EXCEPTIONAL HOWE CORRESPONDENCES OVER FINITE FIELDS

WEE TECK GAN

ABSTRACT. We consider the restriction of the reflection representation to various reductive
dual pairs in exceptional groups, and determine the correspondence of generic representa-
tions.

1. Introduction

Let k be a finite field with ¢ elements and of characteristic p. Recall that if Sp is the
symplectic group over k, then a pair of reductive subgroups (Hi, H2) of Sp is a dual pair if
they are mutual commutants in Sp. Examples of (Hy, Hy) are (Spon, Om), (GLp, GLy,) and
(Un, Up,). The Weil representation [Ge] then defines a correspondence between the irreducible
representations of H; and Hs, called the Howe duality correspondence. A first study of the
Howe correspondence over finite fields was carried out by Srinivasan [Sr|, who determined the
decomposition of (the uniform part of ) the Weil representation into Deligne-Lusztig characters
of the dual pair H1 x Hy. From her results, one sees that the Howe correspondence respects the
correspondence of geometric conjugacy classes [D-L] with respect to some natural inclusion
of dual groups:

i:HY — HY.
In particular, the unipotent representations correspond. In [AM], it was shown by Adams and
Moy that the cuspidal unipotent representations correspond in the case of first occurrence in
their terminology. Finally, the Howe correspondence was completely determined by Aubert,
Michel and Rouquier in their recent paper [A-M-R], except in the case (Spay, O,) where they
have a conjecture. We remark that the Howe correspondence over local and global fields has
also been extensively studied.

In this paper, we study an analogue of the Howe correspendence over finite fields in the
exceptional groups. So assume that G is a split simply-laced simple linear algebraic group
over k, and let F' be the corresponding Frobenius. We first need an analogue of the Weil rep-
resentation. This is the so-called reflection representation II [Lu]. II can be characterized in
various ways, but for now, it suffices to say that II is a unipotent principal series representa-
tion of G, and its dimension is the smallest among all non-trivial irreducible representations
of GF' (that is, those of dimension greater than 1). Hence it is the analogue of the minimal
representation [MS] in the p-adic case. We recall that the character values of irreducible
representations of G¥' on semi-simple elements are known through the work of Lusztig [Lu2].
However, in Section 3, we shall see that the character values of II on semi-simple elements
s can be interpreted neatly in terms of the motive M (s), introduced by Gross [Gr], of the
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connected centralizer Cg(s)? of s in G. More precisely, for s a semi-simple element in G¥,
we have:

Proposition 1.1.
Tr(s|II) =Tr(F|M(s)).

We shall consider various dual pairs in exceptional groups. As an example, consider the
case where G is a split adjoint group of type Eg. There is a dual pair [MS]:

PGL3 x Gy C FEg.
This is an interesting dual pair because there is a natural inclusion of dual groups:
i: SL3 — Gz.

For each irreducible representation m of PGLg, let ©(m) be the set of irreducible represen-
tations 7’ of G, counted with multiplicities, such that m ® 7’ occurs in II, regarded as a
PGL3 x Ga-module. Also let ©gepn(m) C O(m) be the subset of generic representations. Then
we shall determine O, (7) for each generic representation 7 of PGL3. We first prove:

Theorem 1.2. Let U be the unipotent radical of a Borel subgroup of Ga, and let 1 be a
character of U in general position. Then Il is the Gelfand-Graev representation of PGLs.
In particular,

1, if ™ is generic;

Ogen(m) =
#Ogen(m) {O, otherwise.

Now recall that the generic characters of a connected reductive group with connected center
can be parametrized by semi-simple classes in the dual group. For a semi-simple class s in
the dual group, we let x(s) be the corresponding generic representation. Then we shall show:

Theorem 1.3.
Ogen(X(s)) = {x(i(s))}
for each semi-simple class s in SLs, the dual group of PGLs.

A check on the dimensions shows that this already accounts for a large part of II. For
non-cuspidal representations, this theorem is proved by the computation of Jacquet functors.
For cuspidal representations, we resort to the use of base change or Shintani descent, under
a suggestion of T. Uzawa. It is interesting to see if it can be adapted to the p-adic case.

We also have similar results for the dual pairs Go x PG Spg C E7 and Go x PUs C 2Eg. The
results of this paper are in a natural way complement to those of Magaard and Savin [MS],
who considered the exceptional Howe correspondence over a p-adic field and showed that the
correspondence of tempered spherical representations respects Langlands functoriality.

ACKNOWLEDGEMENTS

This paper forms a chapter in my doctoral dissertation. I would like to thank my advisor,
Professor Benedict Gross, for suggesting the problem and for his guidance. I would also like
to thank Professors G. Savin, and T. Uzawa for their interest in this work and for generously
sharing many ideas, and Professor F. Digne for explaining to me the results of his paper [D2].



EXCEPTIONAL HOWE CORRESPONDENCES OVER FINITE FIELDS 3

2. Weyl Group Invariants and Motive of G

In this section, k is any field, k* a separable closure of k, and I" = Gal(k* /k).

Let G be a connected quasi-split reductive group over k, of rank [. Let Tj be a maximal
torus of G over k, which is contained in a Borel subgroup over k. The Weyl group of G is
W = Ng(Ty)/To. Suppose that W has rank r as a reflection group, i.e. W can be generated
by r simple reflections. Let Xo(7p) be the cocharacter group of Ty, and let E = Xo(Tp) @ Q,
a Q-vector space of dimension [. Then W acts naturally on E, and as a W-module, F is the
direct sum of (I —r) copies of the trivial representation, and one copy of the natural reflection
representation Eyy of W.

The group I' also acts naturally as automorphisms on F, and the action of I' normalizes
that of W. Hence the semi-direct product W x I' acts on E. Moreover, I' preserves the
decomposition:

(2.1) E=E" @ Ey.
We shall denote the character of E as xg.

Let S = Sym®(E). Then W x T acts on S, preserving degrees. Let SV be the ring of W-
invariants. As is well-known, S" is a polynomial ring, with [ generators: SV = QI[I1, ..., I}].
Let d; be the degree of the primitive invariant I;. Then the numbers d;’s are well-defined and
the numbers e; = d; — 1 will be called the exponents of the reductive group G. Note

that exactly I — r of the e;’s, say e,11, ..., €, are zero, and ey, ..., €, are the exponents of the
Coxeter group W.

Note that T acts on S". By complexifying E, we can choose generators I;’s of SV @ C
such that, for a given o € T',
Now we have the following formula, which can be proved in the similar way as [Ca, Pg.
363]:
Lemma 2.3.
1 3 xow) et
|W| = detp(l —tow)  [[;(1 —egteitl)

Now we briefly recall the notion of the motive of G from [Gr|. Consider the graded I'-
module:

(2.4) T T* =V =a4Vy

where 7 is the ideal of S" generated by the invariants of positive degrees. Note that V is
generated by the primitive invariants. It is a theorem of Steinberg [St] that

(2.5) ExV
as a I'-module.

For a prime number [ not equal to the characteristic of &, let @Q;(1) be the Tate motive (cf.
[Gr]) given by the action of I on the inverse system formed by the ["-th roots of unity in k*
(as m — 00). Then the motive of G is defined to be the Artin-Tate motive:

(2.6) Mg = ®qVa(l - d)
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where Vy(1 — d) = Vg ® Q(1)®0-9),

As an example, consider the case when k = F, is a finite field, and I' = (F'). Then (2.5)
says that:

(2.7) Tr(F|E)=Tr(F|V).
Also, if we take o = I, then:
(2.8) Tr(F|Mg) =) eig"

where the e;’s are the exponents of the reductive group G.

3. The Reflection Representation

Henceforth, unless otherwise stated, we assume that k = I, is a finite field, of characteristic
p, so that I' = (F'). Also, assume that G is a split, simply-laced, simple linear algebraic group
over [F, of rank [. Let F': G — G be the corresponding Frobenius map, so that GF =G (Fy).
For each w € W, T, will denote an F-stable maximal torus of G which is obtained from T}
by twisting with w.

The reflection representation II of G is the unipotent principal series representation corre-
sponding to the reflection representation Eyy of W. It was shown by Kilmoyer in his thesis
that II is the unique representation of G satisfying:

(3.1) (Ind$1,1) =1 —1'
where P is any parabolic subgroup, and I’ is the semi-simple rank of the Levi factor of P.

Let xm1 be the character of II. It was shown by Lusztig ([Lu] and [Lu2]) that:

1
(3.2) X1 = W] Z XE(W)Ry 1= Ry,
weW

where R,, = Ry, 1 is the character of Deligne-Lusztig [D-L]. From this, he deduced that if
s € GF is regular semi-simple, so that s is contained in a unique maximal torus T, wo, then
(3.3) xm(s) = xe(wo).

We shall use (3.2) to obtain a formula, which may be well-known already, for x11(s), where s
is any semi-simple element.

Let C%(s) denote the connected component of the centralizer of s in G. The value of R,
on semisimple elements s is given by [Ca Pg.233]:

ETwEC(s) -1 F
Ry(s) = Ol §™ T
w(s) ITE||CO(s)F, or v sg € L)
g

STwECO(s) F
= ———= \W(T,)"| - |A(s,w
CO(s)F], (W(Tw)" | - |A(s, w)]

where we let:

(3.4) A(s,w) = {T: T c C%s) and T is G*-conjugate to T}, }.
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Note that W (T,,)¥ = Cy (w), the centralizer of w in W.

Now suppose that Ty, is a maximally split torus in C°(s). The Weyl group Weo(s) of
C%(s) can be identified with a reflection subgroup W9(s) of W, so that the action of F
on Weo,) is given by the action of wal on W°(s) by conjugation. Any T' C C°(s) can be
obtained from T, by twisting with an element of W9(s). Hence, R,,(s) is non-zero only if the
conjugacy class Cy, of w in W has non-zero intersection with the coset woW?%(s). Moreover,
for w1, ws € WO(s), wow; and wowsy are conjugate in W if and only if w; and wo are wq-
conjugate in W. Thus we see that there is a uniquely determined wg-conjugacy class Y, in
W such that:

Cw NwoWO(s) = wo(Ye, NWo(s)).
Note that Y, N W9(s) is then a union of wg-conjugacy classes of W0(s).

Let © be the set of conjugacy classes of W which have non-zero intersection with woW?9(s).
For each class C in ©, we will denote an element of C' such that T,,, C C%(s). Also, for
each C € 0O, let fc be the set of wg-conjugacy classes of W9(s) which are contained in
Yo NW?O(s). For each J € O¢, wy will denote an element of J, and Cwo(s),u, () will denote

the wo-centralizer of wy in WO(s).

Now we have:
Twc €CO

(s) C| - x(w - |Cw(we)| - |A(s,w

_ ETupEC(s) | IC° )
= 2 xtwe) (e, Zr

)E
Ceo Jebe Twow,

1 X(wow.y)
‘CO detE wJ
Z ‘CWO(S),U)() ('LUJ)’ | WOWJ’

=\co<s>F\q/~ﬁ S detip(ar) - X0

|W0 weWO(S) ‘ ow’

wow
= (-1 det (o) - [C°()F - > e
weWO(s) eE( —qw o )

1
[WO(s)]

Now if we denote Ey = Xe(Tw,) ® Q, and let fi,..., fi be the exponents of the reductive
group C?(s), we have:

By Lemma (2.3), and (2.8), we then get:
Proposition 3.5.
xi(s) = Byp(s) = Tr(F|M(s))
where M (s) is the motive of the reductive group C°(s).
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Examples: If s = 1, then x(1) = > ¢%.
If s is regular semi-simple, then x1(s) = x(wp), as shown in [Lu].

Remarks: We can regard the above formula as a ¢g-deformation of (2.7). Indeed, if we set
q = 1 on the right hand side of the above proposition, we get Tr(F|Vco(s). On the other
hand, it is "reasonable” to regard the reflection representation Eyy of W as a degeneration,
as ¢ — 1, of the reflection representation II. Viewing

{semi-simple classes in G¥'} — {conjugacy classes in W}
(s) = (wo)

as a way of deforming semi-simple classes in G¥ to classes in W, we see that the left hand side
of the above Proposition becomes: Tr(wo|E) = Tr(F|Ep). So Proposition (3.5) becomes, on
letting g = 1:

T’I“(F‘Eo) = TT‘(F’VCO(S))

which is (2.7) for the reductive group C°(s).

4. Generic Representations

We continue to assume that £ = I, is a finite field. The remainder of this paper will
be devoted to the study of Howe correspondence. Before that, we review some material
about generic representations. In this section, G will denote any connected reductive group
over k, which has connected center. Then any Levi subgroup of G will also have connected
center [Ca, Pg. 260], and GF' has a unique Gelfand-Graev representation Ag. Recall that
Ag =1 nd§¢, where 1 is a character in general position of a maximal unipotent subgroup U
of G. An irreducible representation of G is said to be generic if it is a component of Ag,
and then it occurs with multiplicity one. Moreover, G has exactly ¢' generic characters,
where [ is the rank of G.

The following is a result of Rodier [Ca, Pg. 261]:

Proposition 4.1. Let P = L - U be an F-stable standard parabolic subgroup. For any
character x1, of L¥', denote by 1, also its lift to P¥. Then,

<I'I’Ldg§:XL, AG> = <XL7 AL)

Corollary 4.2. (1) If xr is generic, then Ind]G;XL has a unique generic summand.

(2) If x is a generic character of G, then any irreducible component of XU is also generic.

We shall denote the unique generic summand in the above corollary by XNLG. By Corollary
(4.2), xz — X1 defines a map (not injective):

(4.3) {generic characters of L'} — {generic characters of GI'}.

We can understand this map using the parametrization of Lusztig. From [D-L], we know
that the irreducible characters of G can be partitioned into geometric conjugacy classes,
which is in turn parametrized by semi-simple conjugacy classes in G*/”", where (G*, F*)
is the dual group of (G, F). In each geometric conjugacy class, there is a unique generic
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character. The generic character corresponding to the class of s* is denoted x(s*). For
example, x(1) is the Steinberg representation of G¥'.

If L is a Levi factor of G, then there is a Levi factor L* C G* which is in duality with L.
Now if xr, is generic with parameter s* € L*f", then the parameter of )/{ZG is just the class
of s* in G*I”".

Note that the generic characters are characterized by the fact that their dimensions have
the form:

(4.4) ¢~ + ( terms involving lower powers of q)

where N is the number of positive roots of G. Hence the generic characters are the biggest
representations of GI' in that their dimensions grow the fastest as ¢ becomes large. Indeed,
if s* € G*F", and G?. the centralizer of s* in G*, then the dimension of x(s*) is given by:

dim(Ugx,)  det(F — 1| M. (1))
det(F — 1{Mg. (1))

(4.5) dim(x(s%)) =

where UG:* is the maximal unipotent subgroup of G*., and MV is the motive dual to M.

5. Dual Pairs

Henceforth, we consider the split adjoint groups of type Eg and E7. In [MS], the following
dual pairs were constructed:

(5.1) Go x PGL3s C Eg
Gy X PGSpﬁ C Er

and the representation correspondence arising from the restriction of the minimal represen-
tation of G over a non-archimedean local field was studied. The analogue of the minimal
representation in the finite field situation is exactly the reflection representation II. Indeed,
the dimension of II is the smallest among all non-trivial irreducible representations of G*'
(that is, those of dimension greater than 1). Hence, we shall be interested in the restriction
of IT to these pairs. In this section, we describe the results we expect.

Consider, for example, the pair Go x PG L3. Note that there is a natural inclusion of dual
groups:

(5.2) SL3 — Gs.

Using the parametrization of generic characters discussed in the previous section, we see that
we have a map:

(5.3) i : {generic characters of PGL3} — {generic characters of G2}

xX(s8)pars — x(i(s))G,-
Note that this map is neither surjective nor injective. Indeed it is usually two-to-one; if
x(8)* = x(s71) denotes the contragradient character of x(s), then x(i(s)) = x(i(s7!)) =

x(i(s))"

Now we guess that:

(5‘4) <X(i(8))G2 ® X(S)PGL37H>G2><PGL3 =1
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for any generic character x(s)pgr, of PGL3. Notice that PG L3 has ¢ generic characters,
and their dimensions, given by (4.5), have the form:

¢> + ( terms involving lower powers of ¢),

whereas the generic characters of GGo have dimensions:
¢% + ( terms involving lower powers of ).

So if our guess is correct, then we would have accounted for a subspace of dimension:
¢*! 4 (terms involving lower powers of q)

of II, which has dimension ¢! 4+ ¢® + ¢" + ¢® + ¢* + ¢. Hence we would have accounted for
a large piece of II. Indeed, one can check that the dimension of the space unaccounted has
leading term 2¢°.

For a generic character xpgr,, we let:

(5.5) O(xpars) = {xa, : (Il xPaL; ® XG.) # 0}.

Here, the representations xg, are counted with multiplicities. Also, let Ogen(XPcrL,) be the
subset of generic representations in ©(xpar,). Thus, (5.4) says that:

(5.6) @gen(X(S)PGLg) = {X(i(s))GQ}'

Similarly, in the case F;, we have a natural inclusion of dual groups:
(5.7) 1 G2 — Spin7
Again, we guess that:

(58) @gen(X(s)G2) = {X(i(s))PGSPb‘}

for every semi-simple class (s) in G, where the set ©gen (X (5)a,) is similarly defined.
Notice that G has ¢? generic characters of dimension (¢®+...), whereas the generic charac-

ters of PG Spg have dimension (¢” +...). Hence, if our guess is true, we would have accounted

for a subspace of dimension (¢'7+...) in II, which has dimension ¢'" +¢"3+¢" +¢° +¢" +¢° +¢.

Remark: The inclusion (5.7) is realized by regarding G2 as the stabilizer of a non-isotropic
vector in the eight-dimensional Spin representation of Spiny. If we work over an algebraic
closure k of k, all such embeddings, which a priori depend on the choice of the non-isotropic
vector , are in fact conjugate in Spiny. This is, however, not true over k, since the norm
{(v,v) of the non-isotropic vector v is an invariant, with values in kX /k*2, of the conjugacy
class of an embedding. Fortunately, for our purposes, this does not matter, since any two
semi-simple elements of Spin7(k) which are conjugate over k are already conjugate over k.

The remainder of this paper is devoted to proving (5.6) and (5.8). We shall first show
that, in each case, ©4en(Xx(s)) is a singleton set, by computing Whittaker vectors. We then
proceed to check that it is really what we expect. This is accomplished for non-cuspidal
representations by computing Jacquet functors. The case of cuspidal generic representations
is settled by using base change, or Shintani descent.
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6. Restriction to Maximal Parabolics

Henceforth, we assume that p > 5, so that p is a good prime for G = Fg or E7, and the
Killing form is non-degenerate. For the purposes of computing Whittaker vectors and Jacquet
functors, we need to know the restriction of I to various maximal parabolic subgroups of Fg
and E7.

In each case, there is a maximal parabolic subgroup Py = My x Ny, whose unipotent radical
Ny is abelian. In the case of Eg, the derived group of My is of type Ds, and Ny is a Spin
representation of Ds via the adjoint action of My. In the case of Er, the derived group of
My is of type Eg and Ny is one of the two 27-dimensional representations of Fg via adjoint
action, and we can identify Ny with the exceptional Jordan algebra over & = F,. Note that
this Jordan algebra is split.

Since Ny is abelian, we can identify its character group Ny with Ny, the unipotent radical
of the opposite parabolic Py, as follows. If
(6.1) <,>:N()><N0—>k

is the pairing induced by the Killing form, which is non-degenerate by assumption, and
1 1 k — C* is a fixed non-trivial additive character, then
(6.2) Yy = Y((—,x)) : Ng — C*
Is a character of N, and the map z — ¢ gives an identification of Ny with Ng. Note that
the minimal non-trivial My-orbit w in Ng is the orbit of the highest weight vector.
The following proposition, which describes the restriction of II to Py, is the finite field
analogue of Theorem (1.1) in [MS].
Proposition 6.3.
=M eV
where,
1Yo = 1 6 TI(Mo)

V=T,

TEW

and My acts on V' by its permutation action on w.

and as a Ng-module,

Now consider the Heisenberg maximal parabolic P = M - N, so-called because N is a
Heisenberg group. P corresponds to the unique vertex « joined to the negative of the highest
root in the extended Dynkin diagram. So for Fg, M has derived group of type As, and for
E~, it is of type Ds.

Let Z be the one-dimensional center of N, and Z that of N. Then the Killing form induces
a non-degenerate pairing:

(6.4) (,V:N/ZxNJZ —k

With the fixed character 1, we can identify the character group of N/Z with N/Z as before.
Let © be the minimal non-trivial M-orbit in N/Z.

The following Proposition is the finite field analogue of Theorem (6.1) in [MS].
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Proposition 6.5.
n7=mn"ev
where,
Y =1 ¢ 1(M)
and, as a N/Z-module,
V=T,
z€eQ

and M acts on V wvia its permutation action on (.

7. Whittaker Vectors

In this section, let U be the unipotent radical of a Borel subgroup of Gy (respectively
PGSps), and let 1 be a generic character of U. We shall compute IIjs 4 for Eg (respectively
E7). Tt is a pleasure to thank G. Savin for his suggestion to do this computation.

The main result of this section is:

Theorem 7.1.
(1) IfII is the reflection representation of Eg, and ¢ a generic character of U, then Iy, is
the Gelfand-Graev representation of PGLs.

(2) Similarly, if 11 is the reflection representation of Er, and 1 a generic character of U,
then Iy, is the Gelfand-Graev representation of Ga.

Proof. Let us consider the case of Eg first. Let P» = LoUs be the Heisenberg parabolic of
Go. Write U = Uy x U’ with U’ 2 k. Then we can denote ¢ by ¢ = (¢, ), with ¢ := 9|y,
and Y = ¢|U"

Now it was shown in [MS] that there is an embedding of the dual pair Gy x PGL3 such
that Go N P = P,. Then ¢ is a degenerate character of Us in the smallest Lo orbit. We first
compute Iy, . By Proposition (6.5), we need to compute Vi, 4. The same considerations
as in [GrS, Prop. 2.8, Section VI] show that:

My, = Cl2y]

as a representation of PGL3 X Ly 4, where € is the set of nilpotent 3-by-3 matrices, and
Ly 4 is the stabilizer of ¢ in Lo. In particular, U’ C Lo 4.

To finish the computation, we need to know the action of U" = k on Q4. If X\ € k and
z € g, then the action of A on z is given by:

Az z42X e X (2 X 2)

where e is the identity matrix, and z X z is the adjoint matrix of z. Hence, we see that U’
fixes each z of rank less than 2, and acts freely on the rank 2 elements.

Now the action of PGL3 on €1y is by conjugation, and so PGL3 has 3 orbits on €,
characterized by rank. Since U’ acts trivially on the elements of rank less than 2, we have:

Hyy = Cl{z € Qg : rank(z) = 2}y,
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Let z € Q4 be given by:

010
z = 0 0 1
0 00
Then the U’-orbit of z are elements of the form:
01 X
0 0 1
0 0 O
and the stabilizer of z in PGLg is :
1 b ¢
H={[ 0 1 b :b,c €k}
0 0 1

So as a representation of PGL3 x U’,
C[{z € Qg : rank(z) = 2}] = Ind S5k C[k]

UPGLSXkJ

where the action of k£ is by right translation, and the action of Upgr,, the group of upper
triangular unipotent matrices, factors through the quotient:

Hence, we deduce that:

PGL PGL
Oy = IndUPGLS3 Clk]yrp = I?”LdUPGLS3 ©0

where ¢y is the character of Upgr, given by:

1 a c
01 b |~e@b-—a)
0 01

Hence, Il is indeed the Gelfand-Graev representation of PG Ls.

Now we consider the case of E;7. Let Py be the maximal parabolic of E7 considered in the
previous section. Then Py N PGSpg = G L3 x Uy is the Siegel parabolic of PGSpg, and Uy
can be identified with the set of all 6-by-6 matrices of the form:

I3 B t_
(52). nes

As before, write U = Uy x U’, where U’ is the unipotent radical of GL3. Also, let ¢ := v¥|y,,

and ¢ = |y
Note that:

¢i<é ?)'_’¢0(B33)

where ¢q is a non-trivial character of k.
By Proposition (6.3), we see that:
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We first compute Clw]y, 4. As before, we have:

My, = Clwg]
where wy is the set of all X in w of the form:
0 z =y
X = —z 0 T
y —z 1

with z,y, z elements of the octonion algebra O satisfying:
tr(z) = tr(y) = tr(z) = 0,22 = y*> = 22 = 0,
rz=yz=0,2y = —=z.

Now we need to consider the action of U’ on wy. Note that U’ is a Heisenberg group of
dimension 3. The U’-orbit of an X as above consists of all elements of wy of the form:

0 z —(y+cz)
0 z4+ay+bz |, a,bcek.
1

Now, G2 x U’ has various orbits in wg. The generic orbit is the one consisting of all those
X’s such that the (z,y, z) of X span a 3-dimensional space. Call this orbit O. Then U’ acts
freely on O. One checks that only C[O] will contribute to the space of Whittaker vectors, i.e.

oy = ClOlu
Now as a representation of Gy x U’,
G 4
ClO] = IndU‘éQXgU,(C[U/].
The action of Ug, on C[O] is as follows. Note that Ug, is a 5-step nilpotent group:
Ug, DUS) 2 UE) S US) > Us) o {1}

and UGZ/U%) = U'. Hence the action of Ug, is via the quotient: Ug, — UGQ/U&). Hence,
we see that:
~ G -1
ClOlyr, = IndUéQQO

which is the Gelfand-Graev representation of Gs. O

Corollary 7.2.
(1) For any generic representation m of PGL3, Ogen () is a singleton set.

(2) For any generic representation ™ of Ga, Ogen () is a singleton set.

Corollary 7.3.
(1) If o is a non-generic representation of PGLs, then

Ogen (o) = 0.
(2) If o is a non-generic representation of Ga, then

Ogen(o) = 0.
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8. Jacquet Functors

By the previous corollaries, it remains to check that the correspondence of the parameters
of generic representations is given by the natural inclusions of dual groups. For non-cuspidal
representations, this can be checked by computing Jacquet functors. Most of what we need
have been computed in [MS]; so we begin by transferring their results to the finite field
situation.

Let us denote our two dual pairs by: Go x H, and let Py be the maximal parabolic
introduced in Section 6. Recall that the unipotent radical of Py is abelian. Also, we have:
(81) (GQXH)QP():GQXQO

where Qo = Lo - Up is a maximal parabolic of H. In the case of Fg, Ly = G Lo, and for Er,
Qo is the Siegel parabolic of PGSpg, so that Ly = GLs. We also denote by P, = L1 - U;
(respectively Py = Lo - Us) the maximal parabolic of Gy whose Levi factor L; (respectively
Ls) is spanned by the long (respectively short) simple root.

The following Propositions give the structure of the Ga x Lo-module 110, and are the finite
field analogues of Theorem 4.3 and Theorem 5.3 in [MS].

Proposition 8.2. For Eg,
% = 1Yo @ Ind g2 S12CIG L) ® Ind$2) 5 C[G L]
Here, B is the Borel subgroup of GLs, and the actions of Py, P, and B on the appropriate
spaces are via the quotients:
Py — Ly = GLg,
P, - L1 =2 GLy — GLy (determinant map),
B - GLy x GL1 — GLy (projection onto first factor) .

Proposition 8.3. For F~,
Y = IV @ Ind 251 ClGLy) @ Indg2) G CIGLy]

Here, Q1 = M-V (respectively Qa2 = Ms-Va ) is the mazimal parabolic of G Ls which stabilizes
a line (respectively a plane) in C3, and the actions of P; and Q; on the appropriate spaces
are via the quotients:

Py — Lo,
P, - Ly — GLy (determinant map),
Q2 —» My = GLy x GL1 — GLs (projection onto first factor),
Q1 — My = GLy x GLy — GLy (projection onto first factor).

Now we consider the Heisenberg parabolic P. It was shown in [MS] that there is an
embedding of the dual pairs such that:

(84) (GQXH)HP:PQXH

where P is as defined before and is the Heisenberg parabolic of G2. The following Proposition
gives the structure of the Ly x H-module IIV2 and is the finite field analogue of Theorem 7.6
in [MS].
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Proposition 8.5. For E7,

% = 1IN @ Ind;? (7" ClGLy) © Indpy " C[GLy]

Here, Q) is the mazimal parabolic subgroup of PGSpg corresponding to the middle vertex in
the Dynkin diagram, and QY is the minimal parabolic of PGSps which intersects the Levi
factor of the Siegel parabolic in Q2.

For our purposes, we also need to compute the Jacquet functor of II(E7) with respect to
the maximal parabolic P; = L1U; of Go. Over a p-adic field, this is computed in Proposition
6.8 in [SG]. The result over finite fields can be checked along similar lines, but to state it, we
need to introduce some more notations.

Let P’ be the maximal parabolic of E; corresponding to the unique vertex § joined to «
in the Dynkin diagram. Then,

(Go x PGSpg) N P' = Py x PGSpg.
Let @ = L - U be the maximal parabolic subgroup of PGSpg corresponding to the middle
vertex in the Dynkin diagram of type Cs. Hence, its Levi factor is:
L= (GLy x GLy)/k™
with X embedded via: a + (a,a™!). Let

Ro = {(g1.92,93) € L1 x GLy x GLy : det(g1g293) = 1}.

Then Ry has a natural Weil representation W which can be realized on C[Ms(k)], where
M (k) is the space of 2-by-2 matrices over k, which we describe below. Let {-,-} be the
standard non-degenerate symplectic form on k2, and let V = k? ® k% ® k% with symplectic
form:

3
{u1 R U2 @ uz, v Q vy 1)3} = H{uz, Ui}.
i=1
Then Ry — Sp(V) under the natural action of GLy on k2. Now, it is well-known that
Sp(V) has a natural Weil representation [Ge|, which can be realized on the space of C-valued
functions on the maximal isotropic subspace ke; @ k2 @ k2. Then the representation W is the
pullback of the Weil representation of Sp(V') to Ry. In particular, the action of SLy C Ly is
via the usual Weil representation formulas [Ge], whereas the action of the subgroup:
Ry ={(g,h) : det(gh) =1} C GLy x GLo
is geometric, and we see that W is actually a representation of the quotient
R={(g,h) € Ly x L:det(gh) =1}
of Ry. Let
(8.6) W = Inds > tw.
Then the following proposition is the finite field analogue of Proposition 6.8 of [SG]:
Proposition 8.7. In the case E7,

Y =~ v’ ® IndgizQxPGSpe(c[GLl] ® IndgézigGSmW‘
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9. Shintani Descent

The results of the last section will allow us to determine the correspondence for non-
cuspidal representations. Before doing that, we review the results about Shintani descent
that we need for the correspondence of cuspidal representations. We refer the reader to the
article of Digne [D] for a quick introduction.

Let ky, := Fym and G(¢™) := G¥™. There is a norm map:
Ny, : G(¢™) — G(q)

which induces a bijection of F-conjugacy classes in G(¢™) and conjugacy classes in G(q).
Hence, given any F-class function ¢ of G(¢™), Shpy(¥) := 1 o N1 is a class function on
G(q), and Sh,, is an isomorphism of the vector space of F-class function on G(¢™) and the
vector space of class functions on G(q). Moreover, it is an isometry for the natural inner
products on the two vector spaces:

<¢1a ¢2>G(qm) = <Shm(¢1)v Shm(w2)>G(q)

We will call ¢ the base change of Sh,,(¢) or equivalently, Shy, () the Shintani descent of 1).
Note that our Shp, is equal to the map i o Shy ,, /r, n [D].

If x is (the character of) an F-stable representation of G(¢"), then y extends (non-
uniquely) to a representation of G(¢™) x (F), denoted . If x is irreducible, then X is
well-determined up to an m-th root of unity. In any case, the function g — X(Fg) is an
F-class function on G(¢™), and so we can consider Shy,(X(F'-)). For ease of notation, we
shall denote this class function on G(q) simply by Shy,(X).

Now, the results we need are summarized in the the following Propositions, which are
special cases of results of Digne-Michel [D] and Digne [D2] respectively.

Proposition 9.1. There is an extension ﬁ\,; of the reflection representation I, of G(q™)
(for G of type E,,) such that:

Shun(IL,y,) = I1.

Remarks: We note that 11, is F-stable by the characterization of the reflection representa-
tion in Section 3.

Proposition 9.2. Assume that p is a good prime for G, and (m,p) = 1. Let 0 be a character
of T(q), where T is an F-stable mazimal torus of G. Let R(0),, := Rg((;{:)) (0oNy,), a virtual
character. /W\fz/shall write R(0) for R(0)1. Then there is an extension of R(0),, to a virtual

character R(0), of G(q™) x (F) such that:

Shum, (R(H)m) = R(6).

Remarks: In our applications, we shall only need to consider m = 2 or 3. Hence p > 5 will
suffice.

10. The Dual Pair Gy x PGL3

In this section, we consider the restriction of II to Gy x PGL3 C FEg. We shall first
show that (5.4) holds for non-cuspidal generic characters of PGL3. Suppose x(s)pgrs is a
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non-cuspidal generic character. Then we can assume that s € Lj = G'Lo, so that
PGL
X(s)paLs < IndgT™x(s)ar,.

By Frobenius reciprocity,

(I, x(i(5)) 6, @ Tndgyc " x(s)an,) = (M7, x(i(s)) @, © x(s)ars)-

This is non-zero, since by Proposition 8.2, x(i(s))a, ®x(s)ar, occurs in the second summand
of ITY . By Corollaries 7.2 and 7.3, we have:

Proposition 10.1. For any non-cuspidal generic representation x(s)pGLs,
@gen(X(S)PGLg) = {X(i(s))Gg}-
Example: Since the Steinberg character has parameter the trivial class 1,

@gen(StPGLg) = {Sth }

Now we have:
Theorem 10.2. Forp>5

Ogen(X(s)Pars) = {x(i(s))c» }-

Proof. After Proposition 10.1, it remains to prove this for cuspidal representations. Let
G = PGL3 x Gy. Note that if x(s)pgr, is cuspidal, then s must be regular in SLg, the
dual group of PGL3. So any cuspidal representation of PGLg is of the form Ry (6), where
T(q) = k3 /k*, and 6 is a regular character of T'(¢). This has parameter:

s = al € SLs(¢?)
2
aq
with all elements on the diagonal distinct. Now i(s) € G is also regular and is contained in
an elliptic torus. So it corresponds to a cuspidal generic representation Ry (0") of Go. Hence,
we need to show that:

(I, R(0) @ R(0)) = 1

Now, by Propositions 9.1 and 9.2, we can find extensions such that:

Shy(IT3) = I,
Sha(R(6)3) = R(9),

—~—

Sha(R(0)3) = R(0).

Note that since T' and 7" both split over k3, R(f)3 and R(6')3 are irreducible principal series
representations of PG L3(¢3) and G2(¢%) respectively, with parameters s and i(s) in SL3(q?)
and Ga(q?®) respectively. Hence, by Proposition 10.1, their tensor product occurs in I3 with
multiplicity 1. Let us denote R(6)3® R(6')s by I1(6)s, for simplicity. Note that the extension
of Il above induces an extension of II()s, but this may or may not be the same as the
extension of I1(#)3 chosen above.
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Now, we have:
2

D

1=0

P e~

(T5(F), T(0)3(F*)) sy = (I3, 1(0)3) 63y () € Z.

W =

But we know, by Proposition 10.1, that:
(I3, TH(0)3) a8y = 1-

Moreover, since Sh,, is an isometry, for ¢ = 1 or 2:

P

(T5(F™), TH(0)3(F")) gy = (ILTI(0)) (g € N
Thus we see that the only possibility is that:
(IL, TI(0)) = 1.
This completes the proof of the theorem. O

11. The Dual Pair G5 x PG Spg

In this section, we consider the dual pair Go x PGSpg in E7. As before, we have the set
Ogen(XG,), and we shall prove (5.8). Before that, we prove a lemma concerning the Weil
representation.

Lemma 11.1. Let W denote the representation IndgoL?XGLQXGLQW as in (8.6), with:
Ro = {(91, 92, 93) : det(g19293) = 1}
Then for any generic cuspidal representation m of GLs,
W,n@r@m)=1.

Proof. First, we claim that to prove the lemma, it suffices to show that as a representation
of GLy x GL2 (the last two copies),

dim(r), if o =,

W, =
(W, 7@ )arLa L, {0, if o #£ .

where 7 is a generic cuspidal representation of GLs. This is because we could use the maximal
isotropic subspace k% ® ke ® k2, or k% ® k? @ ke; to define W.
Now, one sees that, as a representation of GLo x G Lo (the last two copies),
W = IndG *912CMy(k))
(Ind§F*9"21) @ C[My(k)]
(EBwekAX Cy) @ C[Ma(k)].

From this, the lemma follows easily. O

1

I

Now we can determine the correspondence for non-cuspidal representations:

Proposition 11.2. If x(s)g, is a non-cuspidal generic representation of Ga, then

Ogen(X(8)Gn) = {x(i(s)) PGsps }-
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Proof. The argument is essentially the same as in the proof of Proposition 10.1. For generic
representations of Go which are induced from (not necessarily cuspidal) representations of P,
we use Proposition 8.5. For generic representations induced from cuspidal representations of
P, we use Proposition 8.7, and the previous lemma. (|

Now we have:
Theorem 11.3. If p > 5, then

Ogen(X(8)a,) = {x(i(s)) Pasps }-

Proof. Parts of the proof involve the same sort of considerations as in the previous sections
and so we shall be brief on those parts. Also, after the previous proposition, it remains to
prove this for cuspidal generic representations only.

Now, if the parameter s is contained in SLs C G2, then since the induced representation
I ndgfszg °x(s)paLs is always irreducible for s in the elliptic torus of SL3(gq), we have the
required result, using Proposition 8.3. Hence we are left with those cuspidal generic repre-
sentations which do not come from PG Ls. Again, these have parameters s which are regular
in G5 = Ga. Moreover, s lies in a unique maximal torus 7, where w is either the non-trivial
element in the center of the Weyl group, or the class of elements of order 6. Let us consider
the latter case first. Then the regular parameter s looks like:

with a € kg = Fg, and e+l = 1. Tt is straightforward to check that in Spiny, the
parameter i(s) is still regular. Hence we have:

x(i(s)) = Ry (6)

with 6, 0" regular characters of T'(¢) and T’(q) respectively.

By going to ko, the torus 7)Y becomes conjugate to the elliptic torus in SL3(q?). Thus
both x(s) and x(i(s)) lift to cuspidal representations with parameters in the elliptic torus in
SL3(q?), and since we already know the result for representations associated to such tori, a
base change argument as in the proof of Theorem 10.2 gives the result in this case.

Finally, if w is the non-trivial element in the center of the Weyl group of Gs, then the
regular parameter s looks like:

C

with a,b,c € kS, a9 = b9 = 41 = 1, and abc = 1. Now i(s) is still regular in Spinz,
and by base change to k2, we obtain the required result. ([l
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12. The Outer Form of Ejg

We have seen that about half the generic characters of Go can be obtained as lifts from
PGLs. These are the generic representations whose parameter lies in S'Ls, i.e. is of the form
i(s) for some s € SLs. For i(s) € Ga regular, these can be characterized by their dimensions,
which has the form (¢* + 1)dim(x(s)par;) = (¢° 4+ 1)Pys)(q), where P,y is a polynomial
with integer coefficients, and depends only on the class of w(s) in the Weyl group. Here,
w(s) is such that G§ = Ty (s).-

In this section, we see that the other generic representations are obtained as lifts from
PUs, the outer form of PGLs, by using the dual pair Gy x PUs C ?Eg, and the reflection
representation II of 2Es. Before proceeding, we have to say what we mean by the reflection
representation of G := 2Fs. As before, II is a unipotent principal series representation.
The Weyl group W of GF' is of type Fy, and so the irreducible components of I ndgil

are parametrized by the irreducible characters of the Weyl group of Fj (here, B is the
Borel subgroup of G¥'). 1In this case, however, II does not correspond to the reflection
representation of the Weyl group. Instead it corresponds to a two-dimensional representation
which is denoted ¢’27 4 in the notation of [C]. Hence, in particular, the space of B¥-fixed vectors

in IT has dimension 2. Note, however, that the dimension of IT is ¢*' — ¢® +¢" +¢® — ¢* + ¢,
which is the smallest among the irreducible representations of G of dimension greater than
1. Hence it might be more appropriate to call Il the minimal representation in this case.
Now we can state the result:

Theorem 12.1. Assume that p > 5, as before. Let i : SUs — Go be the natural embedding
of dual groups (by regarding SUs as the Galois group of Fp in O, the octonion algebra,).
Then,

Ogen(X(s)) = {x(i(s))}-

The proof of this is similar to the other dual pairs, and will be omitted. Notice that if
i(s) € Gy is regular, then the dimension of x(i(s)) is given by (¢* — 1)|P,(s)(—¢)|- This
concludes our study of the Howe correspondence in the finite field situation.
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