Automorphic Representations of Adele Groups

We have defined the space A(G,IN) of auto-
morphic forms with respect to an arithmetic
group I of G (a reductive linear algebraic group
defined over Q). We saw that A(G,IN) has a
commuting action of (g, K) and the Hecke al-
gebra H(G,IN).

From this point of view, we saw that the classi-
cal modular forms correspond to different ways
of embedding certain irreducible (g, K )-modules
into A(G, IN):

My (N) £ Homg (7, A(PGL2,T5(N)))

where m; is discrete series of PGL>(R) with
lowest weight k. Thus we are interested in
how A(G,I") decomposes as a (g, K) x H(G,IN)
module.



GOAL: to formulate the theory of automor-
phic forms using adelic language.

The reasons, among others, are:

e we want a theory that deals with A(G,IN)
for all choices of ' simultaneously.

e we want a framework in which the roles
of the (g, K)-action and the H(G, IN)-action
are parallel, i.e. so that they are actions of
the same Kind.

e TOo describe the process of attaching an
L-function to a classical modular form in
terms of representation theory, it is clean-
est to use the adelic framework, as demon-
strated in Tate's thesis.



Adeles

Let F' be a number field. Then one can as-
sociate a locally compact topological ring Ap,
called the adele ring of F. For concreteness,
in these lectures, we shall just work with Q.

Let's recall the definition of A = AQ:
ACRX]]Qp
D

consisting of those x = (x,) such that for al-
most all primes p,

xp c Zp.
It is clearly a subring of [[, Qu.

T his construction is called the restricted di-
rect product.

The ring A has a natural topology: a basis of
open neighbourhoods at a point x consists of:

11 Uv X || Zv
veES vgS




where S is a finite set of places of Q, includ-
ing the archimedean prime, and U, iS an open
neighbourhood of z. In particular, A is a lo-
cally compact ring.

Alternatively, one can think of A as the induc-
tive (or direct) limit of

I] Qv x [] Z».

veS vgS

Observe that Q <— A diagonally, so that A is a
Q-algebra. An important property is:

Theorem: Q is discrete in A with Q\A com-
pact.

Thus, the situation of Q C A is analogous to
the situation of Z C R.



T here are some variants of the above construc-
tion. If S is a finite set of places of QQ, we let:

Qs = [lves Qu
A® = {(2v) € [lpgs Qu : xv € Zyfor almost all v}

We call A° the S-adeles. If S consists only of
the place oo, then we call A® the finite adeles
and denote it by Af.

The following is called the strong approxima-
tion theorem for adeles:

Theorem: Let S be a non-empty finite set of
places of Q. Then Q is dense in AS.

When S consists only of the archimedean place,
this is the so-called Chinese remainder theo-
rem.



Adele Groups

Let G be a linear algebraic group defined over
Q; the examples to keep in mind are the reduc-
tive groups GL, and SL,, as well as unipotent
groups.

Note that G is an affine algebraic variety over
Q. One can thus consider the group G(A) of
adelic points of G. We simply call this the
adele group of . It is a locally compact
group and we can give it a more concrete de-
scription as follows.

We consider the set of sequences (Kp) (in-
dexed by primes) of open compact subgroups
Ky, of G(Qp), and consider two such sequences
(Kp) and (K,) to be equivalent if Kp = K, for
almost all p.

Now given a linear algebraic group G, one can
associate an equivalent class of such sequences.
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Namely, choose any embedding i : G — GL(V)
where V is a Q-vector space, and pick a lat-
tice A in V. Then let K, be the stabilizer of
N®yzZpin G(Qp). The resulting sequence (Kp)
will depend on (i,/\) but different choices give
equivalent sequences.

Let us pick one such sequence (Kp) from the
equivalence class determined by G. Then it
can be shown that:

G(A) =
{(gv) € || G(Qu) : gv € Ky for almost all v}.

This is independent of the choice of the se-
quence.

From this, one sees that if S is a finite set of
primes, then

G(A) = G(Qg) x G(A”).

Moreover, a basis of neighbourhoods at 1 in
G(Ay) consists of open compact subgroups
U =1[,Uy with Uy = K, for almost all v.



For almost all p, the open compact subgroup
Kp is a so-called hyperspecial maximal com-
pact subgroup. For example, when G = G Ly,
Ky = GLp(Zyp).

We can modify K, at the remaining places (in-
cluding oo) and assume that they are special
maximal compact subgroups. Then

K =[] Kv
v

is @ maximal compact subgroup of G(A). We
fix this K henceforth.

For example, when G = GLq, then

GL1(A) =
{r = (xv) € || Qy, zp € Z,; for almost all p}.
()

This is the so-called idele group of Q.



The quotient G(Q)\G(A)

Because Q C A, we have:

G(Q) C G(A).

The situation of G(Q) C G(A) is entirely anal-
ogous to the situation of SL>(Z) C SL>(R).
Indeed, we have:

e G(Q) is a discrete subgroup of G(A).

e G(Q)\G(A) has a fundamental domain which
can be covered by a sufficiently large Siegel
set (associated to any parabolic Q-subgroup).

e G(Q)\G(A) has finite volujme if G is semisim-
ple: it is compact if G is anisotropic.



Strong Approximation for G

The strong approximation theorem allows one
to relate the adelic picture to the case of M\G(R).

Theorem: Assume that G is simply-connected
and S is a finite set of places of Q such that
G(Qg) is not compact, then G(Q) is dense in
G(AS).

Here is a reformulation. Given any open com-

pact subgroup U c G(A®), we have:

G(A) = G(Q) - G(Qg) - U®.

A consequence of this is:

Corollary: Under the asumptions of the theo-
rem, if we let T = G(Q) NU®, then

G(Q)\G(A)/U® Z \G(Qg).



An example

As an example, consider the case when G =
SLy and S = {oo}. Then

SLoy(Q\SL2(A) /Uy = T\SL>(R)
where Uf IS any open compact subgroup of
G(Ay) and ' =G(Q) N Uy.

Let's take Uf to be the group

KoN) =T[5 [ SL2(Zp)
p|N (p,N)=1

where I, is an Iwahori subgroup of SL>(Qp):

b

Then it is clear that
Mo(N) = Ko(IN) N SL2(Q).

So we have:
SLr(Q)\SL2(A)/Ko(N) = To(N)\SL2(R).
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Passage from real to adele groups

The above consideration allows us to regard an
automorphic form f on N\G(R) as a function
on G(Q)\G(A), at least for certain I'.

We say that I is a congruence subgroup of
G if T = G(Q) nUr for some open compact
subgroup Ur of G(Ay).

Thus if I is congruence, and G satisfies strong
approximation, we have:

MGR) = GQN\G(A)/Ur

and we can regard an automorphic form on
MN\G(R) as a function on G(Q)\G(A) which is
right-invariant under Ur.



Remarks: (i) In general, for any reductive G
and any open compact U C G(Af), we have

#G(Q\G(A)/G(R)U < oo.

In this case, if {g; € G(Af)} is a set of double
coset representatives, then

G(Q\G(A)/U = [JI\G(R)
i
with I; = G(Q) Ng;Ug; *.
Thus, the passage between real and adele groups

IS not seriously affected by the lack of strong
approximation.
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(ii)) When G = GLy, we still have the decom-
position:

GLn(A) = GLp(Q) -GLn(R) -U

for any open compact U C GLn(A ) on which
the image of determinant is equal to Hijj.

This is a consequence of strong approximation
for SL, and the fact that Q has class number
1. So it would not be true for a general number
field.

In particular, when U = K, (N) (the analog of
Ko(N) for GL>), we have

Fo(N)\SLo(R) = Mo(N)Z(R)\GL(R)

= Z(A)GL2(Q)\GL2(A)/Kp(N).
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Properties of functions

When we regard an automorphic form on MN\G(R)
as a function f on G(Q)\G(A), the function f
will inherit the properties of an automorphic
form. Let us spell out some of these.

Definition:

e A function f on G(A) is said to be smooth
if it is C°° in its archimedean variable, and
locally constant in the finite-adeles vari-
able.

o f is K-finite if the right K-translates of
K span a finite dimension vector space.
Equivalently, f is Kso-finite and is right-
invariant under an open compact subgroup
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If we fix a Q-embedding 7 : G — GLp, we
may define a norm function by

: -1
gl = [[maz; 1 {1i(9) jklvs 1i(g™ ") jrlv}-
(¥

f is said to be of moderate growth if there
exists n > 0 and C > 0 such that

1 f(9)| < Cllgl]"
for all g.

f is rapidly decreasing on a Siegel set &
if, for any k£ > 0, there exists (', > O such
that

£(9)] < Cy - gl 7"
for any g € G.



Automorphic forms on adele groups

Let G be a reductive linear algebraic group over

Q.

Definition: A function f on G(Q)\G(A) is
called an automorphic form if

e f is smooth

e f is right K-finite

e f is of moderate growth
o fis Z(g)-finite.

We let A(G) denote the space of automorphic
forms on G. This space contains A(G(R),IN)
(for any congruence ') as the space of func-
tions right-invariant under an open compact
subgroup of G(Ay).
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Cusp forms

Definition: An automrophic form f on G is
called a cusp form if, for any parabolic Q-
subgroup P = M N of G, the constant term

N = [ ynay TP 7

is zero as a function on G(A).
It suffices to check this vanishing on a set of
representatives of G-conjugacy classes of max-

imal parabolic subgroups.

We let Ap(G) denote the space of cusp forms
on G.
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Analytic properties

T he analytic properties of an automorphic form
f follow immediately from those on real groups,
using the passage from real to adele groups.
For example, we have:

e f is real analytic when restricted to G(R)

e f is of uniform moderate growth

e if f is cuspidal, f is rapidly decreasing on
a Siegel set defined using any parabolic Q-
subgroup. In particular, f € L2(G(Q)\G(A))
if G is semisimple.

15



Automorphic representations

The space A(G) possesses the structure of a
(g, K)-module as before. In addition, for each
prime p, the group G(Qp) acts on A(G) by right
translation. Thus, A(G) has the structure of
a representation of

(8, K) x G(Aj).

Moreover, as a representation of G(Af), it is a
smooth representation.

We shall abuse terminology, and say that A(G)
is @ smooth representation of G(A), even though
G(R) does not preserve A(G).

Definition: An irreducible smooth representa-
tion m of G(A) is called an automorphic rep-
resentation if 7 is a subquotient of A(G).
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Admissibility

Theorem: An automorphic representation =«
is admissible, i.e. given any irreducible repre-
sentation p of K, the multiplicity with which p
occurs in m is finite.

An equivalent definition of “admissibility” is:
for any open compact subgroup U = Hp Up C
G(Ayf) and any irreducible representation poo
of K~, the subspace of vectors in @ which are
fixed by U and which is contained in the poso-
isotypic subspace of 7V is finite-dimensional.

Proof: Suppose that V3 C Vo C A(G) are sub-
modules with V5/V; = w. We may assume
that V5 is generated over G(A) by f e Vo \ V7.
Otherwise, we simply replace V5 by the G(A)-
submodule V) generated by f and Vi by VinNVj.
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If f is killed by an ideal J of finite codimension
in Z(g), then V5 is Killed by J. Thus

vy c AG, DY
and

The RHS is an admissible (g, K)-module by a
fundamental theorem of Harish-Chandra. This
proves the theorem.



Restricted tensor product

We usually expect an irreducible representa-
tion of a direct product of groups GG; to be the
tensor product of irreducible representations V;
of G;. In the case of interest here, the adele
group G(A) is almost a direct product; it is
a restricted direct product with respect to a
family (Kjp). It turns out that an irreducible
admissible representation of G(A) is almost a
tensor product.

Definition: Suppose we have a family (W)
of vector spaces, and for almost all v, we are
given a non-zero vector ul € W,. The re-
stricted tensor product ®,W, of the W,'s
with respect to (uQ) is the inductive limit of
{(Ws = QuesWy}, Where for S c S’, one has
WS — WS’ defined by

PpesUv (®’UESU’U) X (®’U€S/\Su’8)'
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We think of ®fUWU as the vector space gener-
ated by the elements

U = RoUy with uy = ug for almost all v,

subject to the usual linearity conditions in the
definition of the usual tensor product.

Now if each W, is a representation of G(Qy),
and for almost all v, the distinguished vector
uY is fixed by the maximal compact K,, then
the restricted tensor product inherits an action

of G(A): if g = (gv), then

g(®vuv) = QugvUy.

Because gy € Ky and uy = uQ for almost all v,
the resulting vector still has the property that
almost all its local components are equal to
the distinguished vector uQ.
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Representations of adele groups

The following is a theorem of Flath:

Theorem: An irreducible admissible represen-
tation of G(A) is a restricted tensor product
of irreducible admissible representations m, of
G(Qy) with respect to a family of vectors (u9)
such that uQ € 7Xv for almost all v.

For the proof of this, see [Bump, §3.4].

Corollary: An automorphic representation =«
has a restricted tensor product decomposition:
T =2 ®! 1y, where for almost all v, 7ffv £ 0.
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Unramified representations

Remarks: Note that if mp is an irreducible
admissible representation of G(Qp), and K, is
a hyperspecial maximal compact subgroup of
G(Qp), then

dimmp? < 1.

So the choice of ug IS unique up to scaling.

We call an irreducible representation of G(Qp)
unramified or spherical with respect to K if

dim wé(p = 1. These has been classified in Yu's
lectures, using the Satake isomorphism.

We shall come back to this later, when we give
a representation theoretic interpretation of the
Ramanujan-Petersson conjecture.
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Cuspidal automorphic representations

The space Ap(G) of cusp forms is clearly a sub-
module under G(A). When G is reductive, with
center Z, we usually specify a central charac-
ter x for Z(A). Namely, if x is a character
of Z(Q)\Z(A), then we let A(G)y be the sub-
space of automorphic forms f which satisfy:

f(zg) = x(2) - f(g).

We let Ap(G), be the subspace of cuspidal
functions in A(G)y. Then as in the case of
Ag(G(R), ) (with G semisimple), Ag(G)y de-
composes as the direct sum of irreducible rep-
resentations of G(A), each occurring with fi-
nite multiplicities.

Definition: A representation = of G(A) is cus-
pidal if it occurs as a submodule of Ag(G)y.
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The representation T

If f is a classical cuspidal Hecke eigenform on
[o(INV), we have seen that f gives rise to an au-
tomorphic form ¢¢ on FH(N)\PGL>(R) which
generates an irreducible (g, K)-module isomor-
phic to the discrete series representation of
lowest weight k.

Now if we then transfer ¢¢ to a cusp form &
on PGL>(Q)\PGL>(A), we can consider the
subrepresentation wy of Ag(PGL>) generated
by CDf. It turns out that this is an irreducible
representation of G(A) if f is a newform.

Thus a Hecke eigen-newform in Sp(N) corre-
sponds to a cuspidal representation of PGL>(A).
Moreover, if my = ®,my, then mp, is unramified
for all p not dividing N.
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Basic questions

Having defined the notion of automorphic rep-
resentations, some basic questions one can ask
IS:

e Given an irreducible admissible representa-
tion m = ®!,m, of G(A), can we decide if 7
iIs automorphic? When is it cuspidal?

e More generally, classify the automorphic
representations of G(A). One purpose of
the Langlands program is to formulate an
answer to this question.

e Construct some examples of automorphic
representations. It turns out that there is
a general method of constructing submod-
ules of A(G). This is the theory of Eisen-
stein series. However, there is no known
general method for constructing submod-
ules of Ag(G).
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Hecke algebra

On A(G(R), M), we have the action of the Hecke
algebra H(G,IN). Under the isomorphism

A(M\GR)) =2 AG)r,

what does the operator T, = Nal (with o €
G(Q)) get translated to?

Let's call this new operator on the adelic side
T! .

If fe A(G)Ur, then the identification of f with
a function on MN\G(R) is simply given by re-
striction to G(R). So we want to find T}, such
that

(TaHlam) = Ta(flam))-
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Let us evaluate Ty, f at an element g = (goo,9f) €
G(R) x G(Ay). Because we are assuming that

G(Af) =G(Q) - Ur,

we can accordingly write

gr =" u.
Writing:
[l = U [a,;,
we compute
T, f(9) = T, f(goo, Y1) = T, f (7 *goo, 1)

= Zf(aﬂ_lgoo, 1) = Zf(goo,'yai_l)
= Zf(goomuu Loy by = Zf(goo,'yua_l)
= Zf(gwagf% ) = Zf(ga_l)
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Note that because

Fall = Jla; in G(Q)

7

we have

UraUr = |JUra; in G(Ay)
)

and so

UrOé_lUr — UCLi_lUr.
i

We have now translated the action of H(G, M)
to the adelic picture. Is the resulting operator
something we have seen before?
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Recollection from Yu's lectures

Recall from Yu’'s lectures that if V is a smooth
representation of a locally profinite group G
and U C GG is an open compact subgroup, then
the map V — VU defines a functor from the
category of smooth representatioons of G to
the category of modules for the Hecke agebra
H(G//U).

Recall that H(G//U) is the ring of functions in
C2°(G) which are bi-U-invariant, and the prod-
uct is given by convolution of functions.

A basis for H(G//U) is given by the character-
istic functions fo = 1,y The action of this
on a vector in VV is:

fa-v= /Gfa(g) - gvdg

— ’Ud = a;v
a7 %: ’

if UaU = Ua;U (and dg gives U volume 1).
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Adelic Hecke algebras

We can apply the material from Yu's lectures
to the smooth representation A(G) of G(Ay).
Then the adelic Hecke algebra H(G(A¢)//Ur)
acts on A(GQ)Ur.

More explicitly, if Ura=1Ur = U;a; *Ur, then
the characteristic function of Ura~1Ur acts by

(Taf)(9) = Y@, () = Y flga; ™)

In conclusion, we see that the action of H(G, M)
on A(G, M) gets translated to an action of the
adelic Hecke algebra H(G(A¢)//Kr) on A(G)ET.
This action of the adelic Hecke algebra arises
from the smooth G(A ;)-module structure on
A(G). Note also that

MG(Q)/T « Ur\G(Ay)/Ur.
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Local Hecke algebras

Because G(Ay) is a restricted direct product,
we have in fact

H(G(Ap)//U) £ @,H(G(Qp)//Up)
if U = [, Up. So the structure of H(G(A¢)//U)
IS known once we understand the local Hecke

algebras H(G(Qp)//Up).

For almost all p, however, we know that U, =
K, is a hyperspecial maximal compact sub-
group. In that case, the structure of the lo-
cal Hecke algebra is known, by the Satake
iIsomorphism. In particular, H(G(Qp)//Kp) is
commutative and its irreducible modules are
classified.

Because V — VEr induces a bijection of ir-
reduible unramified representations with irre-
ducible modules of H(G(Qp)//Kp), we get in
this way the classification of irreducible unram-
ified representations of G(Qp). We recall this
classification next.
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Classification of unramified representations

Let us assume for simplicity that G is a split
group (e.g. G = GLyp). Let B=T N be a
Borel subgroup of G, with maximal torus T.
So T = (GL1)" and T(Qp) = (Q;)". We let
W = Ng(T)/T be the Weyl group of G.

Let x : T(Qp) — C* be a (smooth) charac-
ter of T(Qp). We say that x is an unram-
ifed character if x is trivial when restricted to
T(Zp) = (Z;)". If x is unramified, then it is of
the form

X(ai, cens a?“) — tirdp(al) s tg?“dp(ar)’ a; € Q;

for some s; € C*.

We may regard x as a character of B(Qp) us-
ing the projection B(Qp) — N(Qp)\B(Qp) =
T(Qp).
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Given an unramified character x of T(Qp), we
may form the induced representation

Ip(x) = Indgggi%(Sg/z - X

Here, dp is the modulus character of B, defined
by:

55(b) = |det(Ad(b)|Lie(N))]p.

We recall that the space of Ig(x) is the sub-
space of C*°(G(Qp)) satisfying:

o f(bg) = 35(b)1/2-x(b)-f(g) for any b € B(Qp)
and g € G(Qp).

e f is right-invariant under some open com-
pact subgroup Uy of G(Qp).

Then Ig(x) is an admissible representation of
G(Qp), possibly reducible. The representations
Ig(x) are called the principal series represen-

tations.
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Because of the Iwasawa decomposition G(Qp) =
B(Qp)-Kp, an element f of Ig(x) is completely
determined by its restriction to Kj,. Thus we
see that

dimIg(x)5? =1

and a vector in this l1-dimensional space is
given by

fo(bk) = 6p(6)1/2 - x(b);

equivalently, fole IS the constant function 1.

Thus Ig(x) has a unique irreducible subquo-
tient 7, with the property that wfp = 0.

Theorem: Any irreducible unramified repre-
sentation of G(Qp) is of the form =, for some
unramfied character x of T(Qp).
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The Weyl group W acts naturally on T(Qp)
and thus on the set of characters of T(Qp):
Namely, for w € W,

(wx) () = x(w™ttw).

Proposition: m, = 7, iff x = wx' for some

w e W.

X

Thus, the irreducible unramified representa-
tions are classified by W-orbits of unramified
characters of T'(Qp).

Unitarizability: One may ask whether m, is
unitarizable. When x is a unitary character,
then it is clear that Ig(x) is unitarizable, and
thus so is my. Indeed, a G(Qp)-invariant inner
product on Ig(yx) is:

(fr.f2) = [ F1(k) - F2(R) dk
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Though this inner product is not G(Qp)-invariant
if ¥ is not unitary, it may be possible to define
an invariant inner product in some other ways.

At this point, it appears that the problem of
determining the unitarizable unramified repre-
sentations is not completely solved for all groups.
Of course, it has been solved for GL, some
time ago.



The example of GL»

Let us look at the example of GL>. Then B is
the group of upper triangular matrices, and

b
0B (g d) — |a/d|p-

The Weyl group W is isomorphic to the group
So; the non-trivial element of W is represented

by the matrix
b — 0O 1
—\1 0/

An unramified character is of the form

a O d dp(d
Xt1,t2 ( 0 d ) =t P ty oD

Moreover, under the action of w, we see that

WXtq,to — Xto,t1-
So the irreducible unramified representations
of GL>(Qp) are parametrized by diagonal ma-

trices
b t1 O
X7\l o0 to
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modulo the action of w. In other words, they
are parametrized by semisimple conjugacy clases
in GLQ(C).

Observe that my,, ., IS a representation of the
group PGL>(Qyp) iff t1to = 1.

Analogously, the irreducible unramified repre-
sentations of GL,(Qp) are naturally parametrized
by semisimple conjugacy classes in GL,(C).
The semisimple class associated to an unram-
ified representation =« is called the Satake pa-
rameter of .



Tempered representations

Let us recall the notion of a tempered repre-
sentation of G(Qp). Let m be a unitarizable
representation of G(Qp). Suppose that (—,—)
is a G(Qp)-invariant inner product on w. Then
by a matrix coefficient of w is a function on
G(Qp) of the form

fvl,vz (g) — <9U17 U2>

with v1 and vy in .

Assume that « has a unitary central character,
so that | fu;,v,(g)| is a functon on Z(Qp)\G(Qp).

Definition: Say that = is a tempered repre-
sentation if the matrix coefficients of = lie in

L2T(Z(Qp)\G(Qp)) for any € > 0.
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Proposition: The unramified representation
my IS tempered iff x is a unitary character.

We mentioned earlier that there may be other
T 'S Which are unitarizable, but for which x is
not unitary. We call these other m,'s the (un-
ramified) complementary series representa-
tions. For example, the trivial representation
of G(Qp) is certainly not tempered.

Remarks: The notion of being tempered is a
natural one. Indeed, if one considers the reg-
ular representation L?(G(Qy,)) (G semisimple,
say), which decomposes into the sum of a dis-
crete spectrum and a continuous one, then an
irreducible unitarizable representation is tem-
pered if and only if it occurs in the decompo-
sition of L2(G(Qyp)).
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Example: Let us describe the (unramified)
complementary series of PGL>(Qp).

Proposition: my, , IS unitarizable and non-
tempered iff p~1/2 <ty < pl/2

When t; = pl/2 or p~1/2, the corresponding
unramified representation is the trivial repre-

sentation.

Note that £1 and tIl parametrize the same rep-
resentation.
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Reformulating Ramanujan’s conjecture

We are now in a position to reformulate the
Ramanujan-Petersson conjecture in terms of
representation theory. This reformulation is
due to Satake.

We start with a cuspidal Hecke eigenform f of
weight k& for SL-(Z) with Fourier coefficients
{an(f)}. The Ramanujan-Petersson conjec-
ture says:

lap(F)| < 2 plk=1)/2,

Obviously, since Si(1) is finite dimensional, it
suffices to prove this bound for a basis of Si(1).
Recall that the action of the Hecke operators
{T»} can be simultaneously diagonalized. So
we have a natural basis of Sp(1) consisting
of Hecke eigenforms. We can further assume
that these Hecke eigenforms are normalized,

I.e. al(f) = 1.
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Now assume that f is a normalized Hecke eigen-
form and suppose that

Inf = )\n(f)f

Then we have seen that

an(f) = An(f).

Thus, the Ramanujan-Petersson conjecture is
equivalent to saying that the Hecke eigenvalues
Ap Of Tp occurring in Si(1) satisfy

Ap| < 2ptF—1)/2
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Now we want to reformulate this on A(PGL>(R), ),
wit T = PGL»(Z).

We saw that f gives rise to a function

¢r(g9) ‘= (flkg) ()

on SLQ(Z)\SLQ(R) PGLQ(Z)\PGLQ(R) On
A(PGL», M), we have the Hecke algebra H(PGL»,I")
acting and we showed that:

¢T,f = pP/27 To,04

p O

Thus the Ramanujan-Petersson conjecture says
the eigenvalue vy of qbf with respect to Tw, sat-
isfies:

where

vy = 2p/2,

since \p, = pF/2-1y,
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Now we pass to A(PGL»)%f where Ky =1l, PGL>(Zp).

If we regard ¢ as an element & of A(PGLy)%s,
then we saw that

Ty = —1¢f

Here T _1 IS the element in the adelic Hecke
algebra correspondlng to the double coset

—1
p O _ p O
Kf< 0 1>Kf_Kf<Ol>Kf,

and is equal to Tap.

Further, under the decomposition

H(PGLy(Ay)//Ky) = QuH(PGL2(Qp)//Kp),
we see that Tw, IS supported only at the prime
D.
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Now suppose 7y C Ag(PGL>) is the irreducible
representation generated by @, and my = Ry

The action of T,, on w][ff = C- ®; is simply
the action of the characteristic functon t, of
PGL>(Zp)apPGL>(Zp) on wé(p. So the eigen-
value of tp on mp IS vp.

Now the local Hecke algebra H(PGL>(Qp)//Kp)
IS generated as an algebra by t,. So the un-
ramified representation m, is completely deter-

mined by the eigenvalue of ¢, on wé(p. So the
Satake parameter s, of mp is completely deter-
mined by the eigenvalue v, assocCiated to ®y.

So we ask:

What is the relation between the Hecke eigen-
value vp and the Satake parameter s, of mp?
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Proposition: pl/2. Trace(sp) = vp.
Proof: If s, = diag(t1,t>), then as we have
seen,

p = I(Xty,ts)

If fo is the K)-fixed vector in Ig(x) with fo(1) =
1, then

vp = (tpfo)(1)
. p—{ 1 r p O
_rgofo O D ‘|‘fO O 1

=p!/2(ta + t1)
= p1/2 - Trace(sp).
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Corollary: The Ramanujan-Petersson conjec-
ture for f € Si(1) is equivalent to saying that
Ty 1S tempered for all p.

Proof: Since mp is necessarily unitarizable, m
IS either tempered or in the complementary se-
ries. If the Satake parameter is s, = diag(t,t~1),
then mp is complementary series iff

p 12 <t<pl/?  butt#1,
which is equivalent to

| Trace(sp)| > 2.
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Remarks: Recall that the Selberg conjecture
for the eigenvalues of the hyperbolic Lapla-
cian on a Maass form is equivalent to saying
that T f.00 iIs tempered. Thus we have shown
that the Selberg conjecture and the Ramanu-
jan conjecture can be unified in a single state-
ment in terms of the representation Tf.

Ramanujan Conjecture for GL,,

Let m = ®)my, be a cuspidal automorphic rep-
resentation of GL, with unitary central char-
acter. Then for each v, my IS tempered.

In the conference next week, you will probably
hear some progress towards this conjecture.
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