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1. Introduction

Let G be a connected simple linear algebraic group defined over a number field F. It is
a fundamental problem in number theory and the theory of automorphic forms to describe
the spectral decomposition of the unitary representation L?(G(F)\G(A)) of G(A). By ab-
stract results of functional analysis, such a unitary representation possesses an orthogonal
decompostion

LA(G(F)\G(A)) = LG(G(F)\G(A)) & Ly (G(F)\G(A))

into the direct sum of its discrete spectrum and its continuous spectrum. The theory of
Eisenstein series reduces the description of L2,,,(G(F)\G(A)) to that of the discrete spectrum
of certain reductive subgroups of GG, and thus the basic question is the understanding of
the discrete spectrum L2(G(F)\G(A)). The discrete spectrum has a further orthogonal
decomposition

LiG(F)\G(A)) = L2,g, ® L}

cusp res

2

s 15 the so-called residual spectrum. Let

where Lzusp is the subspace of cusp forms, and L

us write:

Lgusp = éﬂmcusp(ﬂ) -m  and L?es = OnMyes(T) - T

It is known that mcysp(m) and myes(m) are finite. Two simple-minded questions can now be
raised:

e Does there exist m such that mcyep(m) # 0 and myes(m) # 07

e Can the collection of integers {mysp(m)} be unbounded?

Here is a sample of some prior results on these questions:

(i) When G = PGL,, the results of Jacquet-Shalika [JS] and the multiplicity one theorem
imply that the answers are negative for both questions.

(ii) When G = SLg, it is a recent result of Ramakrishnan [R] that mcyspy(7) < 1 for any .

(iii) For a more general classical group G , it is known that the multiplicities in Lz or Lzusp
can be > 1. Examples of such failure of multiplicity one were constructed by Labesse-
Langlands [LL] for the inner forms of SLq, by Blasius [B] for SL,, (with n > 3) and by Li [L]
for quaternionic unitary groups. However, in these examples, the multiplicities are bounded
above for the given G and the given number field F'.

1
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In view of these results, it is commonly believed that the two phenomena described above
do not arise when G is a classical group. In this paper, we show on the contrary that both
phenomena do occur when G is the split exceptional group of type Go.

As an example, for each finite set .S of places of F', with #S > 2, we construct an irreducible
unitary representation mg of Ga(A) with

(1 1) mres("TS) = 17
Meusp(Ts) = §(2%° + (-1)#52) — 1.

We now briefly explain how one constructs the representation mg and demonstrates (1.1).
Let S3 be the finite algebraic group over F' determined by the symmetric group on 3 let-
ters. Then Sz x Go is a dual reductive pair in the disconnected linear algebraic group
H = Sping x S3. For each place v of F, the group H(F),) has a distinguished represen-
tation II, known as the minimal representation. Restricting the representation II, to the
subgroup S3(F,) x Ga(F,), we can write:

Hv = @ 771) ® 7T77v'
nveS@

In the beautiful papers [HMS] and [V], Huang-Magaard-Savin (for non-archimedean v) and
Vogan (for archimedean v) showed that each 7, is a non-zero irreducible unitary representa-
tion and the m,,’s are mutually distinct. Moreover, if 1 denotes the trivial representation of
S3, then 71 is unramified. Consider now the global situation. Let n = ®,m, be an irreducible
representation of the compact group S3(A), so that 7, is the trivial character for almost all v.
Set m, = ®,m,,. Using the global theta correspondence furnished by the dual pair Sz x Ga
in H, we show:

Theorem 1.2. There is a natural embedding of vector spaces
Homg, () (1, L*(S3(F)\ S5(A))) — Homg, (a) (15, LF(G2(F)\ G2(4))),

and thus a natural Ga(A)-equivariant embedding

Homg, (4) (17, L*(S3(F)\ S3(A))) ® 1y — L3(G2(F)\ G2 (4)).

The above theorem is a special case of our main result (Theorem 8.2). To obtain the
representation 7g of (1.1), with S a given finite set of places of F, let r be the two-dimensional
irreducible representation of the finite group Ss and set:

s = (Ques ) O(Qygs 1);
s = Mng = (Qyes ™) Q(@ygs m1)-
The theorem implies that
Myes(T8) + Meusp(Ts) = Myg := dim Homg, (4) (ns, L*(S3(F)\ S3(A)))-

The number m,,, is simply the multiplicity of ng in the space L?(S3(F)\ S3(A)) of automorphic
forms on S3. By the Peter-Weyl theorem, we see that

. S3(F
My = dlm(nsg( )),
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the multiplicity of the trivial representation in the restriction of ng to S3(F'). A simple
character computation now gives:
1
s = o #S 4 (=1)752) if #8 > 1.
On the other hand, H. Kim [K] and S. Zampera [Z] have determined the residual spectrum
L2, completely. From their results, one sees that my.s(ms) = 1 if #5 # 1 and thus (1.1)
follows immediately.

The occurrence of mg in L3(Ga(F)\ G2(A)) with multiplicity > m,,, is predicted by the
conjecture of Arthur on the discrete spectrum (cf. [A1l] and [A2]), as we explain in Section 2
which serves as an extended introduction. We shall see that to every étale cubic F-algebra
E, one can naturally associate an Arthur parameter ¥y for the group Go and our main
result (Theorem 8.2) gives a construction of what one might hope is the global Arthur packet
associated to ¥g. Theorem 1.2 above is simply a special case of our main result, for the case
E=FxFxF.

We now give an outline of the remainder of the paper. Section 3 introduces the relevant
groups involved in this paper and Sections 4 and 5 are devoted to the properties of the local
and global minimal representations respectively. There is nothing very illuminating here, but
they are quite necessary and the proofs of various technical results there are deferred to the
appendix at the end of the paper. The exception is the important Proposition 5.5, which is
the main result of these preliminary sections. After recalling the local results of [HMS] and
[V] in Section 6, we summarize in Section 7 the results of [K] and [Z] concerning the residual
spectrum and give an interpretation of their results in terms of Arthur parameters. After
this long preparation, the proof of our main global result (Theorem 8.2) is given in Section
8.

The cuspidal representations constructed in the main theorem are non-tempered and have
some very special properties. For one thing, these cusp forms are distinguished, in the
sense that they have only one orbit of non-vanishing generic Fourier coefficients along the
Heisenberg parabolic subgroup of Go. Further, the cuspidal representations they afford are
CAP with respect to the Borel subgroup (respectively, the non-Heisenberg maximal parabolic
subgroup) of Gy if F is Galois (respectively, non-Galois) over F. Here, following Piatetski-
Shapiro [PS], we say that a cuspidal representation m = ®,m, is CAP (cuspidal associated to
parabolic) with respect to a parabolic P = M- N if there is a cuspidal representation o = ®,0,

of the Levi subgroup M such that m, is equivalent to a subquotient of I ndggﬁav for almost

all v. In [RS], Rallis and Schiffmann constructed CAP representations of Gy with respect
to the Borel subgroup and the Heisenberg parabolic. When E is non-Galois, the cuspidal
representations constructed here seems to be the first examples of CAP representations with
respect to the non-Heisenberg maximal parabolic. It will be very interesting to see if these
special properties characterize the cusp forms constructed in this paper.

General Notations: If G is a connected reductive group over a number field F', we shall
let A(G) denote the space of automorphic forms on G. This possesses a decomposition
A(G) = A(G)cusp ® A(G) gis, where A(G)cusp is the subspace of cusp forms and A(G)gis is
the subspace spanned by Eisenstein series. The definition of automorphic forms used here
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differs from the usual definition (as given in [BJ]) in that we do not require an automorphic
form to be Koo-finite, where K is a maximal compact subgroup of G(F). In particular,
A(G) is a representation of the group G(A). Similarly, instead of working with (gec, Koo )-
modules, we shall work with their canonical Casselman-Wallach globalizations (cf. [C] and
[W]), which are representations of G(Fy,). For a smooth representation V of G(Fy), we
write Vi for the associated (goo, Koo )-module.

2. Cubic Unipotent Arthur Parameters

In this section, we explain how the two questions raised in the introduction can be viewed
in the framework of Arthur’s conjecture on the discrete spectrum.

Let F be a number field and let Ly be the conjectural Langlands group of F. Let G be
the split exceptional group over F' of type Go, so that the dual group of G is the complex Lie
group Gz(C). To each étale cubic algebra E over F', we shall first attach a cubic unipotent
Arthur parameter

Vg : Ly X SLQ((C) — GQ((C).

The parameter ¥ g will factor through the Galois group of a finite extension of F' (which is a
quotient of L), and thus we shall simply construct a map g : Gal(F/F) x SLy(C) — Go(C).

To begin, observe that there is a natural bijection between the set of isomorphism classes
of étale cubic algebras E over F' and the set of conjugacy classes of group homomorphisms

PE Gal(F/F) — Sg.

Here S3 is the symmetric group on 3 letters and is the automorphism group of the split cubic
algebra F' x F' x F'. Henceforth, we fix the étale cubic algebra F. Via pg, we have an action of
Gal(F/F) on S3 which allows one to define a twisted form Sg of the finite (constant) group
scheme S3. For any commutative F-algebra K, we have

SE(K) = AutK(E(X) K)

Now let ¢ : SLa(C) — G2(C) be a morphism furnished by the Jacobson-Morozov theorem,

such that
11
“Lo 1

is a subregular unipotent element of Go(C). Note that this morphism is not injective; it
factors through the quotient SO3(C) of SL2(C). It is known that the centralizer of +(SL2(C))
is isomorphic to the finite group S3, so that we have a subgroup

S3 X SOg(C) C GQ((C)
We now set
YE = pE X L: Gal(F/F) x SLy(C) — S5 x SO3(C) C G2(C).

This is the desired (global) cubic unipotent Arthur parameter. Observe that the centralizer
in G2(C) of the image of 1 is a subgroup of S3 isomorphic to Sg(F).
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For each place v of F', we have a canonical conjugacy class of embeddings Gal(F,/F,) —
Gal(F'/F) and thus we obtain from g a local Arthur parameter

Vg : Gal(Fy/F,) x SLa(C) — Go(C).

The centralizer of the image of ¥, is a subgroup of S5 isomorphic to Sg(F}).

Remarks: According to Arthur [A2], a parameter 1 is called “unipotent” if it is trivial
when restricted to Lp. On the other hand, Moeglin [M] called a parameter ¢ “quadratic
unipotent” if its restriction to Lp has image equal to a product of Z/2Z’s, so that ¢|r,
factors through the Galois group of the compositum of finitely many quadratic extensions of
F. We call the parameter g “cubic unipotent” since it factors through the automorphism
group of the étale cubic algebra F.

We can now state Arthur’s conjecture for the parameter ¢ g.

Arthur’s conjecture:

e For each place v and to each irreducible representation 7, of the finite group Sg(F), we
can attach a unitarizable admissible (possibly reducible, possibly zero) representation

7y, of G(Fy). The set

v

—

Apy = {my, :nv € SE(Fy)}

is called the local Arthur packet determined by E, = F ®p F,. It is also required
that, for almost all v, m,, is irreducible and unramified if 7, is the trivial character.
Further, one expects that the distribution

Apy = dim(y,) Tr(m,,)
T
is a stable distribution on G(F},) and that certain identities involving transfer of distri-
butions to endoscopic groups of G(F;,) should hold. We will not go into these important
details here; the reader can consult [A2].
e If n = ®,n, is an irreducible representation of Sg(A) (so that 7, is the trivial represen-
tation for almost all v), let

Ty = QuTy,
and
my := dim(n®*")) = dim Homg,, (4) (n, L*(Sp(F)\S&(4))).
Then there is a G(A)-equivariant embedding
mymy — Li(G(F)\G(A)).

—

It is not difficult to see that the collection of numbers {m,, : n € Sg(A)} is unbounded.
For example, when £ = F X F x ', Sp = S3 and we have seen in the introduction that for
a non-empty finite set S of places of F', the representation ng of Sg(A) satisfies

1
Mg = (275 + (-1)#52)
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so that m,, — oo as #S5 — oo. Hence, Arthur’s conjecture predicts that the multiplicities
of representations occurring in the discrete spectrum are unbounded when G = Gs. As the
reader will undoubtedly realize by now, the key reason for this is the fact that the centralizer
of the image of ¢g, is non-abelian (equal to S3) for infinitely many places v. This also
(partially) explains why the two phenomena of the introduction do not arise in the case of
classical groups: the component group of the centralizer of an Arthur parameter is always
abelian there.

Despite the above, Arthur’s conjecture is not sufficient to imply the two phenomena high-
lighted in the introduction, since the conjecture does not distinguish between the cuspidal
and residual spectrum (cf. the paper [M2] of Moeglin which addresses this issue conjecturally,
at least for classical groups). However, the theory of Eisenstein series furnishes a systematic
procedure for constructing the residual spectrum: L2, can be spanned by residues of Eisen-
stein series and can in principle be described explicitly as an abstract representation. As
we mentioned earlier, for G = Ga, this has actually been carried out by H. Kim [K] and S.
Zampera [Z]. Parts of the results of [K| and [Z] were established under the assumption that
the symmetric cube L-function of GLs is entire for non-monomial cuspidal representations.
This assumption has since been removed by Kim-Shahidi [KS]. As we mentioned in the in-
troduction, a consequence of [K] and [Z] is that myes(m,s) = 1 if #S5 # 1. Coupled with this,

Arthur’s conjecture gives affirmative answers to the two initial questions.

It remains then to verify Arthur’s conjectures for the parameter )g. The results of Huang-
Magaard-Savin [HMS, Prop. 6.1, Pg. 76] and Vogan [V, Thm. 18.10, Pg. 788] can be viewed
as a natural construction of what one might hope is the local Arthur packet Ag ,. Using the
local packets furnished by [HMS] and [V], our main result (Theorem 8.2) can be viewed as
a natural construction of what one might hope is the global Arthur packet associated to the
parameter {g.

3. Groups

In this section, we set up some notations and introduce the basic objects of interest. Let
F be any field of characteristic zero (for simplicity) and let E be an étale cubic F-algebra,
with norm map Nm. More explicitly, £ is one of the following:

FxF xF,

(3.1) B F x K, with K a quadratic extension of F,
' ] a Galois field extension of F,

a non-Galois field extension of F'.

We shall say that E is Galois in the first three cases, and non-Galois otherwise. In any case,
FE corresponds to a conjugacy class of group homomorphisms

pE : Gal(F/F) — S3.
This determines a twisted form Sg of the finite group scheme Ss, characterized by

Sp(K)=Autg(E ® K) for any F-algebra K.



CUBIC UNIPOTENT ARTHUR PARAMETERS 7

It also determines a simply-connected quasi-split group Gg of type Dy. Let us fix a Chevalley-
Steinberg system of épinglage [BT, 4.1.3, Pg. 78]

{TE7BE7sz : Ga - (GE)C’Ua € (I)}

where Ty C Bp is a maximal torus contained in a Borel subgroup (both defined over F') and
® denotes the roots of Gg ® F with respect to Tp ® F. We shall label the simple roots of
GE ® F according to the following diagram.

aq @2 a3

0y

The automorphism group Aut(Gg) of Gg is a disconnected linear algebraic group and
there is a split exact sequence:

1 — G¥ — Aut(Gp) — Sp — 1.

The choice of épinglage defines a splitting of this exact sequence [Sp] and thus we can regard
SE as a subgroup of Aut(Gg). This allows one to define the semi-direct product Hg =
GE x Sg. The centralizer of Sg in Hg is easily seen to be a subgroup G C G, isomorphic
to the split exceptional group of type Go. This gives a dual reductive pair

SEXG‘—>HE.

Moreover, T' = T N G is a maximal split torus of G, contained in the Borel subgroup
B = B NG. If & denotes the roots of G with respect to T', with short simple root o and
long simple root 3, then there is a natural restriction map ® — ®4. Under this map,

a2 Hﬁv
a; — a, fori=1,3,4.

We now describe various parabolic subgroups of Gg and G. Let P = Mg - Ng be the
(standard) Heisenberg parabolic subgroup of Gg. Its Levi subgroup is

(3.2) Mg = {g € Resg/r GLa : det(g) € Gy}

and is generated by the simple roots «j, ag and ay. We fix the isomorphism (3.2) so that
the modulus character of Pg is given by

6PE = d€t5.

The unipotent radical Ng is a 9-dimensional Heisenberg group, and thus Hom(Ng, G,) is
an 8-dimensional affine space on which Mg naturally acts. We let g denote the minimal
non-trivial Mg-orbit in Hom(Ng, G,).

Let P=GN Pg. Then P = M - N is the (standard) Heisenberg parabolic subgroup of G.
Its Levi subgroup is M =2 GLg, and we pick the isomorphism so that the inclusion M — Mg
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is the natural inclusion GLg — {g € Resg,p GL2 : det(g) € Gy, }. The modulus character of
P is thus

5P = det?’.

The unipotent radical N is a 5-dimensional Heisenberg group, and thus Hom (N, G,) is a 4-
dimensional affine space on which M naturally acts. It is well-known that this representation
of M is isomorphic to Sym?(F?)* ® det, and that the M (F)-orbits on Hom(N(F), F) are
naturally parametrized by isomorphism classes of cubic F-algebras [HMS]|. Moreover, the
generic orbits (i.e. those of dimension 4) correspond to those cubic algebras which are étale.
Given a cubic F-algebra E’, we shall denote by O the M (F)-orbit determined by E’. If E’
is étale and x € Opy, then the stabilizer M, (F') of z in M (F') is a finite subgroup isomorphic
to Sg/(F'). The inclusion N <— Np now induces a natural projection

7p : Hom(Ng, G,) — Hom(N, G,)
and for x € Hom(N(F), F), we let
Qp(r) ={y € Qu(F) : 7p(y) = }.
Now we have the following lemma whose proof is essentially contained in [HMS]:

Lemma 3.3. Let x € O be an element of a generic orbit.

(i) If E' # E, then Qg(z) is empty.

(i1) If E' = E, then M,(F) x Sg(F) acts naturally on Qg(x) with each group acting simply
transitively.

(113) Qg (0) is empty.

Now let Qp = Lg - Ug be the standard parabolic subgroup of Gg whose Levi subgroup
Lg is generated by the simple root as. Then

Lg = (SLa x Resg/r Gim)/Apz

and the isomorphism can be chosen so that the modulus character is dg, = NmS. The
unipotent radical Ug is a 3-step unipotent group and Hom(Ug, G,) is a 6-dimensional affine
space on which Lg acts. This representation of Lg is isomorphic to (F? ® E)* and we let wg
denote the set of non-zero v ® x such that x € E* has rank 1.

Let @Q =GNQg. Then Q = L-U is the non-Heisenberg maximal parabolic subgroup of
G. Its Levi subgroup is L & GLsg, and this isomorphism is chosen so that the embedding
L — Lg is the natural one

GL2 = (SLg xGy)/Apz — (SL2 x Resg/p G ) /Apa.
The modulus character of @ is thus given by
(5Q = det’.

Note that L and Lg have the same derived group SLo. The unipotent radical is a 3-step
unipotent group, and the inclusion U — Ug induces a natural projection

1@ : Hom(Ug, G,) — Hom(U, G,,).
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For x € Hom(U(F), F), let
wp(r) ={y € wp(F) : 1o(y) = x}.
Now we have the following simple lemma:
Lemma 3.4. wg(0) is empty.

We conclude this section with a description of the character group Homp(Lg, G,,). This
depends on the type of F as described in (3.1). When E = F x F x F,

Homp(Lg,Gnm) = Zx1 © Zx3 © Zxa
where, for (g,a,b,c) € SLy xG3,,
X1t (gaa7b7 C) = bC,

(35) X3¢ (g7a7b7 C) = ca,
X4 : (g,a,b,¢) — ab.

On restriction to Ty, we have:
X1 = (01 + a)/2,
(3.6) x3 = (a3 + )/2,
X4 = (Oé4 + aO)/2a
where ag = 2 + a1 + a3 + ay4 is the highest root.

Suppose now that E = F' x K. Then we see by the above that Homg (Lg, G,,) is generated
by x1, x3 and x4. Assume without loss of generality that aq is a root defined over F', so
that the action of Gal(K/F) on Homg (Lg,G,,) fixes x1 and exchanges x3 and y4. Hence
Homp(Lg,G,,) has basis {x1,xs + xa4}. For later purposes, it is convenient to define the
following two elements of Homp(Lg, Gyy):

(37) {ul =3x1 — (X3 + x4)s

p2 = 4x1 — 2(x3 + xa)-

These two elements generate a subgroup of index 2 in Homp(Lg, G,,) and on restriction to
Ty, we have

1= a2+ 2aq
U = 201 — a3 — ay.

Finally, when F is a field,
Homp(Lp,Gm) =Z- (X1 + X3 + x4)
and on restriction to Ty,

X1+ X3+ X4 = 200 — 2.
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4. Local Minimal Representation

Let F be a local field (of characteristic zero) and let E be an étale cubic F-algebra with
associated homomorphism pg : Gal(F/F) — S3. Then Gg(F) has a distinguished irreducible
representation Iy known as the minimal representation. This representation is trivial on
the center of Gg(F') and extends (non-canonically) to a representation of the adjoint group
G4(F). In this section, we recall various properties of the minimal representation I1p.

A construction of the minimal representation Il was first given by Kazhdan [Ka]. How-
ever, at a crucial point in the construction, his argument is incomplete and the analytic
difficulty encountered in fixing this gap is non-trivial. Fortunately, an independent treatment
which bypasses this analtyic difficulty has now been given in [GaS]. In particular, all essential
results of [Ka] are correct. Most of the properties of IIg discussed below are contained in
[Kal], [HMS] and [GaS]. Hence, we shall simply state the results and omit many of the proofs.

Let 7 : S3 — GL2(C) denote the 2-dimensional irreducible representation of S3. Then the
composite r o pg is a 2-dimensional representation of Gal(F'/F). By Jacquet-Langlands [JL],
this determines an irreducible admissible representation rg of GLa(F') given by the following
table:

FE TE

FxFxF o(1,1)

FxK o(1, xK)

Galois field o(xe, Xgl)

non-Galois field | monomial supercuspidal

Here, xx and xp denote the characters of F'* associated to K and F by local class
field theory, and o(u1, u2) denotes the representation of GLo(F') unitarily induced from the
character 1 X uo of the diagonal torus. Let x, denote the (quadratic) central character of
rg and define a representation of L (F) = (GLy(F) x EX)/AF* by:

(4.1) UE:TE®(XTONWL).

Here, L%d is the image of Lg in G‘}Ed and is a Levi subgroup of the parabolic subgroup Q%d
(the image of Qg in G%). For the description of L%(F) used above, see [HMS, Pg. 69].

Pulling back via the natural map Lg(F) — L%(F), we regard op as a representation of
Lg(F). This representation of Lg(F) is still irreducible (cf. [GaS, §9]). Consider the induced
representation

Gu(F):1/6
Indg, (r)0qp o5

Here and elsewhere, our induction is unnormalized. This has a unique irreducible submodule
IIg and it is shown in [GaS] that Iz is the unique unitarizable minimal representation of
Gg(F). Moreover, it is self-contragredient. When F' is non-archimedean, Il is spherical if
and only if F is unramified over F'. When F' is archimedean, Ilg is spherical if and only if
E=FxFxF.
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If E is Galois, let vy denote the following character of Mg(F'):

1,if E=F x F x F}
(4.2) VE =< xkodet,if E=F x K;
XE odet, if F is a field.

From the above, one has:

Proposition 4.3. If E is Galois, then Ilg is the unique irreducible subrepresentation of
I dGE(F) 51/5

n PE(F) Vg Py *

Proof. Clearly, we have an embedding of representations of Gg(F):

Gg(F 1/5 Gg(F 1/5
I”dpj((p))VE"SPé ‘_’I”dBEEF;(VE"SPé;NBE(F)'

On the other hand, by induction in stages through the parabolic subgroup @ g, one sees that
Gg(

the latter representation is equal to [ ndQE (gé(ggag The proposition follows. O

Using this last proposition, one can extend IIg to a representation of Hg(F') when E is

Galois. More precisely, since the parabolic subgroup Pg and the characters vg and dp, are
(F)

stable under the action of Sg(F'), we can define an action of Sg(F) on Indg}f(F) VE5113/E5 by:

(s-£)lg) = f(s"(9)), s € Sp(F).
This action of Sg(F') normalizes that of Gg(F'), thus preserving the unique submodule I,

and we obtain the desired extension of IIg to a representation of Hg(F'). Of course, when E
is non-Galois, there is no need to define an extension since Hg(F') = Gg(F).

We now assume that F' is non-archimedean. Fix a non-trivial additive (unitary) character
1y of F'. Composition with 1y gives identifications

Hom(Ng,G,) = {unitary characters of Ng(F')},
Hom(Ug, G,) = {unitary characters of Ug(F')}.

The following two propositions describe the Jacquet modules of Iy with respect to Ng and
Ug.

Proposition 4.4. (i) Let v be a non-trivial character of Ng(F'). Then
1, Zfd} € QE;

0, otherwise.

(ii) If E=F x F x F, then as a representation of
Mp(F) 2 {(91,92,93) € GL2(F)’ : det(g1) = det(g2) = det(g3)},

we have:
1
0— W — (Ig)n, — dp, — 0

where after semi-simplification,

W=6p ©0p (St®11)o(1eS5t0l)s (11 St)).
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Here St denotes the Steinberg representation of GLa(F') and St ® 1 ®1 is the representation
St o pri, where pri : Mg(F) — GLo(F') is given by pri(g1,92,93) = 91-

(i) If E = F x K, then as a representation of
Mg(F) = {(g9,h) € GLa(F) x GLy(K) : det(g) = det(h)},
we have:
0 — W — (L), () — vidp, — 0.

Here, W is obtained by pulling back the representation o(] — |'/2, xx| — [3/?) of GLa(F) via
the projection pr : Mg(F) — GLa(F).

(i) If E is a Galois cubic field, then as a representation of Mg(F),
1
(Mg)Nyr) =05, - (ve & vgh).

(v) If E is a non-Galois field, then (Ilg)y,ry = 0.

Proposition 4.5. (i) Let 1 be a non-trivial character of Ug(F'). Then

L, if Y € wp;

dim(HE)UE(F)’w - {O otherwise.

(i) If E=F x F x F, then as a representation of Lg(F),

~ cl1/6
(), = 8g00r ® Xl @ [xal? @ [xal?,

E

where the x;’s were defined in (3.5).

(i1i) If E = F x K, then as a representation of Lg(F'), we have:

(Mg)up = 6ggom & (x| - [*o ) @ ||

where py and pa were defined in (3.7).

() If E is a field, then

~ <1/6
(HE)UE = 5Q/EO'E.

We now consider the case when F' is archimedean.
Proposition 4.6. (i) If E = F x F x F, then
where i € {1,3,4}.

(i) If E = F x K, then

dim Homg,,(p) (g, (k| - [ 0 p11) @ |p2]7') < 1.
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Proof. (i) This follows by Frobenius reciprocity and the fact that the induced representation

Ind®eE |2

Qn( F;|X1 contains exactly one spherical subquotient.

(ii) This is similar to (i); one checks that the relevant induced representation contains the
minimal K-type of Il with multiplicity one. O

5. Global Minimal Representation

Let F' be a number field and E an étale cubic F-algebra. In this section, we construct an
automorphic realization

O : Iy — A(Gp) N LA(Gg(F)\GE(A))

of the global minimal representation Il = ®,11g, , and study its Fourier coefficients along the
two unipotent subgroups Ng and Ugp. When FE is non-Galois, the automorphic realization
has been constructed by Kazhdan in [Ka]. Hence, we shall concentrate on the case when
F is Galois. When E = F x F x F', the automorphic realization of Il was constructed
by Ginzburg-Rallis-Soudry in [GRS] (starting from a different degenerate principal series
representation). The proofs of many results in this section are standard exercises in the
theory of Eisenstein series and we give the complete proofs for the case E = F x F x F' in
the appendix at the end of the paper; the other cases are in fact easier. The only exception
is Prop. 5.5 which is the main result of this section and whose proof is given at the end of
the section.

The 2-dimensional representation r o pg of Gal(F/F) gives rise to an automorphic repre-
sentation rg = ®,rg, of GLy. When E is Galois, rg is a global principal series representation
and thus can be embedded into A(GL2) by the formation of Eisenstein series. When E is
non-Galois, rg is cuspidal automorphic. As in (4.1), we can define the automorphic repre-
sentation o = ®,0p, of L‘}Ed(A) and hence of Lg(A). Henceforth, we shall regard o as a
submodule of A(LEg).

Let vg be the character of F*\A* defined analogously as in (4.2), so that vy = ®,vg,.
Since the minimal representation Ilg is self-contragredient, we deduce by Prop. 4.3 that
when F is Galois,

dimHomGE(A)(Indgj((ﬁ))uEéé/Es,HE) =1.

For a standard K..-finite section f, € Indgj((ﬁ))XEéfDE, let E(g, fs) be the associated Eisen-

stein series. Then we have:

Proposition 5.1. (i) Suppose that E = F x F x F. For any standard K -finite sec-
tion fs, E(g,fs) has at most a double pole at s = %. This double pole is attained by
the spherical section. Moreover, the space of automorphic forms spanned by the functions
(s— %)QE(—, fs)|s=a/5 is an irreducible square-integrable automorphic representation isomor-
phic to Ilg.

(ii) Suppose that E = F x K or E is a Galois cubic field. For any standard K. -finite

section fs, E(g, fs) has at most a simple pole at s = %. This pole is attained by some K-

finite section, and the space of automorphic forms spanned by the residues of E(g, fs) at s = %
1s an irreducible square-integrable automorphic representation isomorphic to Ilg.
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Proof. We give the proof of (i) in the appendix at the end of the paper. The other cases are
similar. O

Together with [Ka, Pg. 144-145], Prop. 5.1 gives a (goo, Koo) X G(Af)-equivariant embed-
ding
g : (HE)K — A(GE)K N L2(GE(F)\GE(A))

in all cases. By the automatic continuity theorem of Casselman-Wallach (cf. [C] and [W]),
this extends to a G(A)-equivariant embedding

O : Il — A(GE) N L2(GE(F)\GE(A)).

Moreover, we have defined in the last section an extension of IIg to Hg(A) and the finite
group Sg(F) acts on A(Gg) N L}(Ge(F)\Gg(A)) by:

(s-)(9) = f(s (9))-
It is then easy to see that the map 6z is in fact Sg(F) x Gg(A)-equivariant.
Let
9%}5 g — A(Lg)
be the Lg(A)-equivariant map defined by

027 (v)(1) = Op(v)(ul)du for I € Lp(A).

/UE(F)\UE(A)

Thus 9%’3 is the constant term map along Ug. The following Proposition describes the image

I m(OgE ) of this map and is the global analog of Prop. 4.5. It is proved in the course of

proving Prop. 5.1 by examining the constant term along Ug of the relevant Eisenstein series

at the point s = %; we give the proof of (i) in the appendix.

Proposition 5.2. (i) If E = F x F x F, then
Im(037) = b 2o @ [xal? @ [xal? @ [xal®
Here the x;’s were defined in (3.5).
(i) If E=F x K, then
Im(BF) 2 55 o @ (x| - [* 0 1) © ol ™.
Here the p;’s were defined in (3.7).
(i1i) If E is a cubic field, then

Im(057) = 6 %0p.

Similarly, we have the constant term map
ONE  TIp — A(Mp),

More generally, if ¢ : F\A — S! is a non-trivial unitary character, then composition with
1 gives an identification

Hom(Ng,G,) = {unitary characters of Ng(A) trivial on Ng(F)}
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For any unitary character ¢ of Ng(A) trivial on Ng(F'), we have the linear functional
0y, : 1lg — C
defined by:

O3 (v) = 0(v)(n) - H(n)dn.

/NE(F N\NE(A)
The following proposition describes the Fourier expansion of Il along Ng and is also proved
in the course of proving Prop. 5.1; we give the proof of (ii) in the appendix.

Proposition 5.3. (i) Suppose that v is non-trivial. The linear functional Gng 1§ non-zero
if and only if Y € Qp(F).
(ii)) If E=F x F x F, then as a representation of Mg(A), HgE(HE) C A(Mg) is given

by the exact sequence:

0—>W—>9gE(HE) —>5113/E5 — 0.

Here, W is defined as follows. Let V' be the representation of GLa(A) defined by:
0—V—oa(-["2%]-"")—1—0.
Then there is an exact sequence
0— 00 —W =6 (Velel)e(1leVel)®(1leleV)) — o0,
where V®1®1 is regarded as a representation of Mg(A) via the first projection pri : Mg —
GLy (as in Prop. 4.4(ii)) and so on.

Moreover, W is realized as a subspace of A(Mg) as follows. Let E(g, fs) be the Fisenstein
series associated to a flat section fs € o(| — |°,| — |7%). Then E(g, fs) has a pole at s = 3
if fs is the spherical section. On the other hand, if fs is a flat section such that f1 € V,

2

then E(g, fs) is holomorphic and non-zero at s = % Thus the map f1 — E(g, f1) defines an
2 2

embedding of vector spaces:
Eis:V — A(GLg),
which is not GLa(A)-equivariant. Then W is spanned as a vector subspace of A(Mg) by the
constant functions on Mg(A) and the subspaces pri(Eis(V)) @ pri(Eis(V)) @ pri(Eis(V)).
(i) If E = F x K, then

0—>W—>9gE(HE) —>1/E511325 —0

where W is defined by pulling back the irreducible representation V = o(| — /2, x| — |>/?) of
GLo(A) via the projection pr : Mgy — GLy. Moreover, if Eis : V — A(GLg) is the embedding
defined by the theory of Eisenstein series, then W is the subspace of A(Mg) consisting of the
functions g — Eis(v)(pr(g)) forve V.

() If E is a Galois field extension of F, then

ONE (1) = s, & vg'sp,.
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(v) If E is non-Galois, then HgE (Ilg) = 0.
The following corollary is immediate from Prop. 5.2 and Prop. 5.3.
Corollary 5.4. Let v € llg. When E is Galots,
{egE ()l € AD)pis,
%" (v)|ar € A(M) pis.
When E is non-Galois,

0 (0)|1 € A(L)cusp,
05" (v)|ar = 0 € A(M).

We come now to the main result of this section.

Proposition 5.5. For any v € Ilg, the restriction Og(v)|c is a square-integrable automor-
phic form on G.

Proof. Firstly, Op(v)|q is certainly a smooth function of moderate growth, and is K -finite
whenever v is a Kg_-finite vector. Here K, and Kg_ are the maximal compact subgroups
of G(Fx) and Gg(Fx) respectively. Moreover, it was shown in [V] that, for v archimedean,
I, possesses an infinitesimal character when regarded as a representation of G(F,). Hence
0p(v)|g is certainly Z(g,)-finite for any archimedean v. In other words, 0g(v)|g is an auto-
morphic form on G.

It remains to show that 0g(v)|c is square-integrable. As an automorphic form, 6z (v)|q
has a decomposition [MW]:

HE(U)‘G = fcusp +fP +fQ +fB

where fousp is a cusp from, fp has cuspidal support along P and so on. Consider the case
when F is Galois. By Lemmas 3.3(iii) and 3.4, as well as Prop. 5.3(i), we see that

{wE(vﬂGW =057 (v)|1,
Op)|a)N = 05" ()|,

where (0g(v)|¢)Y denotes the constant term of the automorphic form §g(v)|g along U. In-
deed, for m € M(A), we have

(05@)|a)N (m) = / 05 (0)(nm)dn
N(F)\N(A)

:/ 9NE (nm) + Z GNE (nm-v) | dn
N(F)\N(A)

YeQE(F)
= oNE (v Z 0
$»eQE(0)
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Thus Corollary 5.4 implies immediately that fp = fo = 0. Hence it remains to show that
fB is square-integrable. Since fp is concentrated along the Borel subgroup B, we need to
examine the exponents of g (v)|c along B. By Prop. 5.2, one deduces that the exponents
are given by:

—a—f3,2a—p, if E=F x F x F;
—a—0,20—0, if E=F x K,
—2a — 3, if E is a Galois field.
Since all the exponents have negative coefficients, we deduce by Jacquet’s square-integrability

criterion [MW, Pg. 74] that 0z (v)|¢ is square-integrable. The case when E' is non-Galois can
be treated similarly; we omit the details. The proposition is proved completely. O

6. Local Arthur Packets

In this section, we return to the local situation and recall the results of Vogan [V, Thm.
18.10, Pg. 788] and Huang-Magaard-Savin [HMS, Prop. 6.1, Pg. 76] which give a natural
construction of what one might hope is the local Arthur packet Ag,. Since the setting is
entirely local, we shall suppress v from the notation.

When o is a tempered representation of GLo(F') and Re(s) > 0, we let Jp(o,s) and

1

Jg(o,s) denote the Langlands quotients of the induced representations I nd]GDEgé 123+80' and
1

I ndgggééﬁa. Let IIg be the minimal representation of Hg(F'), as defined in Section 4. The

following proposition describes the restriction of IIg to the subgroup Sg(F) x G(F).
Proposition 6.1. As a representation of Sg(F) x G(F),

g = @ ?7\/ & Ty
n€Sk(F)
where the sum runs over irreducible characters n of Sg(F') and each m, is a non-zero ir-

reducible unitarizable non-generic representation of G(F') and the m,’s are mutually non-
1somorphic.

Remarks: How does one check that the m,’s are mutually non-isomorphic? Recall that the
unitary characters of N(F') are parametrized by Hom(N (F'), F') and the M (F)-orbits are
parametrized by cubic F-algebras. Moreover, if ¢ is a character of N(F') in the M (F)-orbit
Op corresponding to E, then the stabilizer of ¢ in M (F') is a finite subgroup isomorphic to
Sg(F). When F is non-archimedean, it was shown in [HMS, 1.10] that for any ¢ € Op,

()N =1

as Sg(F)-modules. This proves that the m,’s are mutually non-isomorphic without deter-
mining what each m, is.

In [V, Thm. 18.10] and [HMS, §7], the irreducible representation 7, is completely deter-
mined in many cases (and completely in the archimedean case). We summarize the result in
the following proposition.

Proposition 6.2. The following table determines m, in many instances.
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E n | m
FxFxF 1 | Jo(re, +)
T JP(St,%)

€ | supercuspidal (if v finite)

FxK 1 | Jo(re,3)

k | supercuspidal (if v finite)

Galois field 1 | Jo(re, i)

v | supercuspidal (if v finite)

v® | supercuspidal (if v finite)

non-Galois field | 1 | Jo(rg, %)

In the above table, € is the sign character of Sg(F) = S3, k is the non-trivial character of
Sg(F) = Gal(K/F) and v is a non-trivial (cubic) character of Sg(F) = Gal(E/F).

When F is archimedean, the special unipotent representations of G(F') associated to the
subregular unipotent orbit has been classified in [BV] and [V, Thm. 18.5] and are precisely
the representations of G(F') obtained in the restriction of IIgz. When F' = R, let us describe
the representations 7, using the notations of [V, Thm. 18.5] and give their minimal K-types
(with K = (SUy x SUz)/Apz). Suppose first that £ = R x R x R. Then we have:

g =1®J(,(1,0,-1)) & (r® J(Hz; (1, -1))) @ (e @ J_(Hz; (2,0))).

Here, 1 = J(&1, (1,0, —1)) is spherical, 7, = J(Ha; (1, —1)) has minimal K-type C2®C? and
7e = J_(Hy;(2,0)) is a limit of discrete series with minimal K-type C ® C3. On the other
hand, when £ =R x C,

HE = (1 ® J(éxv (1’0’ _1))) S3] (’{ ® J(Hl§ (1a 1)))
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where 71 = J (&, (1,0, —1)) has minimal K-type C* ® C and 7, = J(Hq;(1,1)) has minimal
K-type C°® C.

In any case, observe that 7, is completely determined when 7 is the trivial representation,
and the description is uniform in E. Also, if F is unramified and 7 is the trivial representation,
then 7, is unramified. It is of course desirable to specify the representation m, completely in
all cases, but for the global applications we have in mind, the results of the above Proposition
are often sufficient.

We shall let
Ap ={my :n € Sp(F)}
and one can hope that A is the Arthur packet associated to the parameter g described in
§2. How does one check that Ag is the right set? To do so, one would first need to check
that the distribution

Ap = Z dim(n) Tr(m,)
"

is a stable distribution. Further, one has to verify certain identities involving transfer of
distributions to endoscopic groups of GG. Both of these are important problems in local
harmonic analysis and are beyond our means. However, there are reasons to believe that
the set Ag is the right one. Besides the naturality of its construction, this belief should be
justifiable when F' = C using the results of [BV]. Moreover, there is a Langlands parameter

Gy + Lr — G2(C)
naturally associated to ¥ [A2, Pg. 25-26] and defined by

_ wlz 0
wwtm=sa(n (1 0,))

If ¥ is the L-packet associated to ¢y, then one expects an injection ¥ — Ag [A2, Pg. 38],
whose image is the singleton set containing the representation 7 associated to the trivial
character of the component group Sg(F'). This last expectation can actually be verified.
Using Prop. 6.2, one can easily check that Xg is precisely the set {71} as predicted. This
provides evidence for the claim that Ag is indeed the Arthur packet associated to ¥g.

7. Arthur Parameters and Residual Spectrum

In this section, we summarize the results of Kim and Zampera on the residual spectrum.
It is most illuminating to formulate their results in the framework of Arthur’s conjectures
and hence we shall begin by describing (as much as possible) all the Arthur parameters of
G = Ga.

There are 5 conjugacy class of homomorphisms SLs(C) — Go(C), corresponding to the 5
unipotent conjugacy classes in Go(C). These are:

e the trivial morphism, which corresponds to the identity element of Go(C);
e the long root SLo, which corresponds to the unipotent conjugacy class of a non-trivial
element in the root subgroup associated to a long root;
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e the short root SLs, which corresponds to the unipotent conjugacy class of a non-trivial
element in the root subgroup associated to a short root;

e the subregular SLo, which corresponds to the subregular unipotent conjugacy class;

e the regular SLo, which corresponds to the regular unipotent conjugacy class.

The following table gives the centralizer in Go(C) of the image of these SLy’s:

SLo trivial | long root short root subregular | regular
Centralizer | Go(C) | short root SLg | long root SLg S3 trivial

Henceforth, let F' be a number field and L the conjectural Langlands group of F'. We can
now describe the possible Arthur parameters ¢ : Ly x SLy(C) — G2(C) and fantasize about
the associated Arthur packet. For the purpose of describing the discrete spectrum, it suffices
to look at those parameters v for which the centralizer of the image of v is finite. If 7 is such
that v|sp,,(c) is the trivial morphism, then ¢ is a tempered parameter and for such, we have
nothing intelligent to add. On the other hand, if T/"SLQ((C) is the regular morphism, then the
resulting local and global Arthur packets are singletons consisting of the trivial representation
of G(F,) and G(A) respectively.

We now consider the long and short root SLy’s. From the above table, we see that there
is a map
L SLQ((C) X SLQ((C) — GQ((C),

where one copy of SLy is short root and the other is long root. This realizes (SLg,SL2) as a
dual pair in Go and the kernel of ¢ is the diagonal us. Hence the situations for the long and
short root SLy’s are entirely symmetrical.

Given ¢ : Ly — SLa(C), set
w =10 (¢ X id) : LF X SLQ((C) — SLQ(C) X SLQ(C) — GQ(C)
The centralizer Sy of the image of v is finite if and only if ¢ is an irreducible representa-

tion of Lp, in which case S, = Z/27Z. Conjecturally, such a ¢ corresponds to a cuspidal
representation o4 of PGLo(A).

We now consider the local parameter
Yy : Lp, — Lrp — G2(C),

where L, is the Weil-Deligne group (resp. Weil group) of F}, if v is finite (resp. archimedean),
and determine the component group Sy, of the centralizer of image(t,). There are two
cases, depending on whether the local representation ¢, : Ly, — SLo(C) is irreducible or
not; equivalently, whether the local component oy, is a discrete series representation or not.
Indeed,

v

g, - {1}, if ¢, is reducible;
| z/2z, if ¢, is irreducible.

Letting € denote the non-trivial character of Sy, in the second case, we see that the local
Arthur packet Ay, has the form

Ay, ={m} or Ay, ={m, 7}
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in the respective cases.

As explained at the end of the previous section, we can describe the representation 7y, at
least in terms of 04 ,. Indeed, my has Langlands parameter ¢, and is given by:

J Ly if is the short root SLo;
w1 = the Langlands quotient Po5,; 61)’ 1. Vilsta© 1S. © BT 100 z
JQ(04,s 19)s if ¥ulsLy(c) is the long root SLo.

On the other hand, 7 is expected to be a supercuspidal representation (when v is finite),
which remains to be determined.

Remark: Since we do not know the Ramanujan conjecture for GLs, the representation
o4, above is not known to be tempered. Hence, it may not be entirely accurate to call m
a Langlands quotient of the relevant induced representation. However, it is true that this
induced representation has a unique irreducible quotient (this was checked in [Z]). In fact, the
recent progress made by Kim and Shahidi towards Ramanujan conjecture shows that if oy,
is in the complementary series, it has the form o(x/|- |, x| - |~°) for some quadratic character
x and more importantly, with |s| < % (this used to be an assumption in [K]). This implies
that m; is a Langlands quotient, but its Langlands data is supported on the Borel subgroup,
instead of P or Q.

With the above description of the local packets, it is not difficult to write down the global
Arthur packet which has 27(?) clements, where r(¢) is the number of places v such that oy,
is a discrete series representation. Arthur’s multiplicity formula says that only half of the
elements in the global packet will appear (with multiplicity one) in the discrete spectrum, at
least when r(¢) > 0. Of course, the only element of the global packet that we can specify is
the representation
(7.1) = TP, = Jp(0g, %1), if' Yulsry(c) is' the short root SLo;

TQ.op = JQ(0¢, 15), if YulsLy(c) is the long root SLo,

corresponding to the trivial character of [ [, Sy,. This is the only representation in the packet
that can occur in L2, since for example 7. is supercuspidal at a finite prime v. The other
representations in this Arthur packet, if they occur in L?i at all, are cuspidal and nearly

equivalent to m1. Hence they are CAP with respect to

P if 9y[g1,(c) is the short root SLy;
Q if Pyls1,(c) is the long root SLo.

This concludes our discussion of the long and short root SLy’s.

We come now to the subregular parameters ¢p which are parametrized by étale cubic
F-algebras E and have been treated in Section 2 in some detail. Fixing F, we shall take the
set Ap, constructed in the previous section as the Arthur packet. Then for each irreducible
representation 7 = ®,1, of Sp(A), we have the global representation 7, = ®,7,,. Let Ag res
be the set of i given by the following table and such that m,, # 0. Here, the character e and
r are as defined in Prop. 6.2. As an example, when ' = F x F X F, any 1 € Ag res is equal
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to

s = (@)1 Q1)

veS vgS

for some finite set S of places of F and

_ %(2#5 + (_1)#52), if S is non-empty;
s 1, if S is empty,

is non-zero if and only if #5 # 1.

E n

FxFxF no local component 7, is the sign character ¢
FxK no local component 7, is € or K

Galois field 7 is trivial

non-Galois field | n is trivial

We can now state the results of Kim and Zampera on the residual spectrum L2,,. Let us
write

L2 =12

res res

(B) ® Lies(P) @ L7.s(Q)
where L2

Z.s(B) is the closed span of those automorphic forms whose cuspidal supports are
along B and so on. Here is a reformulation of the results of [K] and [Z] in terms of the above
picture:

Proposition 7.2.

Lges(B) =1& @ @ Ty

E Galois \nN€AE res

L7.,(Q) = ( D 7r1> @ (EP WQa) :

E non-Galois

Here the second sum is over all non-monomial cuspidal representations o of PGLa for which

1
L(§,0', Sym3) # 0
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and mQ » is defined in (7.1).
Lges(P) = @WPJT‘
g
Here the sum is over all cuspidal representation o of PG Lo such that

1
L(-,O’) 7é 0
2
and mp, is defined in (7.1).

The following consequence of Prop. 7.2 is what we need:

Corollary 7.3. Let E be an étale cubic F-algebra and n an irreducible representation of
Sg(A). Then

1, ifn € AE,res;

dimHomG(A)(ﬂ—ﬂaLzes) - {0 lfn ¢ Ap

Proof. Fixing the pair (E,n), we need to show:

(i) for any pair (E',7') # (E,n), my 2% m;

(ii) for any cuspidal representation o of PGL2(A), m, % mp, and m,; % 7Q 4.

For (i), assume first that the étale cubic algebras E and E’ are non-isomorphic. Then
there are infinitely many places v of F such that n, =7, =1 but E, 2 E,. For such a place
v, Prop. 6.2 gives:

m, = Jo(re,,1/5) and Ty, = JQ(TE{), 1/5).
Since g, and rg; are tempered and non-isomorphic, the representations m,, and m,; have

different Langlands data and are thus non-isomorphic. On the other hand, if F = E’ but
nw # 1, for some place v, then m,, % m, by Prop. 6.1.

Now we come to (ii). To distinguish between 7, and 7p,, we consider the Jacquet modules
of m,, and mp, along P for a suitable finite place v. More precisely, there are infinitely many
finite places v such that

(a) B, = F, X F, x F, and n,, = 1,
(b) oy is infinite-dimensional and unramified.

For such a place v, we see that as a representation of M (F,) = GLa(F,),

(g )y =04 (L@ 1@ St)

after semi-simplification, whereas (7p,,)n contains the infinite-dimensional spherical repre-
sentation 6;/3 -0, as a quotient. This shows that (7,,)v 2 (Tpe, )~ and thus m,, # 7ps,.
On the other hand, to distinguish between m, and 7 ,, we take a finite place v satisfying

(a) and (b) above and consider the Jacquet modules of the local representations along Q. In
this case, we find that as a representation of L(F,) = GLa(F,),

(o) =05 -1, 6"
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whereas (7Q,, ) contains the infinite-dimensional representation 5622/ .o, asa quotient. Since

o, and rg, are both representations of PG La(F),), one sees that 522/5 -0y and (%/10 -rg, have
different central characters and thus m,, 2 7g,,. The corollary is proved completely. O

Remarks: (i) The proposition provides further evidence that the set Ag, is the predicted
local Arthur packet.

(ii) In [K, Pg. 1264-1267], an attempt was made to interpret the constituents of L2, (B) in
terms of Arthur parameters. However, the interpretation given there is not entirely accurate.
To be precise, the interpretation given in [K, Pg. 1266, Case 1] and [K, Pg. 1267, Case
2], which concerns the cases F = F x K and F a Galois field respectively, appears to be

incorrect.

(iii) When E = F x F x F and n € Ag yes, the embedding 7, — L2, was constructed by
Moeglin-Waldspurger [MW, Appendix III], building on the work of Langlands [La, Appendix
3] who constructed the embedding of 71. In this respect, let us take the opportunity to
correct a minor inaccuracy in [A2, Pg. 56], where the example of Langlands was discussed.
The discussion on [A2, Pg. 56-57] was meant to correct an error in [Al] concerning Langlands
representation 71. However, it was claimed incorrectly that a principal unipotent element
of the subgroup SLa(C) x SL2(C)/Apz — G2(C) is contained in a proper Levi subgroup of
G2(C), when in fact such an element lies in the subregular orbit. In other words, the original
description in [A1l] was correct after all.

The cuspidal representations in the global Arthur packet associated to g are nearly
equivalent to m, for n € A ;es and are thus CAP with respect to B (resp. Q) if E is Galois
(resp. non-Galois). In the next section, we give a construction of these cusp forms.

8. Global Arthur Packets

We continue to assume that F' is a number field and E an étale cubic F-algebra. Given
an automorphic representation n = ®,m, of Sg(A), the conjecture of Arthur predicts that
Ty = ®ymy, occurs in the discrete spectrum of L?(G(F)\G(A)) with multiplicity > m,,. In
this section, we verify this and give a construction of what one might hope is the global
Arthur packet.

Let IIp = ®,I1g, be the global minimal representation of Hg(A). As an abstract repre-
sentation of Sg(A) x G(A), we have:

HE: @ 77V®7T77.
neSp(A)

Hence, for each irreducible representation n of Sg(A), there is a unique (up to scaling)
Sg(A) x G(A)-equivariant embedding

Ln:nv®7r,7<—>HE.
Now let
9E : HE — LQ(GE(F)\GE(A))



CUBIC UNIPOTENT ARTHUR PARAMETERS 25

be the automorphic realization of IIg constructed in Section 5. Recall that this embedding
is Sp(F') x G(A)-equivariant. As a consequence, the function on Sg(A) defined by

s = 0p(s(v))(9)

is left-invariant under Sg(F) for any v € Ilg and g € G(A).
Set

0y =05 01y s 1" @1y — LAGB(F)\Go(A)).
Fix w, € n and w, € n" so that the natural pairing (w,’,wy) is non-zero. Then for any
f € Homg, ) (n, L*(Sp(F)\Sp(A))),
we define an element
fi € Homg ) (my, A(G))

by setting:
f«(v)(g) = / Gn(sw,\; ®@v)(g) - f(wy)(s)ds, forvem, and g € G(A).
Sp(F)\Se(A)
Thus f — f. gives a map of vector spaces
Homg, () (1, L*(SE(F)\SE(A))) — Homg(a) (my, A(G)).
The choices of w;, and w,v] are not really important. Indeed, we have:

Lemma 8.1. For fized f € Homg,a)(n, L*(Sp(F)\SE(A))), the image of f. in A(G) is
equal to the space spanned by all the functions of the form

On(v,0)(g) = / 0 (s(1))(9) p(s)ds
Se(F)\SE(A)

for allv € g and p € f(n).

Here is the main result of this paper:

Theorem 8.2. (i) For any non-zero f € Homg,a)(n, L*(Sp(F)\SE(A))), f« is non-zero
and f.(m,) consists of square integrable automorphic forms. In other words, we have a G(A)-
equivariant embedding

ay + Homg ) (n, L*(Sp(F)\Sp(A))) @ my — Li(G(F)\G(A))

given by f @ v — fi(v).
(it) Let Ap = {n : m, # 0}, and let Op(n) denote the image of a,. The following table

determines those ) € Ap for which ©p(n) is contained in L2,
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E n such that ©g(n) is cuspidal

FxFxF some local component n, is the sign character €
FxK some local component 1, is € or Kk

Galois field 1 1is non-trivial

non-Galois field | n is non-trivial

For the other n’s, the subspace of those f such that f.(m,) C Lzusp has codimension 1 in
Homg,a)(n, L*(Sp(F)\SE(A)).

(i1i) Each non-zero automorphic form in ©g(n) is E-distinguished. More precisely, if 1 is
a non-trivial unitary character of N(A) trivial on N(F') which is in a generic M (F')-orbit,
then for any non-zero ¢ € Og(n), the Fourier coefficient

p@= [ gl
N(F)\N(A)
is non-zero (as a function on G(A)) if and only if ¢ € Op.
(iv) Assume that f.(m,) C L2 If E is Galois, then f.(my,) is CAP with respect to the Borel

cusp*

subgroup. If E is non-Galois, then f.(m,) is CAP with respect to Q.

Proof. (i) Given a non-zero f € Homg, a)(n, L*(Sg(F)\Sg(A))), it follows from Prop. 5.5
that f.(m,) is contained in the space of square-integrable automorphic forms, so that

fu(my) € LG(G(P)\G(4)).

It remains to show that f,. is non-zero.

By Lemma 8.1, it suffices to find v € Il and ¢ € f(n) such that ©g(v, ¢) is non-zero. To
see this, we compute a particular Fourier coefficient of O (v, ¢) along N. Let ¢ be a unitary
character of N(A) trivial on N(F') which lies in the M-orbit Op. Set

O uv) = [ Op(w.g)m) Tl
N(F)\N(4)
Then a simple calculation, coupled with Prop. 4.4(i) and Lemma 3.3(ii), gives:

O (v, 0) = /5 O 50) - plo)ds
E
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where 1) is any element in Qp(1). To simplify notations, set

Fy(s) = 035, (sv),

which is a function on Sg(A). Let us fix ¢ € f(n) such that ¢(1) # 0, and vy € IIg such
that F,, (1) # 0. This is possible by Prop. 5.3(i), and thus the product F, - ¢ is a non-zero
function. Let v =), ¢;-n;(vo) € Ilg, with ¢; € C and n; € Ng(A). Then a short computation
gives:

Fy(s) = (Z cl-@bo(snis_l)) - Fy(s).

i

Hence,

G)E’w(v ®) /SE “ (Z citho(snis™ > - Fiyy () - p(s)ds.

Since the function F, - ¢ is a non-zero function, it suffices to show that the vector space of
functions of the form

S Z Cﬂ/)Q(STLiS_l)

is dense in the space of continuous functions on the compact group Sg(A) (with respect to
uniform norm). This follows by the Stone-Weierstrass theorem as in [GS. Pg. 201-202].

(ii) Let Apg cusp denote the set of those 7 described in the table, and observe that the
complement of Ag .,sp in Af is precisely the set Ag,.s defined at the end of the previous
section. For n € Ag cyusp, let us take a non-zero

f € Homg,, () (n, L*(Sp(F)\SE(A))).

Then we know that f.(m,) C L2 Let Pr.s denote the orthogonal projection of Lfl onto
L2,,. By Cor. 7.3, we see that 7, does not occur in L2, and hence Pres(f*(wn)) =0, i.e.

fe(my) C L2, Of course, in many instances, one can conclude that ©p(n) C Lcusp without
using Cor. 7.3. For example, if one finite local component of 7 is equal to the sign character
€, then 7, can only occur in the space of cusp forms since one of its local component is

supercuspidal.

Now suppose that 7 € Ag ,es, and let

W, C HomSE(A)(%L2(S (F)\SE(A)))

be the subspace consisting of those f such that f.(m,) C Lcusp By Cor. 7.3 again, we see
that W, has codimension at most 1. Hence it remains to show that codim(W,) # 0. Since
the proof is similar in the different cases, we shall simply give the proof in the case when
E = F x F x F and n is non-trivial; the other cases are either similar or simpler. Since an
irreducible representation of Ss is self-dual, we shall write 1 in place of n".

Assume hence that n = ®,1, is non-trivial and none of its local components is equal to
the sign character € of S3. Let S, = {v : 7, = r}. It is easy to check that m, # 0 if and
only if #S5, # 1. We need to produce f € Homg,a)(n, L*(Sp(F)\SEg(A))) such that the



28 WEE TECK GAN, NADYA GUREVICH AND DIHUA JIANG

automorphic form ©g(w ® v, f(w')) is non-cuspidal for some w ® v € n ® 7, and W’ € n. Its
constant term along U is given by:

®.3) Ofws v W) = [ N CTEORT

and we need to show that this is non-zero for some f, w, w’ and v. For this, it suffices to
show that the linear functional

l:n®m—C
given by
w0 (u)(1)
is non-zero. Indeed, if this were the case, the function on Sg(F)\Sg(A) defined by
Fouw:s—l(sw®v)

would be non-zero for some v and w, and this means that the map f, : w — F,,, would be
a non-zero element in Homg, ) (1, L*(Sp(F)\Se(A))). It is then easy to choose suitable f
and w’ to ensure that (8.3) is non-zero.

We now describe the linear functional ! in more concrete terms. Recall from Prop. 5.2(i)
that the image of the Qg(A)-equivariant map

0VF : Ty — A(Lg)
is equal to
sY/6, @ [xa|? 2 2
0x7E @ al” ® [xs|” & [xal”

It is not difficult to see that when 7 is non-trivial and u € n®m,, the projection of HgE (u) onto
5&2/2019 is zero; if it were not the case, it would follow by Frobenius reciprocity that m, has a
non-zero G(A)-equivariant embedding into I ndggig 522/ 107’E, but this latter representation has

a unique submodule isomorphic to m1. Hence, the restriction of HgE to the subspace n ® m,
takes value in the 3-dimensional space W C A(Lg) spanned by the 3 characters |x1|2, |x3|?
and |x4|? of Lg(A). Denoting these 3 characters by p1, po and ug for simplicity, we see that

if HgE (u) = apy + bug + cus, then
l(u)=a+b+c.
Hence, we need to show that a + b+ ¢ # 0 for some u € n ® m,.

To do this, let us consider the local situation. For any place v of F, it follows from Props.
4.5(ii) and 4.6(i) that

dim Homg g,y (Tg,, i) =1 fori=1,2,3.

Let l;, be a non-zero element of this 1-dimensional vector space. Since Ilg, is generated by
a spherical vector w, as a Qg(Fy)-module, we see that ; ,(w,) # 0. Hence, let us normalize
the choice of the basis element [;, by requiring that /; ,(w,) = 1 for all i. Now the map

ly = @iliw : g, — Ditiv
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is such that {,(w,) = (1,1,1). Since [, is surjective and Qg (F,) x Sg(Fy)-equivariant (where
the action of Sg(F),) on the 3-dimensional space ®;u;, is via the permutation action), the
restriction of [, to r @ m, is non-zero; the image being equal to the subspace of vectors (a, b, ¢)
with a + b+ ¢ = 0. In particular, we can choose u, € r ® m, such that l,(u,) = (2, —1,—1).

Let l; = ®@ul;» € HomQE(A)(HE, ;). Then the global map
0% :Tlp — W

is equal to 1 @l @ I3. Let us evaluate this map on a certain vector u = ®@,u, in n® m, =
®y(Ny ® 7y, ) constructed as follows. For v € S, we take the vector u, € r ® m, constructed
in the previous paragraph. On the other hand, when v ¢ S,., we take the spherical vector w,
which lies in 1 ® m1. The tensor product of these local vectors give an element u € n ® m,.
Moreover,

05 (1) = 2#57 iy @ (—1)# iy + (—1)#57 .
In particular,
I(u) = 25 4 2(—1)#5".
We have noted before that #5S, # 1 for n € Ag yes. Thus l[(u) # 0, as desired.
(iii) The vanishing of ¢, for a generic ¢ ¢ O is an immediate consequence of Prop. 5.3(i)

and Lemma 3.3. The non-vanishing of ¢, for ¢ € O follows from the proof of (i).

(iv) This is an immediate consequence of Prop. 6.2. O

Remark: It is possible to prove (ii) without appealing to the results of [K] and [Z] on residual
spectrum. The proof is more involved and so we will not reproduce it here.

In conclusion, the global theta lifting gives a natural construction of what one might hope
is the global Arthur packet for the parameter g, and also shows that the automorphic
representations in this Arthur packet have some very special properties. It is natural to ask
if these properties characterize the automorphic forms in these Arthur packets. We intend
to pursue these and related questions in a sequel to the present paper.

9. Appendix

In this appendix, we assume that £ = F x F' x F and give the proofs of Propositions
5.1(i), 5.2(i) and 5.3(ii); the other cases can be treated similarly. As we mentioned before,
the proofs of these propositions are standard exercises in the theory of Eisenstein series, but
they are non-trivial and can sometimes be very involved.

We begin by establishing some more notations. Let W denote the Weyl group of Gg
relative to the maximal torus Tr and denote by w; the simple reflection in W corresponding
to the simple root «;. In short, we shall write w[i1...i,,] for w;, w;,...w;,, .
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For any K..-finite f € Ip,(4/5) := In dGE((A))(S;lDﬁ, let fs € Ip,(s) = IndIGDE((A))é}ZE be the

unique standard section extending f. When the real part of s is sufficiently large, the sum

E(g.f.5)= >, [fs(v9)

YEPR(F)\GE(F)

converges absolutely and defines a Gg(A)-equivariant map Ip,(s)k — A(GEg)k. Moreover,
it possesses a meromorphic continuation to all s € C. We are interested in the analytic
behaviour of E(g, f,s) when s = 4/5. For the convenience of the reader, let us repeat the
statement of Prop. 5.1(i) to be proved here:

Proposition 9.1. For any standard section fs, E(g, f,s) has at most a double pole at s =
4/5. The double pole is attained by the spherical section f2. The space of automorphic forms
on Gg spanned by the functions (s — 4/5)?E(g, fs)ls=a5 is an irreducible square-integrable
automorphic representation isomorphic to Ilg.

To determine the poles of the Eisenstein series E(g, f,s), it suffices to determine the poles
of its constant term along Ug. To describe the constant term of E(g, f, s) along Ug, we need
to introduce yet more notations. The representation Ip,(s) is a submodule of

Gg(A)¢1/2
Ip,(xs) = Indg= 032 - X,

where x5 = 5]_;;/2 0p,. Forw e W, set

(5)(f)(g) = / f.(wug)du
(Up pnw=1Up , w)(A\Us 5 (A)

where Up,, is the unipotent radical of the Borel subgroup Bg. This converges for Re(s)
sufficiently large and has a meromorphic continuation to all s € C. Moreover, it defines an
intertwining operator

Mw(s) : IBE(XS) I IBE(w_l : Xs)'

By a standard computation [GRS], we obtain:

(9.2) | Blug..s)du= 3" Bugo. Mu(9) i) for g € Li()
Up(F)\Us(A) wed

where
o U ="{weW:wla) >0and w(a;) > 0fori=1,3,4} is the set of distinguished
coset representatives for Pp\Ggr/QEg;
Ly = w™ ' Prw N L is either equal to Ly or the Borel subgroup Lg N Bg of Lg;
M (8)(fs)|Ly is either a character of Lg(A) or an element of an induced representation

In dLEEA;st with Xw S‘TE = 51/2 w_1Xs;
o 25 = <a2,61/2 wly);

Epw refers to Eisenstein series on Lp corresponding to the induced representation

TLe(h)
IndUg(A)Xw’s.
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The following two lemmas give precise description of the summands in (9.2).
Lemma 9.3. The set ¥ consists of the following elements of W :

e, w[21], w[23], w[24], w[213], w([214], w[234], w[2134],
w[21324], w[21423), w[23421], w[2134213], w[2134214], w[2134234], w[21342134].

Lemma 9.4. We have
o P Ly — 4 1 0 = w21, w(28], w24], w[2134213], w[2134214] or w[2134234];
Bg N Lg otherwise.
Let f° € Ip,(4/5) be the spherical vector normalized by f°(1) = 1. Then the Gindikin-
Karpelevich formula allows us to compute M, (s)f2(1). Indeed, we have:

MW= [ SUer)

\Y
a>0,w—la<0 C(<Oé ,Xs> * 1)

where ((s) refers to the complete Dedekind zeta function of the number field F. The following
table gives the value of M, (s)(f2)(1) for each w € W, describes its analytic behaviour at
s = 4/5 and also determines the value of s'.

order of
weWw M, (s)£2(1) pole at s
s=4/5
e 1 0 2
w[21] .
w[23] fomd) 0 0
w[24]
w([213] (552
w34 Bs)Bs— 1)
—5\3
w[2134] 7¢<5<5()5§(5311)2 0 2
WL o305
w([23421] 5555 TIC(105—T 1 3/2
(21423 C(55)C (55— 1)¢(10s—4)
wIZIBZLY | ssmtc(sa-a2c0s5
w[2134213] | SGelbar ) cl0e 2 0
w[2134234]
s—3)3 s—
w[21342134) | SO ILEN 3 1/2

From the above table, it is not difficult to determine the analytic behaviour of the term
Erw(g, My(s)f2|1y,s') at s = 4/5: they have pole of order < 1 at s = 4/5 except for the
terms corresponding to the last four w’s in the above table. Let us examine the remaining
terms in greater detail:
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o If w = w[21342134], the term M, (s)f? has a pole of order 3 at s = 4/5. However, the
Eisenstein series Epw is essentially the Eisenstein series of SLy at the point s’ = 1/2
(on the unitary axis) and this has a zero of order 1. Moreover, the leading term of
its Laurent expansion gives an embedding of 5619/2013 into A(Lg). Hence, the term
Eprw(g, My () f2|,, s") has a pole of order 2 and (5—4/5)2EL}§ (g, My (5) 215 8")]s=a/5
span a subspace of A(Lg) isomorphic to (53}?03

o If w = w[2134214], w[2134213] or w[2134234], then M, (s)(f?) has a pole of order 2 at

s=4/5and (s — 4/5)2M,(f2)|L,, evaluated at s = 4/5, is a character of Lg(A) equal
to |x3|%, |xal? and |x1|? respectively. Here, recall that the x;’s were defined in (3.5) and
(3.6).

By computing central characters, one sees that the poles of order 2 from the above terms
do not cancel. Hence E(g, f°, s) has a pole of order 2 at s = 4/5. By Prop. 4.3 and the fact
that IIg is unramified, we deduce that E(g, f, s) has a pole of order < 2 for any f € Ip,(4/5),
and as we have seen, this double pole is attained by the spherical section fU.

Consider now the map
f = (s =4/5)°E(g, f,5)|s=a/5-
This defines a non-zero Gg(A)-equivariant map

GE : IPE(4/5) — .A(GE)

Claim. The image of 0 is contained in L*(Gg(F)\Gg(A)) N A(GE).

Proof of the claim: We use the square integrability criterion of Jacquet [MW, Pg. 74]. Since
the image of O consists of automorphic forms with cuspidal support along the Borel subgroup
Bp, we need to compute the automorphic exponents of 6g(v), for any v € Ip,(4/5), along
Bpg and see that they are linear combinations of the simple roots with negative coefficients.
For this, we need to compute the constant term of fg(v) along the unipotent radical of Bg.
However, we have seen that the constant term of g (v) along Ug is contained in the subspace
of A(Lg) given by

1/6
a2 @ [xsl? ® [xal® @ 6g) os.
From this, it is easy to see that the automorphic exponents of g (v) are contained in the set

ag — 200 + ay,
a9 — 20 + as,
ag — 20 + ag,
a9 — 2040,

where we recall that ag = a1 + 2a9 + @3 + a4 is the highest root. Since all the coefficients of
simple roots are negative, the image of f is contained in L?(Gg(F)\GEg(A)) as claimed.

The above claim implies that the image of g is a semisimple representation. By Prop.
4.3, Ip,(4/5) has Il as the unique irreducible quotient. It thus follows that the image of 0
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is isomorphic to IIg. This proves Prop. 5.1(i) completely and in the process we have also
demonstrated Prop. 5.2(i), namely that

6
Im(057) = 65 %08 @ [1l* @ [xsl® @ [xal®.

Finally, we shall prove Prop. 5.3(ii), namely:

Proposition 9.5. As a representation of Mg(A), HgE (Ilg) € A(MEg) is given by the exact
sequence:

0—>W—>9gE(HE) —>5};.25 — 0.

Here, W is defined as follows. Let V' be the representation of GLa(A) defined by:

0—V — o= 2| = |72 — 1 —0,

Then there is an exact sequence

1/5

0— oY 1/5

(Velel)e(1leVel)e(1lwleV)) —0,

— W —p

where V@ 1 ® 1 is regarded as a representation of Mg(A) wvia the first projection pry :
Mg — GLg (as in Prop. 4.4(ii)) and so on. Moreover, W is realized as a subspace of
A(MEg) as follows. Let Fis : V — A(GL2) denotes the embedding of vector spaces (not
GL2(A)-equivariant) furnished by the theory of Fisenstein series (cf. Prop. 5.3(ii)). Then
W is spanned as a vector subspace of A(Mg) by the constant functions on Mg(A) and the
subspaces pri(Eis(V)) @ pry(Eis(V)) @ pri(Eis(V)).

Here, recall that

Mg = {(g1,92, 93) € GL] : det(g1) = det(g2) = det(g3)}

and pry, pro and prs are the three projections Mz — GLs. For any subgroup H C GL3, we
shall write Hy for H N Mg. Moreover, we shall let B be a Borel subgroup of GLs.

To determine §7VE (I1g), we investigate the constant term

(9.6) [ Bs) = X Buplo M) ),

Nig(F)\N (4) wew
of the Eisenstein series E(g, f, s) along Ng. Here
U={weW: wand w™! both send a1, a3 and oy to positive roots},

s’ = (s}, s4,s)) is the triple of numbers defined by 2s, = (az\-/,é}g/j -w™ly,) and the other
notations are similar to those in (9.2).

The following two lemmas describe explicitly all summands in the last formula.
Lemma 9.7. We have
= {e,w[2], w[2132], w[2142], w[2342], w[21342], w[213242132]}.
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Lemma 9.8. We have

Mg, if w=e or w[213242132];
(B x B x B)g, if w=w[2] or w[21342];
GL2 X GL2 X B)O, wa = w[2132],

w_lPEw NMg =< (
(GLQ x B x GLQ)(), z'fw = w[2142];
(

\

B x GL2 X GLQ)O, sz = w[2342]

Taking the normalized spherical section f0 € Ip,(s) and using the Gindikin-Karpelevich
formula, we list in the following table the analytic behaviour of M, (s)f2(1) at s = 4/5 and
give the value of s'.

order of
w My (s)f0(1) pole at s
s=4/5
e 1 0 (0,0,0)
wl2] sl 0 |(3/2.3/2,3/2)
w([2132] (52 (55-3) (0,0,2)
w([2342] S : (2,0,0)
{(55—2)%¢(10s—5
w[21342] (O iy 0 (1,1,1)
((55—3)“((5s—4)((10s—5
w[213421342] | SR L)L) 3 (0,0,0)

From the table, we conclude that for each w € ¥, the term Ejw (g, Miy(s) fs,8') has a pole
of order < 3 at s =4/5. For each w € ¥, let us write:

b(f,9) | 0% (f.9)
(s —4/5)3 (s —4/5)

From the table again, we see that b¥; and 0, are both zero unless
w=w:=w[21342] or w = wy:= w[213421342],

in which case the pole of order 3 is attained by the spherical section f0. Indeed, when
w = wo, Muyy(s)f9|a, has a pole of order 3 as shown in the table and when w = w/,
B (g, Myw(s)fs, s') is essentially the Eisenstein series of SLg x SLg x SLg attached to the

induced representation

EME?J (gv Mw(s)f87 8,) =

5t

SLa(A) SLa(A) SLa(A)
IndB(f&) 0B ® IndB(f&) 0B ® IndB(f&) 0B.

Of course, we already know that E(g, f, s) has a pole of order at most 2, so that necessarily

bZ3(f,9) +bZ5(f. 9) = 0.
To describe b%5, we need to introduce more notations.

As in the statement of the propostion, let V' be the GLg(A) representation defined by the
exact sequence

GLaf(

B(A)A)(SB —1—0

00—V — Ind
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For p € 1 ndg(LAf)(A)

and only if ¢ ¢ V. Consider the Laurent expansion

0p, the corresponding Eisenstein series E(g, ¢, s) has a pole at s = 1 if

a—1(»,9)

E(g,¢,5) = Go1) T ao(p, g) + ...
about s = 1. Then the map
a_q : Indg%g)(A)(sB — A(GLs)

is GLa(A)-equivariant and
Im(a—1) = {the constant functions},
Ker(a_1) =V.

On the other hand,

ap : Indg 2\ 65 — A(GLy)

is an embedding of vector spaces which is not GLg(A)-equivariant. However, the composite
map

ap : Indy 2¥o5 — A(GLy) — A(GLa)/Im(a 1)

is GLa(A)-equivariant. Hence, the subspace
Im(a—1) ® Im(ag) C A(GL3)

supports a representation of GLa(A) with unique irreducible quotient isomorphic to 1, unique
irreducible submodule isomorphic to 1 and with V' as a subquotient.

Let ¢o € T ndg(Lg)(A)

and consulting the last table, it is not difficult to see that
{6“3(f,9) : f € Ipy(4/5)} = C - 61> pria_1(p0)) = C- 55,
On the other hand,
(6“5(f,9) : | € Ipy(4/5)} =017 - (pri(ao(V)) @ pri(ao(V)) @ pri(ao(V)))
& C- 5> - (pri(ao(po)) + pri(ao(o)) + pri(ao(0)))-

From this, Proposition 5.2(i) follows easily.

dp be the normalized spherical vector. Using the above information
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