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§1. Introduction

Let F' be a number field with adele ring A and let Lr be the conjectural Langlands group of F,
which has a natural map to the absolute Galois group Gal(F/F). There is a natural bijection
between étale cubic F-algebras E and conjugacy classes of homomorphisms

pE : Gal(F/F) — S3,

where S3 is the symmetric group on 3 letters and is the automorphism group of the split algebra
F x F x F. The homomorphism pg gives rise to an action of Gal(F/F) on S3 by conjugation,
and thus defines a twisted form Sg of the finite constant group scheme Ss. For any commutative
F-algebra B, we have Sg(B) = Autp(E @ B).

Let G be the split exceptional group of type Go over F' with complex dual group G = Go(C).
There is a family of Arthur parameters of G naturally indexed by étale cubic F-algebras E:

lpE : LF X SLQ((C) — é

The restriction of g to SLy(C) is associated (by the Jacobson-Morozov theorem) to the subregular
unipotent conjugacy class of G = Go(C). The centralizer of the image of SLy(C) is isomorphic to
S3 and ¥g|r, is the homomorphism pg. Thus these parameters are almost unipotent in the sense
of Arthur: the restriction of ¥y to Lg is almost trivial.

In [GGJ], we defined for each place v of F' a candidate local A-packet Ay, , associated to
g, using results of Vogan [V] and Huang-Magaard-Savin [HMS]. This is a finite set of irreducible
unitarizable representations of G(F,) indexed by the irreducible characters of the finite group

SE(Fy):

—

Aypo =Ty, Mo € SE(Fy)}

With the (candidate) local packets defined, the (candidate) global packet Ay, is simply defined
as the restricted tensor product of the local ones. Hence, the elements of A, are indexed by
irreducible characters of the compact group Sg(A) = [], Sg(Fy); for a given character n = ®mn,,
we have

Ty = Quy, -



According to Arthur’s conjectures, one should have a G(A)-equivariant embedding

vt @ dimn e L3 (GF\G(A)).
n

The main theorem of [GGJ] gives a construction of this embedding, In particular, it implies
that if mgisc(m,) denotes the multiplicity of 7, in the discrete spectrum, then we have

Mdisc(Ty) > dim nSE(F).
It is remarkable that the numbers dim7°E(") are unbounded as n ranges over the irreducible
characters of Sg(A) and this provides the first examples of representations with unbounded discrete
and cuspidal multiplicities.

This paper is a sequel to [GGJ] and its purpose is to prove the following result.

MAIN THEOREM

(1) Fiz the étale cubic F-algebra E and let n = @41, be an irreducible character of Sg(A). Let m,
be the irreducible representation of Go(A) associated to . Then

mdisC(ﬂ'ﬂ) = dim HSE(F)

(7i) Suppose that E = F x K where K is an étale quadratic algebra. If T is an irreducible constituent
of the discrete spectrum of G2 which is nearly equivalent to the representations in Ay, , then T is
contained in Vg = image of tg. In other words, Vg is a full near equivalence class.

Statement (i) of the theorem already provides compelling global evidence for the authenticity of
the candidate local packets Ay, ,. In the case E = F x K, the stronger statement (ii) establishes
this beyond any reasonable doubt. Indeed, one knows a priori that for almost all v, the representation
w1, of the local packet Ay, . is the irreducible unramified representation with Satake parameter

1/2
SEp = i (Frobv X ( Qo ~1/2 )) .
Qu

Thus, if a representation 7,, is a member of the local packet Ay, .,, then 7,, should appear as a
local component of a global representation 7 which occurs in the discrete spectrum and whose local
components are 71, for almost all v. The fact that all such global representations are contained
in Vg (when E = F' x K) shows that the definition of Ay, , given in [GGJ] already captures all
possible candidates for the members of Ay, ,.

The proof of (i) is given in §2-§4 and is similar in spirit to the proof of the multiplicity one
theorem for cusp forms of GL,. The proof of (ii) is based on an alternative construction of the
space Vg (when E = F x K) and a certain Rankin-Selberg integral. It is given in §5 and relies
crucially on the results of [GG].
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§2. Multiplicity Formula

The proof of statement (i) of the main theorem is reminescent of that for the multiplicity one
theorem of Shalika and Piatetski-Shapiro for cusp forms of GL,. Thus it is instructive to review
the proof of this classic result.

(2.1) Multiplicity one theorem of GL,. Let m = ®,m, be an irreducible admissible represen-
tation of GL,(A). For simplicity, let us assume that 7 has trivial central character, so that we are
working with the group PGL,,. If Acysp(PGLy,) denotes the space of cusp forms for PGL,, then
the multiplicity one theorem states that

dim HompGLn(A) (7?', Acusp) <1

The proof of this has two distinct steps, as we shall now explain.

Step 1: Global non-vanishing of Whittaker-Fourier coefficient.

Let N be the unipotent radical of a Borel subgroup of PGL,,. If i is a generic character of
N(A) trivial on N(F'), then for any automorphic form ¢, one sets

() = / o(n) - H)dn.
N(F)\N(A)

Thus one obtains a map
HOH]pGLn (71', Acusp) — HOII]N(A) (71’, C¢)

by the assignment f ~— [, o f. The first step of the proof shows that this map is injective;
equivalently, any non-zero cusp form is generic.

Step 2: Local uniqueness of Whittaker functionals.
After Step 1, it remains to show that
dim Hom (7, Cy) < 1.
The second step of the proof shows the corresponding local statement for each place v.

Analogously, our proof of statement (i) of the main theorem will have two parts, resembling
the two steps above. Before stating the result of each step (Theorems A and B below), we need to
introduce some notations for Gs.

(2.2) The group Gs. The Chevalley group G2 can be canonically defined over Z. Fix a maximal
split torus T" of G2 contained in a Borel subgroup B, both defined over Z. This determines a based
root datum for G together with an épinglage.

We let a and 3 denote the short and long simple roots respectively. For a root &, we let Us
denote the associated root subgroup; we have an isomorphism Us = G, defined over Z which is
well-determined up to £1. For a finite place v, we set K, = G2(A,) where A, is the ring of integers
of F,; K, is a maximal compact subgroup of Ga(Fy).



For future reference, we include a picture of the roots of Gs.

3a+ [ B

(2.3) The Heisenberg parabolic P. Let P = M - N be the Heisenberg parabolic subgroup of
(2. Its unipotent radical N is a 5 dimensional Heisenberg group with center Z. The Levi factor
M is isomorphic to GLs and contains Uy,. Let My, = SLs be the derived group of M. Then
Pss = M, - N is a Jacobi group in the sense of [I].

The M (F')-orbits on the set of unitary characters of N(A) trivial on N(F') are naturally indexed
by cubic F-algebras (cf. [GGS] or [G]). The generic orbits correspond to those cubic F-algebras
which are étale. There are 3 degenerate orbits:

e the zero orbit, which corresponds to the cubic F-algebra F[z,y| with trivial multiplication:

2?2 = zy = y? = 0. The associated character is the trivial character;

e the orbit corresponding to the cubic algebra Ey = F[x]/z3. A representative character is one
which is non-trivial when restricted to Ug and trivial on other Us’s in N.

e the orbit corresponding to the cubic algebra Ey = F[x]/2%(z —1). A representative character
is one which is non-trivial when restricted to U,43 and trivial on other Us’s in V.

For a cubic algebra E, we let ¢ denote a character of N(A) in the associated orbit. Let
My, C M be the stabilizer of Y g. If E is étale, then M, = Sg as algebraic group.

(2.4) The maximal parabolic ). Let @ = L - U be the other standard maximal parabolic
subgroup. Its unipotent radical U is a 3-step nilpotent group and L = G L2 contains Uig. The
center Zy of U is a 2-dimensional. If we let Cyy = [U,U] be the commutator group of U, then
Cy = Usa+p X Zy is abelian. Moreover, U/Zy; is a 3-dimensional Heisenberg group with center
Cu/Zy.

Let Lss = SLa be the derived group of L. Then Jss = Lgs - U/Zy is the classical Jacobi group.



(2.5) Fourier coefficients. Let V' be a unipotent subgroup of Gy and v a unitary character of
V(A) trivial on V(F). If ¢ is an automorphic form on Gj, we define the (V,1)-Fourier coefficient
of ¢ by:

ovyp(g) = / w(vg) - Y(v)dv.
V(F)\V(A)

We shall be considering Fourier coefficients along N. Hence, if ¥ is a unitary character of
N(A) trivial on N(F'), we have the function ¢y .,. For simplicity, we shall call this the E-th
Fourier coefficient of ¢ and write it as ¢y, suppressing the mention of N. We may also consider
the continuous linear functional

le : A(GQ) — C, P 901/)12(1)'

(2.6) Twisted action of M, . The stabilizer My, (A) =[], My, (Fy) acts naturally on the vector
space Hompy(a)(m,Cy,). However, we shall consider a twisted action of My, (A).

An étale cubic algebra E determines a discriminant algebra K g, which is an étale quadratic
algebra. To be more precise,

F x F, when E=F x F x F or E = Galois cubic field,
Kg=4qK, when F = F x K;

the unique quadratic subfield in the Galois closure of F otherwise.

Let x i, be the quadratic Grossencharacter associated to Kr. We may regard xx, as a quadratic
character of My, (A) via composition with the determinant map of M(A) = GLy(A).

The twisted My, (A)-action is defined as follows. For m € My, (A) and I € Hompya) (7, Cyp),
(m - 1)(v) = XK (m) - U(m™0).

In this way, Homy s (7, Cy,) becomes an My, (A)-module.

(2.7) The Two Steps. Having introduced the basic notations, we can now state the two results
which together imply statement (i) of the main theorem.

Theorem A Fizx an étale cubic algebra E and an irreducible character n of Sg(A). Then the
assignment f + ly, o f defines an injective map

Homg, (a) (g, A(G2)) — Homp(a) (1, Cyyy )Mo ).

Theorem B For each place v of F,

Homy () (mn, Cyp, ) = as My, (F,)-modules.

These two theorems clearly imply statement (i) of the main theorem and will be proved in
Section 3 and 4 respectively.



§3. Fourier Coefficients: Proof of Theorem A

The purpose of this section is to prove the following result about Fourier coefficients of a general
automorphic form on G3. Theorem A will be a consequence of this result.

(3.1) Theorem Let 7 C A(G) be an irreducible non-trivial automorphic subrepresentation. Any
automorphic form ¢ in ® has a non-zero E-th Fourier coefficient for some étale cubic algebra E.
Equivalently, the linear functional Ly, is non-zero on w for some étale K.

Before going into the rather involved proof of this theorem, let us see how it implies Theorem
A.

(3.2) Proof of Theorem A. Let m, be as given in Theorem A. It was shown in [HMS] that as
an abstract representation, m,, is E,-distinguished for all finite v, in the sense that for any étale
E}, not isomorphic to E,,

HOmN(FU)(T"ma Cd’E{,) =0.

Thus for any f € Homg,(a) (7, A(G2)), the functions in f(7) have vanishing £’-th Fourier coefficient
if £’ # E. Hence Theorem 3.1 implies that the map Iy, o f is non-zero as long as f is non-zero, so
that the assignment f +— [y, o f defines an injective map

Homg, (4 (my, A(G2)) — Hompy(a)(my, Cyp)-

Further, it is easy to see that its image is contained in the subspace of My, (F)-fixed vectors: for
m € My, (F) and v € m,,

i (L 0 F)(0) = (g 0 £)(m™ - v)
- / f(o)(mm™Y) - Pp(n)dn
N(F)\N(A)

= / f)(@) - Yp(m—In/m)dn’ (where n' = mnm™!)
N(F)\N(4)
= (lyp 0 f)(v)

since m fixes ¥p. Theorem A is proved. R

(3.3) Proof of Theorem 3.1. The rest of the section is devoted to the proof of Theorem 3.1,
which proceeds by contradiction. Under the assumption that the E-Fourier coefficient of w is
zero for any étale E, we shall show that for almost all v, the local component 7, is a minimal
representation of Ga(F,). This is a contradiction to the fact (shown in [GS]) that G2(F),) does not
have an unramified minimal representation.

The proof involves looking at certain Fourier-Jacobi coefficients of ¢, a notion that we shall
now recall.



(3.4) Weil representation and Jacobi forms. Fix a non-trivial character ¢ of F\A. Via the
isomorphism Usqyg = Gg, we regard ¢ as a character of Usaq5(A) = Cy(A)/Zy(A). As is well-
known, the Heisenberg group U(A)/Zy(A) has a unique irreducible smooth representation wy, with
central character ¢». The representation wy, can be realized on the space S(Un(A)) of Schwartz-
Bruhat functions on U, (A). The space S(Uy(A)) has a natural topology; for its definition, see [We,
§11).

Consider now the Jacobi group J(A) = Lgs(A) - U(A)/Zy(A). If Ly (A) denotes the two-fold

metaplectic cover of Lss(A), then we obtain a two-fold cover J(A) = lNLSS(.@) ~U(A)/Zy(A) of
J(A). The representation w,, can be extended uniquely to a representation of J(A); we denote this
extended representation by wy, also, and call it the Weil representation (associated to ).

Consider functions ® : J(F)\J(A) — C satisfying:

(i) @ is smooth;

® is of uniform moderate growth.

)
(ii) @ is right-invariant under some open compact subgroup of J (Ay);
(iii)

)

D(z9) = ¥(2) - ®(g) for z € (Cu/Zy)(A).

Let AZ(J(F )N\J(A)) denote the space of such functions ®. The elements of this space are called
Jacobi forms.

(iv

There is a natural topology on the space of Jacobi forms defined as follows. For each n > 0
and each open compact subgroup K C J(Ay), let V, x be the subspace of those Jacobi forms &
which are right-invariant under K and such that for each X € U(Lie(J(F ®g R))) (the universal
enveloping algebra of Lie(J(F ®g R))),

Bxn(®) := Sup [(X®)(g)] - [lg]| ™ < oc.

Each (x,, defines a semi-norm on V,, i, and we give V,, i the (locally convex) topology defined
by these semi-norms. By conditions (ii) and (iii) above, the space of Jacobi forms is the inductive
limit of the V;, x’s. We then give A7 (J(F)\J(A)) the inductive limit topology.

_ There is an equivariant topological isomorphism ¢ — 6 from the representation wy, to a closed
J(A)-submodule of the space of Jacobi forms. This is defined as follows: for ¢ € S(U,(A)),

O5(9) = > wylg)d(x), g€ J(A).

z€U(F)

(3.5) Remarks: Actually, one can simply work with the space C7°(J(F N\J(A)) of smooth func-

tions on J(F)\J(A) satisfying (iv) above. This is equipped with the C'®-topology defined by the
seminorms

Bx.k(®) = sup [(X)(g)]
geK



where K varies over compact subsets of J(A) and X € U(Lie(J(F ®g R))). Tt is clear that the
natural inclusion

AP (J(F)\J(A)) = CF(J(F)\J(A))
is a continuous map. For our purpose, it is immaterial which of the two spaces we work with.
(3.6) Fourier-Jacobi coefficients. For ¢ € 7, the Fourier coefficient ¢, , when restricted

to Qss(A) = Lss(A) - U(A), descends to a smooth function on the Jacobi group J(A). We can
regard it as a function of J(A) and it is not difficult to check that this gives an element F'Jy(¢) of

AT (J(F)\J(A)); this is the Fourier-Jacobi coefficient of ¢.

Thus we have a map
FJy:m— AP (J(F)\J(A))

which is Qss(A)-equivariant. Thus, F.J,(r) is a J(A)-submodule of the space of Jacobi forms. The
map F'Jy, probably has closed range, but we do not need to know this in what follows.

(3.7) A result of Ikeda. We now recall a result of Ikeda [I] about Jacobi forms. Take any
® € AF(J(F)\J(A)). For two elements ¢1 and ¢ of S(Ua(A)), consider the function on J(A)
defined by:

(I)¢17¢2 (lu) = 0(151 (lu) : (I)¢2 (l)

where

Dy, (1) = / O(lv) - Oy, (lv)dv.
U(F)Zy (A)\U(A)

Let W be a (not-necessarily-closed) U(A)-submodule of the space of Jacobi forms and let cl(W)
be its closure; note that W need not be a J (A)-submodule here. ITkeda showed that if & € W,
then @y, 4, is still an element of cl(W), and in fact cl(WW) is the closed linear span of the functions
Py, 4y, as @ ranges over elements of W and ¢; and ¢y range over all elements of S(Uqn(A)) (cf. [I,
Prop. 1.2]).

(3.8) Remarks: To be honest, Ikeda worked with the space C*° rather than 4., but this is
immaterial, as we mentioned above. He also assumed that W = ¢l(W) is closed, but his proof of
[I, Prop. 1.2] gives the slightly extended version above.

(3.9) Vanishing of FJ,(¢). We now suppose that ¢ does not have any non-zero E-th Fourier
coefficient with E étale; then any non-zero automorphic form in 7 has the same property. We have:

(3.10) Lemma FJy(m) = 0.

PROOF. Suppose that F.Jy(m) # 0; we shall derive a contradiction. Applying Ikeda’s results above
to W = FJ(m), we see that cl(F'Jy (7)) is the closed linear span of certain functions of the form

Fy (- u) = 04(lu) - f(1)



where f is a smooth function on Lgs(F)\Lss(A).

There is thus a non-zero function Fy ¢ in cl(FJy(7)). Using the action of U(A), one sees that
for any non-zero ¢', Fy  is a non-zero element of cl(F'Jy(m)). Further, because F'.Jy(7) consists of
functions on J(A) (rather than J(A)), we deduce that f must be a non-zero genuine function on
Lss(F)\Lss(A).

Consider the Fourier expansion of f along Ug(F)\Ug(A). There is a non-trivial character x
of Ug(F)\Ug(A) for which fy,, # 0. Replacing Fy ; by an Lgs(A)-translate (which still lies in
cl(FJy(m)) since the latter is a J(A)-module), we may assume that fus.x(1) # 0. Replacing ¢ if
necessary, we may assume in addition that ¢(0) # 0.

Then the linear functional
ly s cl(FJy(m)) — C
defined by

L(®) = X(ug) - @(uatpup)duapdug

/UB(F)\UB(A) /Ua+,6(F)\Ua+6(A)

is continuous and non-zero on cl(F.Jy (7)) since it is non-zero on the vector Fy ¢. Indeed,

W(For) = / / X(ug) - Op(vatpup) - f(up)duatpdug
Us(F)\Up(A) Y Ua3(F)\Ua+p(A)

— / X(ug) - f(ug) - (wy(ug)d)(0)dus
Us(F)\Us(A)

= Jusx(1) - 9(0) #0.

Thus, we have shown that [, o F'.J, is non-zero on m. Now one observes that the composite
lyoF'Jy : m — C is simply the map I, for an étale cubic algebra I/ = F' x K where K is some
étale quadratic algebra. Since we are assuming that all such [y, are zero, we obtain the desired
contradiction. Hence, F'Jy(7) = 0. The lemma is proved. &

(3.11) Corollary Ifly, =0 onw for all étale cubic algebras of the form E = F x K, then lyp, =0
on .

(3.12) Another Fourier-Jacobi coefficient. Next, we shall examine another Fourier-Jacobi
coefficient of ¢. As we noted before, the group Pss = Mg N is a Jacobi group in the sense of Ikeda.
The Heisenberg group N(A) has a unique irreducible representation w, with central character 1,
and this extends uniquely to the metaplectic cover of Sp(N/Z)(A). The action of My, on N/Z
gives an injection M5 — Sp(N/Z). It turns out that the metaplectic cover of Sp(N/Z)(A) splits
over the subgroup Ms(A) and this splitting is unique since M, is simply-connected. Thus the
representation w, extends uniquely to the group Pss(A). This representation of Ps(A) can be
realized on the space S(V(A)) of Schwartz-Bruhat functions on

V(A) = U2a+B(A) X USoH—ﬁ(A)'



As before, we have an equivariant map
0wy — AT (Pou(F)\Pos(A))

defined by

for ¢ € S(V(A)).
Consider the restriction of the function ¢z, to Pss(A). This defines a Pss(A)-equivariant map
FJy i m — A7 (Pss(F)\Pss(A)).
We claim:
(3.13) Lemma F.J;(7) C 0(wy).

PROOF. As before, the result of Tkeda implies that cl(FJ),()) is the closed linear span of certain
functions of the form

Fy (nm) = 0y(nm) - f(m)

where f is a smooth function on Mgs(F)\Mss(A) = SLy(F)\SLa(A). So to prove our claim, we
have to show that for any Fy ; € cl(FJ),(m)), the function f is constant. For this, it suffices to
show that for any non-trivial character x of Uy (F)\Un(A), fu, =0.

As in the proof of Lemma 3.10, the fact that Fy ¢ € c/(FJ;,(m)) implies that Fyy ; € cl(FJy (7))
for any ¢’ € S(V(A)). We may thus assume that ¢(0) # 0. Now consider the continuous linear
functional on cl(F'J;,()) defined by:

L (D) :/ x (ta) / D (vug)dvdu,.
Ua(F)\Ua(A) V(F)\V(4)

If Fy ¢ € cl(FJ),(m)), then it is easy to see that for m € Mys(A), Fymf € cl(FJy(7)). Now we
have:

b (Fomg) = fuax(m) - $(0).
Since we have assumed that ¢(0) # 0, it remains to show that L, = [, o FJ{Z} =0 on .

The linear form L, can be interpreted as follows. Let P’ = M’ - N’ be the maximal parabolic
subgroup whose Levi factor M’ contains the root subgroups Ui (a+p) and whose unipotent radical
N’ is a Heisenberg group with center Us,yp (it may be useful to refer to the picture of the root
system of Go given in (2.2)). It is a conjugate of the Heisenberg parabolic P. Let R C N’ be
the 4-dimensional subgroup generated by the unipotent subgroups Z, V and U,. Let xgr be the
character on R(A) determined by:

XR|Ua =X XR’Z =1 and XR’V(A) is trivial.

10



Then we have:

Lao)= [ Xl el
R(F)\R(A)
Considering Fourier expansion of ¢ along N’, we see that

Ly(p) =Y onrap (1)
"

where the sum ranges over those characters ¢’ of N’(A), trivial on N'(F), such that ¢'|r = xg.

Now by Corollary 3.11 (applied to N’ in place of N), we know that ¢/, = 0 unless ¢ is
trivial or ¢ lies in the M'(F)-orbit indexed by E;. However, if 1'|g = xR, then ¢’ lies in an orbit
corresponding to either Fy or an étale . Thus we conclude that L, = 0 on 7, as desired. The
lemma is proved. &

, I
. . SS
(3.14) End of proof. We have shown that F'Jj, defines a Ps;(A)-equivariant map
FJ{/) P Wy

It is not difficult to see that F leg; cannot be the zero map (unless 7 is the space of constant
functions); this was proved in [GS, Lemma 5.6], for example.

Now we arrive at a contradiction by noting the following two propositions. The first proposition
says roughly that the unramified local components of our 7 are minimal representations. The second
shows that Ga(F),) does not have unramified minimal representations.

3.15) Proposition Suppose that m is not the space of constant functions. If F.J! defines a
Y
Pss(A)-equivariant map

FJ{p:W—>w¢,

then for almost all places v, the wave-front set of m, (in the sense of [MW]) is equal to the closure
of the minimal orbit of Ga(Fy).

PRrROOF. This is a consequence of the proof of [GS, Thm. 5.4] and [GS, Prop. 3.7]. 1

(3.16) Proposition Let v be a finite place of F'. The group Go(F),) does not have an irreducible
unramified representation whose wave-front set is equal to the closure of the minimal orbit.

PROOF. Suppose that 7 is an unramified representation whose wave-front set is equal to the closure
of the minimal orbit. We shall show that 7 must be a submodule of a degenerate principal series
representation [ nde X- Assuming this, we note that the wave-front sets of the constituents of
I ndIGJQX have been determined in [HMS]. By inspection of the results of [HMS], one sees that none
of these constituents have wave-front set equal to the closure of the minmal orbit and the proposition
would be proven.

It remains to prove that 7 is a constituent of [ nde x for some . For this, it suffices to show
that the constituents of the Jacquet module 7 are all 1-dimensional. This is equivalent to showing

11



that for any non-trivial character x of Ny (F}), the twisted Jacquet module (7n5)n, y is zero. The
proof of this is quite similar to the proof of Lemma 3.13.

We regard y as a character of N - N, which is trivial on N. Let P’ = M’ - N’ be the maximal
parabolic considered in the proof of Lemma 3.13; it is a conjugate of the Heisenberg parabolic P.
If R= N'"N(N,- N) is the 4-dimensional subgroup of N’ considered in the proof of Lemma 3.13,
we may consider the restriction xr of x to R and there is a natural surjection 7g, — (Tn)N,,y-
Thus it suffices to show that 7, = 0 (note that this xp is different from the one in the proof of
Lemma 3.13).

For this, we regard g, as a representation of the abelian group N'/Z’. If T, # 0, then
there is a character 1) of N'(F,) such that 1 restricted to R is equal to x g and 7y # 0. We claim
that this is impossible, so that 7y, = 0. On one hand, any ¢ which restricts to xg lies in the
M'(F,)-orbit of characters corresponding to the cubic algebra Es. On the other hand, because of
our assumption on the wave-front set of 7, a result of Moeglin-Waldspurger [MW] implies that if
TN’ 7# 0, then 1) is either trivial or lies in the orbit indexed by the algebra E;. The proposition is
proved. N

In view of the contradiction implied by the two propositions, Theorem 3.1 is proved. N

§4. Local Functionals: Proof of Theorem B

In this section, we shall prove Theorem B. Since the situation is local, we shall suppress v from the
notations. Hence, in this section, F' will be a local field. For any pair (E,7n), we know from the
global results of [GGJ] that Hom y(g)(my, Cyy) # 0. To prove Theorem B, we need to identify this
non-zero representation of Sg(F).

(4.1) Non-archimedean case. When F' is non-archimedean, Theorem B was claimed in [HMS,
(1.10)] except that they mis-stated the result, using the untwisted action of My, (F) (this only
makes a difference when E = F x K). For the sake of completeness, we shall provide the proof
here.

(4.2) Minimal representation. Let’s first recall the construction of the representations in Ay, .
The semi-direct product Hg = Sg X SpinSE contains Sg x Gg as a subgroup, and Hg(F') has a
distinguished representation Il g, which is a particular extension (as defined in [GGJ, 236-237]) of the
unique unitarizable minimal representation of Spinf (F) [GS]. When restricted to Sg(F) x Ga(F),
we have:

g = @n\/@m,
n

and this defines the representations m, in A,. The m,’s were shown to be irreducible in [HMS].

Let P = Mg - Ng be a Heisenberg parabolic subgroup of S’pinSE such that P NGy = P. In
particular, the center Z of N is the center of the unipotent radical Ng of Pg. For the purpose of
proving Theorem B in the non-archimedean case, the main property of Il we need is contained in
the following proposition [GS, Prop. 11.11]:
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(4.3) Proposition Let V be the smooth Pg(F) x Sg(F')-module which is the kernel of the nat-
ural progection map (Ilg)z — (Ilg)n,. Let Q be the minimal Mg(F')-orbit of non-trivial unitary
characters of Ng(F). Then V' can be realized on CZ°[Q] with action given by:

n- f(x)=x(n)- f(x) neNg(F);
m- f(x) = Xkg(m) - 6p, (m)/° - f(m~1x), m € Mp(F);
s-f(x)=f(s7'x), se€Sp(F).

Here, the quadratic character Xk, 1is regarded as a character of Mg(F') by composition with an
isomorphism Mg (F)/[Mg(F), Mg(F)] = F*.

To be honest, [GS, Prop. 11.11] proves this proposition without the Sg(F')-action. But it is easy to
see that for the particular extension of Iy to Hg(F'), the Sg(F)-action is as given. We should also
note that the error in [HMS] occurs because of the omission of the character x g, in the formula
above.

Now let ¥ be as given in Theorem B. Set

Qe] = {x € Q: xInwr) = ¥E}

Clearly, Sg(F) x My, (F) acts naturally on Q[¢)g]. The following lemma can be checked directly;
we omit the proof.

(4.4) Lemma FEach of Sg(F') and My, (F) acts simply transitively on Q[¢g]. In particular, the
action of Sg(F) x My, (F) on QYg| is isomorphic to the natural action of Sg(F') x Sg(F) on
Sp(F).

(4.5) Jacquet module. Now we are ready to prove Thm. B in the non-archimedean case.
Consider the Jacquet module (IIg)y ;. On one hand, we have:

(Ue)Nw, = @D ® ()N
n

On the other hand, by the proposition and lemma above, we see that

(Ig)ny = ClSe(F)],

where the action of Sg(F) x My, (F) is via the regular representation twisted by the quadratic
character xx, of My, (F'). In other words,

MEe)Nyg = @?7 ® (N XKg)-

Thus we deduce that:

(M) Nww =1 XKy as My, (F)-modules.

Since Hom y(p)(my, Cyy,) is the contragredient of ()N, this proves Thm. B for the p-adic case.
|
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(4.6) Real case. We now consider Theorem B when F' = R. We first introduce some notations.
If R denotes the parabolic subgroup P or @, then its Levi factor is isomorphic to G Lo; we choose
this isomorphism so that

6p = |det|*> and  dg = |det|’.

If 7 is a representation of G Ly (F'), we let Ir(7, s) be the representation of G(F') unitarily induced
from 7 ® |det|®. Similarly, if x is a character of F*, then we write Ir(x) for the representation of
G(F') unitarily induced from x o det. If 7 is tempered and Re(s) > 0, then Ir(7,s) has a unique
irreducible quotient which we denote by Jg(7, s).

If x1 and y2 are characters of F'*, then m(1, x2) denotes the representation of G Ly(F") unitarily
induced from the character x; X x2 of the diagonal torus. Finally, we let sgn denote the sign
character of R*.

(4.7) Unipotent representations. When F R, E = R3 or R x C. The representations 7, in
Ay, are listed below:

e when F = R3,
m =Jo(n(1,1),1), m =Jp(St,1/2), = = unique non-generic summand of Ip(D3,0),

where St denotes the Steinberg representation and D3 denotes the discrete series representa-
tion with extremal weight +3. Here, following the notations of [GGJ], we have written e for
the sign character of Sg(F') = S3, and r for the 2-dimensional irreducible representation.

e when F =R x C,

m = Jo(n(1,s9n),1), . = Jgo(St,1/2)

K
where £ is the non-trivial character of Sg(F) = Z/2Z.

By Vogan [V, Thm. 18.5], these 5 representations have the same infinitesimal character A\ and
can be characterized as the non-generic representations with this infinitesimal character. Further,
they can be distinguished from each other easily because the minimal K-type of each one does not
occur in the others. The following lemma shows that these representations can all be embedded as
submodules of certain degenerate principal series associated to P.

(4.8) Lemma (i) We have the short exact sequence

0 T, Ip(| —|?) m 0.

K
(ii) We have the short exact sequence

0 e Ip(sgn - | —|?) ] 0.

(i1i) We have the inclusion:
Ty — IP(Ta O)a

where T denotes the representation std ® |det|~'/? of M(R) = GLy(R).
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PRroOF. Each of the degenerate principal series in question has infinitesimal character A\ and does
not contain any generic constituents. Thus, after semisimplification, they are linear combinations
of the 5 unipotent representations 7,. In [V, 13.4 and 14.3], Vogan worked out the occurence of
the minimal K-types of the m,’s in degenerate principal series. From his results, one sees that after
semisimplification,

Ip(| = ['?) =m @,

Ip(sgn - | —['?) =} &

Ip(1,0) =m, &7 & ..

To prove (i) and (ii), it remains to show that 7 and 7} are submodules of Ip(| — |~'/?) and

Ip(sgn - | — |7'/?). Write 7 for m or 7}, and y for 1 or sgn respectively. Then 7 is the unique
irreducible submodule of

Io(m(x, 1), =1) = Ip(x| = [7V2 (| = [7/2,] = |'/%))
and the latter representation has Ip(x| — |~'/?) as submodule.

Finally to prove (iii), we note that

T < Ip(St,—1/2) < Ip(sgn - =(1,| —|71)).
However, Ip(sgn - n(1,| —|71)) is equal to
Ig(n(| — ™" sgn)) = Io(n(sgn,| = |71)) = Ip(a(| = ["'.sgn - [~ ).

This last induced representation has Ip(7,0) as submodule, and contains the minimal K-type of 7,
with multiplicity one. Thus the image of 7, under the above inclusion is contained in the submodule
Ip(7,0). The lemma is proved. B

Now we note the following result of Wallach ([W, Thm. 13] and [W2]):

(4.9) Proposition Let F' =R or C. Let V be a finite dimensional irreducible representation of
M(F) and consider the induced representation Ip(V). Let v be a generic character of N(F'). Then
under the untwisted action of My (F),

Homy p)(Ip(V), Cy) = VY
as My,(F)-modules.

Lemma 4.8 and Prop. 4.9 immediately imply Theorem B for FF =R. 1

(4.10) Complex case. Finally, we consider the case where F' = C, so that E = F necessarily.
In this case, the three unipotent representations m, were studied by Barbasch-Vogan [BV], who
gave particularly convenient realizations of these representations. More precisely, define a finite-
dimensional representation of GLy(C) by:

\det|*/? if n = 1;
Ty = { the standard representation if n = r;
|det|'/? det it N =E¢.
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Then Barbasch-Vogan [BV, Pg. 88-89] showed that
Ty = Ip(7y).

The result of Wallach alluded to above thus completes the proof of Theorem B for the complex
case. 1

§5. Near Equivalence Classes

The rest of the paper is devoted to the proof of statement (ii) of the main theorem, i.e. that Vg is
a full near equivalence class when F = F x K is not a field. In this case, the subspace Vg of the
discrete spectrum can be constructed in another way. This was shown in [GG], and we begin by
recalling this alternative construction.

(5.1) Alternative construction of Vg. Fix a non-trivial unitary character ¢ of F\A, and let
SLs(A) denote the 2-fold metaplectic cover of SLy(A). Then one may consider the Weil repre-
sentation €y of the dual pair SLy(A) x SO7(A) associated to 1. Since G is a subgroup of SOz,

one may consider €, as a representation of SLy(A) x Ga(A), and use Qy to define a theta lifting

from SLs(A) to Go(A). The study of this lifting was initiated by Rallis-Schiffmann in [RS] and
completed in [GG].

The subspace Vg was constructed in [GGJ] by restricting the minimal representation of sz'ng; .
In [GG, §13], it was shown that Vg can also be obtained by lifting from SL,.

More precisely, if the étale quadratic algebra K corresponds to a € F*/F*2, then one may
consider the Weil representation wg of SLy(A) associated to the character i (with ¢, (z) = 1(az)).
The formation of theta series defines a map from wg to the discrete spectrum of §l/)2. Let Ax be
the image of this map, and let ©(Ag) be the (regularised) theta lift of Ax to G2 (via Q). Here it
is necessary to regularize the theta lifting because A is not totally contained in the space of cusp
forms (cf. [GG, §12] for details). In any case, by [GG, Thm. 13.1], we have:

O(Ax) = Vixk-

(5.2) SUs-periods. The cuspidal representations of Gy which are lifted from 5@2 can be char-
acterized by the non-vanishing of certain periods. More precisely, if S U3L denotes the quasi-split
unitary group in 3 variables associated to an étale quadratic L, then there is a natural conjugacy
class of embeddings S U?)L — (9. If 7 is an irreducible cuspidal representation, we say that 7 has
non-vanishing period over S U3L if

/ flg)dg #0 for some f € .
SU%(F)\SU&(A)

The following proposition was shown in [RS].

(5.3) Proposition Let m be an irreducible constitutent of the cuspidal spectrum of Gg. Suppose
that ™ has non-vanishing period over some S’U3L, then there exists an irreducible cuspidal represen-
tation o of SLy such that 7 is not orthogonal to the theta lift ©(o) of o (via Q).
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We come now to the key result of this section.

(5.4) Theorem Let T be an irreducible constituent of the cuspidal spectrum of Go. Assume that
T is nearly equivalent to the representations in Vg (with E = F x K ). Then T has non-vanishing
period over SUE{(.

Let us see how Theorem 5.4 gives the proof of statement (ii) of the main theorem.

(5.5) Proof of (ii) of Main Theorem. Let 7 be as given in statement (ii) of the main theorem.
In particular, 7 may not be cuspidal, but is nearly equivalent to the representations in Ay, . By (i)
of the main theorem, it suffices to show that 7 is actually isomorphic to some 7, in Ay,

We first assume that the projection of 7 to the residual spectrum is non-zero. Then 7 is
isomorphic to an irreducible constituent 7/ of the residual spectrum. On the other hand, the
residual spectrum has been completely determined by Kim [K] and Zampera [Z]. Their results are
summarized in [GGJ, Prop. 7.2], using the framework of Arthur’s conjecture. The proof of [GGJ,
Prop. 7.3] now shows that if 7/ is nearly equivalent to the representations in Ay, , then 7/ must be
isomorphic to some m, € Ay,. Hence, it remains to consider the case when 7 is contained in the
cuspidal spectrum.

When 7 is cuspidal, Theorem 5.4 implies that 7 is not orthogonal to some ©(c). Now for
almost all v, 7, = m,, and thus 7, ® 0, is a quotient of €y, . In [GG, Thm. 9.1], the local theta

correspondence for 5’12 x Go was completely determined, and one sees that the only possible o, is
the even Weil representation w}v attached to K. Hence, o is contained in Ag (since Ak is a full

near equivalence class), so that ©(o) is contained in ©(Ax) = V.

In conclusion, we deduce that 7 is not orthogonal to Vg and thus must be isomorphic to some
my. This proves statement (ii). N

(5.6) Proof of Theorem 5.4. The rest of the section is devoted to the proof of Theorem 5.4. Note
that since 7 is nearly equivalent to the representations in Vg, the only non-zero Fourier coefficient
which 7 possesses is the one corresponding to £. As we shall see later, this implies that the period
of 7 over SU?f is zero if L # K. In trying to decide if 7 has a non-zero period over SU3K , We are
naturally led to consider a Rankin-Selberg integral. To describe this, we first introduce a family of
Fisenstein series on S U3K .

(5.7) Eisenstein series on SU3K. Let Bx = Tk - Ni be a Borel subgroup of SU:,f( with modulus
character dx. The maximal torus Tk is isomorphic to Resg/pGpy,, so that Tk(F) = K* and
0 (t) = |Nmg,p(t)[*.
One may consider the family of induced representations
K
Ix(s) = Ind>"? (‘)&)

o

Here, the induction is unnormalized. For a standard section fs, one has the Eisenstein series
E(f,s,g) which is meromorphic in s, and is given by the sum

E(f,s,9) = > fs(vg)

YEBK (F)\SUS (F)
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when Re(s) is sufficiently large.
The behaviour of E(f,s,g) at s =1 is given by the following proposition.

(5.8) Proposition (i) Let K = F x F. For any standard section fs, E(f,s,g) has at most a
double pole at s = 1. This double pole is attained by the spherical section.

(ii) Let K be a field. For any standard section fs, E(f,s,g) has at most a simple pole at s = 1.
This simple pole is attained by some section.

i11) The residue representation in each case is the trivial representation.

This can be easily checked by examining the constant term of the Eisenstein series, as usual.

(5.9) A Rankin-Selberg integral. For ¢ € 7, we now set

J(frp,8) = E(f,s,9) - ¢(g)dg

/SUf (F)\SUK (A)

for a standard section fs € I (s). This defines a meromorphic function on C.

On unfolding the Rankin-Selberg integral, assuming that Re(s) is sufficiently large, we obtain:

I(frprs) = / £4(9) - Pur (9) dg
N (A)\SUXK (&)

where 1 is a unitary character on N(A) corresponding to F = F' x K. This identity and Prop.
5.8 also justify our remark in (5.6) that the period of 7 over SUZL is zero if the Fourier coefficient
T associated to F' x L is zero.

In general, this is as far as we can go, since the Fourier coefficient ¢, may not be Eulerian.
However, in the case at hand, ¢y, is almost Eulerian. Indeed, for almost all v, 7, is isomorphic to
m, and as we have seen in Theorem B,

dimHomN(Fv)(TU, CwKU) =1.

Moreover, for almost all v, a non-zero linear form in this space takes non-zero value on the spherical
vector ) of 7,. Let 10 be the non-zero linear form such that I9(¢%) = 1. Then

Lo (9) = ls(gses) - [T 10(g07)
vgS

for some finite set S of places of F, including the archimedean ones. In particular, we have a
factorization

JK(f;QDa ) JKS @Sava HJKU 301)7 'U? )
vgS

where

Jrw(@, 1, 5) = 0.(9) - 10(g090) dg

/NK<FU>\SU§< (F.)
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and Jgi s(¢s, fs,s) is the analogously defined factor over Ag.

To proceed further, we need to evaluate the unramified local factor for v ¢ S and to study the
analytic behaviour of the bad factor at s = 1. These crucial steps are carried out in [GG, §15]. We
simply state the result here:

(5.10) Proposition (i) With all the data unramifed,

JK,U(@S’ fz())’ ) = (rk,(2s — 1) - L(xk,, 45 — 2)
Here x g, is the quadratic character associated to K, by local class field theory.

(ii) Fiz sg € C. There exists ps and fs such that Jk s(¢s, fs,s) is holomorphic at sy and
Jk.s(es, fs, s0) is non-zero.

(5.11) Conclusion of proof. We can now conclude the proof of Theorem 5.4. Indeed, Prop.
5.10(i) gives:

Jr (o, f,8) = Jr.s(ps, fs,8) - Cor(2s — 1) - L% (x K, 4s — 2).

Now Prop. 5.8 implies that, at s = 1, the left-hand-side has a pole of order at most 2 (resp. 1) if
K = F x F (resp. K is a field). On the other hand, Prop. 5.10(ii) implies that one may choose
¢ and f such that the right-hand-side has a pole of order 2 or 1 at s = 1 in the respective cases.
Thus for these choices of ¢ and f, we have:

2, if K= F x F;

—ordy_1 (Jx (o, f. ) =
ords=1(Jk (¢, f, 5)) {17 if K is a field,

and thus

/ ©(g)dg # 0.
SUK (F)\SUK (A)

Theorem 5.4 is proved. N

References

[BV] D. Barbasch and D. Vogan, Unipotent representations of complex semisimple groups, Annals
of Math. 121 (1985), 41-110.

[G] W.T. Gan, A Siegel-Weil formula for exceptional groups, J. Reine Angew. Math. 528 (2000),
149-181.

[GG] W. T. Gan and N. Gurevich, Non-tempered A-packets of Ga: liftings from SLs, available at
http://www.math.ucsd.edu/ " wgan.

[GGJ] W. T. Gan, N. Gurevich and D.-H. Jiang, Cubic unipotent Arthur parameters and multi-
plicities of square-integrable automorphic forms, Invent Math. 149 (2002), 225-265.

19



[GS] W. T. Gan and G. Savin, On minimal representations, Representation Theory Vol. 9 (2005),
46-93.

[GGS] W. T. Gan, B. H. Gross and G. Savin, Fourier coefficients of modular forms on Go, Duke
Math. J. 115 (2002), 105-169.

[HMS] J.-S. Huang, K. Magaard and G. Savin, Unipotent representations of Go arising from the
minimal representation of D J. Reine Angew Math. 500 (1998), 65-81.

[I] T.Ikeda, On the theory of Jacobi forms and the Fourier-Jacobi coefficients of Fisenstein series,
J. Math. Kyoto. Univ. 34 (1994), 615-636.

[K] H. H. Kim, The residual spectrum of Gz, Canadian J. of Math. 48 (6) (1996), 1245-1272.

[MW] C. Moeglin and J.-L. Waldspurger, Modeles de Whittaker degeneres pour des groupes p-
adiques, Math. Z. 196 (1987), 427-452.

[RS] S. Rallis and G. Schiffmann, Theta correspondence associated to Ga, American J. of Math.
111 (1989), 801-849.

[V] D. Vogan, The unitary dual of G2, Invent. Math. 116 (1994), 677-791.

[W] N. Wallach, Generalized Whittaker vectors for holomorphic and quaternionic representations,
Commentarii Math. Helv. 78 (2003), 266-307.

[W2] N. Wallach, Holomorphic continuations of generalized Jacquet integrals for degenerate prin-
cipal series, preprint (2002), available at http://www.math.ucsd.edu/ nwallach.

[We] A. Weil, Sur certain groupes d’operateurs unitaires, Acta Math. 111 (1964), 143-211.

[Z] S. Zampera, The residual spectrum of the group of type G, J. Math. Pure et Appl. 76 (1997),
805-835.

MATHEMATICS DEPARTMENT, UNIVERSITY OF CALIFORNIA SAN DIEGO,
LA JoLra, CA 92093, U.S.A.

EMAIL: WGAN@MATH.UCSD.EDU

20



