THETA CORRESPONDENCES FOR GSp(4)

WEE TECK GAN AND SHUICHIRO TAKEDA

ABSTRACT. We explicitly determine the theta correspondences for GSp, and orthogonal similitude
groups associated to various quadratic spaces of rank 4 and 6. The results are needed in our proof
of the local Langlands correspondence for GSp, ([GT1]).

1. Introduction

This is a companion paper to [GT1], in which we proved the local Langlands conjecture for GSp, over
a non-archimedean local field F of characteristic zero and residue characteristic p. The results of [GT1]
depended on a study of the theta correspondences between GSp, and the three orthogonal similitude
groups in the following diagram:

GSOs.5
GSp, —
\
GSO.40 GSOs.s .

For example, one of the results needed in [GT1] is that every irreducible representation of GSp,(F’)
participates in theta correspondence with exactly one of GSOy4 9 or GSOs3 3. This dichotomy follows from
a fundamental result of Kudla-Rallis [KR] (which we recall below) for a large class of representations of
GSp,(F), but to take care of the remaining representations, the results of [KR] needs to be supplemented
by the results of this paper. Moreover, the complete determination of the above theta correspondences
serves to make the Langlands parametrization for non-supercuspidal representations completely explicit
and transparent.

To state a sample result in the introduction, let us note that the orthogonal similitude groups mentioned
above are closely related to the groups GLs and GL4. Indeed, one has:

GSO3,2 = (GLy x GL2)/{(2,271) : z € GL1 }
GSO4 = (D* x D*)/{(2,27 1) : 2 € GL; }
GSO3,3 = (GL4 x GL1)/{(2,272) : 2 € GL1 }

where D is the quaternion division algebra over F. Via these isomorphisms, an irreducible representation
of GSO22(F) (resp. GSOy4(F)) has the form 7 W 72 where 71 and 7o are representations of GLa(F)
(resp. D*) with the same central characters. Similarly, an irreducible representation of GSOg3 3(F') has

the form II X y with II is a representation of GL4(F) with central character wry = p?.

For a reductive group G over F, we write II(G) for the set of isomorphism classes of irreducible smooth
representations of G(F'). Now one of the results we show is the following theorem, which was stated in
[GT1, Thm. 5.6].
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Theorem 1.1. (i) The theta correspondence for GSO(D) x GSp, defines a bijection
I1(GSO4,0)/ ~ «— I(GSpy )™,

ng

where ~ s the equivalence relation defined by the action of GO4(F) on II(GSO4y0) and

H(GSp4)ffgmp := {non-generic essentially tempered representations of GSp,(F)}.

Moreover, the image of the subset of TP X 7P 7s, with 7P # 7L, is precisely the subset of non-generic
supercuspidal representations of GSp,(F). The other representations in the image are the non-discrete
series representations in Table 1, NDS(c).

(i) The theta correspondence for GSOq.2 x GSp, defines an injection
H(GSOQQ)/ ~ — H(GSp4)

The image is disjoint from H(GSp4)fﬁ;”p and consists of:

(a) the generic discrete series representations (including supercuspidal ones) whose standard L-factor
L(s,m, std) has a pole at s = 0.
(b) the non-discrete series representations in [Table 1, NDS(b, d,e)].

Moreover, the images of the representations 7 X 1o’s, with 71 # T2 discrete series representations of
GLo(F), are precisely the representations in (a).

(iii) The theta correspondence for GSp, x GSOg3 3 defines an injection
II(GSpy) ~ I(GSpy) ™ — TI(GSOs,3) C II(GLy) x II(GLy).

Moreover, the representations of GSp,(F') not accounted for by (i) and (i) above are

(a) the generic discrete series representations m whose standard factor L(s,, std) is holomorphic at
s = 0. The images of these representations under the above map are precisely the discrete series
representations I ju of GL4(F) x GLy1(F) such that L(s, N>¢n @ =) has a pole at s = 0. Here,
on is the L-parameter of 11.

(b) the non-discrete series representations in [Table 1, NDS(a)]. The images of these under the above
map consists of non-discrete series representations II X u such that

¢pn=pDp-x and p=detp-x,
for an irreducible two dimensional p and a character x # 1.
(iv) If a representation ™ of GSp,(F) participates in theta correspondence with GSO(Va), so that
m=0(m X1) =0(12 ¥ m),

then 7 has a nonzero theta lift to GSOg3. If IIX p is the small theta lift of m to GSO3 3(F), with II a
representation of GLy(F), then

¢ =¢r, ®dr, and p=wr=det ¢ =deto,.
Indeed, our main results give much more complete and explicit information than the above theorem.

In particular, we take note of Thms. 8.1, 8.2 and 8.3, Cors. 12.2 and 12.3, as well as Props. 13.1 and
13.2.

Acknowledgments: W. T. Gan is partially supported by NSF grant DMS-0801071.
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2. Similitude Theta Correspondences

In this section, we shall describe some basic properties of the theta correspondence for similitude
groups. The definitive reference for this subject matter is the paper [Rol] of B. Roberts. However, the
results of [Rol] are not sufficient for our purposes and need to be somewhat extended.

Consider the dual pair O(V) x Sp(W); for simplicity, we assume that dimV is even. For each non-
trivial additive character 1, let wy, be the Weil representation for O(V') x Sp(W), which can be described
as follows. Fix a Witt decomposition W = X @Y and let P(Y) = GL(Y) - N(Y) be the parabolic
subgroup stabilizing the maximal isotropic subspace Y. Then

N(Y)={be Hom(X,Y) : b" = b},

where ' € Hom(Y*, X*) = Hom(X,Y). The Weil representation wy, can be realized on S(X ® V) and
the action of P(Y) x O(V) is given by the usual formulas:

we(h)o(z) = o(h1z), for h e O(V);
wy(a)6(x) = xv(dety (a)) - | dety (a)| 2™V - §a™" - 2), for a € GL(Y);
wy (D)o (x) = ¢((bx, ) - ¢(x), for be N(Y),
where yy is the quadratic character associated to discV € F*/F*? and (—, —) is the natural symplectic

form on W ® V. To describe the full action of Sp(WW'), one needs to specify the action of a Weyl group
element, which acts by a Fourier transform.

If 7 is an irreducible representation of O(V) (resp. Sp(W)), the maximal m-isotypic quotient has the
form

X Oy ()

for some smooth representation of Sp(W) (resp. O(V)). We call O (w) the big theta lift of 7. It is known
that O (7) is of finite length and hence is admissible. Let 6, () be the maximal semisimple quotient of
Oy (m); we call it the small theta lift of 7. Then it was a conjecture of Howe that

o §y(m) is irreducible whenever O, () is non-zero.

o the map 7 — 0y (7) is injective on its domain.

This has been proved by Waldspurger when the residual characteristic p of F' is not 2 and can be checked
in many low-rank cases, regardless of the residual characteristic of F'. If the Howe conjecture is true in
general, our treatment for the rest of the paper can be somewhat simplified. However, because we would
like to include the case p = 2 in our discussion, we shall refrain from assuming Howe’s conjecture in this

paper.

With this in mind, we take note of the following result which was shown by Kudla [K] for any residual
characteristic p:
Proposition 2.1. (i) If m is supercuspidal, Oy (w) = 0y(m) is irreducible or zero.

(i) If Oy (m1) = Oy (m2) # 0 for two supercuspidal representations w1 and o, then m = .

One of the main purposes of this section is to extend this result of Kudla to the case of similitude groups.

Let Ay and Ay be the similitude factors of GO(V) and GSp(W) respectively. We shall consider the
group
R=GO(V) x GSp(W)*
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where GSp(W)™ is the subgroup of GSp(W) consisting of elements g such that Ay (g) is in the image of
Av. In fact, for the cases of interest in this paper (see the next section), Ay is surjective, in which case
GSp(W)* = GSp(W).

The group R contains the subgroup
Ry ={(h,g) € R: Av(h) - Aw(g) = 1}.

The Weil representation w, extends naturally to the group Ry via

wy (g, h)p = Ay (h)| 75 A V-dimW g, 1) (g o h™1)

g1 = g( A(go)fl ) ) € Sp(W).

Note that this differs from the normalization used in [Rol]. Observe in particular that the central elements
dim W

(t,t71) € Ry act by the quadratic character xy (t)~ 2

where

Now consider the (compactly) induced representation
Q= indgoww.

As a representation of R, Q) depends only on the orbit of ¢ under the evident action of ImAy C F*. For
example, if Ay is surjective, then 2 is independent of ¥. For any irreducible representation 7w of GO(V)
(resp. GSp(W)™T), the maximal 7-isotypic quotient of © has the form

TR O(m)

where ©(7) is some smooth representation of GSp(W)* (resp. GO(V)). Further, we let 8(m) be the
maximal semisimple quotient of O (7). Note that though ©(7) may be reducible, it has a central character
we(r) given by
dim W
we(r) = Xy 2 wa.

The extended Howe conjecture for similitudes says that () is irreducible whenever ©(rw) is non-zero,
and the map 7 — 6(7) is injective on its domain. It was shown by Roberts [Rol] that this follows from
the Howe conjecture for isometry groups, and thus holds if p # 2.

In any case, we have the following lemma which relates the theta correspondence for isometries and
similitudes; the proof is given in [GT1, Lemma 2.2].

Lemma 2.2. (i) Suppose that 7 is an irreducible representation of a similitude group and T is a con-
stituent of the restriction of m to the isometry group. Then 0,(7) # 0 implies that 8(m) # 0.

(i) Suppose that
HOHIR(Q, T X 7T2) 75 0.
Suppose further that for each constituent 7 in the restriction of w1 to O(V'), 0,(m1) is irreducible and the

map T1 — Oy (71) is injective on the set of irreducible constituents of mi|ocvy. Then there is a uniquely
determined bijection

[ {lirreducible summands of Ti|o(vy} — {irreducible summands of T2|spw) }

such that for any irreducible summand 7; in the restriction of m; to the relevant isometry group,

Ty = f(Tl) < Homo(v)xgp(w)(ww,Tl X 7’2) 75 0.

One has the analogous statement with the roles of O(V') and Sp(W') exchanged.
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(iii) If w is a representation of GO(V') (resp. GSp(W)*1) and the restriction of w to the relevant isometry
group is @;7;, then as representations of Sp(W) (resp. O(V)),

O(m) = @Gw(ﬂ)~

In particular, O(m) is admissible of finite length. Moreover, if ©y(7;) = 0y (1;) for each i, then
O(m) = 0(rm).

In addition, we have [GT1, Prop. 2.3]:

Proposition 2.3. Suppose that 7 is a supercuspidal representation of GO(V) (resp. GSp(W)* ). Then
we have:

(i) ©(x) is either zero or is an irreducible representation of GSp(W)™* (resp. GO(V)).
(i) If 7' is another supercuspidal representation such that ©(r') = O(w) # 0, then ' = 7.

We now specialize to the cases of interest in this paper. Henceforth, we shall only consider the case
when dim W = 4, so that
GSp(W) = GSp,(F).
Moreover, we shall only consider quadratic spaces V' with dim V' = 4 or 6. We describe these quadratic
spaces in greater detail.

Let D be a (possibly split) quaternion algebra over F' and let Np be its reduced norm. Then (D, Np)
is a rank 4 quadratic space. We have an isomorphism

GSO(D,Np) = (D* x D*)/{(z,27 ") : z € GL}
via the action of the latter on D given by

(o, B) — axf3.
Moreover, an element of GO(D,Np) of determinant —1 is given by the conjugation action ¢ : z +— T on
D. We have:
GSOZQ(F) if D is split;
GSO4,0(F) if D is non-split.
The similitude character of GSO(D) is given by

)\D : (aaﬁ) — ND(CY . ﬁ)a
which is surjective onto F*. Since Ap is surjective, we have GSp(W)* = GSp, (W) and the induced Weil
representation is a representation of GO(D) x GSp(W). The investigation of the theta correspondence
for these dual pairs has been initiated by B. Roberts [Ro2]. In Thm. 8.2 and Thm. 8.1 below, we shall
complete the study initiated in [Ro2] by giving an explicit determination of the theta correspondence.

GSO(D) = {

Now consider the rank 6 quadratic space:
(Vp,qp) = (D,Np) @ H
where H is the hyperbolic plane. Then one has an isomorphism
GSO(Vp) = (GLy(D) x GL1)/{(z-1d, 272) : z € GL1}.

To see this, note that the quadratic space Vp can also be described as the space of 2 x 2-Hermitian
matrices with entries in D, so that a typical element has the form

a x
(a,d,az)—<f d)’ a,d€ Fand z €D,
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equipped with the quadratic form —det(a,d;x) = —ad + Np(z). The action of GL2(D) x GL; on this
space is given by

(9.2)(X) =29 - X-7".

The similitude factor of GSO(Vp) is given by
Ap(g,2) = N(g) - 2*,
where N is the reduced norm on the central simple algebra Ma(D). Thus,

SO(Vp) = {(g,2) € GSO(Vp) : N(g) - 2* = 1}.

In this paper, we only need to consider Vp when D is split. Thus, we shall suppress D from the
notations, so that from now on throughout this paper, V' denotes the 6 dimensional split quadratic space,
ie.

V=HoH&H and GSO(V)=GSOs3.

Moreover, since Ay is surjective, we have GSp(W)* = GSp(W), so that the induced Weil representation
Q) is a representation of R = GSp(W) x GO(V). We shall only consider the theta correspondence for
GSp(W) x GSO(V). There is no significant loss in restricting to GSO(V') because of the following lemma:

Lemma 2.4. Let 7 (resp. 7) be an irreducible representation of GSp(W) (resp. GO(V)) and suppose
that

Homgspw)yxaov)(Q2, 7@ 1) # 0.

Then 7 is irreducible as a representation of GSO(V). If vy = )\‘73 -det is the unique non-trivial quadratic
character of GO(V)/ GSO(V), then T @y does not participate in the theta correspondence with GSp(W).

Proof. First note that 7 is irreducible when restricted to GSO(V) if and only if 7 ® vy # 7. By a well-
known result of Rallis [R, Appendix] (see also [Prl, §5, Pg. 282]), the lemma holds in the setting of
isometry groups. Suppose that 7|o(y = @;7;. Then this result of Rallis implies that 7; is irreducible
when restricted to SO(V), so that 7;®vy # 74, and 7; @1y does not participate in the theta correspondence
with Sp(W). This implies that 7 ® vy # 7 and 7 ® vy does not participate in the theta correspondence
with GSp(W). O

Proposition 2.3 and the above lemma imply:

Corollary 2.5. If 7 is a supercuspidal representation of GSp,(F) and 6(7) is nonzero, then 6(w) is
irreducible as a representation of GSO(V'). Moreover, if 0(m) = 0(7') as a representation of GSO(V) for
some other supercuspidal 7', then m = 7'.

If p # 2, then the above corollary would hold for any irreducible representation 7 because one knows
that Howe conjecture for isometry groups.

A study of the local theta correspondence for GSp, x GSO3 3 was undertaken in [W] and [GT2]. In
Thm 8.3 below, we give a complete determination of this theta correspondence.
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3. A Result of Kudla-Rallis

In this section, we recall a fundamental general result of Kudla-Rallis [KR] before specializing it to
the cases of interest in this paper.

Let W, be the 2n-dimensional symplectic vector space with associated symplectic group Sp(W,,) and
consider the two towers of orthogonal groups attached to the quadratic spaces with trivial discriminant.
More precisely, let

Ve =H™ and V7 =DgH"?
and denote the orthogonal groups by O(V;,,) and O(V;#) respectively. For an irreducible representation
7 of Sp(W,,), one may consider the theta lifts 6,,(7) and 67 (1) to O(V;,) and O(V,#) respectively (with
respect to a fixed non-trivial additive character ). Set

m(m) = inf{m : 0,,(7) # 0};
m# (1) = inf{m : 67 (7) # 0}.

Then Kudla and Rallis [KR, Thms. 3.8 & 3.9] showed:

Theorem 3.1. (i) For any irreducible representation © of Sp(W,,),
m(m) +m#(r) > 2n + 2.

(i) If w is a supercuspidal representation of Sp(W,,), then
m(m) +m#(r) = 2n + 2.

If we specialize this result to the case dim W,, = 4 , we obtain:

Theorem 3.2. (i) Let ® be an irreducible supercuspidal representation of GSpy(F). Then one has the
following two mutually exclusive possibilities:

(A) 7 participates in the theta correspondence with GSO(D) = GSOq4,0(F), where D is non-split;
(B) m participates in the theta correspondence with GSO(V) = GSOg 3(F).

One of the purposes of this paper is to extend the dichotomy of this theorem to all irreducible represen-
tations of GSp,(F'). Moreover, our main results make this dichotomy completely explicit. For example,
we will see that the supercuspidal representations of Type (A) are precisely those which are non-generic.

On the other hand, one may consider the mirror situation, where one fixes an irreducible representation
of O(V,,) or O(V,#) and consider its theta lifts 6,,(7) to the tower of symplectic groups Sp(W,,). Then,
with n(7) defined in the analogous fashion, one expects that

n(m) + n(m ® det) = 2m.
For similitude groups, this implies that
n(m) + n(r @ vy) = 2m,

where vy is the non-trivial character of GO(V,,)/ GSO(V,,). When m = 2, this expectation has been
proved by B. Roberts [Ro2, Thm. 7.8 and Cor. 7.9] as follows:

Theorem 3.3. Let w be an irreducible representation of GO(D), where D is possibly split. Then
n(m) +n(r @ vy) = 4.

In particular, if 1 = ™ ® vy, then n(w) = 2.
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4. Whittaker Modules of Weil Representations

In this section, we describe the Whittaker modules of the Weil representations Qw, p and Qw,y, with
dim W = 4. We omit the proofs since they are by-now-standard; see for example [GT2 Prop. 7.4] and
[MS, Prop. 4.1].

Proposition 4.1. Let D be a (possibly split) quaternion algebra over F and consider the Weil represen-
tation Qp.w of GO(D) x GSp(W). Let U be the unipotent radical of a Borel subgroup of GSp(W') and
let ¢ be a generic character of U(F). Similarly, let Uy be the unipotent radical of a Borel subgroup of
GO(D) when D is split, and let ¢ be a generic character of Up(F). Then we have:

(Qow)uw =0
if D is non-split, and
Qpw)u,y = indSOSO(D)?/Jo
if D is split.

Corollary 4.2. (i) If D is non-split, then no generic representation of GSp(W) participates in theta
correspondence with GO(D).

(i1) Let w be an irreducible generic representation of GO(Vz) = GSOq2(F). Then w is generic if and
only if Ov, w(m) contains a generic constituent, in which case this generic constituent is unique.

Proposition 4.3. Consider the Weil representation Qw,v of GSp(W) x GSO(V'). Let U be the unipotent
radical of a Borel subgroup of GSp(W) and let ¢ be a generic character of U(F). Similarly, let Uy be the
unipotent radical of a Borel subgroup of GO(V), and let g be a generic character of Uy(F). Then we

have

Qv )y = indo Wy,

Corollary 4.4. Let m be an irreducible representation of GSp(W). Then w is generic if and only if
Ow,v (m) contains a generic constituent, in which case this generic constituent is unique.

Corollaries 4.2(i) and 4.4 imply:
Corollary 4.5. The dichotomy result of Theorem 3.2 holds for generic representations of GSp(W).

5. Representations of GSp,(F')

In order to state our main results, we need to introduce some notations and recall some results about
various principal series representations of GSp,(F). In the following, by the term “discrete series” or
“tempered” representations of GSp(W) = GSp,(F) or GSO(V) = GSO3 3(F), we mean a representation
which is unitarizable discrete series or unitarizable tempered after twisting by a 1-dimensional character.

5.1. Principal series representations. Recall from Section 2 that we have a Witt decomposition
W =Y*®Y. Suppose that
Y*=F-e,®F-ey and Y=F -f1®F-fo

and consider the decomposition W = Feqy & W’ @ F f1, where W’ = (ea, f2). Let Q(Z) = L(Z)-U(Z) be
the maximal parabolic stabilizing the line Z = F - f1, so that

L(Z) = GL(Z) x GSp(W")
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and U(Z) is a Heisenberg group:
1l —— Sym*’Z —— U(Z) —— WoZ —— 1.

This is typically called the Klingen parabolic subgroup in the literature. A representation of L(Z) is
thus of the form x X 7 where 7 is a representation of GSp(W’) = GLa(F). We let Igz)(x,7) be the
corresponding parabolically induced representation. If Iz (x,7) is a standard module, then it has a
unique irreducible quotient (the Langlands quotient), which we shall denote by Jg(z)(x,7). The same
notation applies to other principal series representations to be introduced later.

The module structure of Iz (X, 7) is known by Sally-Tadic [ST] and a convenient reference is [RS].
In particular, we note the following:

Lemma 5.1. (a) Let T be a supercuspidal representation of GLa(F). The induced representation Igzy(x,T)
is reducible iff one of the following holds:

(i) x =1;

(i) x = xo| — |*! and xo is a non-trivial quadratic character such that T ® xo = 7.
In case (i), the representation Ig(z)(1,7) is the direct sum of two irreducible tempered representations,
exactly one of which is generic. In case (ii), assuming without loss of generality that x = xo-| — |, one

has a (non-split) short exact sequence:
0 —— St(x0,70) —— Ig(z)(xol = I, 70| = |7"?) —— Sp(x0,70) —— 0

where St(xo,70) i a generic discrete series representation and the Langlands quotient Sp(xo,To) is non-
generic.

(b) If T is the twisted Steinberg representation of GLg, then Ig(z) (X, T) is reducible iff one of the
following holds:

(i) x =1;

(ii) x = | = |*?
In case (i), 1gz)(1, sty) is the sum of two irreducible tempered representations, exactly one of which
is generic. In case (ii), Io(z)(| — >, sty - | — |71) has the twisted Steinberg representation Stpasp, ® X as

its unique irreducible submodule.
(¢) For general T, there is a standard intertwining operator

Iz (XL 70x) — Igz) (1),

which is an isomorphism if Iz (x,T) is irreducible. If Iz (x~ Y, 7®x) is a standard module, then the
image of this operator is the unique irreducible submodule of Iz (X, T).

Now let P(Y) = M(Y) - N(Y) be the Siegel parabolic subgroup stabilizing ¥ so that
M(Y) = GL(Y) x GL,

and N(Y) = Sym?Y. A representation of M(Y) is thus of the form 7 X x with 7 a representation of
GL(Y) = GL2(F) and x a character of GLy(F). We denote the normalized induced representation by
Ipyy(7,x). As before, the module structure of Ipyy (7, x) is completely known [ST] and a convenient
reference is [RS]. In particular, we note the following;:
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Lemma 5.2. (a) Suppose that 7 is a supercuspidal representation of GL(Y') = GLo(F). Then Ipyy(T, jt)
is reducible iff T = | — |F1/?

short exact sequence:

- T with 79 having trivial central character. In this case, one has a non-split

0 —— St(ro, t0) — Ipy(7o| = V% 1ol = |7/%) —— Sp(70,p10) — 0
where St(1o, o) s a generic discrete series representation and the Langlands quotient Sp(to, o) is non-
generic.
(b) Suppose that T is a twisted Steinberg representation of GL(Y'). Then Ipy (T, ) is reducible iff
one of the following holds:
(i) T = st-| — [F1/2; in this case, Ipy)(st| — |2, 1) has a unique irreducible Langlands quotient and

a unique irreducible tempered submodule, which is the generic summand of Ig(z)(1, sty - | — |1/2).

(i) T = sty - | — |2, with x a non-trivial quadratic character. In this case, the representation
Ipyy(sty| = Y2, 1ol — |7Y/2) has a unique irreducible Langlands quotient and a unique irreducible sub-
module which is a generic discrete series representation St(sty, po). Moreover, St(sty, p10) = St(sty, Xto)-

(iii) T = st-| — |¥3/2; in this case, Ipyy(st| — 13/2, | — | 73/2) has the twisted Steinberg representation

Stpasp, @ p as its unique irreducible submodule.

(¢) There is a standard intertwining operator

Ipyy (T, 1) — Ipyy (T, wep),

which is an isomorphism if Ipy)(T, p) is irreducible. If Ip(y)(T, w) is a standard module, then the image
of this operator is the unique irreducible submodule of Ip(y)(TV,wTu).

Finally, let B=P(Y)NQ(Z) =T - U be a Borel subgroup of GSp(W), so that

In particular, for characters x1, x2 and x of GL1(F), we let Ig(x1,Xx2;x) denote the normalized induced
representation. Again, we refer the reader to [RS] for the reducibility points and module structure of
Ip(x1,Xx2;x). We simply note here that if x; and x2 are unitary, then Ig(x1,x2;X) is irreducible.

5.2. Non-Supercuspidal Representations. We can now give a concise enumeration of the non-supercuspidal
representations of GSp,(F').

5.2.1. Discrete Series Representations. The non-supercuspidal discrete series representations of GSp, (F')
are precisely the following representations:

(a) the generalized Steinberg representation St(x, ) of Lemma 5.1(a)(ii), with 7 supercuspidal and
X a non-trivial quadratic character such that 7 ® xy = 7;

(b) the generalized Steinberg representation St(r, ) of Lemma 5.2(a) and (b)(ii), so that 7 is a
discrete series representation of PGLs and 7 # st.

(c) the twisted Steinberg representation Stpgsp, ® x of Lemma 5.1(b)(ii) and Lemma 5.2(b)(iii).

All these representations are generic.

5.2.2. Non-Discrete Series Representations. Now we consider non-discrete series representations.
Every tempered representation is a constituent of a twist of an induced representation Ip(7) with 7 a
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unitary discrete series representation. Such an induced representation is irreducible (and thus generic)
except in the setting of Lemma 5.1(a)(i) and (b)(i). In this exceptional case, for a discrete series repre-
sentation 7 of GSp(W') = GLy(F'), we have:

IQ(Z)(L T) = Tgen(T) © Tng(T)

where mgen, (7) is generic and m,,4(7) is non-generic.

Suppose now that 7 is an irreducible non-tempered representation of GSp,(F). By the Langlands
classification, there is a unique standard representation Ip(o) (with o essentially tempered) which has
7w as its unique irreducible quotient. In fact, it will be more convenient for us to make use of the dual
version of Langlands classification, so that 7 is the unique submodule of Ip (o), for an essentially tempered
representation o whose central character is in the relevant negative Weyl chamber. Note that since the
Levi subgroups of GSp, are all of GL-type, any essentially tempered representation of a Levi subgroup
of GSp,(F) is fully induced from a twist of a discrete series representation.

Summarizing the above discussions, we have:

Proposition 5.3. The non-discrete series representations of GSp,(F') fall into the following three disjoint
families:

(a) ™= Igz)(x| — 7%, 7) with x a unitary character, s > 0 and T a discrete series representation
of GSp(W') up to twist. In fact, w is the unique irreducible submodule, except in the exceptional
tempered case mentioned above (with x trivial and s =0).

b) m — Ipvy(7| — |7%,x) with x an arbitrary character, s > 0 and T a unitary discrete series
()
representation of GL(Y'). In this case, 7 is the unique irreducible submodule.

(¢) m—= Ip(x1|— |75, x2| — |752; x) where x1 and x2 are unitary and s1 > s2 > 0. By induction in
stages, we see that

TeOal = 1770 xel = 177 %) = Ioz) Oal = 774, 700l — 1772, %))
We may now consider two subcases:
() if x2| = |72 # | — |71, then w(xxz2| — | 7%2,%) is irreducible and we have:
T = Igz)(xal = 177 m(xxal = 172, X))
as the unique irreducible submodule.

(ii) if x2| —|7%2 = | = |71, then w(xx2| —| %2, X) contains x| —|~? as a unique irreducible submodule
and so

= Iz (xal = [, (x o det) - | det |71/?)
as the unique irreducible submodule.

6. Representations of GSO(D)

In this section, we set up some notations for the irreducible representations of GSO(D). In this case,
we have

V =(D,—Np)
where D is a quaternion F-algebra (possibly split) with reduced norm Np. We have the identification
GSO(V) = (D* x D*)/{(2,2 ") |z € F*}
via

(91,92) : & — g1+ - Ga.
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Moreover, the main involution x +— Z on D gives an order two element ¢ of O(V) with determinant —1,
so that GO(V) = GSO(V') x (¢). The conjugation of ¢ on GSO(V) is given by

(91, 92) — (g2, 91).
Thus, an irreducible representation of GSO(D) is of the form 7 K 7 for irreducible representations 7;

of D* with the same central character w,, = w,,. Moreover, the action of ¢ sends 7 K 5 to 7o K 7y. If
71 = To, then the representation 71 X 75 extends to GO(D) in two different ways. If 71 # 7o, then

1nd(G}SOél()g) 1 X T2 = lnd(G}SOél()g) T2 X T1

is an irreducible representation of GO(D). This describes all the irreducible representations of GO(D).

When D is split, the quadratic space D is split and we have a Witt decomposition
D=XeoX"

for a two dimensional isotropic space X. Let P(X) = M(X)-N(X) be the parabolic subgroup stabilizing
X, so that

M(X)=GL(X)x GL; and N(X)=A%X.
For an irreducible representation 7 X x of GL(X) x GL1(F) = GLo(F) x F'*, we let Ip x)(T, x) denote
the normalized induced representation. The following lemma is easy to check.

Lemma 6.1. Under the identification GSO(D) = (GLy x GLg)/F*, we have
m(x1x2) ¥ 7= Ipx) (7Y X1, x2) = Ipx) (T X3 1 x2)-

7. Representations of GSO(V).

Now we need to establish some notations for the representations of GSO(V) = GSOg3 3(F'). Though
we may identify GSO(V') as a quotient of GL4(F') x GL1(F') as in Section 2, it is in fact better not to do
so for the purpose of the computation of local theta lifting.

Recall that we have a decomposition
V=F (1,006 V@ F-(0,1)

where V5 is the split rank 4 quadratic space. Let J = F - (1,0) and let P(J) = M(J) - N(J) be the
stabilizer of J, so that M (J) = GL(J) x GSO(Vz2). We represent an element of M (.J) by (a, o, ) with

(o, B) € GSO(Va) = (GLa x GLy)/{(2,27 1) : z € F*}.

For a character x and a representation 7, X 75 of GSO(V2), one may consider the normalized induced
representation Ip(z)(x, 71 X 72).

Under the natural map GLg x GL; — GSO(V'), the inverse image of P(J) is the parabolic P x GLy,
where P is the (2, 2)-parabolic in GLy. Indeed, under the natural map P x GL; — P(J),

(E

—1

then we have:

a=a-o
B=p
z=a"1 N().

From this, one deduces that
Ip(m1,72) R p = Ippy (wip ' 7 n B ).
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The following lemma is well-known:
Lemma 7.1. (i) Let T be a supercuspidal representation of GLa(F'). Then one has a short exact sequence
of representations of GLy(F):

0 s St(r) —— In(r] = [V2,7] = [12) —— Sp(r) —— 0

where St(T) is a discrete series representation (a generalized Steinberg representation) and Sp(T) is the
unique Langlands quotient (a generalized Speh representation).

(ii) If T = st,, then the principal series Ip(t| — |, 7| —|~1) has a unique irreducible submodule which
is the twisted Steinberg representation Sty := Stpgr, ® x. Moreover, Ip(t| — |2, 7| — |71/2) is also
reducible, but its constituents are not discrete series representations.

(iii) The situations described in (i) and (ii) are the only cases when Ip(11,72) is reducible with T;
discrete series representations.

We shall need another parabolic of GSO(V'). Let @ be the (1,2,1)-parabolic of GL4 so that its Levi
factor is GLy x GLa x GLy. We let Ig(x1, 7, x2) denote the normalized induced representation, with yx;
characters of GL1 (F') and 7 a representation of GLg(F'). Consider the image of @ x GL; under the natural
map GL4 x GL; — GSO(V). This image is the stabilizer Q(F) of a 2-dimensional isotropic subspace F
containing J. Writing

V=FEoVi®E"

where V1 is a split rank 2 quadratic space, we see that the Levi factor of Q(F) is

L(E) = GL(F) x GSO(V1) = GLy x(GLy x GL1).
Thus, for a representation 7 of GL(F) and a character y of F*, we may consider the normalized induced
representation Ig(g)(7, x © Av; ). Now under the natural map @ x GL; — Q(E), we have

151
B 2| = (tlB, (t1t4,det B)) S GL(E) X GSO(Vl)
ty
From this, one easily calculates that
Iy (T, x 0 Av;) = I (wrx, T ® X, X) K x*w;.

Finally, we have the Borel subgroup By = PN Q@ of GL4 and the principal series Is(x1, X2, X3, X4)-

8. The Main Results.

We are now ready to state our main results concerning the computation of local theta correspondences.
But before stating them, let us note that for any quadratic space V, there is an action of GO(V) on
II(GSO(V)), and we denote the class of the equivalence classes defined by this action by

L(GSO(V))/ ~ .

Theorem 8.1. Suppose that D is the quaternion division algebra over F. Let ¥ X 7L be an irreducible
representation of GSO(D). Then we have the following:

(i) ©(7f ®7L) is an irreducible representation of GSpy(F).

(ii) If TP = 7P = 1p, then
O(1tp X 7p) = mng(JL(TD)),
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which is the unique non-generic summand of Ioz)(1, JL(Tp)).

(iii) If 7 # 7P, then ©(rP R L) = O(rL R 1) is a non-generic supercuspidal representation of
GSpy(F).
(iv) The map
R — (P B7P)
defines a bijection between
II(GSO(D))/ ~
and

I(GSp,)" := {non-generic tempered representations of GSp,}.

Theorem 8.2. Let 7y W 72 be an irreducible representation of GSOg2(F) and let 0(my X 12) be its small
theta lift to GSpy(F). Then 0(1y K 19) = (12 W 11) can be determined as follows.

(i) If m = 10 = 7 is a discrete series representation, then
0(m1 K 72) = mgen (1),
which is the unique generic constituent of Ig(z)(1,7).
(i) If 71 # T2 are both supercuspidal, then 6(m1 X 12) is supercuspidal.
(i11) If 71 is supercuspidal and o = sty, then

O(r1 7o) =St(r ® X_l,x).

(iv) Suppose that 71 = sty, and T2 = sty, with x1 # X2, so that x3 = x3. Then
O(11 W 79) = St(sty, /yer X2) = St(5tyy /xis X1)-
(v) Suppose that 11 is a discrete series representation and T2 — w(x, X') with |x/X'|=|—1"° and s >0,
so that 1o is non-discrete series. Then
0(m1 @ 72) = Jpv) (11 @ X1, X).
(vi) Suppose that
T — W(Xh Xll) and T2 — T‘—(X27 X/2)
with
Ixi/xi| == 17", s1>522>0.
Then
0(m K m) = Jp(xa/X1, X2/X15 X1)-
In particular, the map 71 W7o — 0(71 X 15) defines an injection
H(GSOZQ)/ ~ — H(GSp4)

Theorem 8.3. Let 7 be an irreducible representation of GSp,(F) and consider its theta lift to GSO(V).
(i) The representation O(r) is nonzero iff m ¢ T(GSpy )i, in which case it is irreducible.

(i) The map 7 — 6(m) defines an injective map from II(GSpy) N\ II(GSpy)i™? into the set of irreducible
representations of GSO(V').

Moreover, for m ¢ TI(GSp,)i™, 6(m) can be described in terms of m as follows.



THETA CORRESPONDENCES FOR GSp(4) 15

(i4i) (Supercuspidal) If 7 is supercuspidal, then 6() is supercuspidal unless m has a nonzero theta lift
to GSOq o (F). If 7 is the theta lift of 11 W1y from GSOqo(F), then

9(7T) = IP(Tl,TQ)IE(UTl.

(iv) (Generalized Steinberg) Suppose that m = St(x,7) as in 5.2.1(a). Then
0(St(x, 7)) = St(r) Kw,x.

On the other hand, if m = St(r,u) as in 5.2.1(b), then
0(St(r, 1)) = Ip(T @ p, st @ p) B 2.

(v) (Twisted Steinberg) If m = Stpasp, ® x is a twisted Steinberg representation, then

H(Stpgsm ® X) = StX X XQ.

(vi) (Non-discrete series) We consider the different cases according to 5.2.2:

(a) Suppose that ™ — Igz)(x,T) as in 5.2.2(a), so that |x| = | —|~* with s > 0. Then

O(m) = Jp(1,7 - x) Rwrx.

(b) Suppose that m — Ipyy(T,x) as in 5.2.2(b), so that |w,| = | —|72* with s > 0. Then

O(m) =Jo(l,7w,) - x X Yws.

(¢) Suppose that
™= Ip(x1; x25 X)
where |x1| =|— 7% and |x2| = | — |7%2 with s1 > s2 > 0. Then

0() = x - Iy (1, X2, X1, X1X2) B X X1 X2-

Remarks: In Section 14, we display the results of the above three theorems in the form of three tables.
The results there are given in terms of the usual Langlands classification which describes 7 as a unique
irreducible quotient of a standard module, as opposed to describing 7 as a unique submodule as we have
done in the theorems.

9. Proof of Theorem 8.1
We begin with the proof of Thm. 8.1.

(i) Let 7 = 7 W 7P be an irreducible representation of GSO(D) which is contained in a (unique) irre-
ducible representation 7 of GO(D). Then by Prop. 2.3, ©(7) is either zero or an irreducible representation
of GSp,(F'). By Thm. 3.3, at least one of ©(7) or ©(7 ® vg) is nonzero. Thus we conclude that

O(r’ W 7y) = O(ry M)
is nonzero and irreducible. This proves (i). Moreover, Prop. 2.3 implies that one has an injection

I(GSO(D))/ ~ s TI(GSp(W)).
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(ii) Now suppose that 72 = 7P = 7p. Then it is well-known that = = 7p X 7p participates in the theta

correspondence with GSp(W') = GSp, = GL2. Indeed, one has
Op.w, (m) = JL(1p).

On the other hand, by Theorem A.2 in the appendix, one has an GSO(D) x Q(Z)-equivariant surjection

Rozy(Qp,w) = Qpw.
By Frobenius reciprocity, one has a nonzero GSO(D) x GSp(W)-equivariant map

Qpw — K IQ(Z)(I, JL(1p)).
In view of (i), we see that ©(n) is either equal to Tgen(JL(7p)) or mng(JL(1p)). By Cor. 4.2(i), we see
that the former possibility cannot occur, so that
O(7p M 7p) = Tng(JL(7D)).

We have thus shown (ii). Moreover, from our enumeration of the non-supercuspidal representations of
GSp(W) given in §5.2, we see that the representations of GSp(W') obtained in this way are precisely the
essentially tempered non-generic non-supercuspidal representations.

(iii) On the other hand, suppose that 7 # 7. Then by Thm. 3.3, (7 X 7) is supercuspidal. Cor.
4.2(i) implies that it is non-generic. This proves (iii).

(iv) By the above, we see that the map © gives an injection
I(GSO(D))/ ~ < TI(GSp(W))tems,

ng
Moreover, as we remarked in the proof of (ii), any non-supercuspidal representation in H(GSp(W))ffqmp

lies in the image. Thus, to prove (iv), we need to show that every non-generic supercuspidal representation
lies in the image.

Suppose then that 7 is a non-generic supercuspidal representation of GSp(W) which does not par-
ticipate in the theta correspondence with GSO(D). By Thm. 3.2, 7 must participate in the theta
correspondence with GSO(V) = GSO33(F). If this is the first occurrence of 7 in the tower of split
orthogonal similitude groups, then Ow, p(w) is a supercuspidal representation of GSOg 3(F') which is
necessarily generic. By Cor. 4.4, this implies that 7 is itself generic, which is a contradiction. Thus, 7
must participate in the theta correspondence with GSO(V2) = GSOs o(F'), which is the lower step of the
tower. Moreover,

o = Ow,v,(T)
is then a supercuspidal representation of GO(V3), since no supercuspidal representations of GSp(W)
participate in the theta correspondence with GO(Vy) = GOy 1(F'). Since o is necessarily generic, we see
by Cor. 4.2(ii) that 7 = Oy, w (o) must also be generic. This contradiction completes the proof of (iv).

Thm. 8.1 is proved.

10. Proof of Theorem 8.2

We now give the proof of Theorem 8.2. The key step is the computation of the normalized Jacquet
modules of the induced Weil representation €2y, w, where V5 is the split four dimensional quadratic space.
Before coming to this computation, we first introduce some more notations.

Recall that Vo = X @ X*, where X is a two dimensional isotropic space. We can write
X=F - u1®F uy and X*"=F - v F vy
with (u;,v;) = ;5. Let P(X) be the parabolic subgroup of GSO(V2) stabilizing X with Levi factor
M(X) 2 GL(X) x GL; .
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Let J = F - u; be the isotropic line spanned by u; in X and let B(J) be the stabilizer of J in M (X); it
is also the stabilizer of the isotropic line spanned by ve in X*. With respect to the basis {u1,us} of X,
B(J) is the group of upper triangular matrices in M (X) = GL(X) x GL;. We write

(t(a,b), \) = ((g (b)) ,/\) € B(J) C M(X).

Similarly, recall that W =Y* @Y,

Y*=F-e1®F-eq and Y=F-fi®F-fo
with (e;, fj) = d;5. The stabilizer of Y in GSp(W) is the Siegel parabolic subgroup P(Y') with Levi factor

M(Y) = GL(Y) x GL4
and the stabilizer of Z = F - f; in GSp(W) is the Klingen parabolic subgroup Q(Z) with Levi factor
L(Z) = GL(Z) x GSp(W')

where W/ = F-es ® F - f.
10.1. Jacquet modules. With the above notations, we can now compute the Jacquet module of Qy, w
relative to P(X). This follows the lines of [K] and we give the detailed computation in the appendix.

Proposition 10.1. The normalized Jacquet module Rp(x)(Qv,w) of Qv,w along P(X) has a natural
three step filtration as an M (X) x GSp(W)-module whose successive quotients are described as follows:

(1) The top quotient is
C = S(F™).
Here the action of (m,A) € M(X) 2 GL(X) x GL; on S(F*) is given by
((m, A) - )(t) = [detx (m)[*/2 - [N 722 - f(X-1).
(2) The middle subquotient is
B = IB(J)XQ(Z)(S(FX) & S(FX cV2 & f1))
Here the action of (t(a,b),\) € B(J) on S(F*)® S(F* -v2 ® f1)) 1is given by
((t(a,0),A) - f)(t,z) = |a - |)‘|_3/2 “f(A- b)),
whereas the action of (a,g) € L(Z) =2 GL(Z) x GSp(W') is given by
(@, 9) - )t @) = lowr (97" Flow(9) - t,a7 " vwe(g) - ).
(3) Finally, the submodule is
A% I (S(F) © S(Isom(X, Y)))

where Isom(X,Y") is the set of isomorphisms from X to Y as vector spaces (which is a torsor
for GL(X) as well as for GL(Y)). Here the action of (m,\) € M(X) = GL(X) x GL; on
S(F*)® S(Isom(X,Y)) is given by

((ma/\) f)(tvh) :f()‘tahom)a
whereas the action of (m',N') € M(Y) =2 GL(Y) x GL; is given by
(', X) - D)t ) = FOX 4N <m0~ o ).

Proof. This is Theorem A.1, with m =4, n =2 and t = 2, and with Remark A.5 taken into account. [
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Corollary 10.2. Let 0 = w(x1, x2) X7 be a representation of GSO(Va) 2 (GLo(F) x GLo(F))/F* such
that 7 is irreducible but 7(x1, x2) may be reducible, so that w, = x1x2 and
o =1Ipx)(T" x1,X2)-
Then
Homgso(vz)(Q, 0’) = HOIDM(X)(RP(X) (Q), 7_\/ X1 X XQ).

(1) If xa/x2 # | —|*, then
Hom s (xy(C, ™V x1 K x2) = 0.

(2) If Rp(7) does not have x1| — |"* X n as a subquotient for any character n, then
HornM(X)(B,Tv -x1 W x2) =0.
(3) If the conditions in (i) and (ii) hold, then
Hom y;(x) (Rp(x)(2), 77 - x1 B x2) € Homypyx) (A, 7" - x1 B x2) = Ipoy (7 x1 5 xa)™s
where * indicates the full linear dual.
Proof. The first equality is just the Frobenius reciprocity.

(1) This follows from the fact that the center of GL(X) acts by | detx |* on C and by the character x1/x2
on 7V - x1 X xa.

(2) We have:
HOHIM(X)(B,TV “x1 X x2)
=Hom(x)(Ip(nyxq(z)(S(F*) @ S(F* -va ® f1)), 7" - x1 B x2)
=Homp(;)(S(F*)© S(F* -v2 ® f1)), Rg(r" - x1) B x2),
where Rz denotes the normalized Jacquet module relative to the opposite Borel subgroup B. From
the action of B(J) described in Proposition 10.1(2), one sees that the element t(a,1) € B(J) acts on
S(F*)®S(F*-v2® f1)) by the character |a|. It follows that if the last Hom space is nonzero, Rg(7" - x1)

must contain | — | Kn~! as a subquotient, for some character . This is equivalent to Rp(7) having
x1| — |7} X7 as a subquotient. This proves (2).

(3) By (1) and (2), one obtains the inclusion in (3). Now let (7¥-x1 K x2) ® I be the maximal 7V -y K ya-
isotypic quotient of A. Then

Hompy(x) (A, 77 - x1 B x2) = Hompx) (77 - xa M x2) @ IL 77 - x1 W x2) = Home(I1, C) = IT*.

But by [GG, Lemma 9.4], II is of the form Ipy(mo), where 7 is such that (7¥ - x1 M x2) ® mo is the
maximal 7V - x1 K x2-isotypic quotient of S(F*) ® S(Isom(X,Y)) which we view as a representation of
GL(X) x GL(Y). Now by [MVW, Lemma, Pg. 59], with the actions of GL; taken into account, one can
see that mp =7 - Xl_l X x1. This competes the proof. |

10.2. Proof of Theorem 8.2. We are now ready to give the proof of Theorem 8.2. In the following, we
shall repeatedly use the following simple fact:

e if o is an irreducible representation of GSO(V2), then
©(0)" = Homgsovs) (Qve,w, ).
Let 71 X 72 be an irreducible representation of GSO(V2) 2 (GLy(F) x GLo(F))/F*. As in the proof
of Thm. 8.1(i), it follows from Thm. 3.3 that
O Xme)=0(rKr)#0.

We now consider the various cases in Theorem 8.2 in turn.
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Supercuspidal representations.

Suppose that 73 K 7 is supercuspidal. Then one knows that ©(m; K 72) = 6(71 K 12) is non-zero and
irreducible. Moreover, if 71 # 72, then the theta lift of 71 X 75 to GSp(W’) = GL; is zero and hence
0(m; X 12) is supercuspidal.

On the other hand, if 71 = 7o = 7, then 77 participates in the theta correspondence with GSp(W') =
GLs and its big theta lift to GLg is 7. As in the proof of Thm. 8.1(ii), there is a GSO(V2) x L(Z)-
equivariant surjective map

Rq(z)(Qvy,w) — Qvywr
By Frobenius reciprocity, one has a non-zero GSO(V2) x GSp(W)-equivariant map
Quyw — (TRT)K IQ(Z)(I, 7).
Thus, we see that
O(T M 7) — Igz)(1,7).
We know that I Z)(l,T) is the direct sum of two irreducible constituents with a unique generic con-
stituent mgen (7). It follows from Cor. 4.2(ii) that

(TR T) = Tgen(T).

Discrete series representations.
Suppose that ¢ = st, X7 where st, is a twisted Steinberg representation and 7 is a discrete series
representation so that w, = x2. Note that 7 is either supercuspidal or equal to st,. Then

o= m(x| = "X = TV RT = Ipcx) (7 - x| = V2 x| = [72).
We would like to apply Corollary 10.2 (3) and so we need to verify that the conditions in Corollary 10.2
(1) and (2) hold. The condition in Corollary 10.2 (1) obviously holds, and that in Corollary 10.2 (2)
holds when 7 is supercuspidal. If 7 = st,, is a twisted Steinberg representation (so that X% = p?), then
Rp(r) = pl = [P Rl = 72 # x| - |72 Ry

for any character 1. Hence the condition in Corollary 10.2 (2) also holds when 7 is a twisted Steinberg
representation. In particular, we conclude by Corollary 10.2 (3) that

Ippr (T X7 =72 x = 12) = ©(0).

By Lemma 5.2, the above induced representation is multiplicity free and of length two with a unique
irreducible quotient, so that ©(c) is multiplicity free and 6(o) is irreducible. Moreover,

0(0) = {St(T xhx) if T £ sty

Tgen (T) if 7 = st,.

Non-discrete series representations I.
Suppose that

o = m(x1,x2) ®7 = Ipcx) (77 - X1, X2)
where 7 is a discrete series representation with w, = x1x2 and

Ix1/xz2| =1—17% and so>0.

Again, we would like to apply Corollary 10.2 (3) and so we need to verify the conditions there. As before,
the only issue is the condition in Corollary 10.2 (2) when 7 = st, is a twisted Steinberg representation,
in which case

Rp(r) = x| = ' Rx| - |71/
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and we need to show that this is different from 1| — |~* X7 for any character 7. In other words, we need
to show that

X/xi# | =172
But observe that
IXI* = Ixaxel = bl - Ix2/xal = bxal*- | =
so that
X/xal == /2 # = |72
This verifies that the conditions in Corollary 10.2 (1) and (2) hold, so that we conclude that

Ip) (T X1 ", x1) = ©(0).
Since the above induced representation is multiplicity free with a unique irreducible quotient, we conclude

that ©(o) is multiplicity free and 0(c) = Jpy) (7 - X1 1, x1) is irreducible.

Non-discrete series representations I1.
Finally, we consider the case where

o — m(x1,X1) B 7(x2, X3)

with x1x} = x2x% and
Ixi/xil = =17 and s1>s2>0.

We consider two subcases:
(a) x2/x5 # | —|71; in this case m(x2, x5) = m(X5, x2) is irreducible and
o = Ipix)(m(x2; X5)" - X1, X1)-

Again, to apply Corollary 10.2 (3), we need to verify the conditions there, and in particular the
condition in Corollary 10.2 (2). We have

Rp(m(x2,x2)) = (x2 B x35) & (x3 X x2)

up to semisimplification and so we need to verify that

xe#xil— 7' and xh#xa|—7h

To see these, we argue by contradiction. If y2 = x1| — |71, then x5 = x}| — |, so that

| =172 = Ixe/xal = a/xal - [ =72 = [ =772
This would give sy = s; + 2 which contradicts s; > s2. On the other hand, if x5 = x1| — |71,
then x2 = x| — |, so that

| =" = a/xel = ba/Xil - | = 2= =772

This would give s3 = —s1 — 2 < 0, which is a contradiction. Thus, we may apply Corollary 10.2
(3) to conclude that

Ipyy(m(xh, x2) - X1 xa) = Is(x4/x1, x2/x15 x1) = ©(0).

This shows that ©(c) is multiplicity free with a unique irreducible quotient

0(c) = Jp(xa/x1, X2/ X1 X1)-
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b) x2/x5 = | —|~'; in this case, m(x2, x5) is reducible and has the one dimensional representation
(b) x2/x5 ; » T(X25 X5 p
xa| — |'/? as its unique irreducible submodule. Then
o = m(x1,x1) Bxa| = [V = Ipx) Caxa | = 72, x0)-

Applying Corollary 10.2 (3) (we leave the verification of the conditions there to the reader), we
conclude that
Ipary (Xt "x2l = V2, x1) - ©(0).
Observe that
Ip(xa/x1, x2/x15x1) = Ipevy (X1 el = V2, x1)
and the former induced representation is a standard module. This shows that ©(c) is multiplicity
free with a unique irreducible quotient

0(c) = Je(xa/x1, X2/X13 X1)-
This completes the proof of Theorem 8.2.

11. Proof of Theorem 8.3
In this section, we give the proof of Theorem 8.3.

11.1. Jacquet Modules. The key step is the computation of the normalized Jacquet modules of the
induced Weil representation 2 with respect to Q(Z), P(Y') and P(J). This is carried out in the appendix,
following the lines of [K].

Proposition 11.1. Let Rp(;)(§2) denote the normalized Jacquet module of Q along P(J). Then we have
a short exact sequence of M(J) x GSp(W)-modules:

0 A Rpa)(Q) B 0,

Here,
B = Qw,v,,

where Quw,v, is the induced Weil representation for GSp(W) x GSO(V2), and

A IQ(Z) (S(FX) & QW’,VQ) ,
where the action of (GL(J) x GSO(V2)) x (GL(Z) x GSp(W')) on S(F*) is given by:

((a7 h), (b7 g)) ) f(CL') = f(b_l “Ta- Aw (g))7
and Qw v, denotes the induced Weil representation of GSp(W') x GSO(V%).

Proof. This is Theorem A.1 with m = 6, n =2 and ¢ = 1, and with Remark A.5 taken into account. [

Proposition 11.2. Let Rg(z) () denote the normalized Jacquet module of Q along Q(Z). Then we have
a short exact sequence of GSO(V) x L(Z)-modules

0 A’ Rg(z)(22p) B’ 0.
Here,
B/ = |d6tZ| . |>\I/V|_1/2 |Z QW’,V
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where Qw v is the induced Weil representation of GSp(W') x GSO(V) and

A" 2 Ipiyy (S(F*) @ Qwrv,)

where the action of (GL(J) x GSO(V2)) x (GL(Z) x GSp(W')) on S(F*) is given by

((aah)v (b7 g)) ’ f(‘r) = f(ail - Awr (9)71 "L b)v

and Qw v, 18 the induced Weil representation of GSp(W') x GSO(Vz2).

Proof. This is Theorem A.2, with m = 6, n = 2 and k = 1 and with Remark A.5 taken into account. [J

Proposition 11.3. Let Rpy)(S?) denote the normalized Jacquet module of 0 along P(Y'). Then as a
representation of M(Y') x GSO(V), Rpy)(Q?) has a 3-step filtration whose successive quotients are given
as follows:

(i) the top piece of the filtration is:
A" = S(F*) @ |dety |32 - |aw|7%/2,
where (a, A\, h) € GL(Y) x GLy x GSO(V) acts on S(F*) by
(@, A, h)p(t) = ¢(t - A~ A(h)).

(ii) the second piece in the filtration is:

B" = Ipyxp)(S(F* x ™))

where the action of the diagonal torus in B on S(F* x F*) is given by
a
((* 4)¢)on=tal-o0na
(iii) the bottom piece of the filtration is:

C" = Ige)(S(F*) ® S(CLy)).

where the action of (GL(Y) x GL1) x (GL(E) x GSO(V1)) on S(F*) ® S(GL2) is given by:

(a7 A; b, h)(b(tv g) = (b(t A )\Vl (h)7 b_lga ) )\Vl (h))

Proof. This is Theorem A.2, with m = 6, n = 2 and k = 2, and with Remark A.5 taken into account. [
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11.2. Consequences. Applying Frobenius reciprocity as well as Props. 11.1, 11.2 and 11.3, we obtain
the following 3 propositions as consequences. Since the proofs of these 3 propositions are similar, we shall
only give the proof of Prop. 11.5.

Proposition 11.4. Assume that x # | —|. Then as a representation of GSO(V),
Homgs, ) (% Ioz) (X, 7)) = Ipny (X (T X) B (- X))*  (full linear dual).

Proposition 11.5. Suppose that 7 is a discrete series representation of GL(Y) and w, # | —|>. Then
as a representation of GSO(V),

Homgspw) (2, Ipvy (T, X)) = o) (77, (xwsr) 0 Av,)*

Further, if T is supercuspidal, then

Homegpw) (% Ipy) (T, X)) = Ige) (77, (xwr) 0 Avy )™

Proposition 11.6. (i) Consider the space

Homgsowy (€, Ipcny (X, 71 B 72))
as a representation of GSp(W). Then we have:
(a) If x # 1, then
Homgsow) (2, Ipis)(x, 1 M 7)) =0
unless
TNI=Ta =T,
in which case

Homgsowv)(Q Ipy (. TR 7)) = Igz) (x 7@ x) -

(b) If x =1 but 71 # T2, then
Homgsow) (2, Ipcn (X, 1 K 72)) = Ow, (1 Km)",
where Ow. v, (11 ¥ 72) denotes the big theta lift of 1 W 1o from GSO(Vz) to GSp(W).
(¢) If x =1 and 71 = 72 = 7, then we have an exact sequence:

0 —— Ow(TB7)* —— Homgsow)(Q Ipn(x. TR T)) —— (Igz)(1,7))°

Proof of Prop. 11.5. By Frobenius reciprocity, we have:
Homaspw) (4 Ip(y) (7, x)) = Homyp (v (Rp(v) (), 7 K X)).
The 3-step filtration of Rp(y)(£2) thus induces one on this Hom space.
For 7 as in the proposition, we see that
Hom (v (A", 7 x) = 0.

This is because the center of GL(Y') acts by the character | — |*> on A” and by w, on 7 X y, and by our
assumption, these two characters are different.

We claim now that
HOHlM(y) (BI/, T X) =0
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as well. This is clear if 7 is supercuspidal. On the other hand, suppose that 7 = st, is a twisted Steinberg
representation. If Hompy)(B”, 7 X x) # 0, then one deduces that

Homgrvy(Ip(] = [®V),st,)) # 0,

where | — |V is a representation of the diagonal torus GL; x GL;. By Frobenius reciprocity, this implies
that
}IOIDGL1 x GL; (RB(Stufl), | - |_1 X Vv) 75 0.

But Rp(st,-1) = | — [Y?p ' ®| — |~1/2p~. This would imply that p = | — [*/2. However, this is ruled
out by the assumption of the proposition.

Hence, we have shown that
Homgspw) (2, Ip(y) (7; X)) — Hompry)(C”, 7 K x).
Now by arguing in the same way as the proof of Cor. 10.2(3)
Hom (v (C", 7 ® x) = Ig(m) (77, (xwr) © Avy)"

Suppose further that 7 is supercuspidal. Since the representations A” and B” do not contain any
supercuspidal constituents and hence belong to different Bernstein components of GSp,, one has

Homggpw) (2, Ipy) (7, X)) = Homps (v (C”, 7 K x).
The proposition is proved. 0

11.3. Proof of Thm. 8.3. Now we can prove Thm. 8.3. In the following, we shall repeatedly use the
following two simple facts:

(a) if 7 is an irreducible representation of GSp(W), then
O(m)* = Homggpw) (2, 7).

(b) if I is an irreducible representation of GSO(V') such that
" — HomGSp(W) (Qv Z)a

where ¥ is not necessarily irreducible (typically, ¥ is a principal series representation), then there
is a nonzero equivariant map
O —IIX>.

In particular, ©(II) # 0. The analogous result with the roles of GSp(W') and GSO(V') exchanged
also holds.

By [KR, Thm. 3.8] (i.e. Thm. 3.1(i)), we know that if 7 € TI(GSp,).5"?, then ©(r) = 0. Parts (i) and
(i) of the theorem will follow if we can determine () for m ¢ II(GSp,)i¢™P, i.e. if we can demonstrate

ng
parts (iii), (iv), (v) and (vi). We consider the different cases separately.

Supercuspidal Representations

If w is a supercuspidal representation of GSp,(F) and m ¢ II(GSp,);"?, then 7 is generic and we
know that O(m) is a nonzero irreducible representation of GSO(V'). It is supercuspidal unless the theta
lift of 7 to GSO4,2(F") is nonzero, in which case its theta lift to GSO2 2 (F) is also supercuspidal. Suppose
that

7=0(n Kn)=0(rnXn),
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so that 7 and 79 are supercuspidal representations of GLo(F') with the same central character. Then it
follows by Prop. 11.1 that
Homggspwyxasow) (2, 7 X Ipp (1,71 K m2)) # 0.
This shows that
O(m) = Ipy(1, 71 W 1o) = Ip(11,70) Mws,.
This proves Thm. 8.3(iii).

The Generalized Steinberg Representation St(x, 1)

Now we consider the first family of generalized Steinberg representations, so that m = St(x, 7) is as in
5.2.1(a) with x a non-trivial quadratic character and 7 supercuspidal so that 7 ® x = 7. Recall that we
need to show:

0(St(x, 7)) = St(7) Kw,x.
Since
St(r) Rwrx = Ipoy (x| — |, (T- x| — "2y R 7| — |71/2),
we deduce by the fact (a) above and Prop. 11.6(i)(a) that
O(St(r) Mwrx)* = Homasow) (2 Ipen (x| = | (7 x| = [TV2) Br| = |71/2)),
which vanishes unless 7 ® x = 7, in which case one has:
Iozn(x =177 - 11/2) = O(St(1) M w,x).

Recall that the above induced representation has St(x, 7) as its unique irreducible quotient (since x # 1).
From this, we conclude that:

o 9(St(T) Mw,x) C St(x,7);
o 0(St(x, 7)) % 0.

On the other hand, since x # 1, one may apply Prop. 11.4 to Igz)(x| — |, 7| — |=1/2) and arguing as
above, one obtains:

e O(St(x, 7)) C St(7) Kw,y;
o O(St(r)Rw,x) #0.

Hence, we have shown that

0(St(r) Kw,x) = St(x,7);
0(St(x, 7)) = St(r) Kw,x.

The Generalized Steinberg Representation St(7, u)

Now we consider the second family of generalized Steinberg representations, so that = = St(r, u) as in
5.2.1(b), with 7 # st a discrete series representation of PGL(Y'). Recall that we need to show:

0(St(r, ) = Ip(r © 1, st @ ) B .

Since
St(Ta ,U) — IP(Y)(T| - |1/27:UJ| - |_1/2)5
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Prop. 11.5 implies that
IQ(E)(T| - |_1/27 (M| - |1/2) o )\Vl) - G(St(Tv M))*
Now note that as a representation of GL4(F) x GLy(F),

Ioee) (r] = |72, (ul = %) 0 Avy) = - Ig(| = |7V2, 7, = [V2) R 2,

and the latter representation has a unique irreducible quotient isomorphic to u - Ip(7, st) X p?. Hence,
we have shown that

0(St(r, 11)) C Ip(T @ p, st @ ) B 2.
On the other hand, by Thm. 8.2, one knows that the representation St(r,u) participates in the theta
correspondence with GSO(V2): it is the theta lift of (7 ® p) X (st ® p). Hence it follows by Prop. 11.1
that ©(St(r, 1)) # 0 and so

0(St(r, 1)) = Ip(T @ p, st ® p) W ps?,

as desired.

Twisted Steinberg Representations

Now consider the twisted Steinberg representation Stpasp, ® x. Since

Steasp, ® X — Igz)(| = [P st — 171,
and
Sty B = Ipy (| = P sty = 71 Rsty| =71,
we may apply Props. 11.4 and 11.6 to conclude that
6(Sty K %) = Stpasp, ®@ X
and
0(Stpasp, ® X) = Sty K>

Since the arguments are similar to the above, we omit the details.

Non-Discrete Series Representations

Finally, we come to the non-discrete series representations in part (vi) of Thm. 8.3. We will consider
the three cases (a), (b) and (c) separately.
(a) Suppose that
T Igz) (X, T)
as in 5.2.2(a), so that |x| = | —|~® with s > 0. Recall that we need to show:
O(m) = Jp(r, 7 x) Mwrx.
By Prop. 11.4, we deduce that ©(r) is a quotient of
Ipey (X (T X) B (7 x) = Ip(1, 7 X) B (wr - ).

But this induced representation has a unique irreducible quotient Jp (7, 7-x) Kw;x, since it is a standard
module. This shows that

o O(m) C Jp(7, 7 x) Kw;X);
o O(Jp(r,7-x)Kwrx)) #0.
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On the other hand, since
Jp(T, 7 X) Wwrx = Ip(T - x, 7) Bwrx = Ipg) (x, 7K 7),

we may apply Prop. 11.6(a) and (c) to conclude that
o 00Jp(r.7- ) Buw,x) C
e O(m) #0.
From this, we conclude that
O(m) = Jp(7, 7 x) Ww-x,
as desired.

(b) Suppose now that

T — Ip(y)(T,X)
as in 5.2.2(b), so that 7 is a twist of a discrete series representation with |w,| = | — |72 with s > 0.
Applying Prop. 11.5, one deduces that O(r) is a quotient of

Ioe) (Y, (wex) 0 An) = Ig(1, 7,wr) - x B w:.

This induced representation has a unique irreducible quotient Jg (1, 7,w;) - x X x*w,. Thus, one sees that

0(m) C Jo(1,7,w,) - x K x?w,.
On the other hand, since 7w participates in the theta correspondence with GSO(V3) by Thm. 8.2, one
knows that 6(w) # 0. Hence, one has
0(r) = Jo(1,7,wr) - x ® szra

as desired.

(c) Suppose first that

™= Ip(x1; x25 X)
as in 5.2.2(c)(i), so that x2 # | — |7'. Thus, |x1| = | — |7** and |x2| = | — |72 with 51 > so > 0, but
X2 # | — |71, In this case, we have

™ Igz) (X1, m(xx2, X))
as the unique irreducible submodule. Applying Prop. 11.4, one deduces that as a representation of
GL4(F) x GL1(F), O(n) is a quotient of

I O mhoxaxe, xxa) B (e xe, xx1))
=x - Ip(m(x2, 1), m(x1x2: x1)) B x*x1x2
=x - I, (1, x2, X1, x1x2) ® x*x1 X2
This induced representation has a unique irreducible quotient

IT = x - Jp, (1, x2, X1, X1X2) B x* X1 X2-

Hence, we have:
O(m) CII and O(II) #0.

In fact, if Ip(x1, x2;x) is irreducible, so that it is equal to 7, then we would have

O(m) = Ip, (1, x2, X1, Xx1X2) B X*X1X2-
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This is the case, for example, when x; (and hence x2) is unitary. In that case, we have the desired
identity 6(m) = II.

To prove the desired identity in general, we may thus assume that y; # 1. Then one may apply Prop.
11.6(a) to the representation
Ipcyy (X1, m(xx2, X) B 7(xx2, X))
which contains IT as its unique irreducible submodule. By Prop. 11.6(a), one has
Homgso(v) (€2, Ip(r) (x1: m(xx2, X) BT (xx2, X)) = Taz) (X1 m0exaxzs xxi) Ba(exaxz, xxi))™
It follows from this that
O(Il) C7w and O(w) #0.

Hence we have the desired equality 6(7) = II in general.

Finally, we need to treat the case when

T Ioz(x1, x| — 7%

as the unique irreducible submodule, as given in 5.2.2(c)(ii), so that |xi| =| — |~°* with s; > 1. Appli-
cation of Prop. 11.4 shows that O(n) is a quotient of

Ipcn(xy oxax] = T2 Bxax] = 7Y2) = x| = 7Y% Ip(1, x1) Bxax? — |7

But Ip(1,x1) is a quotient of I, (| — |/2,| — |72, xa| — |'/2,xa| — |~*/?) which is a standard module.
This shows that
O(m) CTLi= x| = |72, (| = V2,1 = 172 xal = Y2 xal = 73 B = |7

On the other hand, since
T — Ipy(x1, x| — TR x| -7

and x1 # 1, one may apply Prop. 11.6(a) to conclude that §(7) = II. This completes the proof of Thm.
8.3. O

12. Some Corollaries

We note some corollaries of our explicit determination of theta correspondences.

The following is an immediate consequence of Thms. 8.1, 8.2 and 8.3.
Corollary 12.1. The dichotomy statement of Theorem 3.2 holds for all irreducible representations of
GSpy(F).

The following result was stated in [GT1, Thm. 5.6(iv)]:

Corollary 12.2. Let w be an irreducible representation of GSp,(F') with central character u and suppose
that m participates in the theta correspondence with GSO(Va), so that

=0 K1) =0(12 ¥ ).

Let TIX p be the small theta lift of m to GSO(V'), with IT a representation of GL4(F'). Then we have the
following equality of L-parameters for GLy x GL;:

o X p=(¢r, O bry) X p.
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Proof. Suppose first that 7 is a discrete series representation so that 7; is also discrete series. By Thm.
8.3, we know that 6(r) is irreducible. By Prop. 11.1 and Frobenius reciprocity, we see that there is a
nonzero map

Q— 7 X Ip(11,72).
Since Ip (11, 72) is irreducible, we see that IT = Ip (71, 72) and we have the desired equality of L-parameters.

If 7 is not a discrete series representation, then 7 is of the type occurring in Thm. 8.2(v) or (vi). On
the other hand, we can determine IT from Thm. 8.3(vi)(b) or (c). Let us illustrate this for the case when
7 is as in Thm. 8.2(vi), so that

m=0(r ®72) = Jp(Xa/X1, X2/X15 X1);

and 7; — (x4, x;) is non-discrete series. Then

¢7'1 69921)7'2 :Xl@xll 69)(269X/2'
On the other hand, since

JB(Xa/X1,x2/x1:X1) = IB(X1/X%, X1/X25 X1);
it follows by Thm. 8.3(vi)(c) that
IT = Jp(X1, Xa: X2 X1)
and so
¢ =x1 D X1 D X2 D X)
as well. This proves the corollary. 0

Now we consider the theta lifts of unramified representations. The dual group of GSp, is GSp,(C)
while that of GSO(V) = GSOg 3 is a subgroup of GL4(C) x GL1(C). There is a natural embedding of
dual groups

L1 GSp,(C) — GSO(V)¥ C GL4(C) x GL1(C),

where the first projection is given by the tautological embedding and the second projection is given by
the similitude character. The following corollary gives the lifting of unramified representations in terms
of their Satake parameters. It was stated in [GT1, Prop. 3.4].

Corollary 12.3. Let 7 = w(s) be an unramified representation of GSp(W') corresponding to the semisim-
ple class s € GSpy(C). Then 0(n(s)) is the unramified representation of GSO(V) corresponding to the
semisimple class 1(s) € GLy(C) x GL1(C).

Proof. f n(s) — Ip(x1,Xx2;x) and we set x;(w) = t; and x(w) = v, then

Vt1t2
th
Vtg
v

The unramified representation of GL4(F) x GL;(F') with Satake parameter ¢(s) is the unramified con-
stituent of

X - Ip(1, x2, X1, X1x2) B X x1x2.
The corollary follows by Thm. 8.3(vi)(c). O
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13. L-parameters and Genericity.

In [GT1], using Theorem 1.1 in the introduction, the local Langlands correspondence for GSp, was
obtained from that for GLy and GL4. Given an irreducible representation m of GSp,(F), we briefly recall
how one obtains its L-parameter:

¢r : WDp = Wg x SLy(C) — GSp,(C)

where WDp (resp. Wr) denotes the Weil-Deligne (resp. Weil) group of F.

Firstly, we note that in [GT1, Lemma 6.1], it was shown that the embedding

t: GSp,(C) — GL4(C) x GL1(C)
induces an injection
B(GSp,) — B(GLy) x D(GLy)

where II(G) denotes the set of L-parameters of G. In particular, ¢, can be specified by describing it as
a 4-dimensional representation of W Dp and giving its similitude character sim ¢.

The following describes the construction of ¢,:

(a) Suppose that 7 participates in the theta correspondence with GSO(D), where D is possibly split.
Then we have:

™= 9Dyw(7’1D |Z|T2D),

where 72 and 7F have the same central characters. Let ¢; denote the L-parameter of the
Jacquet-Langlands lift of 72 to GLa(F). Then one sets:

Gr = P1 D P2 with sim ¢, = det @1 = det ¢po.

(b) Suppose that 7 participates in the theta correspondence with GSO(V) = GSO3 3(F). Then we
have

Ow,v (m) = I K p

for an irreducible representation IT of GL4(F) and p = wy is such that w = p2. One then sets:
¢r = ¢ with sim ¢, = pu.
Now by our explicit determination of local theta correspondence, we can explicitly write down the
L-parameter of any non-supercuspidal representation. This is given in the following proposition.

Proposition 13.1. Let S, denote the n-dimensional irreducible representation of SLa(C). The L-
parameter of a non-supercuspidal representation m of GSp, can be given as follows.

(i) If m = St(x, 7), then
¢r = ¢r W G2 : Wp x SLy(C) — GO2(C) x SLz(C) — GSpy(C),
with similitude factor w; - x, so that the composite
Wrp — GO2(C) — GO2(C)/ GSO2(C) = {£1}
is the quadratic character x.
(i) If m = St(r, p), then
br =t ¢r & (1R S2) : WDp — (GL2(C) x GL2(C))® — GSp,(C),

with sim ¢, = p?.
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(iii) If m = Stpasp, ® X is a twisted Steinberg representation, then
¢r = XK S84 : Wp x SLa(C) — GSp,(C),

with sim ¢, = 2.

(iv) If 7 — Igz)(x,T) as in Thm. 8.3(vi)(a), then

bn = 6 @ by X : WDp — M(C) — GSp, (C)

where M(C) is the Levi subgroup of the Siegel parabolic subgroup of GSp,(C), and sim ¢, = x - w,.

(v) If T — Ipeyy(T,x) as in Thm. 8.3(vi)(b), then

Or =X DX Or D xwr : WDp — L(C) — GSp,(C)

where L(C) is the Levi subgroup of the Klingen (or Heisenberg) parabolic subgroup of GSp,(C), and
sim ¢ = x* - wr.

(vi) If T — Ig(x1, x2;X) as in Thm. 8.3(vi)(c), then

br = XX1X2 © X D Xx1 @ xx2 : WDF — T(C) — GSp,(C),

where T(C) is the diagonal mazimal torus of GSp,(C) and sim ¢, = x*x1x2-

In particular, we see that ¢ is a discrete series parameter if and only if ™ is a discrete series repre-
sentation. Moreover, the map m v ¢, defines a bijective map

(GSpy)NDs H(GSM)Zegmp — ®(GSpy)NDs

where the subscript NDS on both sides stand for “non-discrete series”.

The reader can easily verify that the above L-parameters agree with the prescription given in [RS,

§A.5).

Finally, the following proposition was used in the proof of [GT1, Main Theorem (vii)], which relates
the genericity of m with its adjoint L-factor. A proof of this was also given in [AS], but our verification
is more concise.

Proposition 13.2. For the L-parameters ¢ described in Prop. 13.1, the adjoint L-factor L(s, Ado @) is
holomorphic at s = 1 if and only if the L-packet Ly contains a generic representation.

Proof. This is a simple calculation using Prop. 13.1 and the knowledge of reducibility points of various
principal series. But let us make a few simple observations:

(a) If ¢ : WDp — GSp,(C) is an L-parameter, then Ad o ¢ = Sym? ¢ ® sim(¢)~*;

(b) If pX S, is a representation of Wr x SLs(C), then L(s,pX S,) = L(s+ (r — 1)/2,p). Thus
L(s,pX S,) has a pole at s = 1 if and only if p contains the unramified character | — |~("+1)/2
(regarded as a character of Wr) as a constituent.

(¢) In the context of Prop. 13.1(iv), (v) and (vi) (but with x # 1 in case (iv)), the L-packet for ¢, is a
singleton set containing only m. Moreover, 7 is generic precisely when the relevant principal series
containing 7 as the unique irreducible submodule is irreducible. This is because the standard
module conjecture holds for GSp,.

Now we consider each case of Prop. 13.1 in turn.



32 WEE TECK GAN AND SHUICHIRO TAKEDA

(i) If # = St(x, 7), which is generic, then by (a),
Ado ¢7r = (X ! Ad(¢7’) X S3) D (X X Sl)
so that
L(s, Ado ¢r) = L(s + 1, Ad(¢7) x X) - L(s, X)-
Since the only 1-dimensional characters in Ad(¢,) are precisely those quadratic xx such that T® xx = 7,
we see that L(s, Ad o ¢) is holomorphic at s =1 by (b).
(i) If # = St(7, ), which is generic, then by (a),
Ado ¢r = Ad(¢p:) ® (1K S3) @ (¢ K .Ss).

If 7 is supercuspidal, then as in (i), the only characters contained in Ad(¢,) are quadratic. It follows by
(b) that the adjoint L-factor is holomorphic at s = 1. On the other hand, if 7 = st is a twisted Steinberg
representation with x a non-trivial quadratic character, then

Ado¢r =2-(1XS3) @ (x XS3) ® (x XSy).
It follows from (b) that the adjoint L-factor is holomorphic at s = 1.

(iii) If 7 = Stpasp, ® X, which is generic, then by (a),
Adodr = (1K S;) @ (1K Sy),
so that L(s, Ado ¢r) = ((s+ 1) - {(s + 3), which is clearly holomorphic at s = 1.

(iv) If m — Ig(z) (X, T), where |x| = | — |7°° with s¢ > 0, then
Ado ¢r = x - Ad(¢:-) ® X_l - Ad(¢r) @ (97 ® ¢¥)

If 7 is supercuspidal, then it follows from (b) that the adjoint L-factor is non-holomorphic at s = 1 if and
only if there is a quadratic character yo such that

T@xo=7 and x-xo=|-["".

Similarly, when 7 = st is a twisted Steinberg representation, then
Adogr=((x®1@x )W Ss) @ (1K S).
By (b), it follows that the adjoint L-factor is non-holomorphic at s = 1 precisely when
x=-1"
Comparing this with Lemma 5.1 and taking note of (c¢), we see that when x # 1, 7 is non-generic iff
Ig(z)(x, ) is reducible iff the adjoint L-factor is holomorphic at s = 1. If x = 1, then Iz (1,7) is the
sum of two representations which form an L-packet. This L-packet thus contains a generic element and
the adjoint L-factor is indeed holomorphic at s = 1.
(v) If m — Ipyy(T, x), where |w;| = | —|7°° with so > 0, then by (a),
Ado ¢r :WT@W;l ®¢T®¢;l @Ad(¢7> @ 1.

If 7 is supercuspidal, it follows by (b) that the adjoint L-factor is non-holomorphic at s = 1 precisely
when

wr=|—|""
Similarly, when 7 = st is a twisted Steinberg representation, then

Adop= (P op @RS @ (u®p )R S) & (1K Ss).
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By (b), it follows that the adjoint L-factor is non-holomorphic at s = 1 iff

pE= =T o ==

In view of (c), a comparison with Lemma 5.2 gives the desired result.

(vi) If 7 — Ip(x1, x2; X), then it follows by (a) that Adog, is the direct sum of the following 1-dimensional
characters:
Xfl, Xfl, (x1x2)E, (x1/x2)*!, 1 (with multiplicity 2).
By (b), the adjoint L-factor is non-holomorphic at s = 1 precisely when one of the above character
is equal to | — |~!. By [ST] (see also [RS, Pg. 37]), this is precisely when the induced representation
I (x1,Xx2; x) is reducible so that 7 is non-generic. This proves the desired result.
O

14. Tables of Explicit Local Theta Correspondence.

In this section, we display the results of local theta correspondences in the form of tables. Note
however that, unlike Thms. 8.1, 8.2 and 8.3, we have described the representation 7 in terms of the
usual Langlands classification, so that « is the unique irreducible quotient of a standard module. So,
for example, J(m(x1, x2)) stands for the unique irreducible quotient of the principal series representation

7T(X1, XQ) of GLQ(F)
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TABLE 1. Explicit theta lifts from GSp,

TABLE 3. Explicit theta lifts from GSO4, to GSp,

P )P (P R1P) = 0(rP X 1P)
alP == Tng(JL(TD))

b| AP

non-generic, S.C.

™ 9(3,3) (m) 9(2,2) () 9(4,0) ()
not a lift from GOg2 or GOy S.C. 0 0
S.C. 0(r1 K 12), 71 # 72, both S.C. Ip(m1,72) Rws, "R 0
(P R rP), P # 1P 0 0 P ®rP
St(x,T) St(1) K w,x 0 0
D.S. St(r, ) Ip(T -, st p) X p? (r-p) Rst, 0
Stpasp, ® X Stpar, X x? 0 0
Joz)(x,7), x # 1 Jp(T-x,7) Mwry 0 0
T T = Tgen(T) Jp(r,7) K w, TT 0
NDS. | c|len (L) 2o r () 0 0 > K 7p
Tp) (7, X) Jo(wr, 7 1) - x BxPw, | (1 x) B J(7(w-x, X)) 0
5001 x2:x) X - JIBo (axa, X1, x2, 1) | J(w0oxs xxe)) 0
Mxx1x2 B (m(xx1x2: X))
TABLE 2. Explicit theta lifts from GSO2 2 to GSp,
71 X7 (11 K1) =0(ra K 7y)
a 71 =7 =7=D.S. 7"'gen(T)
b 71 # 75 both S.C. S.C.
c 1 =S.C., 7 =sty, St(ri @ x~ 1, x)
d T1 = 8ty,, T2 = 8ty,, X1 # X2 St(sty, /ya> X2) = St(sty, /x1s X1)
e n=DS., 7m=JrK X)) ey (@ x 71, x)
f|m=Jr(x,x1), 72=Jm(xs x2)) JB(X5/X1: x2/X15 X1)
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APPENDIX A. Jacquet modules of the Weil representation

In this appendix, we give a detailed computation of the Jacquet module of the (induced) Weil repre-
sentation. We deal not only with the dual pairs for the small ranks we worked with but for all ranks.
Hence throughout this appendix, (V,,, (—, —)) will denote a symmetric bilinear space with dimV,,, = m
even and (W, (—,—)) a symplectic space with dim W,, = 2n. And xy denotes the character of V,,, as
usual. We fix a polarization

Vm :Xr+van+X:

of Vi, where X, is anisotropic and X, + X* = H". We let {v1,...,v,} (resp. {v},...,v*}) be a basis of
X, (vesp. X)) with (v;,v}) = d;;. Also we fix a polarization

W,=Y,8Y;
of W, and we let {e1,...,e,} (vesp. {ef,...,e;}) be a basis of Y,, (resp. Y,*) with (e;,€}) = di;.

Let
Ryn = R=GO(V,,) x GSp(W,,) "
and Wy, n = wy,,w, be the Weil representation of
Ry = {(h,9) € Rnn : Av(h) - Aw(g) = 1}
Note that in this appendix, we consider various subspaces of V;,, and W,, and their similitude groups. For
the similitude characters of those similitude groups, we always use the same symbols Ay and Ay because
this will not produce any confusion. Also let
van = Q‘/nuWn = indgowm,n

be the induced Weil representation of GO(V,,,) x GSp(W,,).
Now let
X: =span{vy,..., v} and X, = span{v],...,v;}
and write
Vi = Xi + Vi + X7
so that V,,, = Vi + H % and
dim V;,, = mo =m — 2¢.
Let P(X;) be the parabolic subgroup that stabilizes X;. Then we write
P(X¢) = M(X)N(Xy)
where M (X;) = GL(X;) x GO(V,y,) is the Levi part and N(X}) is the unipotent part. We use [a, h] to
denote an element in M(X;) where (a,h) € GL(X;) x GO(Viy,)-
Next let
Y = span{ey, ..., e} and Y = span{ej,...,ex}
and we write
Wo=Yr+W,, +Y;
so that
dim W,,, = 2ng = 2(n — k).
Let Q(Yx) = M(Y;)N(Y%) be the parabolic that stabilizes Yy, so that M (Y;) = GL(Y%:) x GSp(W,,).
We use [b, g] to denote an element in M (Y}) where (b, g) € GL(Y;) x GO(W,,_).
Then we compute the Jacquet modules Rp(x,)(Qm,n) and Ro(y,)(Q2m,n) of Q. along the parabolic
subgroups P(X;) and Q(Y%), respectively. For the former, assuming ¢ > k, let
Xi— =span{vy,...,v—x} and X}, = span{v],...,v;_ .}
and P(X;_k, X:) be the parabolic subgroup of M (X;) that preserves the flag
0C Xy k C Xy CVip,
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so that
P(Xt_k,Xt) = R(Xt_k,Xt) X GO(VmO),
where R(X;_j, X}) is the parabolic subgroup of GL(X}) that preserves 0 C X;_ C Xy, i.e.

R(Xi—p, X;) = {a = (al :2) - a1 € GL(X,_1), a2 € GL(XL)},
and
X}, = span{vi_g1,...,v:} and X}, = span{v;_; ..., 0} }.
For the latter, assuming k& > t, let
Y-+ = span{ey,...,ex—+} and V)", = span{e],...,e;_,}
and Q(Y;—¢, Yx) be the parabolic subgroup of M(Y}) that preserves the flag
0C Yt CYr C Wy,
so that
Q(Yi—t,Yi) 2 R(Yi—t,Yr) X GSp(W,,),
where R(Yy—_¢,Yx) is the parabolic subgroup of GL(Y}) that preserves 0 C Yi_; C Yy, i.e.

*

b
R(Yi 1, Y3) = {b= ( 1 b2) : by € GL(Yi—y), ba € GL(Y))},

and
! 1%
Y/ = span{ex_i41,...,ex} and Y =span{e;_, . ;,...,e5}.
Then we have

Theorem A.1. The normalized Jacquet module Rp(x,)(Qm,n) of the Weil representation Qy, », along the
parabolic P(X) has an M(X;) x GSp(W,,) invariant filtration

{0} C Jmingtn}) o o c g ¢ g0 = Rp(x,)(Qnn)
with the successive quotient

~ M(X:)xGSp(Wp) ™t
TR = R = I (FOX SR (S(Tsom (X, Y3)) @ Qung k),
where Qo n—k is the Weil representation of the group GO(Vy,, ) x GSp(Wi—k), and the group P(X—j, X;)x

Q(Yi)t acts on S(Isom(X,,Yy)) as follows: Let p(A) € S(Isom(X},Ys)). Then each element [(al - ) Jh] €

P(Xi—, Xt) acts as

ag

[(al * ) Jh] - p(A) = xv (det az)|Av ()| det a1 ] p(Aaz)

ag
where
1 1 1 1
-t laon), Gerk<y
e1=n 2m 5 5 , or

and each element [b, gln € Q(Yy) acts as
[b, gln - o(A4) = Aw (9)| " 0w (9)b™" A),

where

1 1
=——kn+ -k(k—-1).
fo 2” 4( )

Note that the induction is normalized.
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Theorem A.2. The normalized Jacquet module RQ(yk)(men) of the Weil representation €, ,, along the
parabolic Q(Yy) has an GO(V,,) x M (Yy)" invariant filtration
{0} C J(min{k,r}) c...C Jm C JO) — RQ(Yk)(Qm,n)

with the successive quotient

~ GO (Vi) x M(Y3) T
Jhi= JH T = IndR O B (S (Tsom(YY, X0)) @ Qnatng),

where Quy_at n, 15 the Weil representation of the group GO(Vy,_at) x GSp(W,, ), and the group P(X;) x
Q(Yi—t,Ye)T acts on S(Isom(Y/, X)) as follows: Let p(A) € S(Isom(Y/,X:)). Then each element

[ b b*) ,9) € Q(Yi—t, Yi)T acts as
2

[(bl ;;) ,g] - o(A) = xv(det by)xv (det ba) [ Aw (g)]°°| det by [ (Aby)

where
1 1 1 1
ey = —gt(n — k) — ka—F gkn_ Zk(k - 1)
s le-lesn, ore<nw
ep=gm-n+tg 5 5 or

and each element [a,hln € P(X;) acts as
[a, h]n - o(A) = v () o(Av (h)a™ ' 4),

where

1 1
= ——mt+ —-t(t+1).
fo 4m+4(+)

Note that the induction is normalized.

Remark A.3. If mg orn —k in Qg n_k (resp. m — 2k or ng in Qm_ok.n,) 15 zero, then Qg n—k
(resp. Qm—_2kny) 15 the induced representation of the trivial representation. For example if mo =0, then
Qo .n—k s realized in the space S(F™) where ([1,A],[1,g]) acts as ([1,A],[1,9]) - f(z) = (z - A Aw(g))
for A€ GLy, g € GSp,,_;, and f € S(F™).

Remark A.4. Note that the roles of k and t are switched in Theorems A.1 and A.2.

Remark A.5. For an induced Weil representation Qv , and any character x, one has
Qvw @ ((x o Aw) B (x o Av)) = Qwv.

Thus, in Theorems A.1 and A.2, one could replace the pair (e, fo) by (eo — fo,0). Now observe that when
k=t in Theorems A.1 and A.2, one has ey = fo. Thus, for k =t, one could simply take eg = fo = 0.

Remark A.6. One can obtain the analogous theorems for the isometry case simply by replacing the
induced Weil representation Qg n—k (07 Qm—21.n, ) by the Weil representation wpmg n—k (07 Wim—2t.ny ) and
disregarding the similitude factors. For example, the Jacquet module Rp(x,)(wm,n) along the parabolic
P(X:) of O(Vy,) has the analogous filtration where each successive quotient has the inducing data of
the form S(Isom(X},Y:)) ® wmgn—k where the action of the relevant subgroup of O(Vi,) x Sp(W,) on
S(Isom(X,,Yy)) is simply the restriction of the similitude case. And the similar statement holds for
Rovi) (@Wm,n)-



38 WEE TECK GAN AND SHUICHIRO TAKEDA

The rest of the appendix is devoted to the proof of those theorems. The proof in the context of the
isometry groups appears in Kudla ([K]). Our proof closely follows Kudla’s computation, though we give
more details. Also in [K], Kudla considers the Jacquet module along the parabolic of the symplectic
group, but we do the other way around. Namely we consider the Jacquet module Rp(x,)(2,,) along
the parabolic P(X}) of GO(V,,) i.e. Theorem A.1, and leave the other case to the reader.

First recall that

W=V, W,
is equipped with the obvious symplectic structure ((—,—)) and for each polarization W = Y 4 Y*,
the Weil representation wy, , can be realized in the space S(Y) of Schwartz functions on Y called the
Schrodinger model of w,, , with respect to the polarization. To compute the Jacquet module of the
Weil representation wy, n, one needs to consider the Schrodinger models for various polarizations. First,
consider the Schrodinger model with respect to the polarization

so that wy, ., is realized in the space S(V,, ® Y;¥). Then each (h,g) € Ry acts as

(h, 9)(@) = [Aw (9)| T "W (1, g1) - (B~ ')

g1=9 ()‘W%q)_l ?) :

and wy, »(1, 1) is the action of the Weil representation for the usual isometry group.
Next let t < r and mg be such that 2t + mg = m. Consider

Vin = Xt + Vo + X

where X, V,,,, and X; are as above. Then we compute the Jacquet module of €2,, ,, along the parabolic
subgroup P(X;) = M(X:)N(X;) of GO(V,,). Let N(X;)o be the center of N(X}), so that it fits in the

exact sequence

where

1 — N(Xy)o — N(Xy) — Hom(Vp,, Xt) — 1.
Indeed in terms of the obvious matrix realization of GO(V;,), N(X}) is written as

1 ¢ d— %coc*
N(X;) = {n(e,d) = 1 —c* :c € Hom(Vipy, Xt),d € Hom(X[, X+)},
1

where ¢* is the adjoint of ¢, i.e. ¢* € Hom(X},V,,,) such that
(cv,u) = (v,c*u)  for v € Vi, u € Vi,

and d is such that (dxi,z2) = (21, —dzs) for all x1,22 € X;. Note that if we make the identification
Hom(X}, X;) = GL; with respect to the above chosen bases of X; and X}, we have ‘d = —d. Note that

1 d
N(Xy)o ={n(c,d) : c=0} ={ 1 :td = —d}.
1

Now we consider the polarization
W=Y"4+Y=W,@ X+ Vi @Y,) + (Wr, @ Xy + Vipy @ Y3)
to realize the Weil representation wy,. , of Ry C GO(V,,) x GSp(W,,). So the space of wy,_,, is
SY)=S(Wn, X! + Vi Y,)) 2 SW,, @ X;) @ S(Vino @ Y,)).
Now for any subgroup H of R, let us define
Ro(H) :=RyNH.
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Write

W, © X =Y, ® X, +Y®X;
and denote each element w € W, ® X; as

w=y+y €Y, X +Y, ®@X/
where y € V,, ® X and y* € ¥, ® X;. Then the action of Ry is described as follows: Let ([a,h],g) €
Ro(M(X:) x GSp(W,,)1) where (a,h) € GL(X;) X GO(V,,,). Then for ¢1(y + v*) ® ¢2(x) € S(W,, ®
X7) @S5V, @Y7),

([a;h],9) - 61(y + ") © ha(x)
= [detal" v (h)] 72" ¢1((g7 " ® a*)(y + Av () 7)) © wing,n(hs 9) 2 ()
where © € V,,,, @ Y)¥, and a* € GL(X}) is such that (ax1,22) = (z1,a*z2) for all 1 € X, and z9 € X
Note that wp, , is the Weil representation for the pair (GO(V,y, ), GSp(W,,)T). Also the action of N(X;)
is described as follows: Let ¢(y + y* +z) € S(Y*) = S(W,, @ X + Vi, ® Y,¥). Then
n(e,d) - oy +x+y*) = v(({y, dy"))p(=c"(y +y"))¢(y + = +y")

where p is the action of the Heisenberg group H(W) in S(Y*). Those actions can be shown by looking
at how Ry acts on the Weil representation realized in the space

SVpaY, ) =S Xt + Vi @Y + Y, @ X/)
and the partial Fourier transform
F:SY, X+ Vi @Y +Y, X)) = SY)=SYna®@ X, + Vi, Y, + Y, @ X[)

given by
z

Flo)y+aty") = / Sl 2 | = | de,

Yr®X: y*

where y+ 24+ y* €Y, @ X, + Vo, Y + Y, @ X and 2z € Y} ® X;. For example, let [a,1] € M(X}).
Then

[a, 1] - F(p)(y +z+y") = F(la, 1] - o) (y + = + ")

z
[ el e| o) d
Yi®X, y*
a1z
- / bl 2o [ @ | dz
Yr®X, a*y*
z
_ | deta|" / P{(gae | = | dz
Y ®X: a*y*
z
= |deta|"/ v({{a"y,2))e | = | dz
Y ®X: a*y*

= |deta|"F(p)(a"y +z +a"y").

In particular, the group N(X;)o simply acts as multiplication by ¥ ({(y,dy*))). It is easy to see that
({y,dy*)) = +((w, dw)), where w =y +y* € W,, ® X;. Now let

Wo ={weW, ®X;: ((w,dw)) =0 for all d = —"'d}.
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If we write w = Y'_, w; ® v}, we have ((w, dw)) = 2izgwiswy) (vf, dvy). Since for each pair i and j
with ¢ # j one can choose d so that >, (wi, w;) (v, dvy) = 2(w;, w;), we have Wo = {w € W, ® X/ :
(w;, wj) = 0}. Or by identifying W,, ® X;* with Hom(X,, W,,) in the obvious way, one can see that

Wo = {¢ € Hom(Xtv Wn) : ¢*(<_7 _>) = 0}7

where ¢*((—, —)) is the pullback of the symplectic form (—, —) on W,, to X; via ¢. Then it is clear that
the restriction map

SWn @ X))@ S(Vin, @Yyy) = S(Wo) @ S(Vin, @Y,))
induces an isomorphism

(Wm,n)N(Xt)o = S(WO) ® S(Vmo ® Y;)

We can decompose the space Wy as

where
Wor = {(25 € Wy : dimIm¢p = k}
Define T") C S(Wy) ® S(Vin, ® Y¥) by
T® = {p € S(Wo) : ¢lw,, =0 for all i < k} @ S(Vin, @ V7).

Clearly T*+1) C T(") One can see that each T®*) is invariant under Ro(P(X;) x GSp(W,)T), and
moreover we have a short exact sequence of Ro(P(X;) x GSp(W,,)™) modules

0— THED 70 & S(Wy i) @ S(Vin, @ YY) — 0,

where the map T — S(Wy) ® S(Vi,, ® V) is the obvious restriction map. Hence we have an
Ro(P(X;) x GSp(W,,)™) invariant filtration

{0} cpminttn) ... 7MW C 7O = S(Wy) @ S(Viny @ Y,),
where the successive quotient is given by
T :=T®/TH = S(Wo k) @ S(Vin, @ Yy7).
Then we have

Lemma A.7. There is an isomorphism of P(X;) x GSp(W,,)™ modules

. ~ . P(X:)xGSp(Wp,)" *
(qun)N(Xt)U = (Z”dgowm,n)N(Xt)o - anRi(Pij(t)xp(gSp()VVn)Jr) S(Wo) @ S(Vin, @ Y,)).

Moreover the above filtration induces a P(X¢) x GSp(W,,)T invariant filtration
{0} C pin{tn}) .. c 7@ c 70 = S(Wo) @ S(Vime @ Y;),
where

F(k) _ o 2P(X)xGSp(W,)t k
" = anRg(P(Xt)xpGSp(Wn)Jr) T

and the successive quotient is given by

~ ~ ~ ~ o GP(X)xGSp(W,,)T *
Th = IO T+ = iy S ) S (Wok) © S(Vimg @ Yy0).

Proof. This follows because an induction is an exact functor. O
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Now we will describe the representation T* of P(X;) x GSp(W,)*t in terms of a certain induced
representation, and then compute TJ’\“,( X.) which gives the desired filtration of the Jacquet module of the

Weil representation Q,,, . For that purpose, we need to describe the representation T% = S(W 1) ®
S(Vine @ Y,F) of Ro(P(X:) x GSp(W,,)") in terms of an induced representation. For this, let us write

Ro(P(Xt) x GSp(Wn)™) = Ro(M(X¢) x GSp(W,) ") x N(Xy)
and fix wg € Wy, given by

wo =€ QU _py1 +e2@v_ 0+ +er Q.

Let
H = {([a, h],9) € Ro(M(X;) x GSp(Wy) ") : (97! ® a*)wo = wo}-
Recalling
Y = span{ey,...,ex},
we have

H C Ro(M(Xy) x Q(Yi) ")
where Q(Yx)™ C GSp(W,,)™ is the maximal parabolic that preserves the flag 0 C Y, C W,,. Recall we
denote each element g € Q(Yy)" by

q=1[b,gln, [b,g]€ M(Y:)=GL(Y:) x GSp(W,,_x)"

where b € GL(Yy), g € GSp(W,,—)" and n is in the unipotent radical of Q(Y%). So each element in H can
be denoted by ([a, k], [b, g|n) where [a,h] € M (X;) and [b, g]n € Q(Y%). Then we define a representation

(7", 5(Vin, ® ;7))
of H x N(X;) on the space S(V,,, ® Y,¥) as follows: For ([a, h],q) € H, we define

™ (la, b}, ) = &(det @) v ()| =" wimy m(h,q),
where wiy,, » is the Weil representation of the pair (GO(V,y, ), GSp(W,,)*) and
&(det a) = | detal™.
Also for n(c,d) € N(Xq),
Tk(”(C, d)) = po(—c"wo)
where pg is the action of the Heisenberg group H (V,,, ®W,,) on S(V,, ®Y,F). Note that —c*wg € Vp,, @ W),
and hence the action of po(—c*wg) on S(V,,, ® Y,*) makes sense. Then we have
Lemma A.8. There is an isomorphism

Tk o~ Z-ndgo;%((;:))XGSP(Wn)+)><N(Xt)Tk

of Ro(M(X;) x GSp(W,,)") x N(X;)-modules.
Proof. The proof is almost identical to Lemma 5.2 of [K]. O

We would like to compute TkN(Xt). But as in [K, Lemma 5.3], we have

Ro(M (X0) X GSp(Wa) ) N(X0) iy

TkN(X) = (indy N(X¢) RO(M(Xt)XGSP(Wn)ﬂ( k )
t X + .

N(x,) = indy TUN(X0)
Hence we first compute 7% N(x,)- For this purpose, let us write
Yo=Y+ Yy

where Y, = span{ej,...,e;} and Y, " = span{e},,...,e}}, and consider the polarization

Ving @ Wi = (Ving ® Y1) + (Vinp, @ Ya).
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Then we can write the Schwartz space as
S(Viny @ Y,) = S((Vino @ V) + (Viny ® Y1 47)) 2 S(Vin @ Y}) @ S(Vimy @ Y1_,7),

where S(V,,,®Y,!_, ") provides a model of the Weil representation wiy, ,— for the pair (GO (Vin, ), GSp(Wy—x) ™).
Note that for 1 (1) ® p2(22) € S(Vine @Y;) @S (Vi @Y, 7), each ([1, h],[b, g]) € Ro(M (X)) x M(Yy))
acts as

wWimg,n([1, A, b, 9]) - p1(21) ® pa(z2)
= ¢ (det(Aw (9) " 0)) [ Av ()|~ F™ o1 (B @ Aw (9) 0")21) © wing m—k (B, )2 (2),
where
¢ (z) = xv(x)z| = forze F*.
Then let us define a representation
(w0, S(Vine ® Yy _i,"))
of H by
wo(la, ], [b, g]n)e = €(det a)¢’(det(Aw (9) ™ 0))n(Av (h))wimgn—r(h, 9)p
for ([a, hl, [b,gln) € H C Ro(M(X:) x Q(Yx)") and p € S(Vin, @ Y, ), where
n(w (1)) = [Av ()|~ 2t amok,
Then
Lemma A.9. There is a natural isomorphism of H-modules
TkN(Xt) = wo
induced by the surjection
S((Vino ® V) + (Vino ® Y1 7)) = S(Vin, ® ;1 7)

defined by @(x1 + 22) — p(0 + 22) where x1 € Vi @ Yy and 2 € Viyy @Y, 7.
Proof. Since —c*zo € Vi, ® Yy, we have

TH(=c*z0)p(21 + @) = po(—¢*x0)p(21 + 22) = Y({{x1, —¢"20)))p(21 + 2).

By looking at this action, one can easily see that the lemma follows. O

Thus we have proven

TkN(Xt) o~ indgo(M(Xt)XGSp(W"ﬁ)wo.
Now let
Lt = indeO(P(Xt’k’Xt)XQ(Y’“)ﬂwo
where

Xt =span{vy, ..., vk}
and P(X;_k, X:) is the parabolic subgroup of M (X}) that preserves the flag
{0} C Xy i C Xt C Vi

Note that
P(Xt_k,Xt) = R(Xt_k,Xt) X GO(VmO),
where R(X;_j, X}) is the parabolic subgroup of GL(X}) that preserves 0 C X;_ C Xy, i.e.

R(Xy 4, X)) = {a = <a1 :2) a1 € GL(X,_4), a3 € GL(X))},
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where
X]:; = Span{vt7k+la B ,Un}-
Then we have
k o 5o R0 (M(X )X GSp(Wy) )
T Nx,) = deﬁ(M(XH,X:;mek)ﬂ“““'

In what follows, we realize p; in a more concrete space. For this, let Isom(X7,,Y%) be the space of
isomorphisms from X}, to Yj as vector spaces. Note GL(X},) x GL(Y%) acts on this space in the obvious
way. One can also see that

H= {([(a1 :2> ,h],[b,g]n) € P(Xy—1, Xi) x Q(Yz) : Aw(g)b ' ®a3) - wo = wo}.

Notice that if I € Isom(X7,Y%) is such that I(vi—4;) = e;, then
Ow (9)b™ @ a3) - wp = wo <= b = Ihw(g)azl ™"
Also notice that the set

{([<1 :2) 11, [1,1]) € P(Xi—p, X3) x Q(Y3) : az € GL(X])}

is a set of representatives of
H\P(Xt_k,Xt) X Q(Yk)

Then we have
Lemma A.10. There is an isomorphism
Mk = indgo(P(X“’k’Xt)XQ(Y’“)+)wO =~ S(Isom(X}, Yy)) @ wo

of Ro(P(Xt—r, X1) x Q(Yi)T)-modules, where each ([(** 4,),h],[b,g]n) acts in the following way:

a; x
0(™ ) g el
2
= &(det a2)¢’(det az)¢(det ar)n(\v (h))wmo,n—k(h, 9)p(Aw (9)b~" Aaz),
where A € Isom(X},,Y:), and we identify each element ¢ € S(Isom(X},Y:)) ® wo with
¢ : Isom(X},Yy) — wo.
Proof. Define
a: indZO(P(Xt’k’Xt)XQ(Y’C)HWO — S(Isom (X}, Yi)) ® wo
by
a(F)(A) = F([1,1], [IA™,1]) € w,
where F € indgo(P(Xt’k’Xt)XQ(Y’“)+)wO and ([1,1],[ITA71,1]) € P(Xi—k, Xi) x Q(Yy), and also define

B : S(Isom(X;,Y:)) @ wo — indZO(P(Xt”"Xt)XQ(Yk)ﬂwo

by
k
as

*

B(™ ) Al sl = e (*

where we identify each element ¢ € S(Isom(X},Y%)) ® wo with ¢ : Isom(X},Yy) — wo. Then it is
straightforward to verify that o and § are inverses to each other.

) B I aa T gl O ()b~ o),
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Also one can see that this map indeed intertwines the actions of Ro(P(X;—k, X;) X Q(Y%x)") by con-
sidering

(™) AL F) )

—utku(“l *),h],[b,g]n)F([l,l],[IA1,1])

az

- F([(‘“ *) ,hl, [TA7b, gln)

a

(™) AL (@aa gl F(L AL (Do) g T A1)
as

= €(det az)¢' (det(Aw (9) ™" Ihw (g)azl ~)&(det ar)n(Av (1)) wimg 1 (b, 9)a(F) (Aw (9)b ™" Aaz)

= &(det ag)&’ (det ag)é(det ay)n(Av (h))wWmg.n—k(h, g)a(F)Aw (g)b~ ' Aaz).

- Wo([<al : ) ], D ()az T~ gln)a(F) Ay (9)b~ Aas)

This lemma gives

. Ro(M(X4)xGSp(Wy)™)
anRz(P(thk7Xt)p><Q(Yk)+)'utk'

1%

TN(x,)

Recall that we have been trying to compute TJ’\“,( x,) = (indgﬁi{;zi(gsxpévst‘()&n)ﬂ T®) N(x;)- But note

that
~k ~ 1 P(X)xGSp(W,,)t k
TN(Xt) = (anRO(P(Xt)XpGSp(Wn)+) T )N(Xt)

L (M(X)xGSp(Wo)T)XN(X}) k
(i Ry (A1(X0) x Gp(W, ) x N (x) TN (XD

Il

~ s AM(Xe)xGSp(Wn) " k
= indp, ((x)xaspway ) (TNexn),

where the last isomorphism can be proven in the same way as [K, Lemma 5.3]. Therefore by inducing in

stages, we obtain

M (X)X GSp(Wn)™

Ro(P(Xt— 1, X0) xQ(Yi) )tk

L OM(X)XGSp(Wa)T [ P(Xeok, X)X Q(Ye) T
indp ") X% Qv+ (deow()’?Hth)xé(ﬁ)ﬂ”t’f) :

~

Il

Now let (o, S(Isom(X},Y%))) be the representation of Ro(P(X;—k, X¢) x Q(Yx)") defined by

m(([(“l - ) ], b, gln))9(A) = E(det az)€’ (det az)e(det ar (v () p(Aw ()b~ Aa)

a2
so that

Ptk = Otk ® Wmg n—k-

Remark A.11. At this point, one can derive the isometry version of the theorem simply by restricting
Wi to the corresponding isometry group, and writing down the induction in the normalized form.

We need to extend oy to a representation of P(X;_j, X¢) X Q(Yk)+. Namely define the representation
(641, S(Isom(X}., Y)))
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of P(thk,Xt) X Q(Yk)+ by
Gk (([a, h], b, gln))o(A) = n(Av (h)aw(la, 1], Aw (9) b, 1])o(A)
= &(det ag)¢' (det az)é(det ar)n(Av (h))e(Aw (g)b~ ' Aas),

<a1 y )
a= .

as
Then we have

Lemma A.12. There is a P(Xi—k, Xt) X Q(Yx) " -isomorphism

. GP(Xi g, X)X QY
anR(()(I;(;{t Z),;r)(xg)(yk)+)atk & Wmg,n—k — Utk & Qmo n—=k

where Qo m—k 15 the induced Weil representation of the pair (GO(Vy,, ), GSp(Wy—_k)).
Proof. Define

where

X , X Y ~
Qo anR((Pf()k(f Z);(tQ)(Xg)(Yk)Jr)O'tk & Wmo,n—k — Otk & Qmo,n—k

by
a(F) (AW, g') = nw (W) F(1, 1], w(g), gD (A)
for A € Isom(X},Y:) and (', ¢") € GO(Vin,) x GSp(W,—). One can verify that indeed a(F)(A) €
Qo n—k. Here note that we identify an element o(F) € Isom(X},Ys) @ Qg n—k Wwith a map
a(F) : S(Isom(X, Ye)) = Qumen—k
and so a(F)(A)(R,¢") € wmgn—k. Also define

Xy r,Xs Y,
B 61k ® Qg nmi — indig s 5 XX ok © Wi

by
B(®@)([a, k], [b, gIn)(A) = n(Av (h))ow([a, 1], Aw (9) 10, 1)) @(A) (R, 9),
for A € Isom(X,,Y%) and ([a, h], [b,g]) € P(Xi—k, Xi) X Q(Y)T. One can verify that 3(®) is indeed in
the induced space. Then by direction computation, one can see that o and (§ are inverses to each other.
To see that « is intertwining, consider

a((la, hl, [b, gln) - F)(A)(R', )

=n(Av (W)~ (([a, ], [b, gln) - F)([L, B'], w (9'), 9'1) (A)

=n(Av (W)~ F([a, bRl [Aw (g")b, g'gln) (A)

= nOv (1)) ow([a, 1], Aw (9) 70, 1n(v (W h)) (v (R h) T F([L, BB, [Aw (9'9), 9'9]) (A)
= n(\v (M)ou([a, 1], Aw (9) ™0, a(F)(A)(h'h, ¢'g)

_Utk([avh]v[bvg] Ja(F)(A)(W'h,g'g)

= Gu([a, 1, [b, ) Qg n—r (h, g)a(F)(A) (R, o).

O

Note that the induction ind has not been normalized. To express it in the normalized way, recall the
modular characters for the parabolic subgroups involved:

5R<th,xt><[(“l

p(xn ([, hln) = |deta™ Ty, (h)|~ % HEHEHD
5Q(Yk)([b7 gln) = |det b|2"—k+1|/\W(g)|—/m+§k(k—1)_

*

)]) = | det a1 |*| det ag| =)
az
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Hence we obtain each quotient of the filtration of the normalized Jacquet module as

M(X)xGSp(W,)T - -
gk — IndP((Xt,):,Xt;DiQ(i)’k)* (0tk © Qg n—k) (OR(x,_1. X)) OP(x0)0Q(v1))

N

where the induction is also normalized. By writing down the characters involved explicitly, we see that

M(X)xGSp(W,)t
JE = Ind (X (S(Tsom (XL, Vi) © Qg i),

where the group P(X;_x, X¢) X Q(Y%)" acts on S(Isom(X},Y%)) as follows: Let p(A) € S(Isom(X},Y:)).

a“ *> ,h] € P(X;_g, X;) acts as

Then each element [ a
2

(") B () = v (detaa) A (0] det | et ol o)

where

1 1 1 1

4
1 1 1
1

62:TL—§(1€—1),
and each element [b, gjn € Q(Y%) acts as

(b gln - o(A) = Aw (9)1 0] det bl (A (9)b " A),

where

1 1

1
fl = —ey = —Nn+ §(k— 1)

This is essentially the similitude analogue of the formula obtained by Kudla ([K]). However one can
simplify it further by “absorbing away” the characters | det az|°? and | det b|7* in the regular representation
realized in S(Isom(X},Y%)) by using the following lemma.

Lemma A.13. Let x be a character and o the representation of the group of elements of the form

([<1 :2> ,1],16,9]) € P(Xi—k, Xt) X Q(Yy) realized on the space S(Isom(X},Yy)) defined by

ag

U([(l ’ ) 1], [b, g])0(A) = x(det az)x(det b) " o(Aw (9)b~ " Aay).

Then o is equivalent to the representation o’ realized on the same space S(Isom(X},,Y:)) defined by

aaC *)Jmewvn—x@W@»kwuwwwlA@»

as
Proof. Define a map S(Isom(X},Y:)) — S(Isom(X},Ys)) by ¢ — @, where ¢ is defined as

B(A) = x(det A)p(A).
One can see that this map is an intertwining map from o to o’. O

By taking y = | —|°2 in this lemma, one can see that the exponents es and f; can be absorbed away,
and the similitude factor Ay (g) acts by the character | — |/ where fo = f} — kea. The theorem follows.
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