
SK*(r) = SK (o) = 0y, (07)-

Thus, each irreducible unitary infinite-dimensional representation 7, of PG Ly (F,) determines
a packet of representations {SK*(7,)} on PGSps(F,). The parametrization of the Saito-
Kurokawa packets by representations of PG Lo is independent of the choice of ,,.

3.4. Global Saito-Kurokawa lift. Let 7 be an irreducible cuspidal representation of PG Lo (A)

and suppose that o belongs to A, so that o is a cuspidal representation of ﬁg(A). Con-
sider the global theta lift 6,(0) of o to PGSps(A) ~ SO5(A). In the following theorem we
summarize the results of [PS] about this lift. We refer the reader to [G2] for a more detailed
discussion and proof of this theorem.

Theorem 3.2. Let o belong to A.. Then

i) 0y (0) is non-zero irreducible and is contained in the space of square-integrable automor-
phic forms of PGSpy.

i) If 1 ¢ F (o) then 8y (o) is contained in the space of cusp forms.

iii) If 1 € F(o) then 8y (o) is not orthogonal to the residual spectrum. Such a o ezists iff
L(r,1/2) #£0.

i) Oy (o) is CAP with respect to (Py, T, 5113{16).

v) F(0y(0)) = F(o).
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As in the local case, we set

for o € A,.

4. Ginzburg’s Representations

In [Gi], Ginzburg gave a construction of a large class of CAP representations on classical
groups, starting from cuspidal representations of smaller classical groups. His method of
construction generalizes the theta correspondence, but instead of using the Weil or minimal
representations, he makes use of other small representations, some of which may even be
cuspidal!

Here, we will be concerned with just two examples of his far more general construction.
In these examples, representations of GSp(V') are lifted to representations of GSp(W') using
the embedding

(GSp(W) x GSp(V))? — GSp(W & V)

and restricting certain small representations of GSp(W @ V') to this subgroup. Specifically,
we shall consider the dual pairs

(GL2 X GL2)0 — GSpy
(Gspﬁ X GLQ)O — GSpg.

In particular, the second embedding above is given by:

A B A B

C D € SpG = I2
C D

I3

a b a b

< c d ) € 5Ly c d
I3

Observe that we have a tower of liftings:
GSps

/

GLy, —— GLy

4.1. Local lifting from PG Ly to PGLs. Let 71 be an irreducible representation of PG La(F).
Take the Saito-Kurokawa representation SK* (1) of PGSpy(F,) and consider its restriction
to (GLy X GL3)°/AG,,. In the p-adic case, the study of this local restriction was initiated
by D. Prasad in [P] and completed in our recent paper [GG2|, whereas in the archimedean
case, it was studied by Savin [S2]. The results are:
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Proposition 4.1. Let m, 7o and 73 be irreducible infinite dimensional unitary representations
Of PGL2 (Fv) .

i) IfTQ 75 73, then
Hom(GszGLz)O(SKi(Tl)aT2 & 7'3) =0.

i1) If F, is non-archimedean, then

Hom G, xGrq)0 (SK (1), 72 @ T2) #0
if and only if
€(T1 @ 7o ®T9,1/2) = ¢,
in which case
dim Homgr,xqr,) 0 (SK(11), 2 @ 72) = 1.

iii) If F, is archimedean, then we have:

Hom(gr,xgr,)0 (SK™(11), 2 ® 72) # 0
if and only if
(1 @M ®1,1/2) = —1.
On the other hand,
Hom (1, xGr,)0 (SK*(11), 72 @ 72) # 0
implies that
(1 @ ®719,1/2) = 1.
The converse holds if T is a principal series representation (e.g. when F, = C).

4.2. Global lifting from PGL; to PGLy. Now we come to the global situation. Let 7
and 7o be cuspidal representations of PGL2(A) and let ¢ be in A;. Then we have the
square-integrable automorphic representation SK (o) on PGSpy.

Given f € SK(o) and ¢ € T, we define a function on GLy(A) by:

sk (o) (f:)(9) = / f(g.h-s(g)) - o(h-s(g))dh,
SLa(F)\SL2(A)
where s(g) is any element of G Ly such that (g, s(g)) € (GLy x GLo)°; for example, we may

take s(g) = g. It is easy to check that the value 0gx () (f, ¥)(g) is independent of the choice
of s(g) and Ogg () (f, ) is a function on PG La(F)\PGLa(A).

Let ©,(,)(72) denote the PGLy(A)-submodule of A(PGLz) spanned by the 6, (f,¢)’s.
Then we have a surjective map

U5k (o) : SK(0) @ T2 — Ogk(s)(T2)

which is (GLy X GLg)%-equivariant. Here, (GLgy x GL2)° acts on O g ()(72) via projection
onto the second factor, and on 7» via the projection onto the first factor. Since 75 is isomorphic
to 7/, the above map induces a (GLs x G L) -equivariant map
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Loz : SK(0) — T2 W Ogp (o) (T2)-

Now we have the following result of [GG2]:
Proposition 4.2. Let o € /Ll and let 7o be a cuspidal representation of PGLy(A). Then
we have:

(i) There is at most one o € A,, such that Ogk (o) (T2) is non-zero, namely when o = ®,04"

with €, = €(11 @ T ® T2,1/2).

(i4) For the particular o in (i), if Ogk(»)(12) # 0, then Ogx()(T2) = T2.

(iii) For the particular o in (i),
@SK(U)(TQ) #0 <= L(1 X SyszQ, 1/2) #0.

4.3. Lifting from PGLy to PGSpg. Following [Gi], for any two irreducible cuspidal repre-
sentations 71 and 79 of PGLo(A) and o € A, we construct a square integrable representation
Y (o, 72) of PGSpe(A). The construction consists of two steps:

(i) For any o € A,, construct an irreducible square integrable representation Il(c) of

PGSpg whose space is spanned by the residues of the Eisenstein series E(g, s, f,) asso-

ciated to the induced representation Indg‘:p 00, - (11 ®@7(0)) at the point s = 3/14.

(ii) Using the dual pair Spg x SLo inside Spg and the representation II(o) as a kernel, one
can define a lifting from PGLy to PGSpg as follows. Given a cuspidal representation
T2 of PGLQ, let

¥(0,72) = On(o)(12)
be the span of all the functions on GSpg of the form

O (f. ) (9) = / f(g.h5(9)) - @ (hs(g))dh,
SLo(F)\SL2(A)

where s(g) is any element of G L such that (g,s(g)) € (GSpg x GL2)°, and as ¢ and f
run over all elements of 7o and II(o) respectively.
Again, it is not difficult to check that Ory(,)(f, ) is independent of the choice of the section
s and is a function on PGSps(F)\PGSps(A). Moreover, the (surjective) map
On(o) : 1l(0) ® T2 — ¥(0, 72)
is (GLy x GSpg)? equivariant.
In the following theorem, we summarize the results of Ginzburg (refined by Prop. 4.2)

concerning this lift.

Theorem 4.3. Let 71 and 1o be cuspidal representations of PGLo(A) and o € fln.

i) 3(o,72) is a non-zero (possibly reducible) submodule in the space of square-integrable
automorphic forms on PGSpg(A).
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ii) (Tower property) ¥(o,T2) is contained in the space of cusp forms if and only if O g () (T2) =
0. In particular, there exists at most one o € flﬁ such that 3(o,m2) is a non-cuspidal
representation. This distinguished 0 = ®,0§" is specified by €, = €(T14 X Toy X T2y, 1/2)
for all v.

iii) For the distinguished o in (ii), ¥(o, 7o) is non-cuspidal if and only if L(1 x Sym?(m2),1/2) #

0.
. . . . . . PGSpg <1/10
iv) Any irreducible summand of ¥.(o, 2) is nearly equivalent to a constituent OfIndQ6 5Q6 .

(11 ® 72).
v) We have:

~ A

F(S(0,m)) = F(Il(0)) = F(SK(0)) = F(0).

Proof. To be honest, Ginzburg only dealt with the isometry groups in [Gi]. However, all
the statements of the theorem are logical consequences of the corresponding results in the
isometry case, except for part (iv). Though part (iv) is not a logical consequence of the
corresponding result in the isometry case, the same proof goes through (with only changes
in notations) to show the desired result. We omit the details. O

4.4. Remarks. The above result is less precise than the analogous global theorem concerning
lifting from PGLsy to PGLs. For example, while we know the unramified local components
of any irreducible constituent of (o, 72), we do not know if 3(o, 73) is itself irreducible. Nor
do we know what are the possible ramified local components. The reason is because we do
not as yet understand the local lifting as completely and precisely as in the earlier case. This
local analog of the lifting is defined by using the Langlands quotients

I (1) = Jpy (T ® 7, | det 132 @ | det |1/2),
I (1) = Jp, (T @ SK~(71),3/14),

and restricting each of these to the subgroup (G'La x GSpg)? of GSpg. However, we have not

examined this local restriction problem, because we do not understand the representations

II%(7) well enough. In any case, in (13.7), we describe some of our speculations regarding
this local problem.

5. An Exceptional Theta Correspondence
The dual pair Go x PGSps — E; and the minimal representation Il = ®,II, of E7(A)
enable us to define a theta lift
0% 1 T ® Ag(GSps) — A(Ga).

Similarly, one also has a local lifting of representations. This exceptional theta lifting has
been studied in various papers, such as [GJ] and [GS].

5.1. Local lifting. In [GS], a precise conjecture was formulated for the local lifting from Go
to PGSpg. On the level of L-packets, the local theta lifting should realize the Langlands
functorial lifting associated to the inclusion

t: Go(C) — Spin,(C)
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of dual groups. The conjecture in [GS] describes precisely how the elements in the associated
L-packets should match up. For our purpose here, we only need the following consequence,
which follows from results of Magaard-Savin [MS]:

Proposition 5.1. Let 7(s) (resp. w(s')) be the unramfied representation of Go(F,) (resp.
PGSpg(F,)) with Satake parameter s € Go(C) (resp. s’ € Spin,(C)). If

Homg, x pasps (I, 7(s) @ w(s)) # 0,
then (up to conjugacy)

5.2. Global lifting. Now we come to the global lifting. The result we need is:

Proposition 5.2. Let X be a cuspidal representation of PGSpg(A). Then @gﬁ(E) is con-
tained in the space of cusp forms on Go. Moreover,

F(OF(D) = F(2),
so that @gﬁ(ﬁ) is non-zero if F(X) is non-empty.

Proof. The proposition is proved by fairly standard computations. To show that @%ﬁ(Z) is
cuspidal, one computes its constant terms along the two maximal parabolic subgroups of G.
By a computation analogous to that in [G3, §8], one sees that these constant terms vanish if
and only if ¥ has non-zero period integral along the subgroup (GLs x GSp4)°/AG,, C PGSps.
It is known by [AGR] that this period integral is zero for any cuspidal representation X. This
proves the cuspidality of @g;(Z)

Since @gﬁ(E) is cuspidal, it is non-zero if and only if it has a non-zero ¥ p-th Fourier
coefficient along U for some étale cubic algebra E (by [G1, Thm. 3.1]). By a computation
similar to the proof of [G3, Prop. 9.3|, one sees that the 1)g-th Fourier coefficient of @gj (%)
is non-zero if and only if 3 has non-zero period integral over the subgroup

Cg ={g € GLy(E) : det(g) € F*}/G,, C PGSps.
This shows that X
FOFR(X)) = F(2).
The proposition is proved. O

Let us apply the above results to the case when ¥ = ®,%, is an irreducible constituent of
the representation (o, 75). We know the local unramified component ¥, for almost all v: ¥,
is the unique unramified constituent of the induced representation IndeSp ¢ 5&2/610 (11 @ T2).
Let s’ be the Satake parameter of such an unramified X,. Then one sees that s’ lies in the
image of ¢ iff 71 =& 79. Thus, @%ﬁ(ﬁ) = 0 unless 11 = 7.

On the other hand, Prop. 5.1 implies:

Proposition 5.3. Assume that 14 = 7 = 7. If @%;(E(J, 7)) # 0, then its irreducible
constituents are CAP with respect to (Q, 7, |det |V/2).
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6. A Rankin-Selberg Integral

In the following sections, our goal is to show that when 71 = 75 = 7 and L(7,1/2) # 0, the
representations (o, 7) of PGSpg has non-zero theta lift to G,. By Prop. 5.3, these non-zero
theta lifts give the desired CAP representations of Gs. In view of Prop. 5.2, it suffices to
show that ¥(o, 7) has non-zero period integral along a subgroup

Ck = (GLy x Resg rGL3)°/AG,, C PGSps.

Let a € F'* correspond to the quadratic algebra K. For simplicity, we set
H=GLy and Hg = Resg/pGLa.
We fix the embedding
ti : Cxg — PGSpg
as in (2.8). In particular, the simple root of H is mapped to the highest root of PG Sps.

6.1. An Eisenstein series on Cg. The group Cg contains a maximal parabolic subgroup
Px = (B x Hg)?/AG,,,.
The Borel subgroup of Hg is denoted by B = Tk Nk . Consider the induced representation
Icy (s) = Ind%’; 0p, (normalized induction).

For any flat smooth section fs € I (s), let E(g, f, s) be the associated normalized Eisenstein
series:

YEPK (FN\Ck (F)
which converges absolutely when Re(s) > 1/2 and has meromorphic continuation to the
whole of C. When f is K-finite, this is the classical result in the theory of Eisenstein series.
For a general smooth section, the meromorphic continuation is a recent result of Lapid [L].
In any case, E(g, f,s) has a pole of order at most one at s = 1/2. This pole is attained by
the spherical section and its residue there is a constant function on Cx(A).

6.2. A Rankin-Selberg integral. For ¢ € X(o,m) and f; € I, (s), we consider the
following integral:
(61) (e = [ elo) Bl .s)ds

Ck(F)\Ck (A)

Since ¢ is cuspidal, this integral defines a meromorphic function on the whole complex
plane. Our main result is:

Theorem 6.2. Let 0 € A, and suppose that a € F(c). Then for ¢ € ¥(o, 1), one has
JK(f? 2 3) = dS(fS7 PS; S) ' LS(Sa 2(07 7—2)7 Spln)
= dS(fS7 ¥S, 8) : LS(Tl X T2, 5+ 1/2) : LS(7_27 8) : LS(7—27 5+ 1)

Here, S is a finite set of places of F and L°(s,%(0,73),Spin) is the partial Spin L-function
of X(o,72). Moreover, dg is a meromorphic function of C. Given sy € C, there exist pg and
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fs such that ds(fs,¢s, so) is finite and non-zero. If a ¢ F (o), then J(p, f,s) is identically
zero.

Taking residue of both sides at s = 1/2, we obtain

Corollary 6.3. a € F(X(0,7)) if and only if
e ac F(o)
® T1 =T
o L(m,1/2) £0.
The main application of Theorem 6.2 is:

Theorem 6.4. Let 7 be a cuspidal representation of PGLy such that L(r,1/2) # 0. For
o€ A(r), let
(o) = OF(S(0,7)),
so that (o) is a cuspidal representation of Go(A). Then (o) is non-zero and any irreducible
summand of w(o) is CAP with respect to (Q, T, 522/10). Moreover, F(n(0)) = F(0).
Proof. The above corollary implies that
F(S(o,7)) = F(o0) # 0.

Thus, Prop. 5.2 implies that 7(0) # 0 and Prop. 5.3 implies that 7(o) is CAP with respect

1/10
to (@, T, 5@ ).

Moreover, by Prop. 5.2 and the above corollary, we have:
F(r(0)) = F(X(0,7)) = F(0).

7. Unfolding of Zeta Integral

The proof of Theorem 6.2 will occupy Sections 7 to 12. In this section, we shall unfold the
Rankin-Selberg integral. Let us set

Tic(fr0,8) = C(2s + 1) Tk (£, 9, 5).
Proposition 7.1. If ¢ is a cusp form on PGSpg(A), then for Re(s) > 0,

Ti(froys) = / ous(9) - Fo(g) do.
N(A)xNg (A\Ck (A)

Proof. Assume that Re(s) is sufficiently large. Unfolding the Eisenstein series and collapsing
the sum, we get

Ti(fro,8) = / 2(9) - £.(9) o,
(T(F)xHg (F))"N(A\Ck (A)
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where Z = N is the root subgroup associated to the highest root of PGSpg and ¢z denotes
the constant term of ¢ along Z.

Consider the Fourier expansion of ¢z along the unipotent radical U; of the Heisenberg
parabolic subgroup of PGSpg. We have:

0z(9) = vu,ulg)

TA£1

where the sum is over non-trivial characters of Z(A)U;(F)\Ui(A). Let us fix one such char-
acter Uy given by

vy (’LL) = T;Z)(Tal )

Now if K is a field, the group ((T' x Hg)?/AG,,)(F) acts transitively on the non-trivial
characters of Uy (F)Z(A)\U1(A). If K = F x F, there are 3 orbits, but exactly one of them is
open, namely the orbit of ¥y. The two degenerate orbits will not contribute to the integral
because of the cuspidality of ¢. Thus, we may focus on the orbit of ¥y. The stabilizer of ¥
in (T x Hg)°/AG,, is the subgroup T2 (F) - Ni(F) where

TA(F) :{( t 1y > X < t 1y > st A e FX}/AGy,.
Hence, we obtain
J;( = / QDUlvNK,\Ifo(g) : fs(g) dg.
T4 (F)(N(A)x Nk (A)\Ck (A)

Now, consider the Fourier expansion of ¢p,.ny w, along Vi/Nk = G,. The group TA(F)
acts simply transitively on the non-trivial characters of of Ny (A)Vi(F)\Vi(A). Thus, on
collapsing the sum over T (F), we obtain

T = / owe(9) - Flg) dg.
N(A)xNg (A\Ck (A)

8. Factorizability of Zeta Integral

For a general automorphic form ¢ of PGSpg, the Fourier coefficient oy, , need not be
factorizable. However, we shall only be interested in those automorphic forms ¢ in ¥(co, 72).
Recall that we have a surjective (GSpg x G L) -equivariant map

Ori(o) : 1l(0) ® T9 — ¥(0, T2).
This section is devoted to the proof of the following proposition:

Proposition 8.1. The linear functional on (o) @ 1o defined by:
ﬁ ® ¢ — 91‘[(0’) (ﬁ? ¢)\I/6,a(1)
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1s factorizable. More precisely, for every place v, there exists a functional
L, :(oy,) @9 — C
such that if B = ®,0, and ¢ = Ru¢, are pure tensors, then

91’[(0) (ﬁa ¢)\I’6,a (g) = H Lv((gvy S(gv))(ﬁv ® @bv))
Proof. Let ¢ = Ory(0) (5, #). By the result of Ginzburg,

Ps,.(9) = / Bug o (Waw3Tas+as(1)(9, hs(g)) - dnvy(hs(g)) dh,
N/(A)\SL2(A)
where ¢n 4, is the Whittaker coefficient of ¢ with respect to the character ). We know that
the function ¢p 4 is factorizable (by the uniqueness of Whittaker models):
¢N’,¢(h) = H W7'277’l)(h1)¢1))

with
W7—27'U € HOHIN/(FU)(TQ, (Cd;v)

Thus, it remains to investigate the factorizability of the functional
D € Homyya)(I(0), Cuy )

given by
D(B) = Bus,, (1).

Observe that the functional D factors through the constant term map of II(c) along the
maximal parabolic Qg, whose Levi factor is (GLy X GSp4)/AG,,. This constant term map
is a QYg-equivariant surjection

(o) — 71| det|* K SK(0)| det | 7"
Now, one has locally:
dim Homg, (T1(a,), 71 4| det [* ® SK (0,)| det | 1) = 1,
so that C = ®,C, for a non-zero
C, € Homg, (T(a,), 71 4| det |* R SK (0,)| det |71).
Thus, we have:
D=WoC
where
W € Homy(a)xu,(a) (11| det [* R SK (o)| det |71, ¢ ) Wy 4).
Since the Hom spaces
HomN/(Fv)(TLv] det ]2, Cy,) and HomU4(Fv)(SK(Jv)\ det \_1, Cu,,)
(and thus their adelic analogs) are known to be one dimensional, we may write

W =Wy, B Wk (o)
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where Wr, = @,Wr,, and Wsg (o) = @uWsk (o), are factorizable elements of the above
adelic Hom spaces.

Hence we conclude that D = ® D,, with
Dy = (Wry o ¥ Wak(4)0) © Co.
In conclusion, we see that if ¢ = Oy, (3, #), then
Puea(9) = [ Lo((90,5(90)) - (Bo © ¢0))
where )
Ly((9v, 5(g0))-(Bu®¢0)) = / Dy (wawsTastas (1)(9v, hs(gv)) Bo) Wy, (hs(90)-dv) dh.

N’(Fv)\SL2(Fv)
O

Corollary 8.2. Let ¢ = Or1(,)(3,¢) be a function in the space of ¥(o,72). Then

J}k((.ﬁ ©s 3) = HJ;{U(5U7¢U7fU7S)7
where ’

(8.3) Ii,(Bo, v, fv,8) =

Dv(w2w3$a2+a3 (1)(.9, hs(g))ﬁv)'WTz,v(hS(g)'gbv)'f(g) dh d.g-
(N(Fo)X N (Fo))\Ck (Fo) N’ (Fy)\SL2(Fy)

By standard estimates, the integral defining Jx, (By, ¢v, fv, S) converges absolutely when
Re(s) > 0.

In fact, the double integral in (8.3) can be more elegantly expressed as a single integral as
follows. Consider the embedding

LK - GK = ((GLQ X RGSK/FGLQ) X GLQ)O/AGm — (Gspﬁ X GLQ)O/AGm — PGSpg.
Note that via projection onto the first two factors, we have

1 — SLo Gr 2 Cx 1

Similarly, via projection onto the last factor, we have

1 —— SLy x Resg/pSLo Gk —2— PGLy; — 1.

Letting Ug denote the unipotent radical of the standard Borel subgroup of Gk, we see that
(8.4)

J;{U (Bos o, fo,8) = Dy (w2w3Tay+a5(1)g - Bv) - Wry w(p2(9)P0) - f5(p1(g)) dg.

/UK(FU)\GK(FU)
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9. Some Explicit Formulas

Now we come to the local unramified computation. We want to show:

Proposition 9.1. Let v be a place of F' at which all relevant data are unramified, i.e. the
representations 71, and o, are unramified, K, is unramified over F, and 1), has conductor
OF,. Let o, 0,0 and fo be the spherical vectors in 11(0y), 7o, and Icy, (s) respectively.
Then we have:

J}k{v (ﬁo,m ¢0,v7 fO,va 5) = L(Tl,v & T2,v,S + 1/2) : L(7_2,va 5) : L(7—2,va s+ 1)'

Since everything is local in the next few sections, we shall suppress v from the notations.
Thus, F will denote a p-adic field with uniformizer w and residue field of size q. We also
assume that p # 2.

To prove the Proposition, we shall apply Iwasawa decomposition to the equation (8.4). This
gives rise to an integral over the maximal split (diagonal) torus of Gx(F'). An important
point to note here is that under the embedding 1 : Gx — PGSpsg, the diagonal split torus
of Gk need not sit in the diagonal split torus of PGSps. Indeed, this occurs precisely when
K = F x F is split; thus the local computation in the split case is more complicated than
the non-split case.

Let us fix some notations for the maximal split torus of GSpg. An element of a split torus
of GSpg has the form

diag(a,b,c,d)
A -diag(d,c,b,a)™t )

We denote it by (a, b, c,d; A) and note that A is the similitude factor of this element. So,
for example,
5p(a,b,c,d; \) = (ab)®\ 2.
Moreover, the spherical section fy s of Indg‘z 5%1{, pulled back to a function on G via the
projection p1, is given by:

2 s+1/2

fos(pi(a,b e, d; N)) =

Before we can begin the unramified local computations, we need to derive an explicit
formula for the linear functional D, on PGSpg. Suppose that the representation m of PG Lo
that we started with is the unramified representation 7(y,x~!) for an unramified character
x of F*. To simplify notations, we shall write x for x(w) in the following.

By the proof of Proposition 8.1, we see that
D=W,® WSK(O’)) oC

with
C :1l(c) — 7| det |* K SK(o)|det | L.
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a surjective Qg-equivariant map. Since II(o) is generated by [y as a Qg-module, we have:

C(Bo) = & ®@no # 0,

where &y and 79 are the spherical vectors in 71| det |> and SK(o)|det |~! respectively. So for
(91792) € GL2 X G5p47

D((g1,92)B0) = Wr,(91€0) - Wk (o) (9270)-

We shall write for simplicity W, (g1) in place of W;, (¢1&0). Note that W, is an unramified
Whittaker function for 71| det |? and is thus completely determined by its restriction to the
maximal split torus of GLy. We record the well-known formula:

(D)

w* _ —5k/2
(92) WTl < 1 > =4q : X_l — X

if k>0,
and is zero if k < 0.

Now we need to give an explicit formula for Wgg (), where we recall that

Wsk (o) € Homy, (SK(o)| det |1, Cy,,)-

Writing Wsg (»)(g2) for Weg (5)(g210), we note that the function Wy (o is determined by
its restriction to the Levi subgroup

M4 = GL2 X GLl

of the Siegel parabolic Py C GSpy. Using the fact that SK (o) is the theta lift of o on SLo,
one can express the functional Wgg () in terms of an appropriate Whittaker functional of o.
The result is as follows. Let

p: GSpy — PGSpy = SO;5

be the natural projection. Then we have:

(9.3) Wk (o) (m) = [s(m)| =2 / wy(p(m), )1 (1,0)(1,0,a) - W (h) dh
N\SLs
where

- 5:GSpy — Gy, is the similitude factor. 3
- wy, is the Weil representation for the dual pair SLy x SOs, and we are using a mixed
model for the Weil representation adapted to the parabolic Py.

- W is ‘Ehe unramified 1,-Whittaker function on S~L2 associated to the representation
o of SLo. It is given explicitly by:

- m m+1 _ ., —(m+1) m _ .,—m
(9.4) %4 < @ — ) = %p(wm)—l g™ <X X + eq_1/2X X >

X —x1 X —x71
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if m > 0, and is zero if m < 0. Here,

+, if @ is not a square;
€ =
—, if a is a square,

and 7y (a) is the standard Weil index.

In particular, we may compute the value of Wgg()(c,d; A), where (c,d; \) is an element
in the diagonal split torus of GSpy. We first note that

p(c,d; N) = diag(cd/\, c¢/d,1,d/c,\/dc) € SOs.

So we obtain:

WSK(O’)(C7 d; )‘) = |)‘|_2 ’ / Ww(h, (Cd/)‘vc/dylad/a )\/dC))gb(l,O)(l,O,a) ’ W(h) dh.
N(F)\SLa(F)

Applying Iwasawa decomposition for SLsy, we get:

(95) WSK(O’) (Ca da )‘)

N2 /ww((t,t_l), (cd/, ¢/d, 1, e, N ed)d(1,0)(1,0,a) - W (¢ 1) - [t 2 dt
FX

=!>\!_2’/!t!?’/z'\cd/ﬂ-Xw(t)'¢(t_1cd/%0)(td/c,0,at0/d) Wt L) - Jt] 2 dt
X

—led /N3] - / 172 o (t) - W (T 1) dt.
(ed/A<Jt|<min(lc/dl ld/c])

10. The unramified computation: K is a field

In this section, we will carry out the unramified local computation in the case when K is a
field, which is actually easier than that for the split case (because the maximal split diagonal
torus of Gk is contained in the diagonal split torus of PGSpsg under the embedding tx).
This is a brute-force computation based on the explicit formulas developed in the previous
section. We apologize to the reader for not giving a more conceptual approach.

Recall that we are suppressing v from the notations. We shall apply Iwasawa decomposition
to Gk in equation (8.4), which leads to an integral over the maximal split torus of Gx. Under
the embedding 1 : Gx — PGSpg, an element of the maximal split torus of Gg is in the
diagonal torus of PGSpg and can be represented by:

t=(r,1,1,sX).
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Moreover,
21—1, 9—1 -2
S il B
O =13 X 3
So we obtain:
(10.1) Jx(2) = / D(wowsTay+as(1)(r, 1,1, 55 0))
(F>)3
9 12+1/2 21—1| 9,—1 -2
Wy (s, s 1N) - | = % % Z| drdsdx

Conjugating the torus element to the left and applying Iwasawa decomposition where
necessary, we obtain:

L((r,8,1,1; ), if |s] < 1;

Dlwpwsarsas (D 1,1, 5:4)) = {L((?‘ 1,5, \)), if |5 > 1

Recalling from the previous section that
D(a,b,c,d; \) = Wr, (a,b) - W) (c,d; N).
we see that (10.1) equals

) r122—1 | g2 z—3/2 -2
(10.2) / Wi (r,8) - Weg (o) (1, 1;A) - Wry (5,877 A) - ‘g ~ —|  drdsd\+
|s|<1
1 z—5/2 | 21—1
(10.3)  + / Wi (7, 1) - Ware(o)(8, 1 A) - Wiy (s,872A) - 7! 5 ~|  drdsadx

[s|>1

Recall that we have already given the value of Wgg () on a torus element in (9.5) and those
for W, and W, are well-known.

Let us first compute (10.2). Note that

/Wﬁrs

Thus, after performing the integration over r and replacing Wgg(,)(1,1,A) by the explicit
formula (9.5) (which introduces an extra integral over a new variable t), we see that (10.2)
equals L(7y,2z 4 3/2)x

2z—1 4
dr = |s|* - L(71,22 + 3/2).

/ / / Wiy (5,571 A) - |82 772 LAY 712y () - Wt 1) ds dAdt
<1 1/A[<[¢] [s]<1
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Set
ord(s) =m, ord(1/\) =k, ord(t)=1
Then (10.2) equals L(71,2z + 3/2) %

oo

&)
(10.4) qu/ZXw Zq (z=1/2) Zq—zm Dy (whtm 1),
m=0

k=

o~

Next we compute (10.3). As before, we have

/ We (r,1) - |r[**"'dr = L(71,22 + 3/2).

FX
Thus, after performing the integral over r and replacing Wgg () (s, 1; A) by the explicit formula
(9.5) (which introduces an integral over a new variable t), we see that (10.3) equals L(m,2z+

3/2) %

z—1/2 _
[ iRl e W s

|s|>1 |s/AI<[tI<|s~

s s|z—1/2 s 1 - 1]3+1/2
= (s-=,1)-|= Y2 () - +—Oar |12 )
[ [ ez |57 a e e na |2 as
[1/sl<1 \[I<[1/s] \|$]<]tl
Set
ord(s/\) =m, ord(t)=Fk, ord(l/s)=I.

Then (10.3) equals
(105) Zq—l(Z-i-l/Q qu/Q XTZJ VNV Z WTZ m l 1 —m(z—l/Z).

m=k

It remains to evaluate and combine (10.4) and (10.5). For this, we use the formula for W
and W, (described in the previous section). After a direct and messy computation, omitted
here but included in the Appendix, we get the desired identity:

Ji(z2) = L(19,2) - L(19,2+ 1) - L(T1 ® 79, 2 + 1/2).

11. The unramified computation: K ~ F x F
In this section, we compute Jj (5o, ¢o, fo,s) for the case K ~ F x F.

As before, we apply the Iwasawa decomposition for Gx so that (8.4) becomes an integral
over the maximal split torus of Gx. The maximal split torus of G is equal to

(T(F) x Ti(F) x T'(F))°/AGy, C (GLa(F) x GLo(K) x GLy(F))°/AG,
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and an element of it can be uniquely represented as:

( Y iy ) o ( (r,1) 1 > y ( s oy >

with y,7, s, A € F*. We denote this element by ¢(y,r,1,s;\). Thus, we have:

Ji(2) = /D(wgngaerag(l)LK(t(y,r,1,s;)\))-WTz(s,s_lA)'dgK(t(y,r,1,3;)\))_1 dy dr ds d\

where

91—1 -1 -1

y 2 2
A A A2
The complication in the split case arises because the element ¢ (t(y, 7, 1, s; X)) is not contained
in the diagonal torus of PGSpg. More precisely, if we set

([ (r+1)/2 (r—1)/2
alr) = < (r—1)/2 (r+1)/2 )

5BK (t(y7 T, 17 S3 )‘))_1 =

then

Lk (H(y, 7,1, 830)) = € PGSps(F).

To perform the integral, we need to apply the Iwasawa decomposition for the group GLs to

the element «a(r):
_1/T 1 1 | |
1 ) <(T—1)/2 (r+1)/2)= if |r] < 1;

r 1 1 .
1) <(1 —r7)/2 (r—1+1)/2>’ itfr] > 1.

Thus one can write tx (t(y,r,1,5; X)) € PGSpg in one of the following forms:

a(r) =

O = O 3
S O = O
S = O =

)
(y7r7173;)‘)'xa3(_1/T)‘k, if ‘7" <1
(y717’r73;>\) : xag('r') -k if |7"| > 1,

v (t(y,m,1,830)) = {

with & € PGSps(OF). As a consequence, we obtain

Lemma 11.1.

Wor (4:5) - Wit (1 1 Nty (<L), if 8] < ] < 1
Wor (425) - Wosein (L5 ) (1)), if 8| < 1 < [r];
D as+a 1 5 5 ;)‘ - ! ’
(20aag oy (D00 5 2) =3 ) Wi (5 1: e (—5-1)), if 1] < Is| and o] < 1
WTl(y7 1) : WSK(O’)((Sar;)‘)‘TOB(T/S))a Zfl < ’S’ and 1 < ‘T’
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So Jj(z) is a sum of 4 integrals over the 4 domains in the Lemma.

We compute W (o)((¢,d; \)Zas (7)) using the formula (9.3) and the equality

(11.2) wﬂ(cd/A,c/d,1,d/c,)\/cd):ra(x),(t,t_l))¢(1,0)(1,0,a) =
led/A| - [t32 - p(ed/(At),0)(td/c — 22te/d, —txe/d, te/d).

So for the 4 different cases in Lemma 11.1, we obtain

W) (. 1s Nty (—171)) = [r/A¥] - / L2 () - Wt de

[/ A<t <1

W) (Lri Naay () = [r/2¥]- / L2 xu () - W(E e dt
[/ A<t <1

Wk o) (8, 15 N (—571)) = [s/A%] - / 112y (t) - WEE D)dt
|s/AI<[t|<min{L]s~1]}

Wk (o) (5,73 Nty (r/5)) = [sr /2] / 72 Xt - W (e, et

[rs/AI<|t|<min{1,|r/s|}

Putting the formulas above together and performing the integral over y, we see that Jj ()
equals L(7y,2z 4 3/2)x

1,2—1/2 B - - _
(113 B W s [ @ e de
js|<|rl<1 /A<
z—1/2 _ _
aLy [ [ T oW de
s|<1<]r| Ir/AI<[tI<1
11.5
( ) 12—1/2 _
o [ s sy [ e de
Ir|<L,|r|<]s| s/ A< [t <min(1,|s[ 1))
1z—1/2 _
(11.6) + / ‘X‘ |s7| 7 W, (s, 571N) / |t|—1/2xw(t)W(t,t—1)dt.
|r|>1,|s]>1 [rs/A<|t|[<min(1,|r/s|)

Our next goal is to compute these four terms. Combining the first two terms, we get
L(m,22 4+ 3/2)x
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1 z—1/2

’S’2Z+1‘T’_1WT2(S,S_1)\) / ’t’_1/2x¢(t)mdt =

Is|<1L,[s|<|r| Ir/AI<[t|<1

(11.7) /]t!‘1/2X¢( DWW () dt / s[25+ / 1|2

[t]<1 ls|<1 Ir=t<ls~1

/ ‘f 2—1/2
A

Ir/AI<]t]

W, (=t r /) s%,1) d% dr=1ds dt.

Put
ord(r/\) =k, ord(r~')=mn, ord(s)=m, ord(t) =I.
Then (11.7) equals

(11.8)

qu/2 X¢ W Zq m(2z+1) i q—n(z+l/2 iq (z— 1/2 ( k+2m+n71).
m k=l

=0 n=—m
To compute (11.5), we rewrite (11.5) as

/|t|—1/2xw(t)-m / |7,,|2z+1 / |S|—(z+1/2)

[t]<1 Ir|<1 Ir|<|s|<[t=1]

s /A2 W, (s - s/, 1)d§ ds dr dt.
|s/AI<]t]
Put
ord(s/\) =k, ord(s)=n, ord(r)=m, ord(t)=I.

Then (11.5) equals
(110 3 a0 T 35 e 3 e, o
=0 m=0 n=—1
To compute (11.6), we rewrite (11.6) as
z—1/2

H RPN / Y 2 ()T (1 £ V)t dr ds AN —

|r|>1,|s]>1 [rs/A<[t|<min(1,|r/s])
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. _ 1 2z+1
[ ey [
lt|<1 IL]<1 EINEES!
—2z 2 2 2
ts S S s ts 1
= Z|EDw (= 1)d= d— d=~ dt.
r / |)\| TQ()\’ ) A ror
)<t

Put
2

1 ts s
t = — ) = — ) = - ) = k
ord(t) =1, ord(r) m, ord( r) n, ord( /\)
Then (11.6) equals

(11.10)

[e.9]

00 I+m—1 00
Zq—2lqu/2 Xill( ) W Z q—m(ZZ—i-l) Z q—ZnZZ (z— 1/2 ( k 1)
=0 m n=0 k=

=1

Using the explicit formulas for W, and W, a direct but messy computation shows that
on summing (11.8), (11.9) and (11.10) and canceling L(71,22z + 3/2) and (22 + 1)}, we get
(miraculously)

JK(Z) = L(TQ,Z) . L(TQ,Z + 1) . L(Tl & To, 2 + 1/2),
as desired.

This finishes the proof of Proposition 9.1.

12. The Ramified Factor

After the proof of Proposition 9.1, we are almost done with the proof of Theorem 6.2.
Indeed, Proposition 9.1 implies that when Re(s) > 0, we have:
JK(f> ©s 3) = dS(fS7 PSS, 8) ' LS(Tl X T2, 8+ 1/2) : LS(7_27 8) ' LS(7—27 s+ 1)7
where the ramified factor dg is given by:
ds = H JKv (fva Pu, 3)-
veS

Since Jx (f, ¢, s) and the partial L-functions on the right-hand-side have meromorphic con-
tinuation to C, we deduce that dg(fs, ¢s,s) also has meromorphic continuation to C when
fs and g are smooth vectors, and the above identity holds for all s € C. To finish the proof
of Theorem 6.2, we need to show:

Proposition 12.1. For any given so, one can find fs and g such that ds(fs,,es,s0) # 0.

The rest of this section is devoted to the proof of this proposition. It suffices to check
the proposition for each Jg, for v € S. Since the setting is local, we shall write F' for F,
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in the rest of the section. We also apologize for the fact that the symbol K denotes both a
quadratic extension of F' and a maximal compact subgroup of PGSpg(F).

We first assume that Re(s) is sufficiently large, so that the integral expression of Jg
converges. Applying Iwasawa decompostion for the parabolic subgroup Pg, we obtain

Jr(f,p,8) = / f(k)- / L(gk - @) - 0p,.(9)* L dg | dk
(KNPg (F)\K (AGm Ng\(TxHg )O)(F)
Setting
(12:2) Gles) = / L(gp) - dp (9)*" dg,
(AGm Nk \(T'xHg )°)(F)
we have:

Lemma 12.3. For any smooth vector ¢, G(p,s) has meromorphic continuation to C.

Proof. In the p-adic case, this follows immediately from the meromorphcity of Jx (f, ¢, s)
since any smooth ¢ is also K-finite. In the archimedean case, a well-known result of Dixmier
and Malliavin [DM] implies that any smooth ¢ is a finite linear combination of vectors of the
form

fro= [ 1) kod
with f a smooth function on K. However, one has:

G(f = ¢,5) = Jk(f' ¢, 5)

F(k) = /K gy TR

This proves the lemma. O

where

Thus, to prove the proposition, it suffices to show that G(y,s) does not vanish at sg for
some choice of smooth vector .

Let U7 be the unipotent radical of the Heisenberg parabolic of PG Spg with the center Z.
As we have observed in the proof of Prop. 7.1, the group AG,,,\(T x H)? acts transitively
on the non-trivial character of U;/Z and the stabilizer of the character

Po(v) = Y({z-ay,v))
is the subgroup T2 - Ng. So we obtain an injective map
i: AG, T Ng\(T x Hg)? — U, /Z
given by

-1
g—9 - T—a,
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whose image is open and dense. Moreover, because
AG\(T x Hg)? = T4 % SLy(K),

with SLo(K) naturally a subgroup of Hg, the restriction of ¢ to SLo(K) induces a bijection
of Ng\SLs(K) with the image of i. Thus, for Re(s) > 0, we may write:

G(p,s) = / / L(ht - @) - 0p, ()" dh dt
TA JNg\SL2(K)

= /NK\SL2(K) </TA L(th - ) - 6p, (1)~} '5PK(t))s_1dt> dh

where we recall that B is the Borel subgroup of (T x Hg)?. In addition, when the right-
S Ly(K)-invariant measure on N \SLz(K) is pushed forward by i, one obtains the restriction
of the Haar measure of U;/Z. Thus, we may write:

G((,D,S) = | 7H(hw ' (’D,S)dl'
Z\Uy

where h; denotes the unique element in Ng\SLs(K) such that i(h;) = x (as long as x is in
the image of ¢) and

Hipos) = [ Lit-9) -0, (0)7" om0 .
A
Moreover, for x € Uy,
L(gz- o) =((g7" - @—ay,2)) - L(g - )
and so, for a Schwartz function f on Uy, one has
L(ha - (f % ¢) = F'(@) - L(ha - )

where f'(z) = [ f(zz)dz and " is the Fourier transform of f’. Thus
z

G(f wpes) = [ Fla) - Hihe o0 da
Z\Uy
Since f’ can be an arbitrary Schwarz function on Uy /Z, we see that, for any Schwarz function
f1 on Uy/Z, the integral
/_ _ filz) - H(hg - ¢, s) dx
Z\Uq
has meromorphic continuation to C.

Lemma 12.4. For any smooth vector ¢, H(p,s) has meromorphic continuation to C.

Proof. To prove the meromorphicity of H(p,s), one may assume that ¢ = f % ¢ where f is
a smooth function with compact support on SLs(K); this is clear for the p-adic case and
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follows from the Dixmier-Malliavin theorem [DM] in the archimedean case. Then we have

h ) s~ dhd
proo = [ [ SR ) o dnat

_ / F/(h) - H(h,s) dh
Nig\SL2(K)

where f’ is the smooth function with compact support on Ng\SLs(K) defined by f/'(h) =
f Ny f(nh)dn. Now via the embedding i, we may regard f’ as a smooth function with compact

support on the open dense subset i(Ng\SLy(K)) of Z\U; and extending by zero, we may
regard f’ as a an element of C°(Z\U;). We thus have

H(f #6,5) = /7 ) H e 0,9)da

for f' € C°(Z\Uy). As we observed right before the lemma, this has meromorphic continu-
ation to C. O

In view of the lemma and the discussion preceding it, it suffices to show that H (¢, s) does
not vanish at s = sy for some smooth vector .

As in the proof of Prop. 7.1, the group T2 acts by the adjoint action on Vj preserving
the subgroup Ng. Indeed, we can fix isomorphism 72 = F* and V;/Ng = F so that the
action is simply given by multiplication. Thus, T acts simply transitively on the non-trivial
characters of V3 /Ng. In particular, for a Schwartz function f on Vj and t € T, one has

Lt-(fx9) = f(t) - L(t - )
where f'(v) = [ Ny f(nv)dn and f/ is its Fourier transform.
Now we have:
Lemma 12.5. For each sg € C, there exists ¢ such that H(gp,sy) # 0.

Proof. For f € §(V4) and Re(s) > 0, one has

H(f % ¢,s) /f ) - py ()51 dt.

Thus, if we pick ¢ such that L(¢) # 0 and f so that f/ is non-negative and supported in a
sufficiently small relatively compact neighbourhood of t = 1, then one can ensure that the
integral above converges for all s € C and is non-zero at a given point sg. This proves the
lemma. ]

This completes the proof of Proposition 12.1 and thus of Theorem 6.2.
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13. Arthur’s Conjecture

In this section, let us explain how the cuspidal representations constructed in this pa-
per fit into the framework of Arthur’s conjecture, which describes the discrete spectrum
L% (G(F)\G(A)) of a reductive linear algebraic group G defined over a number field F'.

disc
Assume for simplicity that G is split. According to Arthur, the discrete spectrum possesses
a decomposition

L3 GIRNG(A) = D) L3,

where the Hilbert space direct sum runs over equivalence classes of A-parameters v, i.e.
admissible maps

1/1 : LF X SLQ((C) — G
where L denotes the conjectural Langlands group of F' and G is the complex dual group of
G. For any 1, the space L?/} is a direct sum of nearly equivalent representations, which we
now describe.
13.1. Local A-packets. The global A-parameter 1) gives rise to a local A-parameter

Yy : Ly, x SLy(C) — G

for each place v of F'. Denote by Sy, the group of components of Zx(Im(y))/Zz. To each
irreducible representation 7, of Sy, , Arthur conjecturally attached a unitarizable admissible
(possibly reducible, possibly zero) representation 7, of G(F,). The set

Ay, = {7?,% DMy € 3\%}
is called a local A-packet.

It is required that for almost all v, if 7, is the trivial character, then ), is irreducible and
unramified with Satake parameter given by

q1/2
S, = Uy <FTUX< ! q—1/2 >>=

where F'r, is a Frobenius element at v and ¢, is the cardinality of the residue field at v.

13.2. Global A-packets and multiplicity formula. With the local packets A, at hand,
we may define the global A-packet by:

Ay = {1 =Qumy, : T, € Ay,, N0 =1, for almost all v} .

We stress again that the representation © € A, may be reducible.

The global A-packet is a set of nearly equivalent representations of G(A) and L?p is the
sum of the elements of A, with some multiplicities. This multiplicity is precisely given as
follows. Arthur attached to 1 a quadratic character ey of Sy = Zs(Im(v))/Zs. Now if
T = RuTy, € Ay, set

1
m(m) = #—Sw ) Z ey(s) - m(s)

seS¢



CAP REPRESENTATIONS OF Ga 33

with n = ®,n,. Then one should have:

L2 =~ @ m(m)m.

ﬂeAw

13.3. Arthur Parameters. In this paper, given a cuspidal representation 7 of PGLy(A),

with associated global Waldspurger packet A, on SLs, we have constructed various sets of
nearly equivalent automorphic representations

(o) of Go(A);

SK (o) of PGSpy(A);
Y(o,7) of PGSpe(A);
II(o) of PGSps(A),

as o varies over A.. How can these representations be viewed in the framework of Arthur’s
conjecture? In the following, we shall write down the conjectural Arthur parameters of these
representations and explain how the constructions of these representations fits into Arthur’s
scheme. The parameters for the group G will be denoted by 9q, ..

In the first place, the cuspidal representation 7 of PG Ly(A) conjecturally corresponds to
an irreducible map

¢r: Lp — SLy(C).
Let us consider the following A-parameters:
e For the group Go;

br Xid is X1

T/)GQJ : LF X SLQ((C) —_— SLQ((C) X SLQ((C)

G2(C)

Here i5 and i; are embeddings SLy(C) — G2(C) corresponding to the short and long
root subgroup respectively.
e For the group PGSpy:

b+ Xid 12

wPGSp4,T : LF X SL2((C) —_— SLQ((C) X SLQ((C)

Sp4(C) = Spins(C)

e For the group PGSpg:

2 xid i3

T/)pgsp&q— : LF X SLQ((C) —_— SLQ((C) X SLQ((C) X SLQ((C)

Spinz(C)
Here the map i3 is the one which lies over the natural embedding SO4(C) x SO3(C') —
SO7(C).

e For the group PGSps:

X Sym?3 ) .
Ypasps,r : Lr X SLz((C)(z)ﬂ» SLy(C) x Spy(C) ! Sping(C)

Note that i9 and i4 are embeddings, while i5 x 7; and 73 have kernels isomorphic to
2.
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Observe that the parameter vpggps -~ factors through g, r, via the embedding of dual
groups G2(C) — Spin,(C). This suggests that Lic can be obtained as a lift of L2
2,7’

wPGSpS T :
This was the main motivation for our construction of 7(o) as a theta lifting of (o, 7).

13.4. Predictions of Arthur’s conjecture. Let us write down what Arthur’s conjecture
predicts for the A-parameters above. In fact, the A-parameters 1 ; share many properties:

e The global component group is Sy, = Z/2Z, whereas the local component groups
are given by

) Z)2Z if ¢, is irreducible;
e = 1, if ¢, is reducible.

e Thus, the local packets have the form

+ — . . . . .
. B {ﬂ'G’TU,ﬂ'G’TH}, if 7, is discrete series;
Gy {r& -} otherwise.

Here, WJGF +, is the representation indexed by the trivial character of S7,. For almost
all v, where the local parameter g -, is unramified, we have:

Jo(1y,1/10), if G = Gy;
7T+ _ Jp4(TU,1/6), ifG:PGSp4;
Gy Jos (1, B 7,,1/10), if G = PGSps;
Jrs (7o B 7, | det |32 & | det |'/?), if G = PGSpg.

e The epsilon character €, are given by:

1, if e(r,Sym3,1/2) = 1;
€ =
Y6y sgn, otherwise.
1, ife(r,1/2) = 1;

€ =€ =
P P i
YPaSpy,T YPGSpg,T {Sgn, otherwise

1, if €(7,1/2) - e(1, Sym3,1/2) = 1;
E =
VPGSpe.T sgn, otherwise.

e The multiplicity with which 7 = ®,7f, € Ay, . occurs in Lic _ can now be com-
puted. For 7 € Ad,PGS%T or Awpcspw,

)1 €(,1/2) = e =[], €
T =00, i e(r,1/2) = —er.

For m € chz -

mr) = 1, if e(r, Sym?,1/2) = e,;
)0, if e(r, Sym?,1/2) = —e5.
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For m € Aypgsp, -

1, if , e(7,1/2) - e(7, Sym3,1/2) = €,;
m(m) = : 3 —
0, if e(1,1/2) - e(1, Sym?>,1/2) = —e,.

e Thus the global A-packet Ay has 2#5 elements, where S is the set of places where
Ty belongs to the discrete series. The spaces Lic _ are direct sums of 2751 (possibly
reducible) representations.

Now we shall explain how the results of this paper provide constructions of the A-packets
described above.

13.5. The packet Ad,PGSMM. This is the Saito-Kurokawa A-packet and it is well-known
that one should take:

~ J{SK* (1), SK~ (1)}, if 7, is discrete series;
Yraspare = {SK™ (1)}, if 7, is not a discrete series.

Here, we recall that
SK*(r,) = 0y(c), oFf € A,

v v

A more detailed discussion can be found in [G2].

13.6. The packet Awpcspsm' As we explained above, the structure of this A-packet is
identical to that of the Saito-Kurokawa packets. In the p-adic case, it is not unreasonable to
define this packet by:

4 Ot (7)), I (1)}, if 7, is discrete series;
VPasps.m {II*(7,)}, if 7, is not discrete series.

Here, we recall that

IF (1) = Jgy (1o B 7y, | det [¥2 K | det [V2) and (1) = Jog (1o @ SK ™ (1,),3/14).

In a recent paper [Mo], Moeglin has defined A-packets for general classical p-adic groups,
assuming a conjectural parametrization of supercuspidal representations. For the case at
hand, the above definition of this local A-packet agrees with hers.

In the archimedean case, this A-packet has been constructed by Adams-Johnson [AJ]. It
turns out that in the real case, if 7, is a discrete series representation, the representation
I (7,) in the packet is reducible: it is the direct sum of the Langlands quotient as in the
p-adic case and a holomorphic/anti-holomorphic discrete series.

The construction of Adams-Johnson uses cohomological induction. Let us describe their
construction more precisely. Fix a maximal compact subgroup K of PGSpsg(R) which deter-
mines a Cartan involution #. In the complexified Lie algebra spg(C), one has various 6-stable
Siegel parabolic subalgebras q = [@u such that the Levi subalgebra [ is the complexification of
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the Lie algebra of U(p, q) with p+¢q = 4. For an integral character A of U(p, q), one may thus
define the cohomologically induced (spg(C), K)-module A4(\). For fixed \, we denote this
module by m\(p,q). Since mx(p,q) = mr(q,p), we have 3 different modules 7,(2,2), mx(3,1)
and 7, (4,0).

Now a discrete series representation 7, of PGLy(R) determines a character A and Adams-
Johnson set:

It (7,) = mA(2,2) @ mr(4,0)
I~ (1) = mA(3,1).
We remark also that

TA(2,2) = Jpe (1o B 7y, | det 2 R |det |Y/2) and  7x(3,1) = Jgu (1, B SK™(7,),3/14),

whereas m)(4,0) is a holomorphic/antiholomorphic discrete series.

Thus, we see that ITT(7,) can be reducible in the real case, and the representation my (4, 0)

should also occur as a local component of some constituents of L?Ppcsp _. Such a constituent
8

is necessarily cuspidal and thus is not captured by the residual Eisenstein series used in
Ginzburg’s construction. When 7 corresponds to a holomorphic cusp form relative to SLs(Z),
such a cuspidal representation in this A-packet has recently been constructed by Ikeda [I1] .

13.7. The packet Ay, Spgire In this case, we wish to define the local A-packet by using the
local analog of Ginzburg’s lifting. Namely, we consider the correspondence of representations
obtained by the restriction of II*(7,) from GSpg to (GLy x GSpg)°. If we let O (7,)(T0)
denote the direct sum of all irreducible representations m, of PGSpg such that

Hom g1, « gspe)0 (5 (1), 7o B ) # 0
then we would like to propose the following

Conjecture 13.1. i) The representation Oz (.,\(7) of PGSps(Fy) is irreducible (or at
least of finite length).

i) (tower property) If T, is supercuspidal, then @Hﬂm)(m) 18 supercupidal iff @SKi(TU)(Tv)
18 zero.

If this conjecture holds, we would like to set:

_ {3 (1), 2" (1)}, if 7, is discrete series;
VrGseg o {X* ()}, if 7, is not discrete series.
with
Zi(Tv) = @Hie(fv,Sym3,1/2)(TU)(Tv)'

For us, the intriguing aspect of this definition is the shift in the labelling of the repre-
sentations by the epsilon factor €(7,, Sym?>,1/2). This shift seems to be necessary. Firstly,
in view of the above conjecture and Prop. 4.1, it has the desirable effect of making >~ (7,)
supercuspidal when 7, is supercuspidal. Secondly, this labelling of the representations is
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consistent with the predicted multiplicity formula for a representation ¥ = ®,3(7,) in the
global packet. Indeed, we see from Arthur’s multiplicity formula that

m(Z) # 0 <= [ e = €(r,1/2) - (r, Sym?,1/2).

On the other hand, since
2 - ®U@Heu~e(‘ru,3ym3,1/2) (Tv)(Tv)7

this last condition implies that the representation

® Hevve(Tv,Sym3,1/2) (Tv)-

v

is automorphic on PGSpg and so we may use it in Ginzburg’s construction to yield 7 in the
discrete spectrum of PGSpsg.

We also mention that the archimedean packets are among those constructed by Adams-
Johnson. In view of our discussion of the packets on PGSpsg, it is clear that in order to

exhaust the space Lipcsp using Ginzburg’s construction, it is necessary to use all the rep-
6:T

resentations in L2 as theta kernels in the lifting from PGLy to PGSpg. In particular,

YpPGspg,T
one needs to use the cuspidal representations constructed by Ikeda [I1]. This lifting problem
was investigated in another recent paper of Ikeda [I2], but he was not able to show that the
lifting is non-vanishing.

2
YPGSpg,T
constructed using Ikeda’s cuspidal representation of PGSpg. This is because the real compo-

nents of these representations are holomorphic/antiholomorphic discrete series of PGSpg(R),
and under the archimedean theta correspondence, these discrete series lift to the compact Go
but not the split G,.

For the purpose of this paper, it is not necessary for us to use the subspace of L

13.8. The packets chwv . As we mentioned before, the composite

YGg,m .
Lp x SLy(C) —2™ Gy(C) —— Sping(C)
is the parameter ©¥pgsps,7,- Since the theta correspondence for G2 x PG Spg is known to be
functorial for the above inclusion of dual groups (at least for unramified representations), it
is natural to construct the local A-packet on Go as the theta lift of the corresponding one on
PGSpg. In other words, we should set

Wgzm =0(X(r)) = Jo(7s,1/10) and Taym = QX ().

This should be essentially correct, except when 7, is the Steinberg representation, as we
explain next.

Suppose that v is finite and 7, = St, is the twisted Steinberg representation with x a
quadratic character. The local Arthur parameter in question is

X Xis X1

- Yst, : Wi, x SL2(C) x SL2(C) —— G»(C)
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Consider also the parameter
PXip Xis

bst, 1 Wr, x SLa(C) x SLy(C) —— G5(C)

obtained from the previous one by switching the two SLso’s. The local Arthur packet corre-
sponding to the parameter s, has been determined in [GG] (and proven to be correct!).
More precisely,

o {{wEGBJp(St, 1/6),Jo(St,1/10)}, if y = 1;
Vs | {m (), Jp(Sty, 1/6)}, if x # 1.
Here e and 7(x) are certain unipotent supercuspidal representations.
According to a conjecture which we first learned from Moeglin, the packet Ad}StX should
be obtained from A Doty by applying the Iwahori-Mastumoto involution Dg,. In [M], Muic

has computed the effect of this involution for the relevant representations. In particular, one
has:

D¢, (Jp(St,1/6)) =
DGz(JQ(Stv 1/10)) = JQ(St7 1/10)7
DGz(JP(St)ml/G)) = JQ(St)ol/lO)v 1fX7é 1.
Here, 7. is a discrete series representation which is a submodule of both T ndg2 St - 6113/ % and
G 1/10
IndQ2 St-og .
It thus follows that we should have:

_JAm @7, Jo(St,1/10)}, if x = 1;
Yo T {m (), Jo(Sty, 1/10)}, if x # 1.

The main point we want to make here is that according to the precise conjecture of Gross-
Savin on the theta correspondence for Gy x PGSpg [GS], the representation 7. does not
appear as a theta lift from PGSpg. This means that one cannot expect to obtain the whole
packet A¢G27St as the theta lift of the packet AwPGSPS,St-

14. Appendix

In this appendix, we complete the local unramified computations in the case when K is a
field. Recall that
Jr = L(m,22 4+ 3/2) x ((10.4) + (10.5))
We must verify that this equals the desired L-function. Let us begin with (10.4):

qu/2Xw V~V Zq—k z2—1/2) Z q—2m z+1/2 ( 2m+k7 1).

We suppose that 75 = 7(u, p~1) and write x4 in place of p(w). The innermost sum is

i 4 2m)2 i~ Cmk4l) o 2metkt .

pt—p
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_ g k/2 (D) - q
(Wt =) (1 = p=2q==F2))  (p! — p)(1 — p2q=(2+2))

The second inner summation then equals

—k/2) kb1

Zzil q—k/Z’u_(k-‘rl)q—k(z—l/Z) ZZOZZ q_k/2,uk+1q_k(z—1/2)

(=t = p)(1— p2q-C42) (= p)(1 — p2q=(2=F2))
B M—(l—l—l)q—lz Ml—l—lq—lz

S (T )1 - p 2 )1 - plgE) (= ) (1 - p2qm @) (1 — pge)

Let us write this expression as J; — Js.

Recall now that

- —1/2
Xw(wl) W (@, w—

1, ,—1/2
uxta X g
N =g : :

X—x ' X—x"
The outer summation has contributions from J; and Js. The contribution from J; equals
L X
(' = p)(1 — p2q= =2 (1 — p1q=)

+q‘1/ . +q‘1/
XT4qg ' (qu/% (1+1) q —lzg le> X tg 7 qu/2“ (1+1) gy

_ (x+a)u! - ! +q‘1/2)/f
(X = x D@ = xplg=CH2)  (x = x (1 — xtp g =)
_ p (14 g EY)
(1= xp g G (1 = x g )

The total contribution from J; thus equals

pt (14 ptgm )
(=t =) (1 = p=2q= @) (1 — p=1q=2) (1 — xp~ g~ GFYD)(1 — x—p g~ =F1/2)

ul

(=t =) (1 = p= g EED) (1 = p=q==) (1 — xp~tq=EHY2) (1 — x—p— g =+1/2))

1

Note that Jo is essentially obtained from J; by changing p to p=". So the contribution

from Jy equals

1
(=t = ) (1 = pg=GFD) (1 = pg==)(1 = x~Lug=CHY2) (1 — xpug=G+1/2)

Taking the difference, we obtain:
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(14.1) Ji—Jo=L(19,2) - L(m2,2+ 1) - L(T1 @ T2, 2 + 1/2) %

(1 — (X + X—l)q—(2z+l/2) _ (X + X—l)q—(2z+3/2) + (,U + Iu—l)q—(?)z-i-l) + (/L + ,u_l)q_(?’”z)—
(n+ )0+ X Dg B2 — (2 414 )W),

Now we compute (10.5), which is given by:

Z q—l(z+1/2) Z qk/2 Xw(wk) W(wk’ w_k) . Z WTQ (wm—l’ 1)q—m(z—1/2)
=1 k=l

So the innermost summation equals

00 —(m— _
Z lmty/2 (m—I+1) _ W I+1 Cm(e—1/2)
q 1 _ q
ok 2 H
B g2y~ (=D) y g

()=l (=) (= pgE)
We again write this as J; — Js.

The contribution of J; to the next sum is

g2l .
(=t —p)(1 = ptq=?)
0 —1/2 -1 —1/2
ko—ke -k EX T koke ok kX q
qu/zﬂ kyhe gk — e _
— X — X X — X
3 g ! X (x+q7V?) Xt +q7Y?)
- v DT = )1 = u=tg=2 \ 1= y~lyg—G+1/2) 1 _ ~1y—1g—(z+1/2) |
X—xHpt—p nlq ntxq p~ix"1q

We denote it as Jy1 — Ji9.

Similarly the contribution of Js to the next sum is

q ( X(x+a ) xUxt+q VP )

= x D =)= pg7) \1—xug=CH/D 1 — x—lug=(F1/2)
We write this as Jo; — Joo.

Now Ji1 — Jo1 equals

X (x +q1/?) < p! B 7 )
(=) —xH) \(A = p g 2) A — p~txg=EF2) (1= pg=)(1 — pxq=+H1/2)
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_ q—lzXl(X + q—1/2) y 1— Xq—(2z+1/2)
O =x7H (1= p7tq ?)(1 = p~txg= YD) (1 — pg=2)(1 — pxg==H1/2)

Similarly, Joo — Ji2 equals

¢ XM e < p - p! >
(==X N1 = pg=)(1 = px g CEH2) (1 ptg?) (1 — pmix g EH/2)

q—lzX—l(X—l + q—1/2) y 1— X—lq—(22+1/2)
(x—x71) (1= ptq2) (1 — px g GFYD) (1 — pg==)(1 — p~tx~lq=(=+1/2))

Now we do the last summation. The first part contributes

Z?il q—lzqu—l(Z-i-l/?) (X + q—1/2)(1 o Xq_(22+1/2))
(x —x DA = ptq) (1 — p=txg=CHY2D)(1 — pg=>)(1 — pxg—G+1/2)

q—(2z+1/2)X(X+ q—1/2)
(x—x A= p g 2) (1 — p=xg GH/2) (1 — pg=2)(1 — pxg=G+1/2))

The second part contributes

Z?il q—lzX—l(X—l + q—1/2)(1 _ X—lq—(2z+1/2))
(X =xHA=p g )1 = px g EHY2D)(1 — pg=2) (1 — p=tx g~ E+1/2)
q—(2z+1/2)x—1(x—1 +q_1/2)
(Xx=xHA—=ptqg )1 = px~ g EH/2) (1 — pg=2) (1 — ptx~1g==+1/2)
The total second summand thus equals

L(mg,2)L(11 ® 72,2+ 1/2)X

gD (y py Tt Y2 () YD) (2372,

Thus (10.4)+(10.5) equals

L(TQ, Z)L(TQ, zZ+ 1)L(T1 & T2, 2 + 1/2)
L(7,2z +3/2) '

¢(2z2+41) -

In other words

Jxk = L(12,2) - L(19,2 4+ 1) - L(11 ® 12,2 + 1/2)

as desired!
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