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Abstract

We obtain a regularized Siegel-Weil formula for the dual pair PGL3 X G2 in
a split exceptional group H of type Eg. The key step is the regularization of the
integral over PGL3 of a “theta function” arising from the minimal representation
of H. The formula then identifies the regularized theta integral as the leading term
in the Laurent expansion (at a specific point) of an Eisenstein series on Ga.

2000 Mathematics Subject Classification: 11F27, 11F70

Keywords and Phrases: Siegel-Weil formula, Exceptional Groups

1 Introduction

Amongst the many beautifully written papers of Kudla, some of the most influ-
ential must be his series of papers [KR1-3] with Rallis on the Siegel-Weil formula.
We begin with a brief recollection of the subject matter of these papers.

If (Sp(U),O0(V)) is a dual reductive pair in Sp(U®V), the classical Siegel-Weil
formula expresses the integral over O(V') of a theta function on Sp(U®V') (coming
from the Weil representation) as a special value of a corresponding Eisenstein series
on Sp(U). This formulation of the formula first appeared in the paper [We] of
WEeil, where the formula was established under some convergence conditions which
ensure that the theta integral and the infinite sum defining the Eisenstein series
are both absolutely convergent.

In [KR1] and [KR2], Kudla and Ralls extended the Siegel-Weil formula to all
cases where the theta integral is still convergent but the Eisenstein series needs

*Mathematics Department, University of California, San Diego, 9500 Gilman Drive, La Jolla,
CA 92093, U.S.A.



2 W. T. Gan

to be defined by analytic continuation. Later, in [KR3], they proved a regularized
Siegel-Weil formula, even when the theta integral does not converge. One of the
key contributions of [KR3] is thus the definition of a natural regularization of
the divergent theta integral. The regularized Siegel-Weil formula then identifies
this regularized theta integral with the leading term in the Laurent expansion of
an associated Eisenstein series; this is the so-called first term identity. The first
term identity of the regularized Siegel-Weil formula was subsequently extended
to almost all classical dual pairs (with the exception of the quaternion unitary
groups) by A. Ichino in [I1-3].

This brings us to the subject matter of the present paper. With the discovery
of the minimal representation of a general group H (which is the analog of the Weil
representation of the metaplectic group), one can ask for a Siegel-Weil formula for

a general dual pair
G x G C H.

In [G1], we established such a formula for the dual pair G2 X G in the quarternionic
form of g, where G5 is split and G is an anisotropic form of F. This is an analog
of the original formula of Weil [We], in the sense that the theta integral over
G and the infinite sum defining the Eisenstein series on G’ are both absoultely
convergent. In [G2], we we considered the dual pair Go x PD* in a rank 2 form
of Fg, where D is a degree 3 division algebra. This is the analog of [KR1], in the
sense that the theta integral is convergent but the Eisenstein series is defined by
meromorphic continuation but is analyitc at the point of interest for the standard
sections arising from the Weil representation. In both [G1] and [G2], the theta
integral is convergent because the group G over which the integral is taken is
anisotropic.

In this paper, we shall establish a regularized Siegel-Weil formula for the dual
pair
Go x PGL3 C FEg,

which is the split version of [G2]. In particular, we shall explain how the theta
integral can be regularized in a general setting. The reason for sticking with a
particular dual pair is one of convenience: unlike the case of classical groups,
where there is an extremely rich and uniform underlying theory of quadratic or
Hermitian forms, the geometry involved in the setting of exceptional groups is
special to each case and it would be hard to give a uniform exposition.

Let us state our results more precisely. Let F' be a number field with adele ring
A and let H be the split adjoint group of type Fg defined over F. Then H(A) has
a minimal representation II = ®,II,. In [GRS], a H(A)-equivariant embedding

H:H;’AQ(H)

of IT into the space of square-integrable automorphic forms on H was constructed.
Up to scaling, this is the unique such embedding. Now given the dual pair PG L3 x
G2 C H, we want to consider the theta integral
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I(e(f))(g) = ,/pGL3(F)\PGL3(A)

This is the theta lift of the trivial representation of PG L3 and it should be an
automorphic form on G». Unfortunately, the integral diverges for general f € II
since PGL3(F)\PGL3(A) is non-compact and the integrand 6(f) may not be
sufficiently slowly increasing. In order to regularize the theta integral, one would
like to do the following:

0(f)(gh)dh, for g € G2(A).

(1) find a non-zero (PGL3 X G2)-submodule IIj of II such that for any f € Iy,
0(f) is rapidly decreasing on PGL3(F)\PGL3(A);

(2) find a (PGL3 x Gs)-equivariant map p : II — IIy. Further, we want this
map to be obtained in the following way. For a fixed finite (or archimedean)
place vg, we want to find an element z in the component of the Bernstein
center associated to the trivial representation of PGL3(F,,) (or the center of
the universal enveloping algebra if vy is archimedean) such that p is simply
given by the action of z.

If we can achieve the above, then we may define the regularized integral

Irea(f)(9) = / 0(z - f)(gh) dh.

PGL3(F)\PGL3(A)

Note that Irpg : II — A(G2) is a PGL3(A)-invariant and G2(A)-equivariant
map, since z commutes with both the actions of PGLj3 and Gs.

Let us explain briefly how the above regularization steps are carried out. We
want to find some conditions on f € II such that for any g € G2(A), the function
h+— 6(f)(gh) is rapidly decreasing on PGL3(F)\PGL3(A). For this, we consider
the Fourier expansion of §(f) along an abelian unipotent radical of a maximal
parabolic of H:

0(f)(gh) =>_ 6(f)u(gh).
P

Now it turns out that as a function on a Siegel domain of PGLs3, 6(f)y(gh) is
rapidly decreasing unless v lies in certain degenerate orbits relative to PGL3 X G.
Thus, if 0(f)y|PcLsxa, is zero for these degenerate v’s, then 0(f) will be rapidly
decreasing on a Siegel domain of PGLg. Further, because the Fourier coefficient
of the minimal representation is the product of corresponding local functionals,
the vanishing of these degenerate global Fourier coefficients can be ensured by
requiring local vanishing at a fixed place vg. For the details, we refer the reader
to Sections 3 and 4.

In this way, we find a non-zero (PG L3 x G3)-submodule Iy ,, of IT,, such that
for any f € Ily = (QuzvIly) ® o vy, O(f) is rapidly decreasing as a function of
PGL3(F)\PGL3(A). Further, one can determine the constituents of the represen-
tation IT,, /T1o .. It turns out that those constituents of II,,, /II ,, which belong to
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the same Bernstein component as the trivial representation lie in a proper Zariski
closed subset of the variety of such representations. Thus, one can find an element
z as in (2) above which kills all the constituents of II/TIj.

Having explained how to regularize the theta integral, our next problem is to
identify the image of the map Irgq, or more specifically to identify the automor-
phic form Igp(f) for each given f € II. For this, we observe that there is another
natural PGLs(A)-invariant and Ga(A)-equivariant map

E: 1l — A(Gg),

which is defined as follows. The minimal representation embeds as a submodule
of a degenerate principal series I ndgH 5%{1 1, where Py is the Heisenberg parabolic
subgroup of H. By restriction of functions from H to G2, one obtains a surjective

PG Ls-invariant and Gs-equivariant map
I—1T nd}Cj2 5?3/ 3

where P is the Heisenberg parabolic of G3. The Eisenstein series attached to this
family of degenerate principal series on G2 has a pole of order at most 2 at the
point of interest. Thus, by considering the leading term of its Laurent expansion
there, we obtain the desired map

E: 1l — A(Gz)

The regularized Siegel-Weil formula is simply the assertion that Irpg = F, at
least after a suitable scaling.

To establish this identity, we shall consider the regularized theta lift of the
Eisenstein series F(p, s, h) of PG L3 associated to the degenerate principal series
representation

Ig(s) = IndgGLﬂaleﬂ%Jrs (unnormalized induction).

Here @) is a maximal parabolic subgroup of PG L3 with unipotent radical U and
Levi subgroup L = GLs. In other words, we consider the integral

Inpa(f,0:5)(g) = / 6z £)(gh) - E(p,s,h) dh.
PGL3(F)\PGLs(A)

Since E(y, s, h) has a pole of order < 1 at s = 1/2 with residue a constant function,
we are interested in identifying the residue of Irpa(f, ¢, s)(g) at s = 1/2.

As in the classical case treated in [KR3], one may unfold this integral when
Re(s) is sufficiently large and obtain a corresponding Eisenstein series on Ga:

IREG(fa 9075)(9) = PZ(S) : E((I)(f7<pa S)’g)’
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where P,(s) is an explicit function depending on z, and ®(f,p, s) is a element of
the degenerate principal series

Ip(s) = Ind$?|det| sts (unnormalized induction).

Here, P is the Heisenberg parabolic of Gy with unipotent radical N and Levi
subgroup M = GL,. Further, the map

O(—,—,8): I Ig(s) — Ip(s)

is (PG L3xG3)-equivariant wherever it is holomorphic (for example when Re(s) >>
0).

Since we know that Irgpa(f, ¢, s) has a pole of order at most 1 at s = 1/2, the
right hand side of the above identity should as well and we would like to identify
its residue there. It turns out that P,(s) has a zero of order 2 at s = 1/2, whereas
as we noted above, the Eisenstein series on (G2 associated to a standard or flat
section of Ip(s) can have a pole of order at most 2 at s = 1/2. Thus, it would
appear that the right hand side of the above identity is actually holomorphic at
s=1/2.

The catch, however, is that the function s — ®(f, ¢, s) is not a standard section
of Ip(s). It is a meromorphic section of Ip(s) and has a pole of order 1 at s = 1/2.
More precisely, we shall show that ®(f,¢,s)/A(s + 1/2)A(s + 3/2)A(2s + 1) is
holomorphic at s = 1/2, where A(s) is the complete zeta function of F'. Moreover,
the quotient is non-vanishing there if f and ¢ are the spherical vectors and gives
the spherical standard section of p(%) (up to an exponential function of s). This
shows that the right hand side of the identity does attain a pole of order 1.

With this, our main result is:

Theorem 1.1. For any archimedean place v, let 1Y be the (PG L3 x G2)-submodule
of I1, generated by the spherical vector. Then, for any f € 110 = (®U‘OOH8) ® Iy,
we have

Irpa(f) = c- E(f),

fO'l" some nonzero scalar c.

The reason for considering a submodule of the minimal representation at
archimedean places is the lack of sufficient knowledge of the theta lift of the trivial
representation at these places. At the finite places, however, we know by [GS1] that
the big theta lift of the trivial representation of PG L3 is precisely the degenerate
principal series representation Ip(1/2).

We give some brief comments about the relation of this theorem to the main
results of [KR3]. In [KR3], the dual pair considered is Sp(U) x O(V) (with dim V'
even) and there are 2 cases:
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(i) 2 <dimV < 42U 4 1,
(i) 92U 41 <dimV < dimU.

The distinguishing feature of these two cases is that the regularizing element z (or
equivalently, the associated function P,(s)) vanishes on the trivial representation
of O(V') in Case (ii). The case we discussed in this introduction is thus analogous
to Case (ii) of [KR3]. Indeed in our case, P,(s) has a zero of order 2 at the point
of interest s = 1/2.

Finally, we note that one can only expect to regularize the theta lift from G
to G’ (at least in the manner of [KR3] and this paper) provided the rank of G is
at most the rank of G’. The reason is that since the regularized theta kernel is
rapidly decreasing, one can lift any automorphic form on G. In particular, one can
consider the regularized lift of the family of generic unramified Eisenstein series.
This regularized lift is a function of rank(G)-number-of complex variables whose
iterated-residue at a particular point is the regularized theta integral Irpc(f).
Thus it should be a non-zero function, which implies that almost all unramified
generic representations of G has non-zero theta lift to G’. For this to happen, one
typically needs rank(G) < rank(G’).

Acknowledgments: The work of this paper was partially supported by NSF
grants 0500781 and 0801071. The writing of this paper was initiated when I
visited the University of Maryland in the Fall semester of 2005, right before Steve
Kudla moved to Toronto. Naturally, I had many helpful conversations with Steve
on the subject matter of the paper. I thank him for his inspiration over the years,
and hope that he will find this an appropriate paper for his 60th birthday volume.

2 The Minimal Representation

In this section, let F' be a non-archimedean local field (instead of writing F,),
with ring of integers O, local uniformizer @ and residue field F,. Let H be an
exceptional group which is split and adjoint of type E defined over F'. Because H
is split, it can be canonically defined over Z and this furnishes us with a Chevalley
basis of Lie(H) and a hyperspecial maximal compact subgroup K = H(Op).
Though we shall only be interested in the case of Fg in this paper, it is natural
for us to give a uniform treatment for all groups of type E, since the information
provided here will be necessary if one is interested in establishing a regularized
Siegel-Weil formula for other exceptional dual pairs.

We begin by giving an exposition of the basic properties of the minimal repre-
sentation II of H(F'). Many of these results can be found in [Sa], [MS] and [GS2].
A key result that we shall discuss is an explicit formula for the spherical vector in
the minimal representation. In the p-adic case, this formula is due in various cases
to Kazhdan-Polishchuk [KP] and Savin-Woodbury [SW]. The archimedean analog,
which we shall also require, is due to Dvorsky-Sahi [DS] and we shall discuss this
at the end of the section.
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2.1 The parabolic Q.

Just as the Weil representation, we can describe the restriction of Il to certain
parabolic subgroups of H very neatly.

Let Qg = Ly - Uy be a maximal parabolic subgroup of H such that Ug
is abelian. Such a parabolic exists if H is of type Eg or Er; the Levi sub-
group is of semisimple type Ds and Eg respectively. Let g be the minimal
non-trivial Ly (F)-orbit on the set of unitary characters of Uy (F'), which can be
non-canonically identified with the opposite unipotent radical U i (F). Indeed, Q¢
is the orbit of the highest weight vector for the adjoint action of Ly on Up. Then
it was shown by Savin [S1] that there is a Qg (F)-equivariant embedding

iQ (11— COO(QQ).
Here the action of Qg (F) on C*°(Qg) is given by:
{(z ) =8 (- 107 X)
(u- )00 = x(w) - F(X)

where the value of r is given by the following table.

H| Es | Ex
r | 1/4 | 2/9

The image of i contains the subspace C¢°(£2g) of smooth compactly supported
functions, and we have an exact sequence of @ g (F')-modules:

0 —— C®(Q0) Il My, —— 0

Moreover, as a representation of Ly (F), we have

HUH = 66H ® 65/5 .HLH

where II(Ly) is the minimal representation of Ly (F') with the center acting triv-
ially. From this, one sees that there is an injectiion
jo : 1= Indg, 65, -

Indeed, IT is the unique K-spherical constituent of this degenerate prioncipal series.
Further, one deduces from the exact sequence above that for a non-trivial character
x of Un (F),

1, if xy € QQ;

dim Hom I,C,) =
UH(F)( x) {O, otherwise.
When x € g, a non-zero element of this Hom space is given by:

LY(f) = iq(f)(0)-

Let R, be the stabilizer of x € Qg in the derived subgroup of My, so that R,
acts naturally on Homy,, (g (II,C,). From the action of My on C*°(Qq) given
above, it is easy to see that R, acts trivially on Homy,, (g (II,C).



8 W. T. Gan

2.2 The spherical vector.

It is unfortunate that we do not have a characterization of the image of ig in
C*>(Qq). However, because of the Iwasawa decomposition, II is generated as a
@ g-module by a sphercial vector fy for the hyperspecical maximal compact sub-
group K. In this subsection, we shall describe a recent result of Savin-Woodbury
[SW] which describes the function ig(fo) explicitly. For many purposes, this is as
good as having a precise characterization of II as a subspace of C*°(Qg).

For ease of notation, we shall write fy in place of ig(fo). The fact that our
H is defined over Z gives us an integral structure on Uy and thus a lattice A =
Uu(O) CUg(F). Set

Qo(n) = Qg N (@"A \ w"1A)

so that

QQ = U QQ(n)

neZ

The Uy (O)-invariance of fy immediately implies that fo vanishes on Qg(n) if
n < 0. The Ly (O)-invariance of fy and the fact that (g is the orbit of a highest
weight vector imply that fy is constant on each Q¢g(n). Thus, if we fix an element
Xo € Q0(0), then fy is completely described by fo(w™xo) for n > 0. The following
is the result of Savin-Woodbury [SW]:

Theorem 2.1. (i) fo is non-zero on Qg(0).
(i1) If we normalize fo so that it takes value 1 on Qg(0), then

n

fo(@"x0) = Y _p** =

k=0

pa(n+l) -1
pe—1

where o« = 2 or 3 if H = Eg or E7 respectively.

This theorem will be very important for our analysis of the section ®(f, ¢, s)
alluded to in the introduction. It gives us precise control on the asympototics of
the functions in II near 0 € Uy (F):

Corollary 2.2. For any f €11, there is a constant C such that

lig(f)(@"x0)| < Cg™™ asn — occ.

2.3 The Heisenberg parabolic Ppy.

Let Pg = My - Ny be the Heisenberg parabolic of H so that Ny is a Heisenberg
group with one-dimensional center Zg. Such a parabolic exists (and is unique)
for all H of type E. We have the analog of the above discussion for Pp.

Let Qp be the minimal non-trivial orbit of My (F) on the set of unitary
characters of Ny (F'), which can be non-canonically identified with Vg (F) =
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Ny(F)/Zg(F). Then it was shown in [MS] that there is a Py (F)-equivariant
embedding

ip : HZH — COO(QP),
where Py (F) acts on C*°(Qp) by:

(m - £)(x) = bpy (m)* - f(m™" - x)
(n- £)0) = x(n) - f(x)

and the value of s is given by the following table.

H | Eg Er Eg

s | 2/11 | 3/17 | 5/29

t | 3/22 | 2/17 | 3/29

The image of ip contains C°(Qp), and we have an exact sequence of Py (F)-
modules:

0 —— CSO(QP) HZH HNH — 0.

Moreover, as a representation of My (F'), we have:
Mz, =0%, ©6p, -I(My)

where the value of ¢ is given in the above table and II(Mpy) is the minimal repre-
sentation of My (F') with center acting trivially. From this, one sees that there is
an injection

jp Il — Indg 6% .

Further, for each non-trivial character x of Ny (F), one has
. 1, if X € Qp;

dim H II,Cy) =
im Homy, () ) {O, otherwise.

As above, a non-zero element of this Hom space for x € Qp is given by

LY(f) = ir(f)(x)-

The above gives a rather complete description of Iz, as a Py (F)-module. On
the other hand, if ¢ is a non-trivial character of Zy (F), then as a representation
of the derived group PH ger of PH,

Hzyp = wy

where wy, is the Weil representation Mp(Ng/Zp) x Ny restricted to P, ger (F).
Thus, we have a short exact sequence of P (F)-modules:

0 —— indp? | wy I Mz, — 0.

In fact, one has
indp! | wy CIC Indgl! | wy.

The latter space can be realized as the space of Py-smooth functions on F'*
taking values in wy,, while the former is the subspace of compactly supported such
functions.
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2.4 The spherical vector.

As above, we do not have a clean characterization of the subspace IT of T ndﬁg e W
but we do have a precise description of the spherical vector fy in II. This explicit
description is due to Kazhdan-Polishchuk [KP]. We will not state their formula
here, but rather we describe the image of fo in IIz,, C C*>°(Qp).

The integral structure on H gives an O-lattice A = Vg (O) in Vg (F). Let us
set
Qp(n) = Qp N (@"A N " THA).

Write fo for the image of the spherical vector in IIz,,. Now fo is constant on
each Qp(n), so that if xo is a fixed element of Qp(0), then fy is determined by
fo(w™xo) for all n € Z. Here is the result:

Theorem 2.3. fy is zero on Qp(n) if n <0. Forn >0,

~ n u pd(nJrl) -1
folw™yo) =S pti= =2
. p¢—1
=0
where d = 1,2 or 4 for H = Eg, E7 or Eg respectively. In particular, for any
f €lly,, there is a constant C' such that

lip(f)(@"x0)| < Cq?" asn — oo.

2.5 Archimedean case.

We conclude this section with the archimedean analog of the above discussion.
Hence, in this subsection, we let F' = R or C and we regard H(F') as a real Lie
group. Let K C H(F) be a maximal compact subgroup of H(F') with the property
that K N Ly (F) is a maximal compact subgroup of Ly (F). Here, we recall that
Qg = Ly -Upg is a maximal parabolic subgroup of H with abelian unipotent
radical Ug. One can introduce a K-invariant length function on Uy as follows.
Let 6 be the Cartan involution associated to K, so that if y € Uy = Lie(Ug),
then 0(y) € Uy = Lie(Uy). We set

|y| =V _<y79(y)>7

where (—, —) is the Killing form of Lie(H (F)). Now we have the following result
of Dvorsky-Sahi [DS]:

Theorem 2.4. The unitary completion of the minimal representation II can be
realized on the Hilbert space L* (g, pag) (where pa, is a natural L -equivariant
measure on Qg ). The spherical vector foy is given by:

folx) = IxI7% - K2 (|x]).

Here K, is the r-th Bessel function which is the unique solution (up to scaling) of
the differential equation

r2

fra2 =+ 5)f =0
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which decays exponentially as z — oo. Moreover, the value of « is given by the
following table.

Es | By
R| 2 | 3
Cl 4] 6

For any smooth f € 11, there is a constant C such that

FOOI < C - Ix|™

In the archimedean case, it was shown in [GRS] that for x € Qg,
dlm HomRX(F)-UH(F) (H, (CX) S 1.

In terms of the realization of II given in the above theorem, an element in this
Hom space is given by the evaluation at y, as in the non-archimedean case.

3 Dual Pairs and Geometry of Orbits

In this section, we consider various dual reductive pairs G x G2 C H and study the
geometry of the minimal representation relative to these dual pairs. In particular,
we shall focus on the geometry related to the parabolic Qg; this is needed for
regularizing the theta lift of the trivial representation of PGL3 to G3. In later
sections, we shall deal with the geometry related to the parabolic Py, which is
needed for the lifting from G» to G.

3.1 Dual Pairs.

We may consider various dual reductive pairs in H. These have the form G x Go,
where G is listed below.

H E6 E7 E8
G PGLg PGSPG F4

In the case of Eg or E7, we have
(GXGQ)QQHZQXGQ,

where Q = L - U is a maximal parabolic subgroup of G with abelian unipotent
radical U and Levi subgroup L = GLy or GLj3 respectively. We choose these
identifications of L so that §g = |det| or |det|? respectively. Using the realization
of I via ig, we can describe the action of @ x Gy on II:

(9-F)x) = flg~" - x) for g € Go(F);
(u- f)(x) = x(u) - f(x) for u € U(F);
(L- f)x) = Idet()]* - (I~ - x), forle L(F).
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We shall only deal with the dual pair PGLj3 X G5 in this paper. In particular,
we shall be interested in defining a natural regularization of the theta lift from
PGL3 to G2. As we explain in the last paragraph of the introduction, for the
other cases above, we can only expect to regularize the theta lift from G2 to G
(rather than from G to G2). The geometry involved for these will be somewhat
different and so we will not treat these other cases here.

3.2 Geometry of Orbits.

In the rest of the paper, G will stand for PG L3. For the purpose of regularization,
it will be important for us to understand the geometry of the L x Gs-orbits on
Qg. More precisely, we shall define a closed subset §2g 4eq C §2g which is stable
under L x G2. This is the set of degenerate orbits and we shall be interested in
the geometry of the (L x Ga2)-orbits in Qg deg-

Since G = PGLs, we have L = GLs. In this case, as explained in [MS, Sect.
3, Pg. 99-100], the set {2g can be described by:

Qo ={(z,y) € 0’ :N(z) =N(y) =7 -y = 0}

where O is the (split) octonion algebra over F, with conjugate map = — T and
norm map N(z) = x - ZT. The action of GLy x G2 is given by:

9-(z,y) = (92, 9y), for g € Go(F);
l-(z,y) = (z,y)l7t, for | € GLy(F).

Let Qg deg C S2g be the subset consisting of those (x,y) such that Fz + Fy
has dimension 1 (as opposed to 2). It is clear £ geq is stable under the action of

G Ly x Go. We proceed to describe the orbit structure. Let U be the set of unitary
characters of U(F'). By restriction, we have a (L x G3)-equivariant map

TQ - QQ,deg — ﬁ
In terms of the concrete description of Q2o above, the map 7¢ is given by
7Q : (z,y) = (Tr(z),Tr(y))

where T'r is the trace map of Q.

Now the action of GL2 on U is isomorphic to the dual of the standard rep-
resentation, and thus has 2 orbits on U: the zero orbit and its complement. Let
Qo and €2; be the inverse image under 7g of the zero orbit and its complement
respectively. Then we have:

Lemma 3.1. (i) Qo and Q1 are the only two (GLa x Ga)-orbits in Qg deqg. More-
over, g is a closed subset of Q0 deg-
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(i) The orbit Qo has representative xo = (0,y) where Tr(y) = 0 = N(y).
Moreover,
Qo = (G2 x GL2) X(p,x) F* X0

where Py is a non-Heisenberg mazimal parabolic of Go and B is the Borel subgroup
of upper triangular matrices in GLo. As a representation of Q X Ga,

C2=(Q0) = Ind§E3 % C2 (F* o)

C

with U acting trivially. The action of B on C°(F*) is given by:

(( 0 Z )f) (2) = f(xd) - [ad]?.

(111) The orbit Q1 has a representative x1 = (0,14 yo) with Tr(yg) = 0 and
N(yo) = —1. Moreover,

M = (G2 x GLa) X(s1,xB) F X1
As a representation of Q x Ga, we have
O () = ind s, O (F xa).

Here, SL3 acts trivially on C°(F™), the action of B is similar to that in (ii) and
the action of U 1is:

(u- f)(x) = x(u) - f(z).

Proof. The statements regarding )y were proved in [MS, Prop. 4.2]. On the other
hand, using the action of GL2, one can move any element of 2; to an element of
the form (0, 1+ yo) with some yo as in (ii). But the group G2(F') acts transitively
on such yo’s, and the stabilizer of an element is isomorphic to SLs(F'). This proves
the statements concerning 2. O

4 The Submodule II

We continue with the notations of the previous section, so that F' is a non-
archimedean local field and G = PG Lj3. The purpose of this section is to introduce
a (G x Gz)-submodule IIy of IT and to investigate the constituents of the quotient
I1/11,.

4.1 The submodule 1l and a natural filtration.

In the last section, we have describe a subvariety Qg deq C €g; this is the subset
of degenerate orbits. Let Q% be the open complement of Qg 4cq in g. We set

Mo ={f €Il: (g,h)-iq(f) € CZ(Qg) for all (g,h) € G x Ga}.
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Clearly, Il is stable under the action of G x G3. Our next goal is to describe the
constituents of IT/Ty. It will follow from this description that Il is non-zero.

The quotient IT/TIy has a natural filtration by G x Ge-modules. Indeed, let
w1l — Iy,

be the natural projection and consider the natural map obtained from 7 by Frobe-
nius reciprocity:

I — Indg ¢ My, .

Let II; be the kernel of this map. Then
I ={feIl: (g,h) ig(f) € C*(Qg) for all (g,h) € G x Ga}.
It is thus clear that (via the embedding ig)
II, C C*(Qq) CIL

Further, the natural map IIy — C2°(Qq,aeg) given by restriction of functions is
(Q x Gy)-equivariant. Thus by Frobenius reciprocity, one has

, — Indg;g;c?m@,deg).

By its very definition, the kernel of this map is Ily, so that we have:

Iy, Cc II; C 1L

4.2 Subquotients of II/II;.

With our knowledge of Iy, , we can describe the G(F')-constituents of the quotient
IT/TI;. Tt is clear that any G(F')-constituent of II/II; is a constituent of an induced
representation of the form

Ig(|det]3/?) or  Ig(|det|/?r)

for some representation 7 of the adjoint group L/Z; = PGLs. Note that the
trivial representation is a constituent of Ig(|det|*/?).

4.3 Subquotients of II; /II,.

To describe the quotient Iy /IIy, we recall the orbit structure of Qg 4eq which gives
a short exact sequence:

0 —— Ind &2Cx(Q) —— IndgiGCe(Qq.aeg) — Indgig2Ce () —— 0.

This induces a corresponding filtration of II; /IIy. Now the G(F)-constituents of
Indgigi C°(Qp) can be easily read off from Lemma ?7?(ii). They are of the form

Io(m(l = |:x))
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where (| — |, x) is a principal series representation of G Lo unitarily induced from
the character (| — |, x) of the diagonal torus (with x arbitrary). Again, note that
the trivial representation is a constituent of such an induced representation, when
one takes x to be trivial.

Finally, we need to investigate the constituents of I ndgigi C°(). This is

slightly more complicated because the unipotent radical U of @ does not act triv-
ially on C2°(£21). To describe the answer, we need to introduce more notations.
Let Q' = L' - U’ be the other maximal parabolic of PGL3. We choose an isomor-
phism L' 2 G L so that 6o/ = |det| /2. Concretely,

geGLg»—><(1) 2>6PGL3.

Let B’ = T'U’ be the Borel subgroup of upper triangular matrices in L'.

Now by Lemma ?7?(iii), one concludes that
IndG G0 () = ind§: 0, O (FX) = indG5 %y, (indfy 02 (FX)).

Let us examine the representation ind%, C°(F*) more carefully. The action of B’
is given by

S = O 2
— o QO

In particular, one sees that the center of L’ acts by z +— |z|72, and
indl, O (F*) = |det| ™" @ ind5 24,
So we see that the G-constituents of C2°(€2;) are constituents of
—1/2
I (|det|=/%7)
with 7 a representation of L’ with trivial central character.

We summarize the above discussion in the following proposition:

Proposition 4.1. Any irreducible G-constituent of I1/Tly is a constituent of one
of the following representations:

- Io(|det*’?);
- Io(|det|'?7) or Ig:(|det|"Y/?7) where T has trivial central character;

- Io(m(| — |, x) where x is an arbitrary character.

In particular, Iy is a non-zero submodule of I1.
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Proof. Only the last statement remains to be proven. In [GS1], the local theta
correspondence for PGL3 x Gy was completely determined. In particular, every
irreducible representation of PGL3 occurs as a quotient of II. But II/TIy does
not contain all representations; for example, it does not contain supercuspidal
representations of PG L3. Thus Il is non-zero. O

4.4 Bernstein center.

A most important consequence of Prop. 77 is the existence of an element zg in
the Bernstein center of G with the following properties:

- 2¢g lies in the component of the Bernstein center associated to the trivial
representation of G,

- z¢ annihilates all the constituents of II/TIy,

The purpose of this subsection is to construct such an element zg.

As a C-algebra, the relevant component of the Bernstein center is given by
k= (C[.Il,xg,xg,III,I51,$;1]53/(I1$2$3 -1

Here the action of S3 is by permutation of the z;’s. The action of Zg on an
unramified principal series Tp, (x1, X1, x3) (With x1Xx2x3 = 1) is given by:

plart 2yt a3 = p(a @) e (@) s (@) ) € C

for p € Zg.
Now set
3
2o =@ - ;" - a).
i=1
We have:

Proposition 4.2. (i) The element zg annihilates I1/T1,.

(i) Moreover, zg acts on the unramified representation Ig(s) by the constant

P.(s) = (""" —q)(@""2 = q)(a P = )(@"F —)(¢* —9)(a > — ).

The function P.(s) has a double zero at s = % (which corresponds to the trivial
representation,).

Proof. We use Prop. 77 to enumerate the unramified representations which occur
in IT/TIp and check that they are annihilated by z¢:

- the representation I (|det|>/?) has parameter (| — |,| — |?,| — |~%), which is
killed by zg;
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- the unramified constituents of I(|det|'/?7) or I (|det|~'/?7) have param-
eters of the form (| — |*t1/2)| — |7*t1/2| — |=1) or the inverse of this. In
either case, these are killed by zq.

- the representation I (7 (| — |,| — |*)) has parameter (| — |,| — |*,| — |7*71),
which is killed by zq.

The unramified constituent of I (|det|®) has parameter (| — st |—]52,|—|29).
From this, it is clear that zg acts by the scalar P,(s) defined in the proposition
and one sees that P,(s) does have a zero of order 2 at s = 1/2.

O

It is natural to ask if there is an element 2z, in the Bernstein center of G such
that the element z¢ — 2@, acts trivially on the minimal representation II. This will
be the non-archimedean analog of the correspondence of infinitesimal character in
the archimedean case. A natural candidate for zg, can be constructed as follows.

Observe that the element z¢ is not only Ss-invariant; it is invariant under the
involution which sends all x; to :10;1. The group W generated by S3 and this
involution is the Weyl group of G5, and the component of the Bernstein center of
(> associated to unramified representations is:

—1 —1 —1W
ZG22C[$1,I2,I‘3,$1 7'r2 5I3 ] .

Clearly, there is a natural (injective) algebra homomorphism
0 : ZG2 —_— ZG.

Thus there is a unique element zg, € Zg, such that 6(zq,) = z¢, and one may
hope that zg — zg, is identically zero on the minimal representation II. Indeed,
one may hope that for any z € Zg,, the element 6(z) — z is identically zero on II.
However, as we now explain, this is not the case.

More precisely, if St denotes the Steinberg representation of G = PG Lg, then
it was shown in [GS1] that the small theta lift of St is the direct sum of two ir-
reducible representations, one of which has nonzero Iwahori-fixed vectors and the
other is supercuspidal. In other words, the theta correspondence does not respect
Bernstein components. Since every element z € Zg, kills supercuspidal represen-
tations, but 0(z) € Zg may be nonzero on St, the element §(z) — z cannot act as
zero on II. However, the specific element zg = 6(zq,) used in our regularization
does in fact act as zero on St. So it is possible that zg — 2, is identically zero on
II, but we do not know how to show this.

5 Regularization of Theta Integral

Henceforth, let F' be a number field with adele ring A. Let II = ®,I1, be the
global minimal representation of H(A). We have a H(A)-equivariant embedding

H:H;’AQ(H)
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of IT into the space of square-integrable automorphic forms on H. Consider the
dual pair PGL3 x G2 in H = Ejg as in the previous section. In this section, we
shall explain how to regularize the theta integral

1(f)(g) = / 0(F)(gh) dh.
G(F)\G(A)

5.1 Convergence of theta integral.

Let us fix a non-archimedean place vy of F. In the previous section, we have
defined a non-zero (G x Gz)-submodule I, ¢ C II,,. Set

Iy =1, 0@ | X)L,
v#vo

Then Iy is a non-zero (G(A) x G2(A)-submodule of II. We shall first show that
O(f) is rapidly decreasing on G(F)\G(A) if f € Iy, so that the integral I(f) is
well-defined.

5.2 Fourier coeflicients of II.

Let Q¢g(F') be the minimal non-trivial L g (F')-orbit on the set of unitary characters
of Uy (F)\Ug(A) (which can be non-canonically identified with the set Uy (F)).
The Zariski closure Qg (F) of Qg(F) in Uy (F) is simply the union of Q¢ (F) with
the trivial character (which is identified with 0 € U (F)). As in the previous sec-
tion, we have the closed subvariety Q¢ qeq(F') of Qo(F) and its open complement

Q(F).

For f € II, the Fourier expansion of f(f) along the unipotent radical Uy of the
maximal parabolic Qg takes the form:

0(H)(R) = D 0(Hvun =0 () + Y 0(f)van(h).

XEQq X€Qq

The constant term 6(f)y,, when regarded as a function on Lpy(A), belongs to
the automorphic representation dg,, @ 522/51_[ Ly Where r is given in the table in
(??) and II,, is the global minimal representation of Ly (A) with trivial central

character.

Lemma 5.1. If f € Ily, then 0(f)u, and 0(f)uy x for x € Qq.deqg are both zero
when restricted to G x Gs.

Proof. The claim for the constant term (f)y,, is clear from the definition of Iy,
since (Ilg.yy )y = 0. Consider now the non-trivial Fourier coefficient 6(f)uy -
Because of the local multiplicity one result

dimHomRH(Fv)»UH(Fv)(HU’ (Cx) = 15
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we deduce that if f = ®f, € ®,I1,, then

o(f)Uny(h) = HLv(hva)

for some non-zero element L,, of Hompg,, (r,).v, (F,)(Ils, Cy). Up to scaling, L, is
simply the canonical element Lg)@ introduced in (??). In particular, if f, € II, o
for some finite place v, then L, (h,f,) = 0 for any h, € G(F,) x Ga(F,). Hence,
if f € Ilp, then

H(f)UH,X(h) =0

for any x € Q0.4eq and any h € G(A) x G2(A). O

5.3 Siegel Domains.

Before moving on, we briefly recall the notion of a Siegel domain for G. Choose
a Borel subgroup B = T - Uy of G which gives rise to a set of simple roots A of
G with respect to T'. Fix a special maximal compact subgroup K¢ =[], Kg, of
G(A). With this data, we set

T, ={t € T(Fx)" : |a(t)| > rfor all a € A}.

Here, if Flo = (R*)™ x (C*)"2, then for t € T(Fu), |a(t)] € (RX)™1"2, and the
inequality |a(t)] > r means that each component of |a(t)| is > r. If pq is the
fundamental coweight associated to @ € A, then the set {uq} is a basis of the
cocharacter group X, (T') since G is adjoint here. Thus, the set {u,} gives an
isomorphism 7" = G}, so that

T, ={a = (a;) € (RY)" x (C*)""2 : |a;| > r}.
A Siegel domain of G is a subset of G(A) of the form:
ST =W TT . KG

where w is a compact set of Uy(A). By reduction theory, when w is large enough,

5.4 Rapid decrease of nondegenerate Fourier coefficients.
In this subsection, we prove the following crucial proposition:
Proposition 5.2. If f € Ty, the function 0(f) is rapidly decreasing on G(F)\G(A).

Proof. 1t suffices to consider the restriction of 6(f) to the Siegel domain for G
introduced above. Consider the Fourier expansion of 6(f) along Uy. By Lemma
?7?, we only need to examine 0(f)u,, for x € Q. We claim that 8(f)u, y is
rapidly decreasing on S, if x € Q%. This is a consequence of the following basic
general lemma;:
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Lemma 5.3. Let G be a semisimple group defined over F with Borel subgroup
B =T-Uy. Assume for simplicity that G is adjoint, and let S, be a Siegel domain
of G defined as in the previous subsection. Suppose that H is a semisimple group
containing G and Ug is an abelian unipotent subgroup of H which is normalized
by the torus T If @y denotes the set of roots of T in Uy, then we assume that @y
18 contained in the set of positive roots of G.

For a unitary character x of Ug(F)\Ug(A), let

oy ={a ey :xluy. #1}-
Suppose that x satisfies the following condition:
(*) for each fundamental coweight ug, there exists a € @, such that (ug, ) > 0.

Then for any automorphic form f on H, the Fourier coefficient fy,  is rapidly
decreasing on Sy. In fact, if U* denotes the set of x’s which satisfy the condition
(*), then erw fuu x 18 rapidly decreasing on Sy.

Proof. The argument is the same as that in [MW, Lemma 12.10, Pg. 30-34]. It uses
repeated integration by parts and the fact that f has uniform moderate growth;
we omit the rather tedious proof. O

It is easy to check that the conditions of the lemma hold for the case at hand.
Thus we can apply this lemma to deduce that

> 0w

0
xeﬂQ

is rapidly decreasing on S,. Thus for f € Ily, 6(f) is rapidly decreasing on S,., as
desired. O

5.5 Definition of regularized theta integral.

If z¢ is the element of the Bernstein center of G(F,,) defined in the previous
section, then we have:
Zg(H) C Ip.

This allows us to define the regularized theta integral.

Definition: For f € II, set

mmmwzf 6(zc - f)(gh) db.

GU\G(A)

The map f — Irpa(f) is a G(A)-invariant and G2 (A)-equivariant map from II to
A(G3). Note that it is not at all clear that the map Iggg is non-zero.
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In fact, since 8(z¢ - f) is rapidly decreasing on G(F)\G(A), one can integrate
it against any automorphic form on G. In particular, if E(¢p, s, h) is the Eisenstein
series associated to a standard section ¢, € Ig(s), then we set

Inza(fop)@) = [ 0 Poh)- Elp.s,h)db.
G(F\G(4)

This is a meromorphic function of s which has a pole of order at most 1 at s = %

a

If ¢ is the spherical vector ¢g in Ig(s), then the residue of Irrc(f, ¢o,s)(g) at

s = 3 is a scalar multiple of Irpc(f)(g).

6 Regularized Siegel-Weil Formula

In this section, we shall determine the function I(f, ¢, s) as an automorphic form
on G2. As a consequence, we shall obtain the regularized Siegel-Weil formula.

6.1 Unfolding the Eisenstein series.

Suppose that Re(s) is sufficiently large and assume for simplicity that f € IIy. We
may unfold the Eisenstein series E(p, s, h) and compute:

/ 6(F)(gh) - E(p, s, h) dh
G(F)\G(A)

0(f)(gh) - os(h) dh
(F\G(A)

T~g—

[ b ugh) - ) dudn
(M) L(FNG(A) JUF)\U(A)

I
—

0(f)uu.x(gh) - ¢s(h) dh
X€EQQ x|um)=1

e(f)Uqu(gh’) ! <Ps(h) dh

X€QY X|um)y=1

U(A)L(F)\G(A)

[
S~

(A)L(F\G(A)

I
S

> 0(F)unxo (29, 71h) - ps(1h) dh
(B LIENG(A) e p(F)\Ga(F) v1EL(F)

= > o (ragh) - oulh) dh
vz €P(F\Ga(F) ? UBNG(A)

This computation is valid when Re(s) is sufficiently large. In the course of the
computation, we have used the fact that the set

QY ={x €% : xlvw =1}

is acted upon transitively by Ga(F) x L(F) and the stabilizer of an appropriate
element xo is AGLg - N(F') — P(F) x L(F), where GL is embedded diagonally.
This is [MS, Prop. 4.2, Pg. 101-102]. In particular, QOQO =~ Go(F)/N(F).



22 W. T. Gan

For any f € II, let us set

(f,0.5)(g) = / 0(F)un o (g1) - 9u(R) dh.
U(A\G(A)

It is not difficult to check that this integral is convergent if Re(s) >> 0. Further,
in a right half plane of convergence,

O(f,¢,5) € Ip(s).

Thus, we see from the above computation that for f € IT and Re(s) >> 0,

IREG(fu 3078)(9) = E((I)(ZG - fu 3078)79) = Pz(s) : E((I)(fa(pv 8)79)7

where E(®(f, p, s), g) is the Eisenstein series associated to the section ®(f, ¢, s) €
Ip(s) and P,(s) is the meromorphic function giving the action of 2z (the adjoint
operator of zg) on Ig(s).

It is important to note that the section ®(f, ¢, s) is not necessarily a standard
or flat section. However, for Re(s) >> 0, there are finitely many standard sections
®; and holomorphic functions «;(s) such that

fa(pv Zaj

Our next task is to show that ®(f,,s) (or equivalently the coefficients «;(s))
admits a meromorphic continuation to the half plane Re(s) > —%. In fact, it
extends to a meromorphic function on the whole complex plane, but we shall
not need this fact here, since we are only interested in the analytic behaviour of

O(f,p.5) at s = 3.

6.2 The meromorphic section ®(f, ¢, s).

Let us set:

@, (fo, v, 8)(g0) = / on,v(gvhva) < s (hy) dhy.

U(Fy)\G(Fy)
Then
fa 2K H(I) fva%ﬁva

We first examine the local factor ®,( fv, Dy, S).

Using the Iwasawa decomposition, we see that

(I)'u(fv7 wva S)(gv)
- / oolk) - ( / (det(L)Pig(guks - F2)(I5" - x0) - det(L) |2+ - 8p (1)~ dzv> dk,
K, L, €G Ly (Fy)

:/ o (ky) - / |det(lv)|%+s 'iQ(gvkva)(ZJI “Xo) dly | dk,
K lo€GL2(Fy)

v
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Let us set

Zo(for5:90) = / et (L) - io(gufu) (15 xo0) dl,
l,€GL2(Fy)

so that
(I)U(f7807 S)(Q’U) = / @U(kv) ) ZU(kU - fvasag’u) dkv

In particular, the analytic properties of ®,, is controlled by that of Z,. The integral
defining Z, is similar to the zeta integral for the standard L-function of GLs.
However, instead of having a Schwarz-Bruhat function on Ms(F,) in the integrand,
we have a function on Ms(F,) ~ {0} with polynomial singularities at 0.

The main result of this subsection is:

Proposition 6.1. (i) The integral defining Z,(fy, s, g,) converges absolutely for
Re(s) > —%. If fo.v is the K,-spherical vector in IL,, then

Zu(fo 1) = uls) - Gy + ) Gl +5) - Gol1+29)

where
1, if v is finite;
ay(s) = 22571 g2t if v s real;

24s=4 . (2m)45+3 if v is complex.

In particular, o, (s) is an exponential function of s and has no zeros or poles.

(ii) The integral defining ®,(fy, v, s)(gs) converges absolutely for Re(s) > —1.
In this half-plane of convergence, ®,(—,—,s0) is a G(Fy)-invariant and Ga(Fy)-
equivariant surjective map from 11, ® Ig (s0) — Ipy(s0). If @o.» is a spherical
vector in Ig(so), then ®,(fo,u, o0, 50) i a spherical vector in Ip(so).

Proof. (i) To see that the integral defining Z, converges when Re(s) > —%, we
shall make use of the asymptotic behaviour of ig(f,) given in Corollary ?? and
Theorem ?7.

Recall from §7? that the element yxo € Q?QO is given by (z0,70) € 02 and
without loss of generality, we may assume that xo € Q¢g(0) (cf. §?7?). Moreover,
the action of I € L(F,) = GLy(F),) is given by:

L: (z0,0) — (w0,90) - 17
Let B, = T,-U, be the Borel subgroup of upper triangular matrices in GLs(F).

Then by the Iwasawa decomposition, the integral defining Z,(f,, s, 1) is dominated
(in absolute value) by

| 1aet(@E+ i) (. ) -0 s, (1) -
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where 0, is the modulus character of B, and T} is the subset of T, consisting of

elements
t = ( “ . ) with |a] < [b].

Now using the estimates given in Corollary ?? and Theorem 7?7, we see that

li(F)((z0, y0) - )| = lig(f)((azo, byo))| < C - b2

for some constant C'. Thus the above integral is bounded above by a constant
multiple of

//|ab|%+5~|%|*1-|b|*2dadb://|a|%+5~|b|%+sdadb,

which converges for Re(s) > —1/2.

To prove (i), it remains to compute Z,(fo,s,s,1) when Re(s) > —1. We

consider the archimedean and non-archimedean cases separately.
p-adic case: Using the Cartan decomposition and Theorem 77, we have
wo® 0 34, p2(b+l) -1 P 0
Zy(fou8,1) = ;b | det ( 0 wb ) |2 '1)27_1"/01((;132((91}) 0 o ) GL2(0n).

Now

w® 0 1, if a =b;
VOZ(GLZ(OU) ( 0 wb ) GLg(O,U)) = {pab(l +p71)7 fa # b

Using this, one sees that the sum for Z, is essentially a number of geometric series
which converges for Re(s) > —%. A pleasant computation, which we will leave to
the reader, leads to the answer

Zy(fu,8,1) = CU(% +5) - cv(g +5) - Co(1 4 25).

Real case: Using the Cartan decomposition and Theorem 7?7, we have

a ; 1
| det ( 60 0 ) |%+5-7-K1(\/ e2a + ¢2b).sinh(a—b) da db.
b

a>

By the change of variables:

we see that

Y B 1 x—2z ! dr dy
Zo(fo0 8,1 =/ / pET K (V1 +a2) =
( ) y=0Jz=1 yv1+ z? ( ) 2 Ty
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Replacing y by z = yv1 + 22 (with z fixed), we get:

3
> dz > T R R
Zv v 1) = 2+25K — | / — . — .
(fO-, y Sy ) (L_OZ 1(Z) Z> < 1 1+£L'2 2 T

By [B, Lemma 1.9.1], we have: for Re(s) > —1,

° d 342 1+2
/ Z2+25K1(Z)—Z=225-1—‘< + S)F( + S)
2=0 z 2 2

On the other hand, an exercise in calculus gives: for Re(s) > —1,

/°°< x )%+S z—x 1 dr 1
e=1 \1+2? 2 T 23+s(142s)

2
1+2
Zv(fo,v,s,n:zs%-r( ‘;‘9> .

By the duplication formula for the gamma function, this is equal to

Thus,

92s—1, 2541 Cv(% +5) - Cv(% +8) - Cu(1 + 2s).

Complex case: As in the real case, we use the Cartan decomposition and Theo-
rem ?7?. After a similar change of variables, we have

Z (f 1) /OO /OO 3125  64ds 1 K ( 1 + 2) <I — x1>2 dl‘ dy
vl\Jow, S, 1) = € ’ YR =)
" o demn T A Y 2

Replacing y by z = yv1 + 22 (with = fixed), we get:

o0 00 3+2s 12
winman=([en B[ () () )

Both these integrals on the right coverge for Re(s) > —1. The first integral is

2
equal to

2452 . (3 + 25) - T'(1 + 25),

whereas the second can be computed as follows:
/°° x 342 e 2 N\ ? dx
) 1+ 22 2 x
1 /°° x B2 p— 27\ da
2 Jo \1422 2 T
1 [>®  gzts dt
:_./ 27.@_1)2_
24 Jo (1+¢)3+2s t

o  t3+s t3+s t—3ts
:/0 (1+t)3+t2s 2(1 Tt)3res T (1+¢t)3+2s dé.
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Recalling that

o a1
/0 Wdtzr(a) -T(b) 'F(a-i-b)_l,

we deduce that

Zy(fou,s,1) =271 P(% +5) - F(g +5)-T(1 + 2s)

= ohs— ()t t3. cv(% +5) -cv(g +8) - Go(1+25).

We have thus proven (i).

(ii) The first and last statements of (ii) are clear from (i). It is also clear that
®,(—,—,50) is a G(F,)-invariant and Ga(F,)-equivariant map

11, ® IQ,U(SO) — IpﬁU(SO)

when Re(sg) > —3. The surjectivity of this map follows from the fact that when
Re(s) > —%, Ip,(so) is generated by the spherical vector which is in the image of
the map since @, (fo,v, ¥0,u, S0) is non-zero. The proposition is proven. O

Corollary 6.2. For each f € II, the global integral ®(f,¢,s) converges when
Re(s) > 1 and has meromorphic continuation to Re(s) > —3 (at least). It has
a pole of order at most 1 at s = % This pole is attained when f and ¢ are both
spherical vectors, in which case Res,_1®(f,p,s) is a spherical vector of Ip(1).

6.3 Eisenstein series.

We now consider the Eisenstein series associated to the family of degenerate prin-
cipal series Ip(s). This Eisenstein series has been studied by Ginzburg-Jiang [GJ]
who showed:

Proposition 6.3. If &, € Ip(s) is a standard section, then E(®,s, g) has at most

a pole of order 2 st s = % This double pole is attained by the spherical section.

In view of the proposition, we have the following Laurent expansion:

A2(®)(9)  A-1(D)(g)

G-br T s-d

E(®,s,9) = + .

In particular, we have a non-zero Gz (A)-equivariant map
1
A_2 : IP(§) — A(Gg)
It was shown in [GJ] that the image of A_5 is contained in the space A2(G2)

of square-integrable automorphic forms. To understand the image of A_5 as a
representation, we need to know the structure of Ip(3).
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6.4 The degenerate principal series Ip(3).

We begin with the structure of the local principal series I, Pw(%)l

Proposition 6.4. (i) If v is p-adic, then Ip,(3) has a filtration

1
0C IO,v C Il,v C 12,1) = IP,U(i)

such that
IO,'U = TIv

Lo/ low 2 J5,0(St, 5)
Iw/Iw = Jgu(7(1,1),1).
Moreover, wr,, is the unique irreducible submodule and is a discrete series repre-

sentation with 1-dimensional space of Iwahori-fized vectors. The representation
Jpu(m(1,1),1) is the unique irreducible quotient.

(ii) If v is real, then there is a non-split exact sequence

0 e Ipy(3) —— Jso(n(1,1),1) —— 0.

(iii) If v is complex, Ip,(3) = Jg.o(m(1,1),1) is irreducible.
(iv) In each case, the unique irreducible quotient Jg . (m(1,1), 1) is spherical.
As a result of Props. 7?7 and 77, we have:

Corollary 6.5. The image of A_s is the globally spherical representation Jg(m(1,1),1).

6.5 The regularized Siegel-Weil formula.

We are now in a position to state the regularized Siegel-Weil formula. Consider

the Laurent expansion of the following functions at s = %:

P.(s) =c(z)(s — 3)* + ......

S

®(f, po0,8) = <I>+(%f)+ ......

Here, ®_1(f) € Ip(3) and can be uniquely extended to a standard section of
Ip(s). We have shown that:

Irpa(f; #0,5)(9) = P:(s) - E(®(f, %0, 5), 5, 9)-
Taking the leading coefficient of the Laurent expansion of both sides, we have:
Proposition 6.6. For any f €11,
Irpc(f) = c(z) - Ao (-1(f)).

In particular, Irpa s a nonzero map. Indeed, it is nonzero on the spherical vector

fo Of II.
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Note that the map ®_; : I — Ip(1/2) is Ga(A)-equivariant but is not
PGL3(A)-invariant. However, the above identity shows that the map A_50 ®_;
is PG L3(A)-invariant.

On the other hand, we have another natural map
E:1I — A(G)
defined as follows. Composing the H(A)-equivariant inclusion
jp M Ind% 631

with the restriction of functions to G2(A), one obtains a G(A)-invariant and G2 (A)-

equivariant surjective map
=11 — Ip(1/2),

which sends the spherical vector fy to a nonzero spherical vector in Ip(1/2). On
further composing this map with A_s gives the desired map

E:A_QOE.

Hence we would like to show that
Irpg = A E

for some nonzero scalar A, which is the sought-after Siegel-Weil formula. Observe
that both Irgpg and E are nonzero elements of

HOIIIPGL3><G2 (H, 1X ImA_g).

Thus, if the above Hom space is 1-dimensional, we would be done. Unfortunately,
because of the lack of knowledge of the archimedean theta correspondence, we are
unable to show this. However, we do have:

Lemma 6.7. Fiz a vector fo € llo and consider the two maps on I1¢ given by
Then these two maps are scalar multiplies of each other (with the scalar possibly

depending on foo and possibly zero).

Proof. By [GS1], one knows that for each finite place v, the big theta lift of the
trivial representation of G(F,) is the representation Ip, (1/2) which has unique
irreducible quotient 6,(1). Hence,

dimHomg(Fv)X%(Fv)(Hv, 1X (ImA_g)U) =1.
Consequently, we have
dimHOIng(Af)XG2(Af)(Hf, 1 & (ImA_g)f) =1.

Since the two maps of interest are elements of this Hom space, we deduce that
they are scalar multiples of each other. O
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On the other hand, since the two maps F and Igpg are nonzero on the spherical
vector fp, we see that there is a nonzero scalar A\ such that

Irpa(f) = A- E(f)

for any f € I1°, where TI° is the G(A) x Gz2(A)-span of the spherical vector fj.
Together with the lemma, this implies that

Irpc(f) =X E(f)

for all f € 119 ® ¢, where 112 is the (G(Fx) X G2(Fx))-span of the spherical
vector fy .. To conclude, we have:

Theorem 6.8. There is a nonzero scalar X such that for f € 119 ® Ily, we have

Irec(f) =X E(f).
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