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To Nathan Jacobson, in memorium

1. Introduction

This paper is a direct sequel to our earlier work [GG]. We begin by recalling the results
obtained there briefly. Let R be Coxeter’s order in the Q-algebra of Cayley’s octonions [GG,
Pg. 265]. This is a non-associative ring with involution = +— Z, and the quadratic form
N : R — Z defined by N(x) = x - & satisfies N(z - y) = N(x) - N(y). The triple (R,N,) is a
composition algebra over Z.

Let Jo be the free abelian group of 2 x 2 Hermitian symmetric matrices with entries in
R. The determinant gives a quadratic form det : Jo — Z, and the identity matrix I satisfies
det(I) = 1. The triple (J2,det,I) is a pointed quadratic space over Z, and gives a Jordan
algebra over Z[3] (or if one prefers, a quadratic Jordan algebra over Z).

Let J3 be the free abelian group of 3 x 3 Hermitian symmetric matrcies with entries in R.
The determinant (miraculously) gives a cubic form det : J3 — Z. The identity matrix I, as
well as the matrix

t

1
[SENSTIN V]
QN o
N QO Qi

with

1
azi(—1+€1+€2+...+67)€R

both satisfy det(I) = det(£) = 1. The triples J; = (J3,det,I) and Jg = (J3,det, E) are
pointed cubic spaces over Z. Using the polarizations I and E (in the sense of [EG]), we
may define symmetric bilinear forms T; and T on Js, as well as quadratic maps M — M#
from J3 to J3. The 5-tuples (Js,det, I, #,T7) and (Js,det, E,#p,TE) define cubic norm
structures over Z, which give rise to Jordan algebras over Z[%] (or if one prefers, quadratic
Jordan algebras over Z).

Now let A be the ring of integral elements in an étale quadratic or cubic algebra k over Q.
When A is quadratic, (A4,N,-) is a composition algebra, and (4,N, 1) is a pointed quadratic
space. When A is cubic, (A, N, 1) is a pointed cubic space, which gives rise to the cubic norm
structure (A, N, 1,#, Tr), where a - o™ = N(a).
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In our previous paper [GG]|, we counted the number of embeddings

A — R of composition algebras, when A ® R = C;
A — Jy of pointed quadratic spaces, when A ® R = R?;

j: :]]I } of pointed cubic spaces, when A @ R = R3.
E
This number is expressed in terms of the zeta function (4(s) of A at s = —2 and s = —3. To

be more precise, in the cubic case, what we computed is the weighted sum
Ny =91-N(A,Jr)+600-N(A,Jg).

of the numbers N (A, Jr) and N(A, Jg) of embeddings of A into J; and Jg. This reflects
the fact that J; and Jg, though inequivalent over Z, are isomorphic over Z, for all primes
p. Moreover, it was shown in [GG, Lemma 2| that an embedding of the above pointed cubic
spaces over Z is always an embedding of the corresponding cubic norm structures. Hence,
what we counted in the cubic case are embeddings of cubic norm structures.

The results of [GG] were obtained by applying the adelic framework of Kneser, Tamagawa
and Weil (as described, for example, in Serre’s résumé des cours [Se]), which reduces the
counting of global embeddings to a problem of local embeddings (over Z,) and a comparison
of two natural global measures. The local results were contained in [GG, Proposition 2], the
statement of which we now recall. Let G be the automorphism group of R, Js, J; or Jg over
Z. Then G is a group over Z in the sense of [G], and is of type G2, By and Fj respectively.
Let H be the stabilizer of a global embedding. Then [GG, Proposition 2] states that for each
prime p,

(i) G(Z,) acts transitively on the set of embeddings over Z,, and
(ii) H(Zp) is a special maximal parahoric subgroup of H(Q,).

The proof given in [GG] for this crucial local result is based on the assertion that, among
the smooth integral models H of H over Q,, the orders #H (Z/p"Z) are largest when H(Z,) is
a special maximal compact subgroup [GG, Pg. 277]. This is only true if we restrict attention
to the class of smooth group schemes over Z, associated to the parahoric subgroups of H(Q,).
However, since it is not a priori clear that the stabilizer H of an integral embedding belongs
to this class, the proof of Proposition 2 given in [GG] is incomplete as it stands.

The present paper provides a complete proof of the above local result and thus serves as an
erratum to [GG|. When k is quadratic, this is achieved using the results of Bruhat and Tits
[BT2], who gave a description of the parahoric subgroups of classical groups as the stabilizers
of certain lattices in the standard representation. When k is cubic, which is the main case
of interest in [GG], the relevant group H is a trialitarian form of Sping, which is not treated
in [BT2]. In this case, we need to extend the results of [BT2] to trialitarian groups, and the
proof that H(Z,) is a special maximal compact subgroup occupies Sections 8-13. We refer
the reader to Section 4 for a precise statement of the results.
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2. Cubic Norm Structures

In this section, we establish some notations, and recall the basic objects of interest in
greater detail. Since the situation is entirely local, our notations will be somewhat different
from those of the introduction. The results established in this paper hold over any non-
archimedean local field of characteristic # 2 with the same proof, but we will restrict ourselves
to working over Q,, for simplicity.

Let R be a maximal order in the (split) octonion algebra over Q,. It is unique up to
conjugacy by the automorphism group of R ® Q, [BS], and can be obtained, for example,
from Coxeter’s order over Z [GG, Pg. 265] by base extension to Z,. Since the octonion
algebra here is split, an alternative description, more convenient for computation, is obtained
by taking R as the Z,-lattice of integral matrices in the space of Zorn’s vector matrices over
Qp, [KMRT, Pg. 507, Ex. 5|. We call this Zorn’s model for R. In any case, R is a non-
associative ring with unit, equipped with an anti-involution x + Z, such that -z € Z,. The
quadratic form N(z) = x - T satisfies

N(z -y) = N(z) - N(y),

so that the triple (R,N,-) is a composition algebra over Z,. The trace Tr(z) = z + 7 is
a linear form on the free Z,-module R, and the symmetric bilinear form associated to N is
given by

The symmetric bilinear module (R, T) is nondegenerate or unimodular over Z,.

Denote by Jo the additive group of 2 x 2 Hermitian symmetric matrices with entries in R.
Then J is a free Z,-module of rank 10. An element of J; has the form

with a,b € Z, and z € R. Further, J is equipped with a nondenegerate quadratic form
det : Jo — Z,
det(m) = ab — N(x),

with associated nondegenerate symmetric bilinear form 7. Let I be the identity matrix.
Then the triple (Jz,det, I) is a pointed quadratic space over Z,. By abuse of language,
we shall simply say that .J5 is a pointed quadratic space, suppressing the mention of det and
I. Note that Jy gives rise to a quadratic Jordan algebra [JM], so it makes sense to speak of
the elements m® for any positive integer «.
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Denote by J3 the additive group of 3 x 3 Hermitian symmetric matrices with entries in R,
so that J3 is a free Z,-module of rank 27. An element of J3 has the form:

a z Yy
m=\|2z2 b x |,
Yy T c
with a,b,c € Z,, and z,y,z € R. There is a natural cubic form on J3, given by:
det : J3 — Z,

det(m) = abc + Tr(zyz) —a-N(x) —b-N(y) — ¢- N(z),
and a natural nondegenerate symmetric bilinear form 7', given by:
T(my,me) = ajag + bibs + c1co + Tr(zy - Zo) + Tr(yy - §2) + Tr(z1 - 22).
There is also a quadratic map # on Js given by:

bc—N(z) T-y—cz z-xz—0by
m* = z-y—cz ca—N(y) 7z—ax
z-x—by y-z—ax ab—N(z)
For m,n € Js, we set:
mxn=(m+n)" —m? —n#,

Let I be the identity matrix. Then the 5-tuple (J3,det, I, #,T) is a cubic norm structure

over Zy,. By a cubic norm structure over a ring A, we mean a 5-tuple (J, N, 1, #,T') consisting
of

e a free A-module J,

e a cubic form N : J — A,

e an element 1 € J,

e a quadratic map # :J — J, and

e a symmetric bilinear form 7' : J x J — A,
which satisfies

(i) N(1) =1and 1#¥ =1

(i) 2## = N(z) - @

(iii) T'(m, 1) - 1:1><m—|—mf0ranym€J,
(iv) over the ring A[)], we have the identity

N(m + An) = N(n)A> + T(m,n®)A\% + T(m¥,n)\ + N(m).

There are other possible definitions of a cubic norm structure; here we follow the definition
used in [KMRT]. We refer the reader to [KMRT, §38] for other properties of cubic norm
structures. As before, we shall simply say that J3 is a cubic norm structure, suppressing the
other ingredients. Again, J3 gives rise to a quadratic Jordan algebra over Z,,.

Remarks:
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(i) We do not require the symmetric bilinear form 7" to be nondegenerate in the definition
of a cubic norm structure, though this is the case for the cubic norm structure J3 defined
above.

(ii) As mentioned in the introduction, it is possible to suppress 7" and # in the datum defining
J3. Indeed, the pointed cubic space (J3,det, I) is admissible in the sense of Jacobson [J5].
To an admissible pointed cubic space, Jacobson associates naturally a cubic norm structure
(whose symmetric bilinear form 7' is nondegenerate). An automorphism of an admissible
pointed cubic space is also an automorphism of the corresponding cubic norm structures.
However, we do not know whether an arbitrary morphism of admissible pointed cubic spaces,
which is not an isomorphism, necessarily gives rise to a morphism of the corresponding cubic
norm structures.

There is another model of the cubic norm structure J3 which is due to Tits [KMRT, §39,
Pg. 525]. This model is more useful for computation, and we describe it briefly. Let M3(Z,)
be the Z,-algebra of 3 x 3 matrices with entries in Z,, with trace map Tr and determinant
map det. Write ab for the matrix multiplication of a,b € M3(Z,), and a for the adjoint
matrix of a. Consider the direct sum M;5(Z,)" ® M3(Z,) ® Ms(Z,) of 3 copies of Ms(Zy),
where M3(Z,)" denotes the first copy. Set

e=(I,0,0)

N(a,b,c) = det(a) + det(b) + det(c) — Tr(abc)

T((al, b1, Cl), (ag, ba, 62)) = Tr(alag) + Tr(blcg) + Tl“(Cll)Q)
(a,b,c)* = (a¥ — be, ¢ — ab, b — ca).

(2.1)

Then (M3(Zy)3, N,e,#,T) is a cubic norm structure which is easily seen to be isomorphic
to J3 (using Zorn’s model for R). We shall call this the Tits model for J3. It is clear from
(2.1) that the Tits model can be defined over Z.

Let A denote R, J or J3. Further, let F' = A ® Q, and kK = A ® Z/pZ. By Jacobson, for
every element m of F' or k, one can speak of its characteristic polynomial (sometimes called
generic minimal polynomial), and its minimal polynomial. For example, if A = J3, then the
characteristic polynomial of m is the cubic polynomial

det(\] —m) = X3 = T(m, I)A? + T(m*, I)\ + det(m).

The identity component of the algebraic group of automorphisms of F' will be denoted by
G, and is the split group of type G, SOg and F} respectively. The stabilizer in G of the
lattice A is a smooth integral group scheme G over Z,, which is the Chevalley model of G
(see [G] for A = R or J3; the case A = J can be checked easily). In particular, G(Z,) is a
hyperspecial maximal compact subgroup of G(Q)).

Finally, let k& be an étale quadratic or cubic algebra over Q,, with maximal order A,
trace map Try and norm map Ni. In the case where k is quadratic, the triple (A4, Ny, ) is
a composition algebra over Z,, and the triple (A4,N, 1) is a pointed quadratic space over
Zy,. Suppose now that k is cubic. Then every & € A has a charactristic polynomial P
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Tri(2)A% + Sk(z)A — Ng(z), for some Si(x) € Z,. Set:

Ti(x,y) = Trr(zy),
o7 = 22 — Try(x)z + Sk(x).

Then (A,Ny, 1,#,T}) is a cubic norm structure over Z,,.

3. Integral Embeddings and the Affine Scheme X

Henceforth, we fix the étale Q,-algebra k, and consider morphisms:

j: A — R of composition algebras;
j A — Jy of pointed quadratic spaces;
j A — Js of cubic norm structures.

We call such a j an integral embedding.
Lemma 3.1. Integral embeddings exist.

Proof. This was checked in [GG, Pg. 276], but is even more obvious if one uses Zorn’s model
for R, and the Tits model for Js introduced in the previous section. O

Our goal in this section is to define an affine scheme X over Z, such that X (Z,) is precisely
the set of integral embeddings. If k is a quadratic étale algebra or a cubic field, A is singly
generated over Z,, say A = Zpla]. To give a morphism j : A — A, it is necessary and
sufficient to specify the image m € A of a. The element m must have the same characteristic
polynomial as «, and it is not difficult to check that conversely, any such element m of A
gives rise to a morphism j with j(«a) = m. Hence, let X be the closed subscheme of the affine
space A consisting of elements with the same characteristic polynomial as «. For example,
when A = Js, for any Z,-algebra B, X (B) consists of those elements m of J3 ® B satisfying:

T(m,I) = Tri(a),
(3.2) T(m#,I) = Try(a?),
det(m) = Ng(«).

We stress that the affine scheme X may a priori depend on the choice of «, but for our
purposes, this is not important.

Now suppose that k = Q, x £/, for some quadratic étale algebra k', with ring of integers
A = Zyla]. To give a morphism j : A — J3, it is necessary and sufficient to specify
m = j(1,0) and n = j(0,«). The elements m and n must satisfy

T(mv I) =1,
m# =0,
T(m,n) =0,

T(n,I)m= (I —m) xn
T(’I’L, I) = Trk/(oz)
det(m +n) = Ny/(a),
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since these are satisfied by (1,0) and (0,a) in A. Conversely, it is not difficult to see that
any pair (m,n) satisfying the above gives a morphism A — Js. In the language of Jordan
algebras, the first two equations of (3.3) say that m is a primitive idempotent; as an example,
take

Il
oo~
oo o
coco

For this m, the next two equations of (3.3) simpl
J consisting of elements of the form

say that the element n lies in the sublattice

<

0
0
0

n =

K o~ O

0
T
&

Indeed, the two equations give a characterization of such elements in J3 [Sp, Proposition
10.3(ii)]. Note that J has a natural structure of a pointed quadratic space over Z,, with
quadratic form

n — det(m + n),

and distinguished point I — m. This pointed quadratic space is in fact isomorphic to Jo;
this is clear for the example above, and we shall see in Proposition 5.3 that any primitive
idempotent in J3 is conjugate to the above m by an element of G(Z,). Now the last two
equations of (3.3) say that n determines an embedding Ay, — J of pointed quadratic spaces.

Hence, when k = @, x k/, we define X to be the closed subscheme of J3 x J3 such that for
any Z,-algebra B, X (B) consists of those pairs (m,n) € (J3 ® B)? satisfying the equations in
(3.3). We note that here, A is still singly generated over Z,, unless p = 2 and A = Zg x Zg X Zs.
However, it is more convenient to define X as we have done, so as to apply the results of
[BT2| later.

In all cases, for any Z,-algebra B, X(B) is the set of morphisms j : A® B — A ® B.
If B is flat over Z,, then these morphisms are injective, but this need not be the case if
B = A® Z/pZ. For example, if k is a ramified cubic field, then X (Z/pZ) is the set of all
elements x € k which satisfy 2 = 0, and the subset of embeddings corresponds precisely to
the subset of those 2 for which 22 # 0. We have:

Lemma 3.4. The image of the reduction map
X(Zy) — X(Z/pZ)
is precisely the subset of embeddings.

Proof. We give the proof in the case when k is a cubic field; the other cases are similar. To
show that the image of the reduction map is contained in the subset of embeddings, we need
to show that
pJ3NA=pA,

when A is considered a sublattice of J3 by the integral embedding under consideration. It
is clear that pA C pJ3 N A. On the other hand, suppose that a = p-m € AN pJs. Then
m € kN Js. Since the maximal order A is characterized as the set of elements of k integral
over Z,, we have kN J3 = A, and the desired inclusion follows.
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Conversely, suppose that A = Zy[a], where a has characteristic polynomial P. Suppose
that my € J3 has the property that m; mod p has minimal polynomial P (thus giving rise
to an embedding modulo p). We show that, for positive integers i, one can successively find
m; € J3 such that

P(m;) = 0 mod p';
m;y1 = m; mod Pt
The inverse limit of the m;’s then defines an element m of X (Z,) such that m = m; mod p.
Suppose we have found m;, and let m;11 = m; + p'n; for some n; € J3 to be determined.
From the defining equations (3.2) for X, we see that, for P(m;1) to be divisible by p*!, n;
must satisfy equations of the form
T(n;,I) = a; (mod p);
(3.5) T(n;,my) = b; (mod p);
T(n;,m?) = ¢; (mod p),
for some a;, b;, ¢; € Zy. Since m; (mod p) gives rise to an embedding, the 3 linear forms

n— T(n,I)
n— T(n,m)
n e T(n,m?)

on J3 ® Z/pZ are linearly independent, and hence we can always solve for n; in (3.5). This
proves the lemma. O

As a consequence, the reduction map is not always surjective, and X is in general not
smooth. In fact, the smooth locus of X X Z/pZ is precisely the open subvariety of embeddings.

4. The Main Theorem

In this section, we shall state the main theorem of the paper. We have defined the affine
scheme X in the previous section. In all cases, it is clear from the definition that G acts
naturally on X. Let X be the generic fiber of X. By results of Jacobson [J1, J2], X is a
homogeneous space for G, and by results of Jacobson [J1] and Soda [So], the stabilizer H of
an element of X (Q,) is a quasi-simple linear algebraic group which is quasi-split and of type
given by the following table.

G H
Ga SU¥
SOy  SOf
Fy Spink

By Lemma 3.1, X(Z,) is non-empty. Now fix an arbitrary jo € X(Z,), and consider the
morphism:

fG—X
= g Jo-

)
=)
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Let Lie(G) be the Lie algebra of G, and let T'(X) be the tangent space of X at the element
Jjo € X(Zp). The morphism f induces a map of tangent spaces

df : Lie(G) — T(X).
Let H be the fiber of f over jyo. It is an integral model for H, with H(Z,) equal to the
stabilizer of jo in G(Zp).

Having introduced such a large number of notations, the main result of this paper can be
neatly stated as:

Theorem 4.1. (i) The morphism f is smooth. In particular, H is a smooth affine group
scheme over Z,.

(11) G(Zy) acts transitively on X (Zy).
(111) H(Zy) is a special mazimal parahoric subgroup of H(Qp).
The proof of this theorem occupies the rest of the paper.

5. Smoothness and Conjugacy

The goal of this section is to prove Theorem 4.1(i) and (ii). We first make a series of
reductions through the following lemmas.

Lemma 5.1. To show the smoothness of f : G — X, it is necessary and sufficient to show
the smoothness of f x Q, and f x Z/pZ.

Proof. This is [EGA4, Prop. 17.8.2]. See also [GY, Lemma 5.5.1]. O

Lemma 5.2. Let | denote Q, or Z/pZ. To show that f x 1 is smooth, it suffices to show that
the induced map on tangent spaces

df @1: Lie(G) @1 — T(X) ®1
18 surjective.

Proof. By [EGA4, Cor. 17.7.3], it suffices to show the smoothness of f x [, where [ is the
algebraic closure of [. Then it suffices to show that f x [ is smooth at every closed point of
G x . Using translation, it is enough to show that f x [ is smooth at the identity element.
By [EGA4, Thm. 17.11.1], this would follow if the induced map of tangent spaces

dif x ) =df @1 : Lie(G)®] — T(X)®1
is surjective. For this, it is clearly enough to check the surjectivity of df ® [. O

Hence, to prove Theorem 4.1(i), it suffices to consider the map df ® for | = Q, and Z/pZ.
In each case, we shall be able to compute the dimension of T'(X) ® [; thus we are reduced to
showing that the kernel of df ® [ has the appropriate dimension. If char(l) # 2, many of the
results we need concerning Ker(df ® [) are due to Jacobson. To deal with the characteristic
2 case, we shall sometimes resort to the use of computer, though in the case A = R or J,
everything can be checked by hand. We refer the reader to the Appendix in Section 14 for
the description of the computer calculations we use below, and simply note that in all these
computations, Zorn’s model for R and the Tits model for J3 are used in place of the usual
models.
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We now begin the proof of Theorem 4.1(i). First, consider the case when k is a quadratic
algebra or a cubic field. Then X X [ is a closed subscheme of A ® [, so that T'(X) ® [ can be
regarded as a vector subspace of A ® [. For example, if k is a cubic field, and my = jo(a),
then T'(X) ® [ is the subspace of elements m € J3 ® [ which satisfy

T(m,I) =0,
T (m,mg) = 0,
T(m,m#) = 0.

Hence, T'(X) ® is precisely the subspace of J3 ® [ which is orthogonal to the image of jo ® 1.
This is also true in the quadratic case. By Lemma 3.4,

JoRl ARl — J3®1

is injective. It is thus easy to compute the dimension of T'(X) ® I.

Consider the case A = R. Then T(X) ® [ has dimension 6, so we need to show that
Ker(df ® ) has dimension 8. If char(l) # 2, and A ® [ is étale (for example, if [ = Q)),
Jacobson showed that Ker(df ® [) is isomorphic to sl over the algebraic closure of [ [J3,
Proposition 3, Pg. 12]. This can also be checked in the case of characteristic 2. If A®[ is
non-étale, then one can check that Ker(df ®1) is the derived algebra of a maximal parabolic
subalgebra of Lie(G) ® [ = go. In all cases, we see that Ker(df ®[) has dimension 8.

The case when A = J; can also be checked easily. Here, the tangent space T'(X) ® [ has
dimension 8; so we need to show that Ker(df ® [) has dimension 28. We omit the details
and simply describe the answers. If A ® [ is étale, then Ker(df ®[) is isomorphic to sog over
the algebraic closure of [. If A ® [ is non-étale, then Ker(df ® [) is the derived algebra of a
maximal parabolic subalgebra, with Levi subalgebra so7. In all cases, we find that Ker(df ®1)
has dimension 28.

Now suppose A = J3 and k is a cubic field. The tangent space T'(X) ® [ has dimension
24; so we need to show that Ker(df ® [) has dimension 28. If char(l) # 2, and A ® [ is étale,
Jacobson showed that Ker(df ® [) is isomorphic to sping over the algebraic closure of I [J3,
§5, Theorem 6], and hence has dimension 28. The case of characteristic 2 can be checked
by computer. If A ® [ is non-étale, i.e. k is a ramified extension of QQ,, then nothing seems
to be known about Ker(df ® l) even when char(l) # 2. Here, we check by computer that
Ker(df ®1) has dimension 28, and in the Appendix (c.f. Example 3), we describe in detail how
the computation is done here. Hence in all cases, we find that Ker(df ® I) has the required
dimension.

Finally, we come to the case when k = Q, x £/, with k' quadratic. We first prove the
following Proposition.

Proposition 5.3. Let Y be the closed subscheme of J3 consisting of primitive idempotents,

i.e. elements m satisfying:
T(m,I)=1,
m7 = 0.
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Let mg € Y (Z,) and consider the morphism
0:G—Y
gr—g-mp.
Then
(i) @ is smooth.
(it) G(Z,) acts transitively on Y (Z,).

(iii) Let Hy = ¢~ 1(mg). Then its generic fiber Hy is the group Sping and H,(Z,) is a
hyperspecial maximal compact subgroup of H,(Qy), i.e. H; is the Chevalley group scheme of
Sping.

(iv) Let J be the sublattice of Js consisting of elements n satisfying
T(mo, ’I’L) = 0,
T(n,I)mo = (I —mg) X n.

Then J has a natural structure of a pointed quadratic space, which is isomorphic to Jo and
stable under H;. The restriction of Hy to J defines the natural isogeny m : H; — Aut(J) =
S0,.

Proof. Without loss of generality, we set:

1 00
mo=|( 0 0 0 | €Js.
0 00
Then, as we have seen in Section 2, J is the sublattice consisting of elements of the form:
0 00
n=|0 b =z
0 z ¢

All assertions of (iv) have been noted before, except for the last.

Let T(Y) be the tangent space of Y at mg. By Lemmas 5.1 and 5.2, to show that ¢
smooth, it suffices to show that the induced map on tangent spaces

(5.4) dp@1:Lie(Q)®1 — T(Y)® 1

is surjective, for [ = Q, and Z/pZ. Now the tangent space T'(Y) ® is the subspace of those
elements m € J3 ® [ satisfying:

55) {T(m, I)=0,

mo X m =0,

which is precisely the subspace of elements of the form:

(5.6) m =

< v O
S O W
O O
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In particular, T(Y) ® [ has dimension 16. Hence, to prove (i), we need to show that the
dimension of the kernel of dp ® [ is 36. If the characteristic of [ is not 2, then it is a result of
Jacobson [J2, Chap. IX, Theorem 16, Pg. 407] that the kernel of dp ® [ is the Lie algebra
sping, which has dimension 36. If char(l) = 2, we verify the required result on the dimension
using the computer, as explained in Example 1 in the Appendix (actually the computer
verification works over Z, and so it checks the result in all characteristics). This proves (i),
i.e. that ¢ is smooth.

By (i), H; is smooth and each of its fibers has dimension 36. By restricting the action of
H, to J above, we obtain a morphism

(5.7) n: Hy — Aut(J).

One can check that the kernel of 7 is the finite group scheme ps. Indeed, let J' be the
sublattice of elements of Js satisfying (5.5); this is precisely the sublattice of elements of
the form in (5.6). Then H, preserves J', and any element g € Ker(n)(B), where B is any
Zy-algebra, is completely determined by its action on J' ® B. One can then check that the
action of g € Ker(n)(B) on J’ ® B is scalar multiplication by some X\ € B satisfying \? = 1,
thus identifying Ker(n) with po. In fact, this can also be verified using the computer, as we
explain in Example 2 of Section 14.

Let HY be the connected component of H;. Then the morphism
nx1:H)x1— Aut(J) x 1 = SOy

is an isogeny, since it has finite kernel and both sides are connected with the same dimension.
In fact, if char(l) # 2, it was shown by Jacobson [J2, Chap. IX, Theorem 4, Pg. 376] that
H, xlis the group Sping. In any case, the above shows that the special fiber of the smooth
group scheme HY is reductive. By results of Bruhat and Tits [BT1], this implies that H; is
connected, and H,(Z,) is a hyperspecial maximal compact subgroup of H;(Q,). Hence we
have shown (iii), as well as the last assertion of (iv).

It remains to prove (ii). If m € Y(Z,), then Y, := ¢~!(m) is smooth over Z, by (i). Hence
the natural map Y, (Z,) — Y,,,(Z/pZ) is surjective, and to prove (ii), it suffices to show that
Y ,.(Z/pZ) is non-empty, or equivalently, that G(Z/pZ) acts transitively on Y (Z/pZ). By the
above, we certainly have

#Y,,(Z/pZ) > #G(Z/pZ)/#H,(Z/pZ),

with equality if and only if G(Z/pZ) acts transitively. But it was shown in [J4, Pg. 91-92]
that

#Y,,(Z/pZ) = #G(Z/pZ)/#H,(Z/pZ),

and hence (ii) is proved. O

We can now prove the smoothness of f when k = Q, x k’. Recall that in this case, X is a
closed subscheme of J3 x J3. Let m and 7o be the projection maps onto the first and second
factor respectively. Then m; restricts to a map

T X =Y,
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where Y is as defined in Proposition 5.3, and we have

(5.8) p =m0 f,

for the appropriate choice of mg. With H; = ¢~ !(mg), we can consider the restriction of
my o f to H;. This gives a morphism

(5.9) moofiHy — J C Js,

which by Proposition 5.3(iv) factors as

(5.10) H, —"— Aut(J) 7, X —J

where X' is the affine subscheme of J parametrizing the embeddings A;; — J of pointed
quadratic spaces. Note that we have already shown that the morphism f’ : Aut(J) — X' is
smooth.

Now we need to show that Ker(df ® ) has dimension 28. By (5.8), we have
Ker(df ® 1) — Ker(dp ® 1) = Lie(H;) ® L.

Indeed, from (5.10), it is precisely the kernel of (df’ ®1) o (dm ®1). If the characteristic of [ is
not 2, then dr ® [ is an isomorphism and Ker(df’ ® [) has dimension 28, and so we are done.
There is a slight subtlety when char(l) = 2: dm ®1[ has a 1-dimensional kernel, since ps is not
smooth over [. Nevertheless, it is easy to see that Ker(df’ ® [) is not contained in the image
of dr ® 1, so that the kernel of (df’ ® 1) o (dm ® [) does have dimension 28, as required.

We have now proven Theorem 4.1(i) in all cases. Theorem 4.1(ii) now follows from the
following lemma, as in the proof of Proposition 5.3(ii):

Lemma 5.11. G(Z/pZ) acts transitively on the image of X(Zy) in X(Z/pZ).

Proof. Tt suffices to check that any two elements in X (Z/pZ), whose corresponding morphisms
are embeddings, are conjugate under G(Z/pZ).

If A = R, the required result can be found in [KMRT, Corollary 33.21] for A ® Z/pZ étale,
and in [A, Theorem 2] for A ® Z/pZ non-étale. For A = Js, the required result is essentially
a consequence of Witt’s theorem [B, Pg. 71, Theorem 1], and we omit the details.

Now consider A = Js. If k = Q, x k¥, then we have seen in the proof of Proposition 5.3
that G(Z/pZ) acts transitively on the primitive idempotents of , and the stabilizer is the
group Sping(Z/pZ). This reduces us to the case A = Jo, and the result follows from the fact
that Sping(Z/pZ) acts transitively on G(Z/pZ)/H(Z/pZ).

Finally, we consider the case when k is a cubic field. If p # 2, then the transitivity is a
result of Jacobson [J2, Chap. IX, Theorem 10, Pg. 389]. If p = 2, let N be the order of the
image of X(Z,) in X(Z/pZ). Then certainly,

N = #G(Z/pZ)|#H(Z/pZ).

Now a brute-force enumeration using the computer shows that in fact we have equality
above. d

This concludes the proof of Theorem 4.1(i) and (ii).
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6. The lattice L = A+

It remains to prove Theorem 4.1(iii), i.e. that H(Z,) is a special maximal parahoric
subgroup. In this section, we outline the strategy of the proof.

Fix an integral embedding jo € X (Z,), which induces an embedding of k into F' = A® Q,.
We identify k with its image in F, and let k- denote the orthogonal complement of k with
respect to the symmetric bilinear form 7. Then k' is a rational representation of H. As we
noted in the proof of Lemma (3.4), it is clear that ANk = A. Let A* denote the dual lattice
of Ain k. Then A* is equal to the inverse of the different ideal © of A. Set

L=ANk".
and let L* be the dual lattice of L in k+. We have:

Lemma 6.1. The lattice L* (respectively A*) is the projection of A onto k* (respectively k),
and there is a natural isomorphism
0:A"/JA=L*/L

of abelian groups. This isomorphism is induced by the map which, to x € A*, assign the
unique y( mod L) satisfying x +y € A. The natural bilinear forms

T :A*JAx A*/A —— Q,/Z,

L*/L x L*/L —— Q,/Z,
satisfy
T(0z,02") = —T(z,2") (mod Zy).
Proof. Since
A+LCACA* 4+ L7,

projection onto the first and second factor defines injections

Hence,
(A*/A),
(L*/L).
On the other hand, since A is unimodular with respect to T', we must have
#(A*A) - #(L*/L) = N?,
so that the above two injections are isomorphisms. This proves the first assertion of the
lemma, as well as the existence of §. Finally, since x + 0x € A for x € A*, we have

T(x,2') +T(0x,02") = T(x + 0x,2’ + 02') € Zy,
which proves the last assertion. O

Let K, denote the the stabilizer of L in H(Q)). Clearly, H(Z,) — K|,. Indeed we have:

B #
N_#MM+D§{#

Lemma 6.2.
H(Zy,) ={9€ Kr:(g—1)L* C L}.
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Proof. If y € L*, then there exists © € A* such that z +y € A, by Lemma 6.1. Since H(Z))
is the subgroup of H(Q)) which stabilizes A, for g € H(Zy), (9 —1)(y) = (9 — 1)(z + y) lies
in ANkt = L, as required. Conversely, any z € A can be expressed as z + y with z € A*
and y € L*. Hence, if g € K, satisfies (¢ —1)L* C L, then g(z) = 2+ (g9(y) —y) € A, so that
g stabilizes A. O

With this lemma, our strategy to prove Theorem 4.1(iii) will be to show that K, is a
special maximal compact subgroup of H(Q)), and then to identify those elements g € K,
which satisfy (¢ — 1)L* C L. In particular, it suffices to work with the lattice L in the
representation k- of H(Q,). It will turn out that in fact H(Z,) = K, in all cases, except
when A = J and k is a ramified quadratic extension of Q,,.

7. The Group Scheme H: Quadratic Case

In this section, we carry out the strategy laid out in the previous section, and prove
Theorem 4.1(iii) when & is not a cubic field.

We first consider the case A = R, so that H = SUglf. The 6-dimensional Q,-vector space
k- has the structure of an k-vector space. Indeed, if @ € k and x € k', then one shows easily
that o - 2 € k*+ [J1]. Further, L is an A-submodule. There is a natural hermitian form on
the k-vector space k+ defined as follows. If =,y € k*, then write:

r-y=—h(z,y)+zxy,

with h(z,y) € k and  x y € k. Then h is a hermitian form on &+ (see [J1] and [KMRT,
Pg. 507, Ex. 6]), and Jacobson showed in [J1] that the action of H on k' identifies H with
SU(k*,h), the special unitary group of the hermitian space (k*,h). Moreover, if z,y € L,
then h(x,y) € A*, and h(z,z) = N(z) € Z,. Further, if we let

L={z ekt h(xL)cC A},

then one sees easily that L = L*. We claim that the A-module L is a maximal lattice in the
hermitian space (k=, h), maximal with respect to the property that h(x,x) € Z, for all = € L.
Indeed, L must be contained in some maximal lattice M, and M satisfies #M JM = #A*/A
(see[GHY, Sections 3 and 5]); hence the claim follows in view of Lemma 6.1.

By results of Bruhat and Tits [BT2], the stabilizer K, of the maximal lattice L is a special
maximal compact subgroup of H(Q),) (see also [GHY, Section 3]). Further, by [GHY, Lemma
5.6], any g € K, satisfies

(9—1)L C L.

Hence, in view of Lemma 6.2, H(Z,) = K1, and we have proven Theorem 4.1(iii) in the case
A=R.

The case A = Jo can be similarly treated, and we shall only give a brief sketch. Here
(k*,det) is a nondegenerate quadratic space, and via its action on k*, H is identified with
the special orthogonal group of this quadratic space. One checks as above, using Lemma
6.1, that L is a maximal lattice in k*. Again, by [BT2], K is a special maximal compact
subgroup (see also [GHY, Section 6]). Let H; be the smooth group scheme underlying the
special maximal compact subgroup K by Bruhat-Tits theory, and let H{ be its connected
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component. Note that H; is connected unless k is a ramified quadratic extension, in which
case HY is of index two in H;. Now by [GHY, Proposition 6.15], g € K|, satisfies (9—1)L* C L
if and only if g € HY(Z,). Hence H(Z,) = H}(Z,) is a maximal parahoric subgroup.

Note that, up to conjugacy by the adjoint group, the special maximal parahoric subgroup
is uniquely determined, except in the case when A = R and k is a ramified quadratic ex-
tension, where there are two possibilities. These two possibilities can be distinguished by
their maximal reductive quotient, which is either SLs or SO3. The results of [BT2] showed
that the special maximal parahoric subgroup arising here is the one whose maximal reductive
quotient is SLo.

Finally, consider the case when k = Q, x k', with k¥’ quadratic. Here, the required result
follows immediately from Proposition 5.3 and the result for A = J; shown above; we leave
the details to the reader. We have thus proven Theorem 4.1 in all cases, except when k is a
cubic field.

8. Springer Decomposition and Twisted Composition

In the previous section, we have used crucially the results of Bruhat and Tits [BT2],
who described the building and the parahoric subgroups of H(Q)) in terms of the standard
representation when H is a classical group. Unfortunately, when k is a cubic field, the group
H is a trialitarian form of Sping, which is not covered in [BT2]. Hence, we need to extend the
results to [BT2] to such groups, and this is the objective of Sections 8 to 13. Fortunately, all
we need is to be able to detect the special maximal compact subgroup, and not an arbitrary
parahoric subgroup; so it suffices to partially carry out the program of [BT2] for such groups
(though it will be interesting to carry out the full program).

In this section, we let k be an arbitrary étale cubic algebra (not necessarily a field), and fix
an integral embedding jo : A — J3, which induces an embedding j : k — F' = J3 ® Q,. Our
goal in this section is to describe some very rich algebraic structures on k=, the orthogonal
complement of k£ in J3. It will turn out that H is the automorphism group of these structures.
We refer the reader to [KMRT, §36 and §38A] for more information on the topics discussed
below.

The orthogonal direct sum F = k @ k' is known as the Springer decomposition of F.
The 24-dimensional vector space k+ has the additional structure of a k-module, defined as
follows. For A € k and = € k*, the scalar multiplication is given by

Az = —A X
Further, for x € k*, if we write:
2 = —Q(x) + B(x)

for Q(z) € k and B(x) € k*, then Q is a quadratic form on the k-module £+, and 8 is a
quadratic map of the QQ,-vector space k+. These satisfy

{B(A cz) = M B(z),
Q(B(x)) = Q(x)*.
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Let
{Q(x,m = Q(z +y) - Qz) - Qy),
B(z,y) = B(z +y) — B(z) — B(y).
Then we have
Q(z,B(z)) = det(z) - I.
The 4-tuple (k+, k, Q, B) forms what is known as a twisted composition [KMRT, §36, Pg.
489].

As an example, suppose that k = Q, x Q, x Q,, embedded into J3 ® Q, along the diagonal.
Then k' consists of elements of the form

0 x3 =9
z=| 23 0 x:
xo 71 O

with z; € R ® Q. The action of a = (a1, a2,a3) € k on x is given by:
0 as-r3 a2 - ITo
a-r= as - T3 0 ai - T
ag -T2 a1-T1 0
The quadratic form Q is given by

Q(z) = (N(z1), N(z2), N(z3)),
and the quadratic map 8 is given by:
0 Ty T3 @173
Blx)=| 22 21 0 To - T3
T3 T T3-Xx2 0

The action of H on k* embeds H into the automorphism group of the twisted composition
(k*,k,Q,B). Soda showed in [So] that H is a form of Sping. On the other hand, it was
shown in [KMRT, Proposition 36.5] that the automorphism group of the twisted composition
is also a form of Sping. Hence the action of H on k* identifies H with the automorphism
group of (k*,k,Q,B).

9. More on At

We continue with the notations of the previous section. Let L be the lattice A+ = J5Nk*.
Then L becomes an A-submodule of k-, and on restricting Q and 8 to L, we obtain

Q:L— A",
3:L— L*.
Let
(9.1) L={zeckt:QL)c A"}

be the dual lattice of L relative to Q, then because
T= ﬁk o Q7
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(here, Q is the symmetric bilinear form) we find that L = L*.

Assume now that k£ is a field, and let m be a uniformizer of A. We shall determine
the structure of the A-module L*/L when p # 3. Note that by Lemma 6.1, we have an
isomorphism of abelian groups

0:A*JA=L*/L.
Hence, if k is unramified over Q,, L* = L. For the rest of this section, assume that p # 3
and k is ramified. Then
A*JA=A)D =712A/A
as A-modules, so that #L*/L = p?. Now we have:

Lemma 9.2. Ifp # 2, then L*/L = A/n? as A-modules. If p =2, then L*/L = A/m x A/7
as A-modules.

Proof. If p # 2, we need to show that wL* is not contained in L. Suppose on the contrary
that 7L* C L. Then we deduce that Q(7rL*, L*) C A*, so that Q(L*, L*) C n~3A. However,
consider the element

r=71"24ycJs,
where y = 0(n~2) € L*. Then from the fact that 27 € .J3, we deduce that Q(y) € k has
valuation —4. This contradiction proves the lemma when p # 2. We leave the case of p = 2
to the reader. O

If p # 2, the above lemma implies that L*/L has a unique proper A-submodule. Hence,
there is a unique Z,-lattice L C M C L* stable under A. Indeed, we have

M=xL*+ L.

From this, it is easy to see that
T:MxM— Z,,
and (M, T) is unimodular. Equivalently, Q(M) C A*.
Recall that T induces a symmetric bilinear form
T:L*/Lx L"/L — Qp/Z,.

This actually takes values in p~'Z,/Z,, and (L*/L,T) is a split rank 2 quadratic space over
Z/pZ. As such, it has 2 isotropic lines. When p # 2, the above lemma shows that there is
a distinguished isotropic line: the unique proper A-submodule M/L of L*/L. The same is

true of the quadratic space (A*/A,T), which is isomorphic to (L*/L,—T) under the map 6
in Lemma 6.1.

It is natural to ask if 6 is an isomorphism of A-modules when p # 2. One can show that
it is not so in general. However, we have:

Lemma 9.3. The map 0 identifies 7' A/A with M/L.

Proof. The proof here is similar to that of the previous lemma. Suppose on the contrary
that 6 identifies M /L with the other isotropic line in A*/A. This isotropic line is generated
by an element x of valuation —2, so that x + y € Js for some y € M. From the fact that
(x +y)* € J3, we deduce that Q(y) € k has valuation —4. However, we have seen that
Q(y) € A* for all y € M. This contradiction proves the lemma. O
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Let Kjs be the stabilizer of M in H(Qp,). When p # 2,3, Lemma 9.2 implies that K, —
K. Hence, H(Zy,) C K, acts on the lattices L, M and L*. As arepresentation of Kj = K,
L/wL has a 1-dimensional submodule 7M/wL, and L*/7L* has a 7-dimensional submodule
M /mL*. On the other hand, as a representation of Ky,

M/mM =L/mtM & nL* /7M.

In the proof of Theorem 4.1(iii), we shall show that H(Z,) = K; = K is s special
maximal compact subgroup of H(Q)). The facts discussed in this section will not be used in
the actual proof. However, they provide us with a better understanding of the special fiber
of H and help to clarify the proof; when suitably globalized, they provide an interesting way
of constructing certain Neimeier lattices, as discussed briefly in [GG, §7 and §8].

10. Cyclic Compositions

Henceforth, we assume that k is a cubic field, with ring of integers A = Zp[a]. In this
section, we further assume that £ is Galois over Q,, and fix a generator o of the Galois
group Gal(k/Qp,). We remark that, although we work over @Q,, the results below are valid
over any finite extension of Q,,.

We have introduced the twisted composition (k*, k, Q, B) in Section 8. By [KMRT, Lemma
36.1], the 4-tuple

(k:J_y ka q, ﬁ) = (kl, ka )\ﬁjaQ, /\o,a : B)
where

Ao i=02(a) —o(a) #0

is again a twisted composition, and for various reasons, it is more convenient to work with
this renormalized twisted composition. As before, let

q(z,y) = q(x +y) —q(z) — q(y),
B(z,y) = Bz +y) — B(x) — B(y).

Let SO(q) be the special orthogonal group of (k*,q) (a linear algebraic group over k).
Then H is precisely the subgroup of Resy, /QPSO(q) which respects the map 5. We remind
the reader that we are trying to show that K is a special maximal compact subgroup of
H(Qp). For this, it is necessary for us to be able to decide if an element of SO(¢)(k) is in
H(Qp). However, it is rather difficult to work with the map [, and hence to check whether
an element of Resy,/q,50(q) is in H or not.

Fortunately, there is a refinement of the quadratic map 3 due to Springer [KMRT, Prop.
36.12, Pg. 496]. More precisely, there is a Q,-bilinear map

| i
(z,y) =z *y
which is o-linear in 2 and o?-linear in y, and such that

Br,y) =z*xy+y*x,
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The composition x satisfies various compatibility conditions with the quadratic form ¢ [KMRT,
§36b, Pg. 495], and the 4-tuple (k*,k,q,*) is called a cyclic composition relative to o.
Explicitly, = * y can be computed by:

(101) ﬂj‘*y:A;I(ﬁ(Oé:E,y)—O'z(OZ)ﬁ(ﬂf,y))
= 0'2(01) ' B($7y) - B(Oé : :Evy)
If {e1,...,es} is a basis of the k-vector space k*, then the cyclic composition structure is

completely determined by the products e; * e;. Our goal in the remainder of this section is
to find a nice basis of kT, with a particularly simple multiplication table.

To this end, we need to be very explicit. For the purpose of computation, it is more
convenient to work with the Tits model for F' = J3 ® ), obtained from the Tits model for
Js3 introduced in Section 2 by base extension. Thus

F = M3(Qp)" @ M3(Q,) ® M3(Qp),

the direct sum of three copies of the space 3 x 3 matrices with entries in Q,,, and the cubic
norm structure (M3(Q,)%, N, e,#,T) is defined by the equations in (2.1). Henceforth, we
identify F' with its Tits model.

To define an embedding of k£ into F, let k act on itself by left multiplication. This gives
an injection of k into Endg, (k), which we identify with M5(Q,)" using the basis {1, o, a?}.
This gives an embedding

j:k—F.
Further, we also have a group homomorphism Gal(k/Q,) — Autg,(k), given by the action
of Gal(k/Q,) on k. Writing o for the image of o in M3(Q,)", we have a decomposition of
vector spaces:
M3(Q,)" =k @ ko © ko

which realizes M3(Q,)" as a cyclic algebra, with cac™ = o(a) for a € k. With these
identifications, we see that
k= (ko @ ko) ® M3(Qp) ® M3(Qy).
Moreover, the k-vector space structure of k+ is given by:
X (a10 + ag0?,b,¢) = (62(N)ayo + o(N)ago?, Ab, c)).

Let e; ; denote the 3 x 3 matrix whose (i, j)-entry is 1, and whose other entries are zero.
Then a basis of the 8-dimensional k-vector space k* is given, for i = 1,2, 3, by:

e; = (0,0,¢;3),

€_; = (0, —6172',0)

e4 = ()\;7(110’,0, 0),

e—s = (A\;402,0,0).
From the definition of ¢, one checks that {e;,e_;,i = 1,2,3,4} forms a Witt basis for the
quadratic space (k;L, q), that is,

q(ei,ej) = 0i—j-

In particular, the quadratic space (k*,q) is split.
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€1 €2 €3 €4 €_1 €_9 €_3 €_4
€1 0 €_3 —€_9 0 —€_4 0 0 —e1
€9 —€_3 0 €_1 0 0 —€_4 0 —€9
€3 €_9 —€_1 0 0 0 0 —€_4 | —€3
€4 —eq —€9 —€3 €_4 0 0 0 0
€_1 —€4 0 0 —€_1 0 €3 —€2 0
€_9 0 —€4 0 —€_9 —e€3 0 €1 0
€_3 0 0 —€y4 —€_3 €9 —e€1 0 0
€_4 0 0 0 0 —€_1 | —€_2 | —€_3 €4

TABLE 1. Mulitplication Table for e; * e;

After a lengthy computation using (10.1), one can work out the multiplication table for
the basis {e;} with respect to the composition *. This is given in Table 1. One observes
that this multiplication table agrees with that of the standard basis elements of the split
para-Cayley algebra [KMRT, §34A], as given, for example, in [Gar, §1]. In other words, the
Qp-span of the elements e; is the split para-Cayley algebra with respect to the composition
*, and the cyclic composition (k:l, q,*) is the one arising naturally from this, in the sense of
[KMRT, §36.11]. Now H is precisely the algebraic subgroup of Resy, /g, SO(q) which respects
the composition *, and with the multiplication table above, it is not too difficult to check if
an element g of SO(q)(k) lies in H(Q)); it suffices to check that g preserves the 64 products
€; *€j.

11. A Coherent System of Epinglage

In this section, we describe a coherent system of épinglage for H, in the sense of [BT1,
§4.1.16], using the results of the previous section. Writing Hy for H x k, there is a canonical
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embedding H — Resy, /g, H, with H the subgroup fixed by the natural action of Gal(k/Qj).
By definition, to give a coherent system of épinglage for H is the same as giving a Chevalley-
Steinberg system of épinglage for Resy,q, Hy, in the sense of [BT1, §4.1.3]. Now, by [KMRT,
Proposition 36.18], we have:

Lemma 11.1. Resy/q,Hyi can be realized as an algebraic subgroup of Resk/QpSO(q)?’ m
the following way. For any Qp-algebra k', Resk/Qp(Hk)(k:’) is the subgroup consisting of
(g1, 92,93) € SO(q)(k ® k") such that

gi(xxy) = ga(x) * g3(y)  for all z,y € ko k.

The group Gal(k/Qp) = Z/3Z operates on Resy g, Hy by cyclic permutation. The algebraic
subgroup fized by the action of Gal(k/Qp) is H, and this realizes the canonical embedding
H — Resk/Qka.

Without loss of generality, we suppose that o acts by:

o (g1,92,93) = (93,91, 92)-
Note that the map

pr: (91,92, 93) — 91
realizes Resy g, Hy, as the simply-connected cover of Resy g, S0(q).

As in [BT2, §1.14], the Witt basis {e;} determines a maximal torus Resy, /g, T" of the group
Resy/q, SO(q), as well as a system of épinglage for the root subgroups relative to Resy, /0,1
More precisely, for (ai,as,as,as) € Resy, /Qprm the map

(11.2) t(ay,az,as,aq) : €; — a; - e;,

where a_; = a; U for i > 0, is an element of Resy/q,T', which identifies Resy g, T with
Resy, /Qprn- Moreover, for fixed 7, j = 41, £2, 43, 44, there is a corresponding root subgroup
Ui j relative to Resy g, T, whose k'-points are the maps

er, if r #14,7;
(11.3) uij(x) e = e +xoej, if r=7i;

ej —xoe_;, if r=j,

for z € Resy, g, Ga(k'), and
’LLZ'J' : Resk/@pGa — UZ’J

is an épinglage for U; ;. Note that U; ; = Uj;;, and the two épinglages u; ; and u;; differ up to
sign. One checks easily that this system of épinglage for Resy /g, S O(q) is a Chevalley system,
in the sense of [BT1, §3.22]. A Chevalley system of épinglage for Resy, g, SO(q) induces one

on the simply-connected cover Resy, g, Hy: one smply takes pr~!(Res; /QpT) as the maximal

torus Zj for Resy g, H, and the épinglage is given by pr—to u; j, which makes sense since

pr is an isomorphism on root subgroups. By abuse of notation, we shall write U; ; and u; ;
instead of pr_l(UZ-,j) and pr—! o u; j for the corresponding root subgroup and épinglage of
Resy, g, Hi with respect to Zj.
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Now one checks that Zj, is stabilized by the action of Gal(k/Q,). The subgroup of fixed
points is thus a maximal torus Z for H. In fact, for any Q,-algebra k',
(11.4) Z(K) = {t(a,a/p, p/o(a)o*(a),0%(a) fo(a)) :a € k@K, u € K'},
which identifies Z with Gy, x Resyg,Gm, and the maximal split torus S C Z with G2,. The
fact that Zj, is stabilized by Gal(k/Q,) implies that the root subgroups U; ; are permuted

by Gal(k/Q,). Using Table 1 above, another lengthy computation shows that the épinglages
(uj ;) are also permuted (up to sign) by Gal(k/Q,). For example, one checks that

(u_12(x), u—12(0”(x)),u_12(0(x))) € Resyq, Hr,
so that
oouU_120° ol = U_1.2.

Similarly, one has:

(u—3,—2(2), u—4,1 (0% (), ura(o(x))) € Resy/q, H,

so that

ooUu_3_20 ol = U1,4,

couy 00t =u_yy,

00U_4710 ol = U_3,—2.
In other words, (u; ;) is a Chevalley-Steinberg system of épinglage. Recall that the relative
root system ® of H is of type G2. Let a and b be (a choice of) the long and short simple
roots of ® respectively. Each element r of ® indexes a root subgroup U, of H relative to S.
Then the following proposition is the result of the above considerations and gives a coherent
system of épinglage for these root subgroups.

Proposition 11.5. The root subgroups corresponding to the long positive roots of ® can be
chosen to be:

Ua(Qp) = {u—12(z) : 7 € Qp},
Ua+36(Qp) = {u1,—3(z) : v € Qp},
Uza+36(Qp) = {uz,—3(x) : v € Qp}.
The root subgroups corresponding to short positive roots can be chosen to be:

Up(Qp) = {u—3 —2(x)u_a,1(0*(@))ur 4(c(x)) : x € k},
Uan(Qp) = {u—1,-3(x)u_s2(0*(x))uga(o(x)) : x € k},
Uat2p(Qp) = {uz,1 (2)us,—3(0*(x))u_3 _4(0(x)) : x € k}.

The root subgroups corresponding to negative roots are similarly described. The collection

Ug = U—1,2 U—gq = UL,—2

Ua+3b = UL,-3 U_q—3p = U_1,3

U243 = U2,—3 U_2q—3b = U_23

up =u_3_2-(u_q10 02) (ur400) u_p =ugz2 - (ug_10 02) “(u—y,—400)
Ugh = U—1,—3 " (U_4g,2 0 02) “(uga00) U_gp=u13- (U420 02) “(u—2,-400)

Ugiop = Us1 + (ug_300%) - (u_g_400) U_gop =U_2_1-(u_q300) (uzs00)
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forms a coherent system of épinglage for H relative to S. Here, if r is a long root, u, : G, —
H, whereas if r is short, u, : Resy;0,Ga — H.

The maximal split torus S and the long root subgroups of H can be very easily described
in terms of their action on k*. Indeed, the stabilizer in H of the embedding M3(Q,)* — F
is isomorphic to SLs, the action of g € SL3 being given by:

(a,b,¢) — (a,bg™t, gc).

The maximal split torus S is then the diagonal torus in SLs, and the long root subgroups of
H are those of SLj relative to the diagonal torus. For i # 44, the lines k - e; are precisely
the non-trivial weight spaces of .S, and hence are canonically determined. Moreover, the lines
k - exq are precisely the two isotropic lines in the orthogonal complement of k in M3(Q,)*.

Remarks: We stress again that, though we have restricted ourselves to the base field Q, in
the above exposition, the results established in Sections 10 and 11, as well as their proofs,
remain valid over any finite extension of Q, (indeed, over any field of characteristic # 2).
This remark is necessary because in Section 13, we will need to apply the above results on
épinglage over a quadratic extension of Q.

12. The Group Scheme H: Galois Case

In this section, we prove (finally) Theorem 4.1(iii) for k£ a cubic field which is Galois over
Qp. We maintain the notations of the last section.

As we have seen, (u; ;) is a Chevalley-Steinberg system of épinglage for Resy, g, Hy, whose
associated coherent system of épinglage is given in Proposition 11.5. By [BT1, Theorem
4.2.4], the natural valuation ¢ of root datum associated to (u; ;) (which gives a hyperspecial
point of the apartment of Z;) descends to a valuation ¢ of the root datum associated to
(uy)red, which is a special point on the apartment of S [BT1, §4.3.4]. Hence, the stabilizer
of ¢ in H(Qp) is a special maximal compact subgroup K of H(Q,), which contains the
subgroups Zj (the maximal compact subgroup of Z(Q,)), u,(Z,) for r long, and u,(A) for
r short. Since H is simply-connected, these subgroups generate K. Moreover, let M be the
lattice generated by the Witt basis {e;}, and let K be the stabilizer of M in H(Q,). Then
it is easy to see, using (11.2), (11.3) and (11.4), that K C K7, and hence K = K. In
other words, K/ is a special maximal compact subgroup of H(Q)). It will turn out that if
p # 2,3, then this lattice M is the one introduced in Section 9, after Lemma 9.2 (provided
we start with an integral embedding j in the construction of the last 2 sections).

So far, the choice of o € k in the above considerations is not important. We now choose «
such that A = Zy[a]. Then A = kN Js, so that j is an integral embedding. Let L = kL N J;.
If L is the dual lattice of the A-lattice L relative to ¢, then it is easy to see that L = L* (and
this L is the same as the one introduced in (9.1). Now one checks that

1
L={v= Zai ce; € M :ordg(as —a—yg) > 3 -ordg(A™)}.
(3
Note that ordy(A*) is an even integer since k/Q, is Galois, and if p # 3, it is equal to 0 or 2,
depending on whether k is unramified or not. Using Proposition 11.5 and (11.3), one checks
that any element g of the subgroup Zy, u,(Z,) for r long or u,(A), for r short, stabilizes L,
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and satisfies (g — 1)Z C L. In particular, by Lemma 6.2, we conclude that

H(Z,) =K, =Ky=K
is a special maximal compact subgroup of H(Q,). Observe that if k is unramified over Q,,
H(Z,) is hyperspecial.

We have thus proven Theorem 4.1(iii) in the case when k is a cubic Galois extension of

Qp.

13. The Group Scheme H: Non-Galois Case

We now consider the case when k/Q, is a non-Galois field extension. Let &’ be the Galois
closure of k in a fixed algebraic closure Q, of Q,. Then there is a quadratic extension [ of
Qp such that £’ is the compositum of k and [ in Q,. Let

(r) = Gal(K'/k) = Gal(1/Qp),

and fix a generator o of Gal(k’/l). By the remark at the end of Section 11, the desired results
hold for H x I, and the main purpose of this section is to descend those results from [ to Q,,.

Let k = Qp[a], so that ¥’ = l[a]. As in Section 10, the choice of o determines an embedding
j;k<—>M3(Qp)+<_)F’

so that k' has the structure of a twisted composition (k*,k, Q,8). Extending scalars to [
gives an embedding

j K - F =F®l,
and the twisted composition (£ L, K, Q',8"). In view of the remark at the end of Section 11,
all the constructions of Sections 10 and 11 can be carried out over [ with respect to the Galois
extension k’/l, the generator o and the embedding j’ determined by the choice of o. We shall
indicate these constructions by a dash. In particular,

M3(l') = M3(Q,) @l =K @Ko @ Ko?

and we have the renormalized twisted composition (&’ LK. d, B ), with the Witt basis {e},i =
+1,£2, 43, +4} for the quadratic space (k’l,q/) over k.

The elements of M3(l) or F' which are in M3(Q,) or F can be recovered as the fixed points
of an action of Gal(l/Qp). The action of 7 on Ms(l) is given by:

a+bo + co? v 7(a) + 7(c)o + T(b)o.

Hence the action of 7 on k' is given by:
Zai ce; = —7(a4) ey —T(a_yg) - €} + Z 7(a;) - €.
i i#+4
We thus conclude that
M3(Q,) = {a+bo+co* € M3(l) :a € k and ¢ = 7(b) € k'},
and
kt={r=a-e,—7(a) ¢, + Z a; €, :a €k’ and a; € k}.
i#+4
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The quadratic form ¢ = )\ﬁf «Q on kK 1 is defined over k, since )\ﬁf o € k, and thus descends
to give a quadratic form ¢ on k*, explicitly given by:

q(z) = =Ny, (a) + ara—1 + aza_s + aza_s.

In particular, one sees that the quadratic space (kL, q) is not split. Note however that the
map 8 = Ay -8 does not descend to a map on k=, since Aoa ¢ k, though of course the line
spanned by (3’ is T-stable.

Having described the action of 7 on &’ l, we have an action of T on Resyr/q, S O(¢'), having
Resy /g, 50(q) as its group of fixed points, which is given by:

gr—TO0goT.

This induces an action of 7 on Resy /g, Hy (which is a subgroup of Resy /QPSO(q’ )3 by
Lemma 11.1), having Resy, g, Hy, as its group of fixed points.

From Section 11, we have a Chevalley-Steinberg system of épinglage (u;J) for Resy Hy .
Let u; ; = Res; /@pu;j be the corresponding épinglage for Resy g, Hy. As we have seen in
Section 11, the wu; ;’s are permuted by Gal(k’/l). To show that it is a Chevalley-Steinberg
system, it remains to check that they are permuted by the action of 7 described in the last
paragraph. One checks this by a straightforward but lengthy computation, which we will not
reproduce here. In conclusion, we obtain from (u; ;) a coherent system of épinglage for H,
and these are given by the same formulas in Proposition 11.5. The only point to note is that
because k/Q, is non-Galois, for = € k, o(x) and o?(z) are not in k.

Now let M be the A-lattice of k- generated by the e;’s, for i = +1,+2, 43, and the
elements of the form a-e4 — 7(a) - e_4 for a € Ay Then, as in Section 12, we conclude that
K is a special maximal compact subgroup of H(Q,), and is generated by the subgroups Z,
ur(Zy) for r long and wu,(A) for r short.

Taking « to satisfy A = Zy[a], we have kN J3 = A, so that j is an integral embedding.
One checks that

L=k"n J3
={a-eqs—71(a) e_4+ Z a;-e; € M :ordy(a—7(a)) > ordyAsa}-
i#+4

If I/Qy is unramified, then A® A; = Ay, and so ordy/ Ay o is half the valuation of the different
ideal of k//1. This is not the case if {/Q), is ramified (which can only happen when p = 3). One
can also describe L = L* explicitly. Using these descriptions, and the formulas in (11.3) and
Proposition 11.5, one checks by a direct computation that every element g € Kjs stabilizes
L and satisfies (g — 1)Z C L. In particular, by Lemma 6.2,

H(Zp) = K, = Ku

is a special maximal compact subgroup of H(Qp). This completes the proof of Theorem
4.1(iii).
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14. Appendix: Machine Computations

In this Appendix, we describe the machine computations used in various parts of the paper.
These were carried out with the help of Jiu-Kang Yu.

We first describe the typical problem. Suppose that g is a Lie subalgebra of End(V'), where
V' is a vector space of dimension m over an arbitrary field . For v € V| let

¢:g—V
be the evaluation map X — X (v).
Problem: Show that Ker(¢) has dimension n.

This is of course a problem in linear algebra. To obtain the desired result on a computer, we
first define the problem over Z. In other words, let M be a free Z-module, and & C End(M)
a Lie subalgebra. For v € M, let ® : & — M be the evaluation map X — X(v). Suppose
that

V=Mel,
g=6xlI,
d=dI

Then, thinking of an element X of & as an m x m matrix (X;;) with entries in Z, the
requirement that ®(X) =0 € J ® [ is equivalent to a system of linear equations

F(Xi)=0eJ®l

in the entries of X. We think of Fj as an element in &* = Homy(®,7Z) and let £* be the
sublattice of &* generated by {Fj}. Then to show that Ker(¢) has dimension n, it certainly
suffices to show that £* is a direct summand of &* of rank equal to dim(g) —n. It is this last
step that can be carried out by the computer.

For our applications, let (Js3, N,e,#,T) be the Tits model over Z, defined as in Section
2. In particular, J3 = M3(Z)3. Let {ej,ea,...,ear} be the natural basis of of J3. The
automorphism group G of the cubic norm structure Js is the Chevalley group over Z of type
Fy. Hence its Lie algebra Lie(G) is a direct summand of End(Js3) of rank 52. More precisely,
if (+,-,-) is the symmetric trilinear form associated to the cubic form N, then Lie(G) is the
sublattice of End(J3) defined by:

(X(ei),e5,ex) + (el,X(ej),ek) + (ei,ej, X(er)) =0, for distinct 4,5,k € {1,2,...,27};
(ei, X(e5),€5) + (X(ei),ej,ej) =0, for distinct ¢ and j;
% (X (e), e,,ez) =
X(e) =0,
where e = e1 + e5 + eg is the element (7,0,0).
We now highlight 3 examples of computation needed in the paper.
Example 1: In the proof of Proposition 5.3, we have the map (c.f. (5.4)):

dp®1:Lie(G) @1l —-TY)®IC J3x1,
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which is the evaluation map at a primitive idmepotent mgy. We want to show that the kernel
has dimension 36. To define the problem over Z, let

® = Lie(G),
M = Js,
v =e€q,

where Lie(G) and Js are the Z-models defined above. Here, e; = (e1,1,0,0) € J3, where e; ;
is the 3 x 3 matrice whose (1,1)-th entry is 1, and whose other entries are 0. Let ® : & — J3
be the evaluation map at e;. The computer checks that the lattice £* is indeed a direct
summand of rank 16, as required.

Example 2: In the proof of Proposition 5.3, we also need to consider the map over Z, (c.f.
(5.7)):

n: ﬂl - Allt(J),
and show that its kernel is the finite group scheme po. For this, one considers the induced

map dn on the Lie algebras, and it is required to show that dn ® [ is an isomorphism if
char(l) # 2, and has a 1-dimensional kernel if char(l) = 2.

In Example 1, the kernel $) of ® provides a Z-model for Lie(H;) ® . An integral model
J for J ® [ can be described concretely as the sublattice of J3 consisting of elements of the

0 0 0 b11 512 b13 C11 0 0
0 a22 Q93 s 0 0 0 s Co1 0 0
0 a3z ass 0 0 0 C31 0 0

In other words, an integral model J for J ®[ is the lattice with basis

B = {657 €6, €8, €9, €10, €11, €12, €19, €22, 625}-

The kernel of dn ® [ consists of those elements X € 9 ® [ satisfying X (e;) = 0, for e; € B.
Hence, we define the problem over Z by taking:

& =9,
M = Jlo,
v = (657667687 ~-~-,€25)),

We need to show that the evaluation map & is injective on reduction modulo p, for p # 2,
and that ® (mod 2) has a 1-dimensional kernel. The computer checks that the lattice £* C &*
has determinant 2, so that &*/£* = Z/27Z. This implies the desired result.

Example 3: We consider the situation in the proof of Theorem 4.1(i) given in Section
5. More specifically, consider the case when k is a ramified cubic extension of Q,. Write
A = Z,]a], where o has minimal polynomial 22 + ax® + bz + ¢, an Eisenstein polynomial. Let
jo be the integral embedding defined by:

0 0 —c
v 10 =b ],0,0| € Js.
0 1 —a
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Now we need to consider the map:

df @ Z/pZ : Lie(G) ® Z/pZ — T'(X) @ Z/pZ,
and show that its kernel is 28-dimensional. Over the residue field Z/pZ, the morphism j, is
given by:

o = oy =

;0,0

O = O
_ o O
S OO

Hence, we can define the problem over Z by taking:

® = Lie(G) (as defined before Example 1);
M = J3 (the Tits model over Z);
V= Qg.

The computer verifies that the lattice £* is a direct summand of &* of rank 24, as required.
Unlike the previous 2 examples, where the computation is only needed for | = Z /27, we need
to consider all primes p in this last example.
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