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1. Introduction

Let F' be a non-archimedean local field of characteristic 0 and residual characteristic p. Let G
be a reductive linear algebraic group over F'; we shall identify G with its group of rational points
G(F) if there is no cause for confusion. In this introduction, we assume for simplicity that the
identity component of the center of GG is anisotropic. Then an irreducible unitary representation
7 of G, with invariant hermitian inner product (-, ), is called a discrete series representation if its
matrix coefficients

fow(g) = (n(g)v,v") forv,v' € mand g€ G
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are L?-functions on G. In this case, the formation of matrix coefficients give a G' x G-equivariant
embedding

in X7 — L3(Q),
where 7 denotes the complex conjugate representation of m. This embedding is not necessarily

isometric. Indeed, if we fix a Haar measure dg on G, then there is a positive real number deg

such that
_ 1 _
/val,v'l(g) : fvg,'ué(g) dg = degTr ' (U17U2) ' (Ullavé)

for vy,v],ve,v5 € w. The constant degm depends on the choice of the Haar measure dg and is
called the formal degree of 7 (relative to the choice of dg). When G is compact, so that 7 is
finite-dimensional, we have

degm =dim7
if the Haar measure dg is chosen so that G has volume 1.
In [34], a formula for deg 7 is conjectured in the framework of the local Langlands correspondence.

More precisely, under the local Langlands correspondence, the Langlands parameter (¢,n) of «
consists of an L-parameter

¢: WDp — LG

and an irreducible character n of §¢. Here, WD is the Weil-Deligne group of F, “G is the L-group
of G and §¢ is a finite group defined as follows. Let G denote the dual group of G and @SG the
simply-connected cover of the derived group of G. Let Ga.q = G/Zg5, where Zg is the center of G.
We consider the centralizer Sy in G of the i image of ¢. It is expected that Sy is a finite group when
7 is a discrete series representation. Then S¢> is the preimage in GbC of the subgroup S, /Z >, of Gad,
where I' = Gal(F/F). Now the formal degree conjecture [34] states that:

dimn
#S
for a specific Haar measure dgy, on G (which depends on a nontrivial additive character ) of F).
Here, the ~-factor on the right-hand side is defined by

degm = |7(0,Ad 0 ¢, )|

L(1—-5s,Ad o ¢)

’Y(S)Ado¢a,¢):6(s’Ado¢7¢)' L(S Ad0¢) 3

where Ad is the adjoint representation of “G on its Lie algebra Lie(*G). This conjecture was
verified in several cases, such as when G = GL,,, SL,, and their inner forms, as well as when 7 is a
stable discrete series representation of Us. In general, however, one can only expect to prove the
conjecture when the local Langlands correspondence is known for G.

The main purpose of this paper is to investigate the behaviour of the formal degree under some
natural instances of Langlands functoriality. As an example, consider the split groups G = O9,
and G’ = Sp,,,, so that there is a natural inclusion of dual groups

¢:G = 02, (C) —> SO3,41(C) = G

Suppose that Il is a discrete L-packet of G with L-parameter ¢ such that its functorial lift &, (I14)
is a discrete L-packet of G’. Then the L-parameter ¢’ of &,(Il,) is given by

¢ =Eop=9a1
Moreover, the component groups Sy and Sy are abelian with

#Sy = #5,.
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Thus, for 7 € I, and 7’ € I, the formal degree conjecture [34] predicts that

degn’  [7(0,Ad o ¢, v)|
degm  [y(0,Ado ¢, v)|"

Since
Ado¢' = Ado ¢ Dstdo ¢,
where std denotes the standard representation of O9,(C), one arrives at the conjectural relation

deg 7’

qogr = P(0std0 0 W)L

A special case of the main result of this paper is the proof of this last identity (suitably rein-
terpreted) unconditionally, though the formal degree conjecture is not known for classical groups.
The identity can be formulated in an unconditional manner because:

e one has a construction of the functorial lift, via the theta correspondence; this is suggested by
the results of Moeglin [58];

e one can define the Galois-theoretic y-factor (s, std o ¢, ) directly in terms of 7 € Ily, via the
doubling method of Piatetski-Shapiro and Rallis [62].

More precisely, we shall show (see Theorem [I5.1[(ii)):

Theorem 1.1. Let w be an irreducible discrete series representation of Os, whose theta lift @ to
Spa,, 15 also an irreducible discrete series representation of Spsy,,. Then we have

deg 7’

= |v(0
T = 1(0.7.v)]

where (s, m, ) is the standard y-factor of m defined by the doubling method of Piatetski-Shapiro
and Rallis.

We briefly mention another instance of our result. Namely, consider the case G = SOs,+1 and
G’ = Mp,,,, where Mp,,, is the unique two-fold cover of Sp,,. In this case, if 7 is an irreducible
discrete series representation of G, then it is shown in [13] that the theta lift #’ of 7 to G’ is
nonzero and is an irreducible discrete series representation of G'. Indeed, the results of [13] place
the representation theory of Mp,,, in the framework of the Langlands program, and indicate that the
dual group of the nonlinear group G’ is equal to G = Spa, (C), such that the theta correspondence
realizes the functorial lift with respect to the identity map of dual groups. Further, the results of
W. W. Li [53], [54] developing a theory of endoscopy for Mp,,, say that G is an endoscopic group
of G’. Now we have (see Theorem [I5.11(i)):

Theorem 1.2. Let w be an irreducible discrete series representation of SOoni1 and let 7' be its
theta lift to Mp,,,. Then we have
deg ' = deg .

The full version of our main result, which deals with the functoriality of the formal degree under
the theta correspondence for general symplectic-orthogonal and unitary dual pairs, can be found in
Theorem [[5.1l Our result implies that the formal degree conjecture holds for the representation
if and only if it holds for its theta lift 7' (provided that the theta correspondence has the expected
effect on L-parameters). Using this, we prove the formal degree conjecture for the groups Us, Spy
and GSp,, where the local Langlands correspondence is known by [67], [15], [16] (see Theorem

POIT).

Theorem 1.3. The formal degree conjecture holds for the groups Us, Sp, and GSpy.
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As we noted before, [34] has established the formal degree conjecture for stable discrete series rep-
resentations of Us; the analog of Theorem [Tl for unitary groups allows us to deduce the conjecture
for endoscopic discrete series representations of Us.

We shall also show how other natural invariants such as standard v-factors and Plancherel
measures behave under the theta correspondence. These results are contained in Theorems[IT.3land
[211 Indeed, the functoriality of these other invariants are easier to establish, since these invariants
have global analogs (such as global standard L-functions and global intertwining operators) which
satisfy certain global functional equations. This allows one to deduce the functoriality of these local
invariants under the theta correspondence from the global functional equations and the knowledge
of the desired functoriality at unramified places and archimedean places.

The formal degree, on the other hand, does not have a global analog, and thus one cannot hope
to give a global-to-local argument. The proof of Theorem [Tl is thus local. However, as we shall
now explain, the identity in Theorem [[LT] has a global parallel: the Rallis inner product formula.

More precisely, suppose that 7 is an irreducible cuspidal automorphic representation of Og, and
7! = O(m) is its global theta lift to Sp,,. Given cusp forms f; and fo in 7 and their theta lifts
f1 =0(é1, f1) and f = 0(¢p2, f2) in @’ (relative to some elements ¢; in the Weil representation),
the Rallis inner product formula compares the Petersson inner product (f7, f5) with (f1, f2). To a
first degree of approximation, one has:

(f1, f3)
(f1, f2)
This is the global analog of our Theorem [Tl

~ L(1,7) ~ L(0, 7).

Indeed, the proof of Theorem [Tl parallels the global proof of the Rallis inner product formula,
S0 it is instructive to recall the latter, if only briefly. One considers the following see-saw diagram:

O4n San X Sp2n

OZn X OZn ASp2n

Starting with f; and f2 on Og,, and the constant function 1 on ASp,,,, the see-saw identity gives
(ignoring issues of convergence)

() = /O ) f1(91)'f2(92)'</A S e<i<gl,gz>g'>dg') dgr g,
2n XU2n Pan

where 6 is the theta function associated to ¢1 ® ¢2 and 7 : Og, X Og, — Oy, is the natural map.
Now one invokes the Siegel-Weil formula, which identifies the inner integral with the special value
of an Eisenstein series E(s,g) on Oup,:

/ 0(g99')dg’ = E(3.g) for g € Ouy,.
ASp2n

Replacing the inner integral by this Eisenstein series, one obtains the doubling zeta integral of
Piatetski-Shapiro and Rallis, which represents the partial standard L-function L°(s, ) of

/o 5 filgr) - f2(g2) - E(s,i(g1, 92)) dg1 dg2 ~ L® (s + 5,7) - (f1, f2).

In particular, one obtains:
(F1 f3) ~ L2 (L) - (f1, fo)

as desired.
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The proof of Theorem [[Tlis the local analog of the above argument. In the context of the above
see-saw diagram, we note that:

e the role of the cusp forms f; is played by the matrix coefficients of the discrete series represen-
tation .

e we consider an explicit local theta lifting of discrete series representations given by an inte-
gral of matrix coefficients, i.e., integrating matrix coefficients of 7 against those of the Weil
representation. Such a construction was first considered by J. S. Li [50] in the so-called stable
range.

e we formulate a local analog of the Siegel-Weil formula; this is supplied in §I7

e we use the local theory of the doubling zeta integral, as developed by Lapid-Rallis [49].

Finally, we would like to examine the results in Theorems [L.T] and from the viewpoint of
the theory of endoscopy. Consider first the situation of Theorem [[2 so that G = SOg,41 and
G’ = Mp,,,. By the results of [13], a tempered L-packet IT of G gives rise to a tempered L-packet
IT" of G'. Tt is believed that, through the theory of endoscopy for Mp,,, developed by W. W. Li
(53], [54],

Z tracem transfers to Z trace 7.
mell ' ell’
By equating the constant terms in the character expansions on both sides, one obtains
Z degn’ = Z deg .
' eIl mell
Moreover, endoscopic character identities should imply that the representations in the L-packet
have the same formal degrees. Hence, one obtains
deg 7’ = deg .
In other words, the result of Theorem should be a consequence of the theory of endoscopy.

On the other hand, for the case G = Oy, and G’ = Sp,,, it is not clear to us how Theorem [I1]
would follow from the theory of endoscopy. For a tempered L-packet II of G, Langlands functoriality
gives a tempered L-packet IT' of G’ such that

Z tracem transfers to Z s(r') - trace 7’
well ' ell’
with some function s : II' — C*. Indeed, the packet II' has a structure of a group and s is a

nontrivial group homomorphism. By taking the constant terms in the character expansion on both
sides, one only obtains

Z s(7') - degn’ = 0.
' ell’
Hence, it would appear that character identities do not imply Theorem [Tl

2. Classical groups

In this section, we fix some notation and introduce the groups which intervene in this paper.

2.1. Fields. Let F be a finite extension of Q,. We fix an algebraic closure F of F. Let F™ be the
maximal unramified extension of F in F. Let I' = Gal(F/F) be the absolute Galois group of F,
W the Weil group of F, and WDp = Wg x SLy(C) the Weil-Deligne group of F. Let or be the
maximal compact subring of F', pr the maximal ideal of or, wr a uniformizer of op, and g = qp
the cardinality of op/pr. The absolute value |- | on F is normalized so that |wp|r = ¢! Let
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(,-)F denote the quadratic Hilbert symbol of F'. Let 1 = 1px be the trivial character of F*. We
fix a nontrivial additive character ¢ of F.

Let E be either F or a quadratic extension of F'. Let

oo the identity of F' if BE=F,
| the nontrivial element in Gal(E/F) if [E : F] = 2.

Let xg be the (possibly trivial) quadratic character of F'* associated to E/F by class field theory.
We define a nontrivial additive character g of £ by ¥p =t otrg,p.

If [E:F|=2,let
F'={zeFE|z-2°=1} and Ey={zeF|z+2°=0}

denote the set of norm 1 elements in £ and that of trace 0 elements in F respectively. Let dg
be the different of E/F and fg the smallest non-negative integer such that xg(z) = 1 for all

rzeorn(1+ p;f;) Then we have 0p = pEE. If [E: F] =2, we fix an element 7 € E* such that
6= -
Let

(()=(1—¢*)"" and (p(s)=(1—-q5")""

denote the local zeta functions of F' and E respectively.

2.2. Spaces. In this paper, we shall be interested in certain classical groups. These arise in the
following way.

Fix e = £1 in E*. Let W be a finite dimensional vector space over E of dimension n. Let
() WxW —FE
be a non-degenerate e-hermitian c-sesquilinear form on W:

{au + bv, w) = a{u, w) + b{v, w)

(v,w) =€+ (w,v)°

for a,b € E and u,v,w € W. Then the different possibilities for (-,-) are given in the following
table.

(E,¢) E=F,e=1 E=F,e=—-1|[E:F|=2,e=1| [F:F]=2,e=-1

(-,-) | symmetric bilinear form | symplectic form | hermitian form | skew-hermitian form

We define
FXF*2 if E=F,
discW € ¢ F* /Ny, p(E) if [F:F]=2and e =1,
- FX/Ngp(EX) if[E:F]=2and e = —1,
by
dise T — {(—1)<”1>"/2 27 det({wiywy) i B =F,
(—1)=Dn/2 . det((w;, w;)) if [E: F) =2,
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where {w; |i =1,...,n} is a basis of W over E. Also, we define ¢(W) € {£1} by
the Hasse invariant of W if E = F and € = 1,

(W) 1 if F =F and e = —1,
€ =
xE(disc W) if[E:F]=2and e=1,
xe(7" - disc W) if[E:F]=2ande=—1.

Note that e(W) depends on the choice of Tif [E: F] =2, e = —1 and n is odd. Then the isometry
class of (-,-) is characterized by the invariants given by the following table.

(E,e€) E=F,e=1 E=F,e=—-1|[E:F|=2,e=+1
invariants | dim W, disc W, e(W) dim W dim W, e(W)

2.3. Classical groups. Let G(W) be the group of elements g in GL(W) which preserve the form
<'7 >

(gv, gw) = (v,w) for v,w € W.
Then G(W) is a (possibly disconnected) reductive linear algebraic group over F'; this is the class

of groups we will consider in this paper and the different possibilities for G(WW') are given in the
following tables.

(E,¢) E=F,e=1 E=F,e=-1 [E:F]=2e==%1

G(W) | orthogonal group O(W) | symplectic group Sp(W) | unitary group U(WW)

G(W)
E=F,e=1 dim W odd, e(W) =1 split
dim W odd, (W) = —1 non-quasi-split

dim W even, discW =1, e(W) =1 | split

dim W even, disc W = 1, ¢(W) = —1 | non-quasi-split

dim W even, disc W # 1 quasi-split but non-split
E=F e=-1 split
[E:F]=2,e==%1|dimW odd quasi-split but non-split
dim W even, e(W) =1 quasi-split but non-split
dim W even, ¢(W) = —1 non-quasi-split

2.4. Parabolic subgroups. It will be useful to recall the structure of the parabolic subgroups for
G(W). If X is an isotropic subspace of W, then we can write

W=XoWaeyvy

as an orthogonal sum with W' non-degenerate and Y isotropic. The stabilizer of X in G(W) is a
maximal parabolic subgroup

with Levi component
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and unipotent radical U(X). Moreover, every maximal parabolic subgroup of G(W) arises in this
way.

More generally, any parabolic subgroup P = M - U of G(W) is the stabilizer of a flag of isotropic
subspaces

Xic---CcX,
in W. If we write
W=X aWayY
as an orthogonal sum with W’ non-degenerate and Y,/ isotropic, and if we write
Xi=X_ 18X
for 1 <4 <r (where X, = {0}), then the associated parabolic subgroup P has Levi component

M = GL(X3) x - x GL(X,.) x G(W').

2.5. Metaplectic groups. When W is a symplectic space over F', we will need to consider the
metaplectic group Mp(W), which is the unique two-fold cover of G(W) = Sp(W):

1 — {+1} — Mp(W) — Sp(W) — 1.

Given an isotropic subspace X of W as above, with associated parabolic subgroup P(X) = M(X)-
U(X) of Sp(W), the metaplectic cover splits uniquely over U(X), which can thus be regarded as a

subgroup of Mp(W). The preimage P(X) of P(X) in Mp(W) is then of the form

where

M(X) = GL(X) %, Mp(W)
and GL(X) is a rather innocuous two-fold cover of GL(X) defined as follows. Consider the set
GL(X) x {1}
with multiplication law
(g1, €1) - (92, €2) = (9192, €162 - (det g1, det g2) )

for g1, g2 € GL(X) and €, €5 € {£1}. Then GL(X) is precisely this two-fold cover of GL(X).
More generally, if P = M - U is a parabolic subgroup of Sp(WW) with Levi component

M = GL(X;) x - - x GL(X,) x Sp(W'),

then the preimage Pof Pin Mp(W) is of the form

where
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2.6. Parabolically induced representations. Let P = M - U be a parabolic subgroup of G(W)
with Levi component
M = GL(X;) x - x GL(X,) x G(W').
Then an irreducible admissible representation of M is of the form
7'1®---®Tr®77',

where 7; and 7" are irreducible admissible representations of GL(X;) and G(W’) respectively, and
one can form a normalized parabolically induced representation

Ig(ﬁ QT Rn) = Indg(w)(ﬁ Q@7
of G =G(W).
For the metaplectic group Mp(WW'), one needs to take irreducible admissible genuine representa-

tions of é\JJZ(Xl) and Mp(W’) in order to form an induced representation. However, it turns out
that the genuine representations of GL(X;) can be given in terms of the representations of GL(X;).

More precisely, using the additive character ¢, one may define a 1-dimensional genuine character
Xy of GL(X), where X is an isotropic subspace of W. Indeed, the determinant map

det : GL(X) — GL;

has a natural lifting

det : GL(X) — GL4
given by

cia/t(g, €) = (det g,e) for g € GL(X) and € € {£1}.

On the other hand, if we fix a nontrivial additive character ¢/ of F', then there is a natural genuine
character of GL; defined by:

(a,€) — €-yp(a,) !
for a € GL; and € € {+1}. Here,

YF (%)
(e y) = Vr(Y)

where vp (1)) € pg is the Weil index associated to ¢ (see [77], [66, Appendix]) and v, (z) = ¢ (ax)
for x € F. Composing det with this genuine character gives a genuine character x, of C/}VL(X ),
which satisfies

Xu(g.€)* = (~1,det g)F
for g € GL(X) and € € {£1}. Then the map
TH= Ty =T Xy

defines a bijection between the set of equivalence classes of admissible representations of GL(X)

and the set of equivalence classes of admissible genuine representations of GNL(X ). We stress that
this bijection depends on the choice of .

Thus, we see that an irreducible admissible genuine representation of M is of the form
Tlﬂl’ ® e ® T”ﬂl’ ® 7T/,

where 7; is an irreducible admissible representation of GL(X;) and 7’ is an irreducible admissible
genuine representation of Mp(W’), and one can form a normalized parabolically induced represen-
tation

Ig(ﬁ R QTR = Indl\gp(W) (Tl @+ QT @)

of G = Mp(W). Since we are fixing 1, we shall henceforth suppress ¢ from the notation.
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2.7. Centers. The center Zgyy of the group G(W) is given as follows:

Lo fm EGOV) = O(W) or Sp(V),
VI T\ EY it G(W) = UW).

For the metaplectic group Mp(W), the center Zvpw) s a two-fold cover of Zg,w) = po, and
thus is a group of size 4. Using the additive character v, one can define a genuine character XZY of
Znvip(wy as follows. Let X be a maximal isotropic subspace of W, so that P(X) = GL(X)-U(X) is

a Siegel parabolic subgroup of Sp(IW). Then we have defined the genuine character x.; of (A}i(X ).
Since Zyipwy C GL(X), we may set

XZ}V = the restriction of xy to Zyipw)-

3. Reductive dual pairs

The classical groups introduced in the previous section arise naturally Howe’s theory of reductive
dual pairs in the symplectic group. In this section, we recall some basic facts about these reductive
dual pairs and the splitting of the metaplectic cover over them.

3.1. Reductive dual pairs. Let V and W be vector spaces over E equipped with non-degenerate
sesquilinear forms

(,):VxV—FE and (,):WxW-—FE
of opposite signs. Put
m=dimV and n=dimW.

We distinguish the following cases:

(A) [E:F]=2, () is hermitian, (-, -) is skew-hermitian.

(B) E=F, (+,-) is symplectic, (+,-) is symmetric with n odd.

(C) E=F, (+,-) is symmetric with m odd, (-,-) is symplectic.

(C”) E=F, (+,-) is symmetric with m even, (-,-) is symplectic.

(D) E=F, (+,-) is symplectic, (+,-) is symmetric with n even.
We shall refer to Cases C” and C” collectively as Case C. Put

n—m in Case A,
l=Ilyw:=4¢n—m—1 in Cases BD,
n—m-+1 in Case C.

Let G(W) and H(V) denote the isometry groups of W and V respectively. Hence, the label
for the respective case above refers to the type of the classical group G(W). Let W =V @ W,
regarded as a vector space over I’ and equip it with a symplectic form

trg/p((5) ® ()

Then (G(W), H(V)) is a reductive dual pair in the symplectic group Sp(W) and there is a natural
map

t:G(W) x H(V) — Sp(W).

Note that this map is not necessarily injective.
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3.2. A pair of characters. Given the spaces V and W, we fix a pair of characters x = (xv, xw)
of E* defined as follows:

a character of E* such that xv|px = X in Case A,
Xv = [ the trivial character of F'* in Cases BD,

the quadratic character of F* associated to F(v/discV)/F in Case C,

a character of E* such that xw|px = X% in Case A,
xw = { the quadratic character of F* associated to F(v/discW)/F in Cases BD,

the trivial character of F'* in Case C.

Observe that, except in Case A, the characters xy and xjy are uniquely determined by V' and W
respectively.

3.3. Splitting of metaplectic covers. Consider the metaplectic C!-cover of Sp(W):
1 — C! — Mp(W) — Sp(W) — 1.
In almost all cases, the natural map
t:GW) x H(V) — Sp(W)
can be lifted to a homomorphism to the metaplectic group Mp(W):
Mp(W)

|

G(W) x H(V) —— Sp(W)

The only exceptions are in Cases B and C’, where the dimension of the quadratic space in the pair
(V,W) is odd. The lifting, even if it exists, is not necessarily unique. However, one can fix such
a splitting using some auxiliary data, following [44] and [27), §1]. We summarize the situation as
follows.

(A) In this case, one has a splitting tv,w,y,¢, depending on the data x and 1. In fact, one needs
an auxiliary 71 to define the splitting over the unitary group H (V') of the hermitian space V,
but it does not depend on the choice of .

(B) In this case, where dim W is odd, one has a splitting ¢y . over the orthogonal group G(W),
but the metaplectic cover does not split over the symplectic group H(V'). Henceforth, to
simplify notation, we set:

H(V) = Mp(V),
which is a subgroup of the C!-cover Mp(V).

(C’) In this case, where dim V' is odd, one has a splitting ¢y, over the orthogonal group H(V),
but the metaplectic cover does not split over the symplectic group G(W). Henceforth, to
simplify notation, we set:

G(W) = Mp(W),
which is a subgroup of the C!-cover Mp(W).
(C”) In this case, one has a splitting vy, -

(D) In this case, one has a splitting cv,w,x,-
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4. Weil representations

In this section, we introduce the Weil representation associated to the reductive dual pair
(GW),H(V)).

4.1. Weil representations. Let wy; be the Weil representation of Mp(W) with respect to .
Using the splitting
wwxy 2 GIW) x H(V) — Mp(W)
introduced in the previous section, we obtain a representation
WY, W,x, b = Wy O LV W, x,y of G(W) X H(V)
We call wy, vy, the Weil representation of G(W) x H(V') associated to the auxiliary data above.

4.2. Doubled spaces. Let W_ denote the vector space W over F equipped with the non-degenerate
sesquilinear form —(-,-). Let W =W @ W_ and set:

WA ={(w,w) e W|weW}, WY={(w-w)eW|weW}.
Let G(W) denote the isometry group of W and
i:GW)x GIW) — G(W)

the natural map. Observe that, here, we have identified G(W_) with G(W) using the identity map
(since both these groups are physically the same subset of GL(W)).

Let W_ =V ®@g W_. Then (G(W),H(V)) is a reductive dual pair in the symplectic group
Sp(Wa@ W_). Let Mp(W @ W_) be the metaplectic C'-cover of Sp(W & W_). We lift the natural
embedding

Sp(W) x Sp(W) — Sp(W & W_)
to a homomorphism

7: Mp(W) x Mp(W) — Mp(W e W_)
which induces
(€1,€2) — €162
on C! x C!'. Here, again, we have identified Sp(W_) with Sp(W) using the identity map, as opposed
to using the isomorphism induced by an isometry W = W_ (which is the outer automorphism
given by an element in GSp(W) with similitude factor —1). Let wy, be the Weil representation of
Mp(W @ W_) with respect to 1. Then we have
Wy 01 = Wy, @ Wy,
as representations of Mp(W) x Mp(W).
Let W =X@@ Y be a complete polarization. Then
WeW_.=XeX )a(YoY.)

is a complete polarization. We can realize w,, on the space S(X@®X_) of Schwartz-Bruhat functions
on X @ X_. On the other hand,

WoW_ = VeWw?e(VewY)

is also a complete polarization and hence we can realize wy on S(V ® WV). By [51], §2], there
exists an isomorphism

§:S(XaX_) = S(VewY)
as unitary representations of Mp(W @ W_) such that
5(d1 ® ¢2)(0) = (¢1, P2)
for ¢1, 2 € S(X). Here (-, ) is the hermitian inner product on S(X).
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Let
ww oy : GW) x HV) — Mp(W o W_)
be the splitting given in [44]. We then obtain a representation
WY Wb = Wi O Ly, Wy, of G(W) x H(V).
By [27, Proposition 2.2], we have
WV W x © 1 = Wy © (Ovwxs - XV)
as representations of G(W) x G(W) and
(wWv,w x.0 (@) (x) = xw(det h) - p(h™'z)

for h € H(V) and p € S(V®@WYV). Note that, in the above identity, xw (det h) = 1 except in Case
A.

5. Local theta correspondence

In this section, we introduce the local theta correspondence induced by the Weil representation
wy W of GIW) x H(V') and recall some basic general results.

5.1. Local theta correspondence. Let 7 be an irreducible admissible (genuine) representation
of G(W). Then the maximal 7-isotypic quotient of wy, w4 is of the form

™ B Ovwxp (7).
where Oy 1y () is a smooth representation of H(V'). Let 0y 5 (7) be the maximal semisimple
quotient of Oy w5y (7).

The following theorem summarizes some basic results of Howe, Kudla, Mceglin-Vignéras-Waldspurger
and Waldspurger about the local theta correspondence (see [36], [43], [59], [75]). The statement
(iii) of the theorem is often referred to as the Howe duality conjecture.

Theorem 5.1. (i) The representation Oy w. () is either zero or of finite length.

(ii) If 7 is supercuspidal, then ©Ov .. (m) is either zero or irreducible (and thus is equal to
Ov. w0 () ). Moreover, for any irreducible supercuspidal representations m and © of G(W') which
occur as quotients of Wy, w v,

OV wx,u(T) = Ovwxu(n') = 7= 7.

(iii) If p # 2, then either Oy .y (T) is zero or Oy w4 (T) has a unique irreducible quotient, so
that Oy.w . () is irreducible. Moreover, for any irreducible admissible representations w and ' of
G(W) which occur as quotients of wy,w .,

Ov,wx () = 9V,W,x,¢(77/) = 7.
A result of Li-Sun-Tian [52] says that Oy,w,,y(7) is multiplicity-free if it is nonzero.

5.2. Central characters. Suppose that Oy, () is nonzero and ¢ is an irreducible constituent
of Oy, w (). Let wr and w, denote the central characters of m and o respectively. Observe that
in Cases A, C” and D, the centers of G(W) and H (V) are naturally isomorphic, so that one can
ask how w, and w, are related. We have:

Wy Uy in Case A,
n/2 .
We =< Wy - XV/ in Case C”,

Wy - X;?,/z in Case D.
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Here, in Case A, vy is the character of E' defined by
vx(@/z%) = (v /xV)(x) for x € E*.

On the other hand, in Cases B and C’, the centers of G(W) and H (V') are not isomorphic. For
example, in Case C’, the center of the orthogonal group H(V) = O(V) is puy whereas that of the
metaplectic group G(W) = Mp(W) is a group of size 4. However, as we explain in §2.7 the additive
character v gives rise to a genuine character Xg/ of the center Zg (. Since 7 is genuine, wy / XZ,V
is a character of p,. With this provision, it makes sense to compare w, and w,. We have:

wa/xg = wg X"V;L,/z in Case B
and

W - X7\1//2 = ww/X}ZV in Case C’.

5.3. Supercuspidal supports. Let 7 be an irreducible admissible representation of G(W). Then
there exist a parabolic subgroup P = M - U of G = G(W) with Levi component

M = GLy,(E) x -+ x GLyp, (E) x G(W'),

and irreducible supercuspidal representations 7; and 7’ of GL,,(E) and G(W’) respectively, such
that 7 is a subquotient of

Ig(ﬁ R QT T).
Moreover, the pair

M1 @ Q1)
is uniquely determined by 7 up to conjugacy and is called the supercuspidal support of 7. By abuse
of notation, we write

{m,..., 7,7}
for it.
Similarly, for an irreducible admissible representation o of H(V), let

{v,...,vs,0'}
be the supercuspidal support of o, where v; and ¢’ are irreducible supercuspidal representations of
GLy,, (E) and H (V') respectively.
Put m’ = dim V' and n’ = dim W’. Put
n —m/ in Case A,
U!'=lyrwr=<n—m'—1 in Cases BD,

n'—m/+1 in Case C.
Then we have the following proposition which is called Kudla’s supercuspidal support theorem (see
[43], [59] and [24]).
Proposition 5.2. Suppose that Oy (7)) is nonzero and o is an irreducible constituent of
Ovw . (7)-
(i) We have

o' = Oy wr ().

(i) If m —m/ <n—n/, then we have

1-1)/2 1-3)/2 I'+1)/2 _ _
{riomd = Dol 2o T2 1T oot v
If m —m/ >n—n’', then we have
—(1+1)/2 —(1+3)/2 —(I'-1)/2 _ _
{Ula---avs} = {XW| : |E( ) 7XW| : |E( 4 ﬂ"'aXW| ’ |E( % ’7—1XV1XW7"'7TTXV1XW}-
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5.4. Tower property. Let 14 be an anisotropic space over F, and for r > 0, let
Vi=VWoH
with associated isometry groups H(V,.), where H is the hyperbolic plane. The collection
{Velr =0}

is called a Witt tower of spaces. We note that any given space V is a member of a unique Witt tower
of spaces {V, }, where V} is the anisotropic kernel of V. One can then consider a tower of the theta
correspondence associated to the tower of reductive dual pairs (G(W'), H(V;)). For an irreducible
admissible representation 7 of G(W), we thus have the representation Oy, w, . (7) of H(V;.). The
smallest non-negative integer ro such that Oy, wu(7) # 0 is called the first occurrence index of
m for the Witt tower {V;.}, and the representation 0y, w,y(7) is called the first occurrence of
for this Witt tower.

The following proposition is often referred to as the tower property of theta correspondence.

Proposition 5.3. Let g be the first occurrence index of 7 for the Witt tower {V,}.
(i) We have Oy, w.(m) # 0 for all v > ry.

(ii) If m is supercuspidal, then Oy, wy(m) is irreducible and supercuspidal.

5.5. First occurrence. Harris-Kudla-Sweet [27] and Kudla-Rallis [47] discovered that the first
occurrence indices of 7 for two closely related Witt towers {V,} and {V,'} are not independent of
each other. More precisely, in Cases A and C, one considers two Witt towers {V,.} and {V}'} such
that

dimVp =dimVj mod 2 in Case A,

disc Vp = disc V§ in Case C.

Hence we may consider the first occurrence indices ry (for the tower {V,}) and r{ (for the tower
Vi)
On the other hand, in Cases B and D, there is only a single tower of symplectic spaces {V;}.

However, since 7 is a representation of the orthogonal group G(W), we may consider its twist
7 ® det. Thus, we have the two towers of theta lifts

Ov, wxw(m) and Oy, wx.y (T @ det),

and the corresponding first occurrence indices ro (of 7) and r{, (of 7 ® det). Henceforth, to simplify
notation, we set V! =V, and

OV Wx,w (T) = Ov, wx,u(T @ det).
Now we have:

Theorem 5.4. We have

2 in Case A,
dim V;,, + dim Vrlé >2dimW + <0 in Cases BD,
4 in Cases C.

Moreover, if w is supercuspidal, then equality holds in all cases.

Proof. Case A is due to Harris-Kudla-Sweet [27] and Gong-Grenié [19, Theorem 1.8]. Case C is
due to Kudla-Rallis [47, Theorem 3.8]. The proof for the remaining Cases B and D is simpler, as
we now explain.
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Suppose that W is a quadratic space over F' and V; is the symplectic space over F' of dimension
2r. Let 7 be an irreducible admissible representation of G(W). Let r and r(, be the first occurrence
indices of 7 and m ® det respectively. Then we have nonzero G(W)-equivariant maps

WV Wxp — T
and

Wy, Wix — T @ det.
7‘07 ' Xy
Since 7V 2 7 (see [59, p. 91]), we obtain a nonzero G(W)-equivariant map

WV, Wixctr = Vi Wixas @ WV, Wiy — T @ (1 @ det) = @ (17 @ det) — det.

T

In other words, the determinant character of G(W) = O(W) participates in the theta correspon-

dence with
Mp(V, ) in Case B,
H(‘/T(rH“()) = T0+TO .
Sp(Vro4ry) in Case D.

It follows from a result of Rallis [65, p. 399] that
dim V;,, + dim Vir = dim Vigtry =2 dim W,

as desired.

Finally, a short and sweet proof of the equality when 7 is supercuspidal has been given by
Minguez [56]. This completes the proof of the theorem. O

Corollary 5.5. Let m be an irreducible admissible representation of G(W'). Let V and V' be the
two spaces in the Witt towers {V;} and {V'} such that dimV = dim V' =m. Ifl > 0, then at most
one of the theta lifts

®V7W7X7¢ (77) to H(V),’
Ov/,wixu(m) to H(V')

1S nonzero.

Proof. The corollary follows from Theorem [5.4] noting that

2 in Case A,
2m +2[+2=2dimW 4+ < 0 in Cases BD,
4 in Cases C.

O

In Corollary below, we will strengthen this corollary by showing that exactly one of the theta
lifts is nonzero when [ = 0.

6. Doubling see-saw

In this section, we consider a useful tool for analyzing the theta correspondence: the so-called
doubling see-saw diagram.
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6.1. Doubling see-saw. Given an irreducible admissible representation = of G(W), one is inter-
ested in whether ©y 1y () is nonzero. To address this question, it is useful to recall the “doubled
space”

W=WaoW_

introduced in §4.21 Now consider the see-saw diagram:

G(W) H(V) x H(V)

>

G(W) x G(W) AH(V)

Then the see-saw identity says that:

Hom g (v (Ov,wx. (T) ® Ovw e (M)™MVWxwr, xw) = Homew)xaw) (©Ov,w xuw (Xw), m @ mxv),

where the superscript MVW refers to the involution on the set of smooth representations of H (V')
defined by Moeglin-Vignéras-Waldspurger (see [59]). In particular, we have:

Lemma 6.1. Let 7 be an irreducible admissible representation of G(W). Then

Ov,wxu () # 0 <= Homewxaw)(Ov,w xu(Xw), ™ @ 7¥xv) # 0.

6.2. Degenerate principal series representations. In order for the non-vanishing criteria given
in Lemma 6Tl to be useful, we need to understand the representation Oy w . (xw) of G(W) more
precisely. For this, we need to describe some degenerate principal series representations of G(W).

Recall that we have a complete polarization

W=Ww-2aWY

with a maximal isotropic subspace
WA = {(w,w) e W|we W}
The stabilizer of W2 in G(W) is a Siegel parabolic subgroup
P=P(W?2)=Mp-Up

with Levi component

Mp = GL(W?%)
and unipotent radical Up. For s € C and a character x of E*, let

I8 (5,20 = Tndg ™ (] - [3)

denote the normalized induced representation of G = G(W), where we regard x| |3, as a character
of P via the natural homomorphism

P — GL(W2) 2% px.

Here, in Case C’, where G(W) = Mp(W) is the metaplectic group, we interpret
15 (s,%) = nd X" ™ (- x| - [3),
where Xy is the genuine character of (/}VL(WA) defined in §2.61 Note that

F(i(g,9)) = x(det g) - F(1)
for F € IS(s,x) and g € G = G(W), where i : G x G — G is the natural map.
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6.3. The representation Rw , (V, xw). Now consider the Weil representation wy w . of G(W)x
H(V), which is realized on S(V ® WV). Recall that the action of H = H(V) is given by:

(wy;w xu (@) (@) = xw(deth) - p(h™'z)

forhe€ Hand p € S(V@WV). For p € S(V@WV) and g € G, put

Fo(g) = (wyw x.v(8)e)(0).

Then ¢ — F, defines a G-equivariant map

wV7W7X7'¢} - IS(_é7 XV)

which factors through the theta lift Oy w . (xw) of the character xw of H to G. Let

RW,x,w(Va XW)

denote the image of this map. Then we have the following proposition due to Rallis (see [65], [59,
p. 70]):

Proposition 6.2. The map ¢ — F, induces an isomorphism

Ov,w v (Xw) — Rw (Vo xw) C Is (=4, xv).

6.4. The space HomGXg(IS' (s,xv),T®@7¥xy). Lemma and Proposition suggest that one
should understand

e the structure of the degenerate principal series representation IS (s, xv);

e the space

Homgx (1§ (5, xv), 7 @ 7' xv)-
We shall address the first issue in the next section. For the second issue, we have (see [27), §4]):

Proposition 6.3. Let 7 be an irreducible admissible representation of G = G(W'). Then we have
dime Homgxa (I (s, xv), m @/ xv) = 1

for generic s. If w is supercuspidal, then the equality holds for all s.

7. Degenerate principal series representations

In this section, we recall the structure of the degenerate principal series representation IS (s,xv)
due to Kudla-Sweet [48] (Case A), Yamana [78] (Cases B and D), Sweet [73] (Case C’) and Kudla-
Rallis [46] (Case C”). In fact, the construction of the previous section gives a full description of the
module structure of I§ (s, xv).

Recall that G = G(W) and dimW = 2dim W = 2n.

Proposition 7.1. (i) The representation IS (s,x) is multiplicity-free.

(ii) Assume that s € R and x is unitary. Then IS (s,x) is reducible precisely in the situations given
in the following table.
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Case A X|px = XF and s = 5% with 0 <m < 2n
Cases BD X2:]lands:m_T”+1withmevenand03m§2n—2
Case C” x2=1 and s = mfgfl with m odd and 1 <m <2n+1

Case C” Xzz]lbutxi]lands:m%"_lwithm even and 2 < m < 2n

or

x=1 ands:m_;‘_l with m even and 0 < m < 2n + 2

For a given point of reducibility s = s, of IS’(S, X) as in the previous proposition, let V' and
V' be the spaces described in the following table.

Case A | V and V' are the two hermitian spaces of dimension m

with (V) =1

Cases BD V' is the symplectic space of dimension m

Case C | V and V' are the two quadratic spaces of dimension m

with xy = xy» = x and €(V) =1

Observe that the space V’ does not exist in Cases B and D, and may not exist in Cases A and C
when m is small. In any case, noting that

l

Smn = 9
with [ given in §3.1] we have constructed in §6.3] the submodules
Rw xs(Vixw) and  Rw (V' xw)
of IS’ (—é, xv ). Here, in Cases B and D, where V' does not exist, we interpret

Rw x.o (V' xw) = Rw x.0(V, xw) ® det .

Also, if V' does not exist in Cases A and C, then Rw . (V’, xw) is interpreted to be 0. The
following proposition describes the module structure of IS’ (—é, Xv) in terms of these submodules.

Proposition 7.2. Using the above notation, we have:

(i) If 1 > 0, then Rw xu(V,xw) and Rw (V' xw) are irreducible and unitarizable. Moreover,
Rw 0 (Vi xw) @ Rw,x.o (V' xw)
is the maximal semisimple submodule of IS(—%,XV). When I = 0, we have
I5 (0, xv) = Bw xu (Vs xw) © Rw xu (Vs xw)-
(ii) If 1 < 0, then we have
I (—5.xv) = Rw o (Voxw) + Rwoxgu (V' xw)-

Moreover,

RW:X:"Z}(V’ XW) N RW,X:"Z}(V/7 XW)



20 WEE TECK GAN AND ATSUSHI ICHINO
is irreducible and is the maximal semisimple submodule of IS’(—%, xv). When

m=2n in Case A,
m=2n+1 in Case C",
m=2n, orm=2n+2 and xy =1 in Case C”,

we have Ig‘(—%, Xv) = Rw 0 (V. xw).

8. Normalized intertwining operators

We now define an intertwining operator

M(SaX) : IS(S,X) - ‘[19(_57 (Xc)il)
by

M(s, x)F(g) = [ Flwug)du
Up
for F € Ig'(s,x) and g € G. Here we put w = i(1,—1), where i : G x G — G is the natural map,
and fix a Haar measure du on Up. The above integral is absolutely convergent for Re(s) > 0 and

admits a meromorphic continuation to C. In this section, we shall recall a normalization of M (s, x)
due to Lapid-Rallis [49].

8.1. The unipotent radical Up. Recall that Up is the unipotent radical of the Siegel parabolic
subgroup P of G. We have an isomorphism

b:Up =, Hom(Wv, WA)*:_

given by
b(u) = pryya oulyv for u € Up.
Here
Hom(WY, W)= = {6 € Hom(WY,W?)| 5" = -},
where

s+ : Hom(WY, W2) — Hom(WV, W*%)
is defined by requiring that
(Bw),w') = (w, "))

for € Hom(WV,W?) and w,w’ € WV, and pryya : W = W2 @ WY — W2 is the projection.
We put

Bw =poBoicEnd(W) for e Hom(WV, WA)*:_v
where
i W —WwWY and p: WA —W
are defined by

1
i(w) = i(w, —w), pw,w)=w forweW.
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8.2. Normalization of intertwining operators. Let Up be the unipotent radical of the para-
bolic subgroup of G opposite to P. Let 8 € Hom(WV,W#2)*=~. Then 8 determines a character
¢B of Up by:
¥p(u) = ¥(tr(b(a) o B))
for w € Up. Here
b: Up — Hom(W?, WV)*=~
is an isomorphism given by b(u) = pryyv o @|ya for @ € Up. We note here a typo in [49, p. 323):
¥4 should be given by ¥4(X) = ¥p(tr X A) if h is hermitian. Now fix a Haar measure du on Up
and define a Whittaker functional
lg: IS (s,x) — C
by

l3(F) = F(u) - g(u)du

Up
for F € IS (s, x).

In this subsection, we exclude Case B which is more involved. Assume that 3 is of rank n. Then
the above integral is absolutely convergent for Re(s) > 0 and admits an analytic continuation
to C. Moreover, {g is a nonzero element in the space HomUP(Ilg; (s,X), wgl). Since this space is

1-dimensional for all s (see [38]), we obtain:

lgo M(s,x)=cgup(s,x) {3
for some rational function cg (s, x). Note that cg (s, x) depends on the choice of du but not on
the choice of du.

Now choose 3 of rank n such that WV has an isotropic subspace of dimension [5] with respect
to the sesquilinear form (w,w’) — (B(w),w’). Following Lapid-Rallis [49], we define a normalized
intertwining operator leR(s, X) by

leR(sa X) = Cﬁ,w(sa X)_l ’ M(Sv X)
Note that this normalized intertwining operator is now independent of the choice of the Haar
measure du, but it depends on the choice of the additive character ).

In Case B, there is a similarly defined normalization, though it is complicated by the fact that
one cannot find an element # € Hom(WV, W)*=~ of rank n. Instead one defines a normalization
by choosing 3 of rank n — 1 and an anisotropic line £ in W. We refer the reader to Appendix [A]
for details.

For convenience, we shall modify the normalized intertwining operator leR(s, x) slightly by
setting:
MLR L 7(5 + %7 X ¢> : Mq/L):R(S? X) in Case Cna
P (57X) E LR .
My (s,x) in all other cases.

8.3. Analytic properties. The analytic properties of the normalized intertwining operator ME[jR(s, X)
is controlled by the normalizing factor (s, x). This normalizing factor has been computed by
Kudla-Sweet [48] (Case A), Yamana [78] (Cases B and D), Sweet [73] (Case C’) and Kudla-Rallis
[46] (Case C”); we recall their results in Appendix [Al From these results, one deduces the following
proposition.

Proposition 8.1. Assume that s € R and x is unitary. Then the normalized intertwining operator
Mi‘R(s, X) s holomorphic at s unless s > 0 and Ig’(s,x) is reducible, in which case MJ;R(S, X) has

a simple pole. More explicitly, the set of poles of MII;R(S, X) is given by the following table.
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Case A X|px =X and s =1,2,...,[5]
or
Xlpx = x5 and s =1,3 ... %5+ 3
Cases BC’ xX*=1ands=1,2,...,[%]
Cases C”D X2:Il(mds:%,%,...,%*l
and
x=1 ands:"T+1 in Case C”

8.4. Kernels and images. The following proposition describes the residue
M (0, x) = Res M (s, x)
of MEZR(S, X) at s = s¢ for the simple poles described in the above proposition.

Proposition 8.2. Assume that

n<m<2n in Case A,
n—1<m<2n—2 in Cases BD,
n+l<m<2n+1, orm=2n+2 and xy =1 in Case C,

so that | <0, IS(_%aXV) is reducible and
MLEl(_éa XV) : Ifc’;(_%a XV) I Ig(éa XV)
s a nonzero G-equivariant map. Then
ker M}ﬂEﬂ—%,XV) = the mazimal semisimple submodule of Ig(—%, XV)

and
im MT%EI(—%, Xv) = the mazimal semisimple submodule of Irg(é,XV)«

These mazximal semisimple submodules were described in Proposition [7.2

9. Doubling zeta integrals

We saw that the space
HOHIGXG(IE(S, X)a ™ WVX)

is 1-dimensional for generic s. We shall see that the doubling zeta integral of Piatetski-Shapiro
and Rallis [62] defines a nonzero element in this space for each s. In this section, we introduce this

doubling zeta integral.

9.1. Doubling zeta integrals. Let 7 be an irreducible admissible representation of G = G(W)
and 7" the contragredient representation of 7. For a holomorphic section F of IS’ (s,x) and a

matrix coefficient f of 7V, put

2(s,F, f) = /G Fli(g,1)) - (g) dg.

If 7 is supercuspidal, then this integral is absolutely convergent. The following theorem summarizes

some basic properties of zeta integrals (see [45], [49]).
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Theorem 9.1. (i) There exists a real number ¢ such that Z(s,F, f) is absolutely convergent for
all F and f whenever Re(s) > c.

(ii) If F is standard, then Z(s,F, f) is a rational function of ¢—° (when Re(s) > ¢) and thus admits
a meromorphic continuation to C.

(iii) For each so € C, there exist F and f such that Z (s, F, f) is absolutely convergent and nonzero.

(iv) There exists a non-negative integer d (depending on sg) such that (s — s0)% - Z(s,F, f) is
holomorphic at s = sg for all F and f.

(v) Let Z*(sg,-,-) denote the leading term of the Laurent expansion of Z(s,-,-) at s = so. Then
Z*(s0,,+) is a nonzero element in Homgyx (IS (s0,x) @ ¥ @ mx 1, C). In particular, we have

Homgxa(I5 (s, x) @ 7V @ mx ', C) # 0
for all s.

9.2. Theta dichotomy. As a consequence, we deduce the following dichotomy which was estab-
lished in [27] for Case A and in [I0] §11], [13] for Cases B and C’.

Corollary 9.2. Let w be an irreducible admissible representation of G(W). Let V and V' be the
two spaces in the Witt towers {V,.} and {V,!} such that dimV = dimV’ =m. Ifl =0, then exactly
one of the theta lifts

@V7W7X7¢ (71') to H(V);
@V'7W7X7w (71') to H(V’)

1S monzero.

Proof. By Proposition [[.2(i), we have

Homgxa(Ig (0, xv) @ 7 @ 7x;,t, C)

= Homexa(Bw.x.p (V, xw) @ 77 @ 7x;', C) ® Homaxa(Rw x.o (V' xw) @ 7 @ mxy,+, C)
when [ = 0. In view of Corollary 5.5 Lemma [6.T] Proposition and Theorem [0.1[v), the desired

assertion follows. O

In Theorem [IT.T] below, we will determine exactly which of the theta lifts is nonzero.

9.3. Tempered case. We can be more precise about the range of convergence of the doubling zeta
integral when 7 is tempered. Let r be the F-rank of G = G(W) and put

5 in Case A,
p= "T_l in Cases BD,
o+l i Case C.

Fix a maximal split torus Ag of G and a minimal parabolic subgroup Py of G containing Ag. Let
do be the modulus character of Py and

A ={a € Ap||a(a)|r <1 for all simple roots of Ay in Py}.
We may identify Ay with (F*)" so that

T
do(a) = [ laslz*' =
=1

for a = (a1,...,a,) € Ao = (F*)" and
Al = {(a1,...,a;) € (F*) ||a1lp < -+ <|a|r < 1}
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Fix a maximal compact subgroup K of G such that G® N K is the stabilizer of a special point of
the apartment associated to Ay in the building of G°, where G° is identity component of G.
Fix a height function || - || on G such that
gl =1 llgrg2ll < llgallllg2ll,  lkrgkall = [lg]
for g,g1,92 € G and k1, ko € K.

Let E denote the Harish-Chandra function on G defined in [76], §II1.1]. We recall some properties
of = which we will need.

e The function = is positive and K-bi-invariant.
e There exists d € N such that
=(a) < do(a)"/*(1 + log |a]))
for a € A§ (see [76, Lemme I1.1.1]).
e We have
/K E(g1kg2) dk = Z(g1)=(g2)

for g1,92 € G, where the Haar measure dk on K is normalized so that vol(K) = 1 (see [70,
Lemme II.1.3]).

e We have Z(g7 1) = Z(g) for g € G (see [76, Lemme I11.1.4]).

Note that though [76] only treats connected reductive linear algebraic groups, there is no difficulty in
including the disconnected orthogonal groups or the nonlinear metaplectic groups in the discussion.
For example, when G = Mp(W) is the metaplectic group, one simply takes the pull-back of the
Harish-Chandra function on Sp(W') to Mp(W).

Now we have:
Lemma 9.3. We have
F(i(a, )] < [T laal

i=1
for F € IS'(S,X) and a = (a1,...,a,) € Af.
Proof. Let W,y be the anisotropic kernel of W. Put

W=Wun)tcW, W=WaoW CcW
and n' = dimW’. Let G’ = G(W’) and P’ = G’ N P. Then we have
Flar € I§ (s + 3%, )

for F € IS (s, x). Hence we may assume that W = W', in which case the lemma follows from [62,
Proposition 6.4]. We remark that the analog of [62, Proposition 6.4] holds in Case A. O

Lemma 9.4. (i) Assume that m is square integrable. If Re(s) > —3, then Z(s,F, f) is absolutely
convergent.

(i) Assume that w is tempered. If Re(s) > —3, then Z(s, F, f) is absolutely convergent.

Proof. We first assume that 7 is square integrable. Then for any d > 0, we have

1£(9)| < Z(g) - (1 +1og lg]) ™
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for g € G. By Lemma [0.3] we have

1Z(s, F, )] <</ Hlaz\ I 5o(@) (1 + loglal)) ™ - do(a) ! da

011

Re(s)+i—1/2
//HHM“+ 2. (1 +log lal))~ da.

0 =1

If Re(s) > —%, then this integral is absolutely convergent. The case when 7 is tempered is similar
and we omit the details. O

10. Standard ~-factors

In this section, we recall the definition of the standard ~-factors of representations of G(W),
following Lapid-Rallis [49].

10.1. Definition. Let 7 be an irreducible admissible representation of G = G(W) and y a character
of E*. By Proposition 6.3, one knows that

dimgc HomGXg(IS(S, X) ® ' ® 7TX_1, C)=1
for generic s. Since both
Z(s,+,-) and Z(—s,-,-)o (MLR(S X) M idrv ey )

belong to the space HomGXg(I (5,x) @ T ®@mx !, C), they must be proportional. In [49], Lapid-
Rallis defined the standard ~-factor v(s, 7, x¢, 1) by the local functional equation

Z(—S,ME;R(S,X)}“, f)=¢e-w(=1) - x(det Bw) - | det Bw |5 - (s + 5,7, X5, ¥) - Z(s, F, f)

for F € IS (s, x) and a matrix coefficient f of 7, where

(W)t in Case A,
e(W) in Case B,
e=xy (=1)7" in Case C’,
1 in Case C”,
e(3,xw,¥)"' in Case D.

Here, we remark that:

e in Case A, the above definition differs from that in [49] by ¢(W) when n is even. This mod-
ification is necessary to remedy an error in the formula for ¢(s,w, A,1) in [49, §9.8]. In fact,
they had Yr(—1,%) = i in [49, §9.8] if ¢(x) = *™* for 2 € R (where i = /—1), but the correct
formula should be yg(—1,%) = —i and hence

FR(QS — 1)FR(28 + 1)

FR(—QS + 2)2

One sees that the above definition leads to the desired properties of the standard ~-factors, in

particular the minimal cases of the Ten Commandments.

C(S7 w? A’ ¢) =

e in Case B, as we noted in §82 we have det By = 0. The normalization of the intertwining
operator M (s,x) requires additional choices of an anisotropic line £ in W and an element
B = Be € Hom(WV,W?#) of rank n, so that we should replace det By by det Bw. See
Appendix [Al for details.

e in Case C’, the definition of the standard ~-factors is carried out in [9].
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e the above definition seems to differ from that in [49], where the above local functional equation
is used to define the standard ~-factor v(s, 7, x, %) except in Case C’. However, it was shown
n [49, Theorem 4] that (s, 7, x,v) = (s, T, x% ), so that the above definition actually
agrees with that in [49]. The somewhat unorthodox choice is made here so that the somewhat
subtle Case C’ can be included in the discussion.

10.2. Ten Commandments. The standard ~-factor (s, 7, x, 1) satisfies a list of expected proper-
ties, affectionately known as the Ten Commandments. We shall not reproduce this list of properties

here, but refer the reader to [49] Theorem 4] for Cases A, B, C” and D and [9, Theorem 8.1] for
Case C’. For convenience, we recall some properties which we will use.

e (Multiplicativity) Suppose that 7’ is an irreducible subrepresentation of IIC;V (1 ® 7), where
P is a maximal parabolic subgroup of G’ = G(H* @ W) with Levi component GL.(E) x G,
7 is an irreducible admissible representation of GLg(F), and 7 is an irreducible admissible
representation of G. Then we have

’7(57 7T,a X5 w) = ’YGJ(‘S? T X, ¢E) ’ ’}/GJ(‘S? (TC)\/ ® X, QZ}E) ’ 7(57 ™ X ¢)7
where 7“7 refers to the y-factors of Godement-Jacquet [I8].

e (Functional equation) We have

/7(57 5 X5 ’QZ)) : 7(1 -5, 7T\/7 X_17 Tl)) =1
o (Duality) We have

v(s, 7Y, X, ) = (s, m, x ,}ﬁ) %n Cases ABC’D
v(s,m, x,%) in Case C’.

e (Variation of ¢) For a € F*, we have

x(a)" ’ ‘”(5 1/2) in Case A,

ne n—1)(s—1/2) .
x(a) ’ ‘F in Case B,

S, Ty X5 Wa) = S, T, X, X (s— .
Y(8, 7, X5 Ya) = (8,7, X, 9) X(a)n+1 la ‘( 1/2) in Case C”,
xav (@) <>-w$”m in Case D,

and
(s, X tha) = (5.7 XX ) x(@)" a5 i Case €
Here ¢4(x) = ¢(az) for x € F and x4(x) = (a,z)p for x € F*.

e (Global property) Suppose that F is a number field with ring of adeles A = Ar and W is a
space over [, where either [E = IF or E is a quadratic extension of F. Let II be an irreducible
cuspidal automorphic representation of G(W)(A), x a Hecke character of Aj and ¥ a nontrivial
additive character of F\A. Then we have

L5(s, T, x) = [] (5, X0, o) - L5(1 = 5,11V, x 1)
veS
for a sufficiently large finite set S of places of F.
10.3. Analytic properties. The analytic properties of the standard ~-factor (s, 7, x, ) is, to

a certain extent, controlled by the analytic properties of the normalized intertwining operator
M&)’R(S, X)- As a consequence of Proposition Bl we deduce:
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Proposition 10.1. Let w be an irreducible admissible representation of G. Assume that s € R and
X 1S unitary.

(i) If w is supercuspidal, then (s, m, x, 1) is holomorphic at s unless s—% belongs to the distinguished
set of points highlighted in Proposition [81], in which case (s, m,x,) has at most a simple pole.

(ii) If 7 is square integrable, then (s, 7, x, ) is holomorphic for s < 1 and has at most a simple
pole at s = 1.

(iii) If 7 is tempered, then v(s, 7, x, 1) is holomorphic for s < 1 and is nonzero for s > 0.

Proof. (i) Consider the local functional equation which defines (s, 7, x¢, ¥):

Z(_S’MJER(‘S?X)}IJC) = a(s) "7(5_‘_ %MT,XC,W ) Z(S,]:, f)

where a(s) is a nonzero exponential function of s. By Theorem [0.1iii), we can choose F and f
such that Z(sg, F, f) = 1 for any given sop € C. On the other hand, since 7 is supercuspidal, the
order of pole of Z(—s, MEER(S, X)F, f) at s = s¢ is bounded above by the order of pole of MEER(S, X)
at s = sg. The desired assertion then follows from Proposition Bl

(ii) The same argument as in the proof of (i) works when 7 is square integrable as long as Re(sg) < %,
in view of Lemma [9.4)1).

(iif) The same argument as in the proof of (i) works when  is tempered as long as Re(sg) < 3,
in view of Lemma [0.4(ii), from which the first assertion follows. The second assertion follows from
the local functional equation:

/7(577‘-7X777Z)) : 7(1 - SaWVaX_l,T/)) =1

11. Standard ~-factors and local theta correspondence

In this section, we study the behaviour of the standard ~-factor defined in the previous section
under the theta correspondence.

11.1. Epsilon dichotomy. We first recall the following dichotomy which was established in [27,
Theorem 6.1] for Case A and in [I3| Theorem 1.4] for Cases B and C’.

Theorem 11.1. Assume that | = 0. Let m be an irreducible admissible representation of G(W).
Assume further that w is tempered in Case A. Then Oy w4 (m) # 0 if and only if

wre(=1) - xv (D™ e(V) - e(W) in Case A,
6(%,7’[’,)(‘71, )= qwr(—1) - e(W) in Case B,
wr(=1)- X:Z[/(—l)_1 xv (=12 €¢(V) in Case C.

Here €(s, T, X‘;l,w) is the standard e-factor defined by the doubling method (see [49, §10] ).

We remark that in Case A, the convention in [27] differs from ours, and [27] only treats the case
when 7 is supercuspidal (or more generally, does not occur in the boundary). We shall transport
and extend their result in Appendix [Al Also, in Cases B and C’, [13] only treats the case when the
discriminant of the quadratic space is trivial, but this implies the general case.
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11.2. Poles of standard ~-factors. When 7 is supercuspidal, we saw in Proposition [[0.1] that
~v(s,m, x,%) has at most simple poles at certain positive integers or half-integers (depending on
the case). The following proposition characterizes the existence of these poles in terms of the
non-vanishing of theta lifts.

Recall that one may consider the theta correspondence associated to two Witt towers {V,.} and
{V} (though strictly speaking, there is only a single tower of spaces in Cases B and D). Suppose
that V and V' are the two spaces in these Witt towers such that dim V' = dim V/ = m. Let [ be as
in §3.I1 Then we have the following characterization, whose special case can be found in [27].

Proposition 11.2. Assume that | > 0. Let w be an irreducible tempered representation of G(W).
Consider the theta lifts

Ovwxy(m)  to H(V);
@V/J/V,Xﬂ/) (7T) tO H(V/) .

(i) If one of Ov,wx,w(m) and Oy . (T) is nonzero, then (s, T, Xy %) has a pole at s = L.

(ii) Suppose that either m is supercuspidal, or l =1 and 7 is square integrable. Then the converse
of (i) also holds.

Proof. (i) Suppose that Oy w4 (m) # 0 but 'y(s,w,X‘_,l,w) is holomorphic at s = HTl; we shall
+1

derive a contradiction. By Proposition [0.I(iii), we have (==, , X‘_/l,w) # 0. Hence we deduce
from the local functional equation
’7(57 T, X\;la 1/)) : ’7(1 -5 ﬂ-va XV, 775) =1

that (s, m, x{,,) is holomorphic and nonzero at s = %

Now consider the local functional equation

Z(=s, M (s,xv)F. f) = a(s) - v(s + 5.7, X0, ¥) - Z(5, F, f)
at s = —%, where «a(s) is a nonzero exponential function of s. Since 7 is tempered, Z (%,.7—" ,f) is
absolutely convergent by Lemma [0.4(ii) and hence

Z(%v K ) € HomGXG(Ig'(%v XV) ® ﬂ-v ® TFX;/I’ C)
Also, M};R(s, Xv) is holomorphic at s = —% by Proposition BIl Thus we obtain
Z(%? ) ) © iR(_%v XV) € HomGXG(Ilg(_év XV) ® 7Tv ® ﬂ-X\;la C)

On the other hand, by Theorem [0.I)(iii), we can choose F and f such that Z(—é, F,f) =1, so that
the right-hand side of the local functional equation is holomorphic and nonzero at s = —é. Hence
Z(%, )0 MJER(—%,XV) is nonzero.
Thus, we see that the restriction of Z(%, -,+) to the image of MEER(—%, Xv) is nonzero. But this
image is precisely
Rw xo(V & H', xw) N Rw xp (V' & B xw),

where H is the hyperbolic plane. In view of Lemma and Proposition [6.2] we conclude that

Ovremtwxu (™) # 0,
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so that
dim V,, + dim 1/;6 <dimV + (dim V' + 2l) = 2m + 21

0 in Case A,
=2dimW + < —2 in Cases BD,
2 in Case C,

where 7 and r{, are the first occurrence indices for the two Witt towers {V;.} and {V;'} respectively.
This contradicts Theorem [5.4] and the desired assertion follows.

(ii) For the converse, suppose that ’}/(S,W,X‘;l, Y) = (s, m, X{,,7) has a pole at s = HTI Consider

the local functional equation
Z(_Sv M{Z_;R(Sa XV)Fu f) = Oé(S) : ’Y(S + %771-’ X%/,%Z)) : Z(S7F7 f)

at s = é Under the assumption that either 7 is supercuspidal, or I = 1 and 7 is square integrable,
Z (—é, F, f) is absolutely convergent by Lemma [0.4](i) and hence

Z(—% 1) € HomGXg(Ig’(—%, )Y ® 71')@1, C).
Also, M};R(s, xv) has a simple pole at s = é by Proposition BIl Thus we obtain

Z(=%,- )y o MpR (£, xv) € Homgxa(I5 (4, xv) @ 7V @ mxy', C).

On the other hand, by Theorem [0.1I(iii), we can choose F and f such that Z(%,]—", f) =1, so
that the right-hand side of the local functional equation has a simple pole at s = % Hence

Z(—%, )o Mgfil(%, Xv) is nonzero.
Thus, we see that the restriction of Z(—%, -,+) to the image of MEEEI(%, Xv ) is nonzero. But this
image is precisely
Rw x (V. xw) & Rw x,u (Vs xw).

In view of Lemma [6.1] and Proposition [6.2] the desired assertion follows. O

11.3. Behaviour of standard ~-factors. The following theorem describes how the standard -
factor behaves under the theta correspondence.

Theorem 11.3. Let m and o be irreducible admissible representations of G(W) and H(V') respec-
tively, such that o is an irreducible constituent of Oyvw.(7). Let x be a character of E*.

(i) If 1 > 0, then we have

7(37 T XXW 5 d})
’Y(S’ g, XXV, sz))

!
= HV(S + 5 — i xxvxw, ¥e).
i=1
(ii) If 1 <0, then we have
—

= HV(S + = — i xexvxw, YE).
=1

’7(87 0, XXV, d})
v(s, ™, XxXW, V)

Here the product on the right-hand side is interpreted to be 1 when I = 0.

As an immediate consequence of Propositions [0.1] IT.21 and Theorem IT.3] we deduce:
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Corollary 11.4. Assume thatl > 0. Let w be an irreducible discrete series representation of G(W)
such that its theta lift Oy . (m) to H(V) is nonzero and let o be an irreducible constituent of
Ov,w 0 (). Suppose that either m is supercuspidal or | = 1. Then (s, 0, X;Vl,w) 18 holomorphic

and nonzero at s = HTl, and has a simple pole at s = HTI —ifor1 <1< [1771]

This corollary ensures that the special value of ~(s, o, x‘jvl,@[}) in Theorem [I5.1] below makes
sense.

We note that if the desired identity in Theorem [[1.3] holds for some ), then it holds for all ¢ by
the Ten Commandments. The rest of this section is devoted to the proof of Theorem IT.3l

11.4. Representations with Iwahori-fixed vectors. We first consider the case when 7 has
nonzero Iwahori-fixed vectors, so that 7 is a submodule of a principal series representation induced
from a minimal parabolic subgroup Py of G = G(W). Here, by an Iwahori subgroup, we mean the
pointwise stabilizer of a fundamental chamber in the building of G.

If we write W = H" @ W,y with W, anisotropic, then Py has Levi component GL1 (E)" X G(Wayn),
and we have
™ C Igo(/ﬂ @ @y @ Lgw,,))
for some unramified characters p; of GL;i(E), where 1g(w.,) denotes the trivial representation
of G(Way). Similarly, if we write V' = H* @& V,, with Vj, anisotropic, then a minimal parabolic
subgroup Qo of H = H(V') has Levi component GL1(E)* x H(V,y).

By Kudla’s supercuspidal support theorem (Proposition [(.2]), the supercuspidal support of o
is determined by the first occurrence of 1gyy,,) for the Witt tower containing V. We note the
following lemma, which follows from case-by-case considerations.

Lemma 11.5. Using the above notation, we have:
(i) In Cases B, C and D, the theta lift of 1gw,,) to H(Van) is nonzero.

(i) In Case A, consider the two Witt towers {V,*} and {V,”} such that disc V,;* =1, so that H(V,")
is quasi-split. Let V¥ and V™~ be the spaces at which the first occurrences of 1w,y for these Witt
towers occur. Then the following table describes (dim V™, dim V™) in the various cases.

dim Wy | dim V* | (dim V', dim V™)
odd (1,1)

even

odd (1,3) or (3,1)

odd
even (0,6) or (4,2)

NN~ O

(
)
even (
(
)

In particular, except in the case when dim Wy, = 2 and dim V* is odd, at least one of the two
spaces V¥ and V'~ is anisotropic.

Now we have:

Lemma 11.6. Assume that the theta lift of 1gw,,) to H(Van) is nonzero, where Wan and Vay are
the anisotropic kernels of W and V' respectively. (This is only an assumption in Case A.) If © has
nonzero Iwahori-fized vectors, then the desired identity in Theorem holds.
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Proof. In all cases, one knows that
Oan = evanaWan,X’w(lG(Wan))

is a 1-dimensional character of H(V,,). By Proposition 52, we have
o CIE (M@ @V ® 0an)

for some characters v; of GL;(E). Moreover, putting lan := Iy, w,, as in §3.1] we see that if r > s,
then

1-1)/2 1-3)/2 lan+1)/2 — _
{:u’lv---nU’T}:{XV" (E ) aXV‘|(E 4 a"'aXV|' %} % ’V1XVX[/I/17"'aVSXVXV[/1}’
whereas if s > r, then
—(l+1)/2 —(1+3)/2 —(lan—1)/2 — —
{V177VS}:{XW|‘E( % ’XW"E( ) 7aXW"E( % 7M1XV1XW7"‘7,U’7’XV1XW}~

Using this identity of supercuspidal supports, the multiplicativity of standard ~-factors and the
computation of v(s, Lgw,,), X,¥) and (s, 0an, X, %) in [49, Theorem 4(7)], one can deduce the
desired identity in Theorem [I1.3 O

11.5. Reduction to the supercuspidal case. By a similar application of Kudla’s supercuspidal
support theorem and the multiplicativity of standard ~y-factors as in the proof of the above lemma,
we have the following reductions:

Lemma 11.7. (i) Consider the Witt tower {V,} containing the space V' and the associated theta
lifts Ov, wx,u(m). If the desired identity in Theorem[IL.3 holds for m and Ov, wxu(m) for some 1o
such that Ov,  wx(m) # 0, then it holds for m and Ov, w,x, () for allr such that Ov, w,x(7) # 0.

(ii) If the desired identity in Theorem[I1.3 holds for all cases when m and o are supercuspidal, then
it holds in general.

We shall henceforth assume that 7 and o are supercuspidal. In Case C’, we shall switch the roles
of W and V. Then the desired identity in Theorem will be proved by a global argument. For
this, we globalize every object in sight.

11.6. Globalization. Consider first Cases B, C” and D. We can find:

e a totally imaginary number field F with ring of adeles A = Ay such that F,, = F' for some
place vyg;

e a nontrivial additive character U of F\A, and we set ¢ := U, ;

e a space W over F such that W,, = W, with associated isometry group G(W) and Hecke
character xy, of A*;

e aspace V over F such that V,, = V, with associated isometry group H (V) and Hecke character
Xv of A%;

e an irreducible cuspidal automorphic representation II of G(W)(A) such that
= Iy, =,
— 11, has nonzero Iwahori-fixed vectors for all finite places v # vy,
via a construction by Henniart [31, Appendice 1] using Poincaré series;
e a Hecke character x of A* such that x,, = x.

Now consider the more troublesome Case A. Recall that there is an exceptional case in Lemma
ITH i.e., the case when dim W is even and dim V' is odd. In this exceptional case, we shall switch
the roles of W and V. Hence, when dim W and dim V are of opposite parity, we may assume
without loss of generality that dim W is odd and dim V' is even.
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Then we can find:

e a totally real number field I such that F,, = F' for some place vp;

a totally imaginary quadratic extension E of F such that E,, = £}

e a nontrivial additive character ¥ of F\A, and we set ¢ := U, ;

a pair of Hecke characters xy, and xy, of Ay such that

xvlax =xg and xwlax =Xg
and
XVuo = XV and XWvy — XW>
where xp is the quadratic character of A* associated to E/F by class field theory;

a space W over E such that
- Wy, =W,

— W, is anisotropic for all archimedean places v;

a space V over E such that
-V, =V,

— for all finite places v # vo, the theta lift (with respect to Wy, xy,,, and xyy,) of the trivial
representation gy, ,,) of G(Wyan) to H(Vy an) is nonzero, where W, o, and V, ., are
the anisotropic kernels of W, and V,, respectively.

This is possible since we do not need to consider the exceptional case in Lemma [I1.5] We also
note that given a collection {V,} of local hermitian spaces for all but one place v of F, one can
find a global hermitian space V with these localizations.

e an irreducible cuspidal automorphic representation IT of G(W)(A) such that
= Iy, =,
— 11, has nonzero Iwahori-fixed vectors for all finite places v # vy;

e a Hecke character x of Ay such that x,, = x.

11.7. Global-to-local argument. In all cases, we consider the global Witt tower {V,} containing
the space V and the associated global theta lift

Ov, w(Il)

(with respect to ¥, xy, and xy) of II to H(V,). We know that Oy, w(Il) is zero if dimV, < m,
since the first occurrence of 7 for the local Witt tower containing the space V occurs at V. Let rg
be the smallest non-negative integer such that Oy, w(II) is nonzero. Then Oy, w(Il) is cuspidal
by the tower property of global theta correspondence. Let [y := ly,,,w be as in g3.11 For simplicity,
we assume that [y > 0.

Now let ¥ be an irreducible constituent of Oy, w(Il). By Lemma and [55], for all finite
places v # vg, we have
'}/(5, HU? XvXW,va \Ijv) .
7(37 Zm XquV,Ua qjv)

lo

TG+ 252 — i xoxvoxwe To)-

i=1

Moreover, for all archimedean places v, either F, = C in Cases B, C” and D, or G(W,) is compact
in Case A. In such cases, the theta correspondence is completely understood, and can be described
in terms of the local Langlands correspondence (see [2], [39], [41]). From this, one can deduce the
above identity for archimedean places as well.
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Consider the global functional equation of standard L-functions. We have:

Ls(l -5, Hva X_1X17V1)

H/Y(S?HU?XUXW,U’\I]U) ’ S =1
veS L (S,H, XXW)
lo
= H (7(87 E’U? XUXV,UJ \IIU) : H’Y(s + IOT+1 - i? X'uXV,vXW;Uv W’U))
veS =1

X

1. - ! R P G
L1 —5%V, x 1XV1) _ l—OI L1 —s— 10;1 +i,x lxlewl)
L5(s, %, xxv) S LS(s+ o — i xxyxw)
for a sufficiently large finite set S of places of F. Using this identity and our knowledge that the
desired identity holds for all places outside vy, we conclude that the desired identity holds for

I,, = mand ¥y, = Ov, . wxs(T). In view of Lemma [I1.7 this completes the proof of Theorem
113

12. Plancherel measures and local theta correspondence

In this section, we study the behaviour of another representation-theoretic invariant, the so-
called Plancherel measure, under the theta correspondence. We briefly recall the definition of the
Plancherel measures.

12.1. Plancherel measures. Let G be a reductive linear algebraic group over F'. Let P = MU be
a parabolic subgroup of G with Levi component M and unipotent radical U. Let 7 be an irreducible
admissible representation of M on the space V. Consider the normalized induced representation

18 () := mdG(m)
of GG, which is realized on the space of smooth functions
f:G—V;
such that
f(mug) = 5p(m)"*m(m)f(g) forme M,ueU,geGqG.
Here ép is the modulus character of P.
We define an intertwining operator

Tpp(m) : 18 (m) — 1S ()
by

Top(fte) = [ (o) do

for f € Ig(w) and g € G. Here P = MU is the parabolic subgroup of G opposite to P and U is its
unipotent radical. Then there exists a rational function p of 7 such that

Toip(r) 0 Ipyp(m) = u(m) ™.

We remark that the above definition of u differs from that in [76] by a constant. At this point,
the function p depends on the choice of Haar measures on U and U. In Appendix [B] we describe
exactly our choice of the Haar measures on U and U, and recall some basic properties of Plancherel
measures which we will need. For the rest of this section, we shall freely use the results in Appendix

Bl
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12.2. Behaviour of Plancherel measures. Suppose that
W=HoW and V' =H'gV,
and let G’ = G(W’) and H' = H(V’) be the isometry groups of W’ and V' respectively. We
consider the maximal parabolic subgroups P = MpUp and Q = MqUg of G’ and H’ with Levi
components
Mp =GL,(E) x G(W) and Mg = GLi(E) x H(V)
respectively.

The following theorem describes how the Plancherel measure behaves under the theta correspon-
dence.

Theorem 12.1. Let m and o be irreducible admissible representations of G(W) and H(V') respec-
tively, such that o is an irreducible constituent of Ovw (). Let T be an irreducible admissible
representation of GLi(E) and put 7, = 7| det |}, for s € C. Then we have:

T, Km _ _ -
M Oy - 51,7 ).
N(TSXW & J)

s — TlvvaE)'/Y(_S_T

Observe that when [ = 0, the product of the v-factors on the right-hand side is equal to 1 by the
functional equation of y-factors.

Corollary 12.2. Let m and o be irreducible supercuspidal representations of G(W) and H(V)
respectively, such that o = Oy (7). Let T be an irreducible unitary supercuspidal representation
of GLi(E). Let s € R. Ifl #0, k =1 and 7 = 1gx, we assume that s ¢ {:tl_Tl,:le'Tl}. Then
Ig, (tsxv @ 7) is reducible if and only if Ig, (Tsxw ® o) is reducible.

Proof. Since T is supercuspidal, we have

L(s.7) (1—7(wp) - qz°)~ " if 7 is an unramified character of GL;(E),
$,T) = _
1 otherwise.

Thus the corollary follows from Theorem [[2.1] and Proposition [B.6, noting that (s, 7, % g) is equal
to
L(1—s,7Y)
L(s, )
up to a nonzero exponential function of s. O

The proof of Theorem [2.1]is similar to that of Theorem [IT.3] though one must exercise care in
globalizing the local objects. We simply indicate the necessary modifications here.

12.3. Representations with Iwahori-fixed vectors. We first need the analog of Lemma [I1.6,
which proves Theorem [I2.I] when 7 and 7 have nonzero Iwahori-fixed vectors. We shall assume
here that G(W) is quasi-split, so that if we write W = H" @& W,, with W, anisotropic, then we
have

1 in Case A,
dim W, < <2 in Cases BD,
0 in Case C.

As in §IT.4] we have

T CIE (@ ® pr ® Loaya,)),
where Py is a Borel subgroup of G = G(W). Similarly, 7 is a submodule of a principal series
representation induced from a Borel subgroup of GL(E). Then by the multiplicativity of Plancherel
measures (Propositions [B:3] and [B.4)), one can reduce the computation of the Plancherel measure
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w(Tsxv @) to that for the rank 1 groups SLg, SO3, SU3 and Mp,. For these groups, the Plancherel
measure has been computed explicitly (see [40], [73]), and can be expressed as a product of Tate’s
y-factors (see Proposition [B.5). Thus, one can express u(7sxy ® w) explicitly as a product of Tate’s
~-factors.

Now suppose that the theta lift of 15(w,,) to H(Van) is nonzero (as in Lemma [IT.6]), where Vi is
the anisotropic kernel of V. If H(V) is quasi-split, then o is also a submodule of a principal series
representation induced from a Borel subgroup of H(V) and one can also compute the Plancherel
measure u(Tsxw ® o) explicitly. From this and Kudla’s supercuspidal support theorem, one can
compare p(7sxy ®@ ) and u(7sxw @ o), and deduce the desired identity in Theorem 2.1l In other
words, we have:

Lemma 12.3. Assume that G(W) and H(V) are quasi-split. Assume further that the theta lift
of LW, to H(Van) is monzero, where Way and Van are the anisotropic kernels of W and V
respectively. (This is only an assumption in Case A.) If m and T have nonzero Iwahori-fized
vectors, then the desired identity in Theorem [12.1 holds.

12.4. Reduction to the supercuspidal case. By an application of Kudla’s supercuspidal sup-
port theorem and the multiplicativity of Plancherel measures (Propositions [B.3] and [B.4]), we have
the following analog of Lemma [IT.7

Lemma 12.4. (i) Consider the Witt tower {V,} containing the space V' and the associated theta
lifts Ov, wx,uw(m). If the desired identity in Theorem[I2.1 holds for  and Ov, wxu(m) for some 1o
such that Ov,  wx.(m) # 0, then it holds for m and Ov, w,x () for allr such that Ov, w,x(7) # 0.

(ii) If the desired identity in Theorem [I2.1 holds for all cases when w, o and T are unitary and

supercuspidal, then it holds in general.

We shall henceforth assume that 7, o and 7 are unitary and supercuspidal. In Case C’, we shall
switch the roles of W and V.

12.5. Globalization. As in §I1.6l we globalize the various objects to give a global-to-local argu-
ment. However, since Lemma [[2.3] is more restrictive than Lemma [[T.6, one must exercise care.

In Cases B, C” and D, we can find:
e a totally imaginary number field F such that F,, = F,, = F for some two places v; and vo;
e a nontrivial additive character ¥ of F\A such that ¥,, = U,,;
e a space W over F such that
- Wy, =W, =W,
— G(W,) is quasi-split for all finite places v ¢ {vi,v2};

a space V over I such that
-V, =V, =V,
— H(V,) is quasi-split for all finite places v ¢ {v1,va};

an irreducible cuspidal automorphic representation IT of G(W)(A) such that
- Hv1 = Hvz =T,

— II, has nonzero Iwahori-fixed vectors for all finite places v ¢ {v1, v2};

an irreducible cuspidal automorphic representation T of GLg(A) such that
— Ty, =%, =T,
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— %, has nonzero Iwahori-fixed vectors for all finite places v ¢ {vi,v2}.
In Case A, we can find:
e a totally real number field F such that
- F,, =F,, = F for some two places v; and vs,
— [F: Q] =d for any given integer d > [F' : Qp],
by [1I, Lemma 15.3];
e a totally imaginary quadratic extension E of F such that E,, = E,, = £}
e a nontrivial additive character ¥ of F\A such that ¥,, = U,,;

e a pair of Hecke characters xy and xy, of Af such that

Xviax =xE and Xy lax = XF
and

XV, = Xvw, = XV and  Xwy, = X, = XW;

e a space W over E such that
- Wy, =W, =W,
— G(W,) is quasi-split for all finite places v ¢ {v1,v2},
— W, is anisotropic for all archimedean places v.

This is possible unless dimW =2 mod 4 and [F : Q] is odd. However, since we may assume
that [F : Q)] is even, this is irrelevant.

e a space V over E such that
- Vvl = sz = V7

— for all finite places v ¢ {vi,v2}, H(V,) is quasi-split and the theta lift (with respect to ¥,
Xv,» and Xyy,,) of the trivial representation 1y, ) of G(Wyan) to H(V, apn) is nonzero,
where W, on and V, 5, are the anisotropic kernels of W, and V, respectively.

This is possible by Lemma and the assumption that G(W,) is quasi-split.
e an irreducible cuspidal automorphic representation II of G(W)(A) such that
- 1L, =1L, =,
— II,, has nonzero Iwahori-fixed vectors for all finite places v ¢ {vy,va};
e an irreducible cuspidal automorphic representation ¥ of GLj(Ag) such that
— %y =%, =T,

— %, has nonzero Iwahori-fixed vectors for all finite places v ¢ {vi,v2}.

12.6. Global-to-local argument. Now we repeat the global-to-local argument in §I1.7], using the
global functional equation of intertwining operators.

Let X be an irreducible constituent of the nonzero cuspidal automorphic representation Oy, w(II)
of H(V,,)(A) as in §IT.71 By Lemma [I2.3 and [55], for all finite places v ¢ {v1, v2}, we have

1(Fo,sxv,0 © 11)

IU’(T’U,SXW,U @ Ev)

= 7(8 - lo;l’s’w \I/’U) : 7(_8 - 10;17TX7 \Tlv)a
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where Iy = ly, ,w. Moreover, for all archimedean places v, the Plancherel measure has been
computed explicitly (see [3], [26]) and the theta correspondence is completely understood (see [2],
[39], [41]). From this, one can deduce the above identity for archimedean places as well.

Suppose that
W=H"&W and V =HoV,,
and let G = G(W') and H' = H (V') be the isometry groups of W' and V' respectively. We consider
the maximal parabolic subgroups P = MpUp and Q = MgUg of G’ and H' with Levi components
M[p = GLk(E) X G(W) and MQ = GLk(E) X H(Vm)

respectively, where E = I in Cases B, C” and D. Let rp and rg be the adjoint representations
of 'Mp and *Myg on Lie(*G’)/ Lie(*Mp) and Lie(*H’)/ Lie(*Mg) respectively. Then we have the
functional equation of global intertwining operators (Proposition [B.7])

)

) L5(0, Tuxy @ I, 7p

- (H I, 2, (FosXvio @ 1) 0 Jp b, (Fosxy,y @ 1) | - L3(1,Toxy ® I, ry

vES

)

) _
)

) . LS(Ov‘IsXW ® Ea’r@) -1
)_

122 (H J.18, (FosXwp © o) © Jg, 0, (Fv.sXw © To) LS(1, Toxw @ 5,7

veS

and the functional equation of automorphic L-functions
(12.3)

S lo—1 S lo—1
H ’Y(S — bl (zv \Ilv)il . ’Y(—S — ol T\/ \I’v)il . L (8 — 0T7‘I) . L (_8 - OTy‘IV) _
s T L3(=s + 01 59) L5+ b1, )

for a sufficiently large finite set S of places of F.
Observing that 1 =1 x 1, so that

21) = [@22) x [@2.3),
and using our knowledge that the desired identity holds for all places outside {v1, vy}, we obtain

w(Tsxv @ 7T)2 B B _
(T SXW ® 09)2 = (s = b3t 7,9p)” - y(—s = Bt 7Y, Pp)?,
S

where o9 = X,, and ¢ = VU,,,. Using the non-negativity of Plancherel measures on the imaginary
axis and the observation that

7(3 - lOT_la’nwE) 7(_8 - lOT_17Tva7sz) = 7(8 - lOT_l>7—a 77bE) : 7(8 - ZOT_la’r?wE)

= |’7(S - ZOQ_IaTv ¢E)‘2

for Re(s) = 0, we conclude that the desired identity holds for 7 and o9 = Ov,_, wxu (7). In view
of Lemma [12.4] this completes the proof of Theorem [IZ.11

13. Formal degrees

We now come to the main object of interest in this paper: the formal degree of a discrete series
representation. In this section, we recall the definition of the formal degrees and investigate the
behaviour of the formal degree when one passes from an orthogonal group to a special orthogonal
group, or from a similitude group to an isometry group.
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13.1. Haar measures. Let G be a reductive linear algebraic group over F' and G° its identity
component. Let G be the split form of G°/Aq, where Ag is the split component of the center of G.
We extend G to a Chevalley group scheme over op. Choose an isomorphism

n: GO/AG —G over F

and a differential form wg of top degree on G over op with nonzero reduction, and put wg = n*(wg).
Let dg = dg, denote the Haar measure on GY/A¢g determined by wg and the self-dual measure on
F with respect to 1. Then dg does not depend on the choice of 7 and wg (see [2I], §5]) and extends
naturally to a Haar measure on G/Ag.

Let G’ be another reductive linear algebraic group over F' such that Ag = {1} and dg’ the Haar
measure on G’ defined above. Suppose that f: G — G’ is a central isogeny defined over F. If U is
a compact open subset of G such that f|; : U4 — f(U) is a homeomorphism, then we have

vol(f(U),dg") = |#N(F)|r - volU, dg),
where N = ker f.

When W is a symplectic space over F', we take the Haar measure on Mp(W) such that its push-
forward by the projection pr : Mp(W) — Sp(W) is the Haar measure on Sp(W) defined above, i.e.,
if U is a compact open subset of Sp(W), then we have

vol(pr~H(U)) = vol(U).

13.2. Definition. Let 7w be an irreducible discrete series representation of G. We fix an invariant
hermitian inner product (-, -) on 7. Then the formal degree of 7 with respect to the Haar measure dg
on G /Ag defined above is a positive real number deg 7 defined by the Schur orthogonality relation:

/G/AG(W(Q)ULW) - (m(g)vs, vg) dg = delgw

- (v1,v3) - (v2,v4)
for vy,...,v4 € 7.

13.3. Orthogonal groups vs. special orthogonal groups. When W is a quadratic space over F/,
we consider the associated orthogonal group G' = O(W) and its identity component G° = SO(W).
Let 7 be an irreducible admissible representation of G and mp an irreducible constituent of 7|qo.
Fix an element s € G~ G° and put (sm)(g) = mo(s~1gs) for g € G°. Then smy = 7g if and only if
7 ® det 2 w. Moreover, we have:

o If 7 ® det 2 m, then we have
T|go = 7o, Indgo(ﬂ'o) =7 & (7 ®det).
o If 7 ® det = m, then we have

|go = mo B smo, Indgo (mo) = .

Lemma 13.1. Assume that m (and hence my) is square integrable. Then we have

2 ifmt®det Zm,

d =d X
e o er {1 if m® det = .

Proof. Recall that
| r@ds= [ r@dg+ [ s
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for f € L}(G). Let v € m and put ||v|| = \/(v,v). Then we have

1
o ol = [ N0 dg = [ (0P da+ [ (rtas)o.o)P g

and
1

4
dogmg 11"

/ ((x(g), 0)|2 dg =
GO

If 7 ® det 2 7, then we have 7(s)v € 7, so that

1 1
2 2 2 4
T do= ——— . |In . - . )
/0\( (gs)v, v)|" dg Tog 70 Im(S)ell™- lvl™ = Fog7a -1Vl

If 7 ® det = 7, then we have 7(s)v ¢ 7, so that

| It dg =0
Go

by the Schur orthogonality relation. This completes the proof. O

13.4. Isometry groups vs. similitude groups. Let G be a connected reductive linear algebraic
group over F and G a connected reductive subgroup of G over F. Put G' = G/Az, where Ag is

the split component of the center of G. We assume that:
e (7 contains the derived group of C;’,
e the natural map f: G — G’ is a central isogeny.
Let
N =kerf and C = coker(G(F)— G'(F)).
Then we have an exact sequence

1—>G(F)/N(F)—>G,(F)—>C—>1.

Now let 7 be an irreducible discrete series representation of G(F) on the space Vz. We fix an
invariant hermitian inner product (-,-) on Vz. Put

X7 = {x € Hom(G(F)/G(F),C*) |7 @ x X 7}.
For each x € Xz, there exists a nonzero element A, € GL(V;) such that
Ao (7@ X)(5) = 7(3) 0 Ay
for all § € G. We may assume that A, is unitary with respect to (-,-).

Let &5 be the subgroup of GL(V;) generated by {A, | x € Xz} and {z-idy, | z € C'}. Then the
map A, — x induces an exact sequence

1 —C'—6;: — X — 1.

Moreover, Gz x G(F') acts naturally on Vi and (+,-) is Gz-invariant. By [35, Corollary 2.10], we
have a decomposition

Vi = @ n X,
nell(&z)

as representations of &5 x G(F'), where II(S5) is the set of equivalence classes of irreducible
representations of Gz such that z -idy, with z € C! acts as the scalar z, and 7y is an irreducible
discrete series representation of G(F).
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Lemma 13.2. For n € II(65), we have

#Zg, dimn
#Zg #X5

egm,

deg m, =
where T' = Gal(F/F).
Proof. Let v be an element in the m,-isotypic component of Vz. Since the function
1
D DR
#C
x€Hom(C,C%)

on G'(F') is the characteristic function of G(F')/N(F'), we have

ol = /G L Fow) G dg

degm,
_ 4N(F) / (7(g)v,v) - (7lg)u, 0) dg
G(F)/N(F)

_#NF)
#C

/ (F®x)(@).0) - F@)00) - #NF)| o'
x€Hom(C,CX) G'(F)

By the Schur orthogonality relation, we have
/ (7 @ x)(g)v,v) - (7(g')v,v) dg’ =0
G'(F)
unless xy € X%. Moreover, if x € X5, then we have

/ (7@ x)(g)v,v) - (7(g')v,v) dg/z/ (7(g") Ayv, Ayv) - (7(g")v,v) dg’
G'(F)

G'(F)
1 -
- deg 7 (Axv,v) - (Ayv, v).
Thus we obtain
1 . #N(F) 1 -
dcgm, | = e [N des ';ﬁ(“‘l"”’” (Ayw,0)
_ #NF) 1 |
T H#C - |#N(F)|p degw X5 /Gﬁ(ﬁv,v) (sv,v) ds
#N(F) 1 #%

o],

T HC[#N(F)|p degr dimy

where the Haar measure ds on &; is normalized so that vol(&%) = 1. Hence, by the local Euler
characteristic formula
o #HO(F7N) '#HQ(F7N)

#N () P

we have

#C - #H2(F,N) dimn -
. -deg 7.
#HI(F,N)  #%:
Since the identity component of the center of G is anisotropic, we have an exact sequence

1—C— HY(F,N) — HYF,G) — HY(F,G') — H*(F,N) — 1,

deg 7, =
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so that
#C - #HAFN) _ #H\(P.G') _ #7g,
FHEN)  #H(EG)  #2L
by the Kottwitz isomorphism [42]. This yields the lemma. O

We will apply this lemma later to the case when G is the similitude group of a space W and
G = G(W) is the isometry group of W.

14. The formal degree conjecture

In this section, we recall the formal degree conjecture [34] and its refinement due to Gross-Reeder
[23]. For simplicity, we shall only consider the case when G = G(W) is the isometry group of a
space W or the metaplectic group when W is a symplectic space.

14.1. Local Langlands correspondence. In order to state the formal degree conjecture, we need
the local Langlands correspondence and its refinement due to Vogan [74]. Let

(GLn((C) in Case A,
Sp,—1(C) X py in Case B,
G = Sp,,(C) in Case C’,
SOn+1(C) in Case C”,
0,(C) in Case D,
GL,(C) x Wg in Case A,
{(g.ew) € Spp1(C) % py x Wi |€ = xw(w)}  in Case B,
La ={8p,(C) x Wr in Case C’,
SO,+1(C) x Wg in Case C”,
{(g,w) € O,(C) x Wg| det g = xw(w)} in Case D.

Here, in Case A, the action of w € Wr on GL,(C) is given by

g if we Wg,
g — b1y
Ad(T,)(Pg™") ifw ¢ W,

where
0 0 1
0 -1 0
jn = . € GLn
(—1)nt 0 0

We remark that:

e in Cases A and C”, where G is linear and connected, G and LG are the dual group and the
L-group of G respectively.

e in Cases B and D, where G is linear but disconnected, we have followed [T} §3]. Note that “G
is isomorphic to the L-group of G°.

e in Cases C’, where G is nonlinear, we have followed [10, §11]. Note that G and “G are the
dual group and the L-group of SO, respectively.
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We define an element z € G by

-1 in Cases AD,
z=14(-1,1) in Case B,
1 in Case C.

The (conjectural) local Langlands correspondence asserts that there exists a certain bijection
between

the set of equivalence classes of irreducible admissible representations of G
and
the set of pairs (¢, 7),
where
e ¢: WDr —»LGisa @—conjugacy class of L-parameters;
e 7 is an irreducible character of the component group
Sy = mo(Centz(¢(WDF)))
of the centralizer of ¢(WDp) in G such that
1(zg) = (W),
where z4 is the image of z in Sy.
This correspondence has been established by Arthur [4] for special orthogonal groups and symplectic

groups.

14.2. The formal degree conjecture. Let m be an irreducible discrete series representation of
G = G(W) and (¢,n) the pair (conjecturally) associated to m by the local Langlands correspon-
dence. Then [34, Conjecture 1.4’] states that:
dimn
#S54
where deg7 is the formal degree of 7 with respect to the Haar measure dg, defined in §I3.1] and
Ad is the adjoint representation of “G on its Lie algebra Lie(*G). Note that

degm = |7(0,Ad o ¢, 9)],

dimn =1
since Sy is abelian.

In [23], Gross-Reeder gave a refinement of the formal degree conjecture where the absolute value
sign on the right-hand side can be removed. We explicate this refinement when G = GL,, or G(W).

14.3. Formal degrees for GL,. We first establish the following proposition, which proves the
refined formal degree conjecture [23, Conjectures 7.1, 8.3] for GL,,.

Proposition 14.1. Let 7 be an irreducible discrete series representation of GLy,(F). Then we have
1
degm = — - wr(—=1)""1 - ~(0,7, Ad, ),
n
where wy is the central character of m and Ad is the adjoint representation of GL,(C) on sl,(C).
Proof. By [34, Theorem 3.1], we have

1
degﬂ- = E : |’Y(0777Adﬂ/))|
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Hence it remains to compute the sign of (0,7, Ad, 1) (where for z € C*, we call z/|z| the sign of
z).
We may assume that v is of order zero. Let

{rldet [$7D72 7| det |32 L 7| det [57V/2)

be the supercuspidal support of 7w, where 7 is an irreducible unitary supercuspidal representation
of GLy(F) with n = de. By the multiplicativity of ~y-factors, we have

V(s,mxwl ) (s
’7(87 ]]-7w) C 1 - 3

By [7] and [37, Proposition 8.1], we have

v(s,m,Ad, ) = HH’YS+€+1—Z—],TXT,1/J)

i=1j=1

%&Txﬂwm:wx—nd*qf@1m.“§35$l

where f is the conductor of 7 x 7V and r is the torsion number of 7. Hence the sign of v(0, w, Ad, 1))

is equal to
wr (=)D (C)FIEY = o (1)@,

where
I={G,j) €Z*[1<i,j<e et+1—i—j¢{0,1}},
¥ ={(i,j) €Z?|1<i,j<e,e+1—i—j=1}.
Since wy = wf, we have
wy(—=1)dDe = o (—1)n 1,
This yields the proposition. O

14.4. Steinberg representations. We remark that [23, Conjectures 7.1, 8.3] actually relates
degm .~ 7(0,Ado¢, )
deg St (0, Ad o o, %)’

where St is the Steinberg representation of G and

qbo : WDF = WF X SLQ(C) — LG

is the L-parameter such that ¢o|w,. is trivial and ¢olgr,(c) corresponds to the regular unipotent

orbit in G. (When G = Mp(W) is the metaplectic group, we set St = 512 with notation as in [14],
§14].) Thus, to derive a formula for degm, we need to compute deg St.

Lemma 14.2. Let St be the Steinberg representation of G = G(W'). Then we have

e(%,XE,w)*”/z if n is even in Case A,
l —(n+1)/2 ; . dd . C A
deg St = —~— - 7(0, Ad 0 g, ) x { 2 X )7 i s odd in Case 4,
#Spo xw(—1) -6(§,XW,¢) in Case D,
1 otherwise.

Proof. By [34], §3.3], [14, Corollary 18] and Lemma [I3.1], we have

deg St = -|7(0, Ad o ¢, 9)|.

1
#S00
Hence it remains to compute the sign of (0, Ad o ¢g, ?).
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For a non-negative integer k, let Sym” denote the unique irreducible representation of SL2(C) of
dimension k + 1. Note that

Sym? Sym @Sym% 4 /\ Sym @ Sym?F 24,

Let x be a quadratic character of F*. Then we have

2k

(s, x BSym™,v) = [[ (s +k —i,x, ),
=0

where we view y X Sym?* as a representation of WD p. Since

'7(87)(7 ¢) : ’Y(l — S5 X, 1/)) = X<_1)7
lim (s, 1,9) - (s + 1,1, 9) = —
we have
-1 if x=1and k # 0,

2k ol

Thus, we see that (s, Ad o ¢g, 1) is equal to

[ v(s+n+1—2i1,9)
H]% 1 V(s 1 Sym?* =4 4h) - y(s, xg W Sym?* =% 4)) if n is even in Case A,
[Tic (s +n 41 =20, x5, )
X HJ 21 v(s, 1 R Sym? =4 ) - y(s, xg W Sym?* =4 ) if n is odd in Case A,

21 (s, 1 & Sym>* ™% ) in Case B,
2170, 1K Sym?" 24 4)) in Case C’,
Z17(s, 1R Sym** 274 ) in Case C”,

(s, xw X Symn_z7 1Y) - ,?:;1 v(s, 1 X SymZ”_2_4i, ) in Case D,

so that (0, Ad o ¢g, ) simplifies to:

f( )n/2 H:‘ 1Y(—=i+ 1,)&5,1/1) if n is even in Case A,
(— 1) n—1)/2 T v(=i+ 1, x5, ) if n is odd in Case A,
L1
(_1)(n*1)/2 L2 v(=2i+1,1,9) in Case B,
(_1)n/2 T2 v(—2i+1,1,%) in Case C’,
(_1)n/2 Hf 1 v(=2i+1,1 w) in Case C”,
(—1)™? . (= 2+1,1,9) - [124, 7( 2i+1,1,v) if xyww =1 in Case D,
(_1)n/2 1 XW( )n/2 1
)Y (=2 + 1xw, ) - [125 v(—2i+1,1,%)  if xw # 1 in Case D.

Observe that the sign of y(—k, x,%) (for a non-negative integer k and a quadratic character x of
F*) is equal to
-1 if x=1 and k # 0,
X)) i x # L



FORMAL DEGREES AND LOCAL THETA CORRESPONDENCE 45

Hence the sign of v(0, Ad o ¢, ) is equal to

5(%7XE7 )2 if n is even in Case A,
(%, xE,p) /2 if n is odd in Case A,
xw (=1)"271 - e(§,xw,¥) in Case D,
1 otherwise.
This yields the lemma. O

14.5. A refined formal degree conjecture. Let 7w be an irreducible discrete series representation
of G =G(W) and ¢ : WD — LG the L-parameter (conjecturally) associated to 7. Put

,

wr(—1) - €(3, xB, ¥)~™? if n is even in Case A,
e(3,xp, )~ (/2 if n is odd in Case A,
)1 in Case B,
‘o= 1 in Case C’,
wr(—1) in Case C”,
xw(—=1)"/2 . 6(%,XW,1/)) in Case D.

By [34, Conjecture 1.4’], [23] Conjectures 7.1, 8.3] and Lemma [[4.2] we have the following refined
conjecture:

1
degﬂ-: 7( Y O7Ado¢7¢ .
75, ( )
15. Formal degrees and local theta correspondence

The main result of this paper is the following theorem.

Theorem 15.1. Assume thatp # 2 andl > 0. Let w be an irreducible discrete series representation
of G(W) such that its theta lift o := v,y (m) to H(V') is nonzero. Then o is square integrable.
Moreover, we have:

(i) If 1 = 0, then we have

1 in Case A,
deg .
=42 i Case B,
deg o i
2 i Case C".
(ii) If 1 =1, then we have
271 9(0,xp,¥) in Case A,
degm _1 .
=€ -wo(—1)-7(0,0,xy7,¢) x {1 in Case C”,
deg o s .
2 in Case D,

where
xw ()™ - e(5, xm, ) in Case A,
€= e(5,xv,¥)! in Case C”,
Xw (=1)™/2 . (3, xw,¥)™' in Case D.
(iii) Assume that Il > 1 and 7 is supercuspidal. Then there exists a constant o which does not

depend on w such that
deg 7

I—1
dega = a'wa(_l) ’7(_ 5 30, XWanZ))
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Let ¢ be a constant defined by o« =c-€-s~ ' - ~, where

xw ()™ 6(%7XE, 1/’)_”2 ~e(V)-e(W) ifl is even in Case A,
Xw ()™ - (3, xp, 1)~ D/ if 1l is odd in Case A,
€= X};(_l)il xw (=12 (W) in Case B,
(V) in Case (",
6(%7 XV7¢)_1 ’1,’[7, CQSG C”’
XW(_l)m/2 : 6(%7XW7 P) 1 in Case D,
2 in Case A,
22 in Case B,
s=41 in Case C",
1 in Case C7,
22 in Case D,
(11— v(—i + 1,X%, %) in Case A,
1
v=9 Il 7(=2i+1,1,%) in Cases BC",
-1
[[2,v(—2i+1,1,%) in Cases C”D.

Then we have
c=1

under Hypothesis (UR) in §19.

The assumption p # 2 is necessary since the Howe duality conjecture is not known for p = 2. (It
is used in Proposition [[6.1l) This assumption is also necessary in §20.1] and Lemma 20.71 However,
even when p = 2, the above theorem holds up to a scalar if we admit the Howe duality conjecture,
and in particular, if 7 is supercuspidal.

The proof of Theorem [I5.1] will be given in the next five sections. For the rest of this section, we
shall explain why Theorem [I5.1]is consistent with the refined formal degree conjecture and various
conjectures.

15.1. Conjectures of Adams and Moeglin. We briefly recall some conjectures due to Adams
and Moeglin.

We define a homomorphism
A WF X SLQ(C) — WF X SLQ(C) X SLQ(C)
by
A(w,g) = (w,g,9) for we Wr and g € SLy(C).

Moeglin’s conjecture ([57, Corollaire 4.2]). Let 1) : WD x SLy(C) — LG be an A-parameter
with associated A-packet I1y,. Let m € Ily,. If m is nonzero, irreducible and tempered, then we have
S HwoA,

where Ilyon is the L-packet associated to the L-parameter o A: WDp — La.
To state Adams’ conjecture, we need to introduce more notation. We assume that [ > 0. Let
G=G(W)and H=H(V). Let
¢:'H—'a

be an L-homomorphism defined as follows:
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e In Case A, fix an element w. € Wr ~ Wg and put

£(h,1) = ((g fl> ,1) for h € H,

_ (XVXil)(w) 1 0
E(l,w) = << WO xv(w)'ll)’w) for w € Wg,
'm0 _
5(17106) - <<L70 %> : jn 17wc> 9
where
0 0 1
0 -1 0
T = . . € GLg.
(—1)k1 0 0

e In Case B, put

£(hw) = (((vaivlo)(w) h Xv(g) | 1l> ,xw(w),w> for (hw) € "H.

e In Case C’, put

_{((xvx))(w) - R 0 L
&(h,e,w) = << 0 w1, ) for (h,e,w) € “H.
e In Cases C” and D, put

£(hw) = (((vaﬂvl)(w)-h 0) | 1l> ,w> for (h.w) € V.

0 xv (w
For an A-parameter ¢ : WDp x SLo(C) — LH, we define an A-parameter 0(¢)) : WDp x
SLy(C) — LG by
0()lwpp = E0Ylwpp,
0(¥)|s1a(c) = (€0 Ylspy(c)) & Sym' ™.

Here Sym'~! is the unique irreducible representation of SLy(C) of dimension ! (which is interpreted
to be 0 when [ = 0).

Adams’ conjecture ([I], [27, Conjecture 7.2]). Let o be an irreducible admissible representation
of H such that its theta lift Oy w.p(0) to G is nonzero. Let ¢ : WDp x SLa(C) — LH be an
A-parameter with associated A-packet 1Ly. If

o€ 11y,
then we have
Ov,wx.w(0) € Hogyy),
where gy is the A-packet associated to the A-parameter 6(1)) : WD g x SLy(C) — La.

We also refer the reader to [63], [64] for a certain refined conjecture due to D. Prasad.

In [58], Moeglin has verified Adams’ conjecture for a large class of A-parameters in Cases C” and
D. However, she has also given some counterexamples to Adams’ conjecture (see [58, §7.2.1]). In
any case, we note the following consequence of the conjectures of Adams and Moeglin.
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Consequence. Let o be an irreducible tempered representation of H such that its theta lift v,y . 4 (0)
to G is nonzero and tempered. Let ¢ : WDp — VH be the L-parameter associated to o. Then the
L-parameter associated to Oy, (o) is

0(¢X1)oA: WDp — LG,

15.2. Consistency. Let o be an irreducible discrete series representation of H such that its theta
lift 7 := Oy wu(0) to G is nonzero and square integrable. Let ¢ be the L-parameter associated
to o and put ¢’ =0(¢X 1) o A. Then we have

¢ |lwp =& 0 dlwe,
¢lsta(c) = (€ Blsrac)) @ Sym'™

In view of the formal degree conjecture and the above consequence of the conjectures of Adams
and Moeglin, we should have

degﬂ— _ #S¢> ) @ ) 'Y(O;Ad°¢/a¢)
dega #8¢' C(b 7(O> Ado ¢7 ¢) ‘

We first assume that [ = 0. Then we have

(15.1)

1 in Case A,
#Sy = #Sp x {2 in Case B,
2! in Case C’,
G = Co»
and
(s, Ad o ¢',9)) = (s, Ad 0 ¢,7)).
Thus Theorem [[5.1]is consistent with (I5.]) when [ = 0.

We next assume that [ > 0. Then we have

2 in Case A,
22 in Case B,
#ijﬁ/ =<1 in Case C,
#59 1 in Case C”,
\22 in Case D,
wr(=1) - we(=1) - E(Q,XE,UJ)_Z/Q if n and m are even in Case A,
we(—1) - 6(%, xg, )" =D/2 if n is even and m is odd in Case A,
wo(—1) - e(3, xp, )~ HFD/2 if n is odd and m is even in Case A,
Cor (3. xE, )2 if n and m are odd in Case A,
a )1 in Case B,
1 in Case C’,
wr(—=1) - xv(=1)™2 - e(3,xv,¥)™! in Case C”,
we(—1) - XW(—l)”/2 . e(%,XW,w) in Case D,

and

v(s,Ado ¢',9)

l
(s, Ado b, 00) Hﬂ(s + 5 i (std @ xy) 0 6,9) - (s),
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where std is the standard representation of “H and
l .
Hi:l ’7(8 +i+1- 217 ]]-7w)
l

X HJ?ZI v(s, 1 R Sym? =4 4p) - (s, xp B Sym? =4 ) if [ is even in Case A,
[Tizy v(s + 1+ 1= 20, x5, )
-1

I(s) = =1 . .
(s) x L2 7(s, 1K Sym? =4 ) - y(s, xp ¥ Sym? 4 1) if [ is odd in Case A,
L 4
21 7(s, 1 Sym? 274 ) in Cases BC’,
=1 4
(L2, (s, TR Sym™ =4 o) in Cases C”D

It is expected that

in Case A,

otherwise.

V@J%d®xﬁdo¢¢>=v@¢am;mox{fQX&le

Note that when [E : F] = 2, Langlands’ factor A(E/F, ) is equal to 6(%,XE, ). Hence we have

- —1
g%IIv — i (std @ xp7) © 6, )
! 1 Imin Case A
i I 41 i, _1’ % E(Q,XE,U)) m )
slg(lJil_[lV(S 2 5o X oY) 1 otherwise,
(xe(=1)" . v(3,0, Xw»¥) if lis even in Case A,
e(%, XE,Y)™ if [ is odd in Case A,
1 —1 .
=, 0, , in Case B,
= (ol x { B0 Y) | ,
7(5707XW>w) in Case C )
xv(=1)=1D/2 in Case C”,
xw (=1)=D/2 in Case D.

If 7 is supercuspidal or [ = 1, then we have
L (=1)¥2=1if | is even,
| (=1)U=D2if s odd,
by Corollary IT.4l Finally, we have
_1)1/2 ) Hi . fy(—z‘ +1,X%,v) if [ is even in Case A,
—1)=1)/2. H Y(—i+1,x%,) iflis odd in Case A,
—1)/2. 2 17( 20 +1,1,%) in Cases BC’,
-1
—1)=n/z. [1,2,7(-2i+1,1,9) in Cases C'D

Now suppose that either 7 is supercuspidal or [ = 1. Then we have
[T v(—i+1,x%,¢) in Case A,
G 7(0,Ado ¢, 9)

90 WHACO DY) _ k(1L 1 L _ :
Co 7(0,Ado ¢, ) ¢ (=50 X, ¥) X zf%’)’( 2i +1,1,v) in Cases BC’,

o~

[L2,v(—2i+1,1,4) in Cases C"D

=1
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where
—wr(—1) - we(=1) - e(2, xp, )~ vz ’y(%,a,xﬁ},w) if n and m are even in Case A,
wr(—1) - xp(—1)"/? (2>XE )~ UHD/2 if n is even and m is odd in Case A,
wo(=1) - xe(— 1)m/2 ( s XEs w) (+1)/2 if n is odd and m is even in Case A,
¢ = —xe(-1)- (% XEP)~ l/2 7(2,0, X ,1/1) if n and m are odd in Case A,
—'Y(iaU, XW7¢) in Case B,
—’Y(%a@ Xﬁ/l,l/)) in Case C’,
wr(—1) ‘XV(—l)n/2 : 6(%,){\/,?/))_1 in Case C”,
\WJ(_l) : XW(—l)m/2 : 6(%7XW7¢)_1 in Case D.
Moreover, if [ is even, then we have
wr(=1) - xv (™ - (V) - e(W) in Case A,
—( ot ) =G ot ) = Qwe(=1) - (W) in Case B,
wr(=1) - X&V(—l)_l xv(=1)"2.¢(V) in Case C,

by Theorem and the epsilon dichotomy (Theorem [[T1]). Hence we have

wo(—1) - e(, xp, )2 (V) - e(W) if n and m are even in Case A,
we(—1) - xe(— 1)"/2 (3, xe,0)” (+1)/2 if n is even and m is odd in Case A,
we(—1) - xp(=1)™ -e(3. xE, )~ (HD/2 if n is odd and m is even in Case A,
c= wr(=1) - xv ()™ e(3,xp, )2 - e(V) - (W) if n and m are odd in Case A,
we(=1) - e(W) in Case B,
wr(—1) -wa(—l)*1 xv (=12 (V) in Case C’,
wr(=1) - xv(=1)"2 - (3, xv, ) ! in Case C”,
wo(=1) X (=)™ - (L s ) in Case D,
(6(%, XE, )2 (V) - e(W) if n and m are even in Case A,
Xw ()™ - (%, xp, 1)~ D/ if n is even and m is odd in Case A,
xe(=1)™/2. e(X,xE, )" (+1)/2 if n is odd and m is even in Case A,
(1) x xw (™™ (3, xp,¥) 2 (V) - e(W) if n and m are odd in Case A,
7 X}Z(—l)_l xw (=12 (W) in Case B,
e(V) in Case C’,
e(%,Xv,dJ)*l in Case C”,
e (=1)™2 - (5, xw, ) 7 in Case D,

by §5.21 Thus Theorem [I5.1]is consistent with (I5.J]) when [ > 0.

16. An explicit local theta lifting
We now begin the proof of Theorem [I5.1l In this section, we introduce and study an explicit
local theta lifting given by an integral of matrix coefficients. This construction is a local analog of
the global theta lifting given by integrating cusp forms against theta functions.

16.1. Weil representations. Assume that [ > 0. For convenience, we write

G = G(W), H = H(V), G = G(W), w = wV,VV,x,dn w = wv7w’x’w.
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Recall that w can be realized on the space S(X) of Schwartz-Bruhat functions on X, where X is a
maximal isotropic subspace of W =V @ W. Let (-, ) denote the invariant hermitian inner product

on S(X).
We recall the setup of §4l Consider the “doubled spaces”
W=WoW_ and VEW=WaoW_.
These lead to the see-saw diagram

G H x H .

><

GxG AH

The space V ® W has a maximal isotropic subspace X & X_ and we have the representation w ® @
of (Gx H)x (Gx H)on S(X®X_). Also, V®W has another maximal isotropic subspace V@ WV
and we have the representation w of G x H on S(V ® WV). There exists an isomorphism

§:S(XaX) = S(VawY)

such that B
§(d1 ® ¢2)(0) = (91, ¢2)
for ¢1, 2 € S(X).

16.2. The representation R(V,xy ). We also recall some facts from §6.31 For ¢ € S(V @ WYV)
and g € G, put

Fo(g) = (w(g)p)(0).
Then ¢ — F, defines a G-equivariant map
w — IS'(—%,Xv).

For convenience, we write
R(V7 XW) = RW,X,w(V) XW)
for the image of this map. Composing with &, we obtain a map

_ 6
we® 1w — I§(—L ).
To simplify notation, we shall suppress § and write
f¢1®¢32 = f5(¢1®¢;2)'

16.3. An integral of matrix coefficients. Let m be an irreducible discrete series representation
of G. Assume that either 7 is supercuspidal or 0 <[ < 1. Let f,,, be a matrix coefficient of =
given by

fv,v’(g) = (W(g)’l), U/)

for v,v' € m and g € G. We shall consider a G x G x H x H-equivariant map
Z:wwrmr — C(H)

given by an integral of matrix coefficients:

2, ¢ 0,0)(h) = /G (@(gh)é. &) - Tow (@) dg

for ¢,¢' € w, v,v" € m and h € H. Such a construction was first considered by J. S. Li [50] in
the stable range. When 7 is supercuspidal, this integral is clearly absolutely convergent. When 7
is square integrable and 0 <! < 1, we shall see that this integral is also absolutely convergent by
relating it to the doubling zeta integral.
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More precisely, we have
Foep (i(9,1)) = 6(w(g)d ® ¢')(0) = (w(9)¢, ¢')
for ¢, ¢’ € w and g € G, so that

26,85 0,0)(h) = /G Fomsesi(0,1) - Four (9) do.

The right-hand side is the doubling zeta integral associated to 7 evaluated at s = —%. By Lemma
9.4(i), it is absolutely convergent when 7 is square integrable and 0 <! < 1. This shows that

Z<¢7 ¢/; v, ’Ul)(h) - Z(_%a fw(h)¢®¢§’7 f_v,v’)
and justifies the definition of Z.

16.4. Properties of Z. For convenience, we write

O(7) = Ovwxw(m) and 0(m) = Oy ().
The following proposition summarizes key properties of Z.
Proposition 16.1. (i) The image of Z is contained in L*(H).
(ii) The map Z factors through the quotient

WRERT®T — O(r) ® 0(m).
(iii) If ©(m) # 0, then Z is nonzero.
(iv) If p # 2 and O(7) # 0, then 0(r) is square integrable.

Proof. (i) This will be proved in Lemma
(ii) The map Z clearly factors through the quotient

WROLATRT — O(1) ® O(n),

so that the image of Z is of finite length. Hence, by (i), the image of Z must be semisimple. This
proves (ii).
(iii) If 7 is supercuspidal and ©(m) # 0, then 7 X ©(r) is a direct summand of w and hence Z is
clearly nonzero. In general, we argue as in the proof of Proposition

Assume that O(7) # 0. In the proof of Proposition [[T.2] we have shown that the restriction of
Z(—é, +,+) to the submodule

R(V,xw) @ R(V', xw)

of IS’ (—é»XV) is nonzero, where V' is the space of dimension m in the other Witt tower not
containing V. (In Cases B and D, we interpret R(V’, xw) = R(V, xw) ® det.) To see that Z is

nonzero, it suffices to note that the restriction of Z(—4,-,-) to R(V’, xw’) must be zero. For if not,
then one would have

Homgxa(R(V',xw) @ ¥ @ mxy, C) # 0,

which by Lemma[6.Tland Proposition 6.2l would imply that ©y y . (7) # 0. However, the scenario
that both Oy ¢ (7) and Oy 4 () are nonzero contradicts Theorem [5.4l This proves (iii).

(iv) This is an immediate consequence of (i), (ii), (iii) and the Howe duality conjecture (which is
known for p # 2). O
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16.5. An explicit local theta lifting. Suppose that p # 2 and o := 0(7) # 0. We fix a nonzero
G x H-equivariant map
0: w7 — 0,

which is unique up to a scalar. Since o is unitary, we have a nonzero G x G x H x H-equivariant
map

voserer o0 — CPH).

On the other hand, Z also provides a nonzero G x G x H x H-equivariant map

WD TR T —2> C®(H) .
|
ocQQ0o
Hence, by uniqueness, there exists a nonzero invariant pairing
(,):o®a —C
such that
Z(¢,¢'50,0")(h) = (0(h)0(¢,v),0(¢',v))

for ¢, ¢’ € w and v,V € 7.

17. A local Siegel-Weil formula

In this section, we examine the explicit local theta lifting of the character xy of H to G in the
other branch of the see-saw diagram in the previous section, and establish a local analog of the
Siegel-Weil formula.

17.1. The map Z. Assume that [ > 0. We define a AG x H x H-invariant map
T:wRwexw xw — C
by
To¢') = [ (o) X (et k) di
for ¢, ¢' € w. By [50, Theorem 3.2], this integral is absolutely convergent.

17.2. The map proj. We shall define another AG x H x H-invariant map
5:w®D®XW®XW —s C.

Let p be as in §9.31 Consider the degenerate principal series representation Ig(p, 1gx). Here,
in Case C’, I§ (p, 1 =) is interpreted to be the pull-back of Ind%p(w)ﬂ -|%) to Mp(W), ie., it is

non-genuine. For F € IS (p, 15x), put

mﬂﬂzéﬂ@ﬁﬂg

Note that this integral is the doubling zeta integral associated to the trivial representation of G
evaluated at s = p. By Lemma [0.3] it is absolutely convergent. Moreover, by Theorem [0.11(iii),
there exists F € IS (p, 1px) such that proj(F) # 0. Thus we obtain a nonzero G x G-invariant
map

proj : I§ (p, 1px) — C,
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Lemma 17.1. We have
Homgxa (IS (p, 15x),C) = Homg (IS (p, 1 5« ),C) = C - proj .

In particular, proj is G-invariant.

Proof. Since
Homgxa (IS (p, 1« ), C) D Homg (I§ (p, 1 5% ), C) = C,
it suffices to show that
dime Homg (IS (p, 15x),C) = 1.
This follows from [2I] in Case A and [47, Theorem 1.1] in Case C. It remains to treat Cases B and
D.

Let V. be the symplectic space over F' of dimension 2r. By Proposition [[.2(ii), we have
Ifc);(p’ ]lEX) = R(anl, XW) + R(anla XW) ® det .
Moreover, we see that
Homgxg(R(Vp—1, xw) @ det, C) = {0}.
Indeed, by Lemma and Proposition [6.2]

Homgxg(R(Vy, xw) @ det, C) = Homgwxg(R(V;y, xw ), det)

is nonzero if and only if Oy, 1wy (det) # 0. But by [65, p. 399], we know that Oy, 1. (det) =0
unless » > n. Thus, noting that

I§ (p 1<)/ (R(Voo1, xw) ® det) & 1g,
where 1¢g is the trivial representation of G, we have shown that
HomeG(IS(P; 1gx),C) — Homgxg(lg,C) =2 C,

as desired. N

Hence, we obtain a nonzero invariant pairing

('7 ) : Ifg(é?XV) ® Ilg(_%7XV) —C
defined by )
(F,F') = proj(F - F')

for F € I§ (L, xv) and 7' € IS (=L, xv). Note that I§ (—%, xv) = IS (L, xv)V.
17.3. The map £. We can now define the map £. Put
Vi=vemn*»
Recall that
R(V,xw) C IS (—%,xv),
R(VT, xw) C I§ (£, xv)-
By Proposition [[.2(i), one knows that R(V, xw ) is irreducible and unitarizable.
If [ = 0, we simply put
5(90:%0/) = (]:wvj:w’)
for p, ¢’ € w.

Now suppose that [ > 0. For convenience, we write

M = Mllﬂ,lil(%a XV)'
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Recall that M induces a G-equivariant surjective map
M R(VT, xw) — R(V, xw).
Since ker M is irreducible and ker M 2 R(V, xw ), we have
(F,F)=0 for F € ker M and F' € R(V, xw).
Hence M and (-, -) induce a nonzero invariant pairing
RV, xw) ® R(Voxw) < (R(VT )/ ker M) @ RV, xw) — C.
Let £ be the composition of the G x G x H x H-equivariant map
w®w®xw @ xw — R(V,xw) ® RV, xw)

with this pairing. More explicitly, we put

E(p¢) = (FL, Fy)
for ¢, ¢’ € w, where we choose .7-"; € R(VT, xw) such that MFL = Fo.

17.4. A local Siegel-Weil formula. We have constructed two elements:
Z,€ € Homagxuxu(w ® @ @ Xw & xw, C).
On the other hand, we have
HomAGXHxH(w Rw )ZW & XW, (C) = HOmAg(R(‘/, Xw) X R(V, Xw), (C),
so that
dime Homagxaxa(w @ @ @ xw @ xw,C) =1
since R(V, xw) is irreducible and unitarizable. Thus, we have proved:

Theorem 17.2. There exists a constant C' such that

I=C":¢€.

We shall determine the constant C' when G and H are unramified in §19 and when 0 <! <1 in

20

18. A local Rallis inner product formula

In this section, we prove Theorem [[5.1]up to a scalar, by establishing a local analog of the Rallis
inner product formula.

We define a map
P:wuwRwRuwemTnmrmw — C

by
P(d1, d2, @3, P13 v1, 2,03, v4) = /H(U(h)lg(ébl,m),@(@,vz)) (0 (h)6(¢3,v3),0(¢a, va)) dh
for ¢1,...,¢64 € w and vy,...,v4 € w. This is nothing but the inner product of two matrix
coefficients of o. By definition, we have
P11 G551, 08) = o (0(61,00). 0003, 03)) - (002, 02), 000, 00)
1

_ l 7 i —
= dego- . Z(_§af¢1®¢3afvl,v3) . Z(_§7f¢2®¢47fv2,v4)-
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On the other hand, we have
P(é1,- .., 04301, .., v4)

1 l 7
/ Z( F, w(h )¢1®¢27fv1,v2)'Z(_§7~7:w(h)¢3®q§4afvs,m)dh

/ / / Fotroreis (00 1)  Fomronas GG 1) - Fora(@) + Fosa(9') dg g’ dh.

In Lemma [C.1l below, we will show that this triple integral is absolutely convergent, so that we may
interchange the order of integration. We move the integral over H inside. By definition, we have

/H]:w(h)¢1®¢2 ((9: 1)) * Foo(n)psas (i(g's 1)) dh = /H(W(gh)dh, $2) - (w(g'h)d3, ¢a) dh
= Z(w(9)$1 @ w(g') 3, b2 ® ba).
Hence, by the local Siegel-Weil formula (Theorem [I7.2]), we have

P(¢17"'7¢4;’U17"'7 // ¢1®w< )¢37¢2®¢4) fvl,’UQ() f'Ug,U4( /)dgdg/
—c//e 0)6r © ()03, 62 © 61) - For (@) - Froa(d') dg ',

where C' is the constant given in Theorem [[7.21 For convenience, we write

Fiooz. f1=0
— P1®@¢3 ’ d 1 _

Here we choose .7-"; ®33 € IS (4, xv) such that M}";E ®F3 = F 04, When I > 0. Then by definition,

we have
E(w(g)p1 @ w(g)P3, P2 @ ps) = /Gf(i(g”g,g')) xv(detg) ™ F(i(g", 1)) dg”
:/G]: (i(g''g"9,1)) - F/(i(g", 1)) dg"

=1 , we have

Changing the variable ¢” — ¢"¢g
E(0)or @m0 0 00) = | Flitg ™" 1) Fg D) "

Hence we have

¢17"'7¢47’U1,...,U4)
_C/ //]: 'g, ' ” ) ‘7:/(( _1 1))'fv1,v2(g)'fvg,m(g,)dg”dgdg/.

In Lemma below, we will show that this triple integral is absolutely convergent, so that we may

interchange the order of integration. We move the integral over ¢” outside. Changing the variables

g— g '¢" and ¢’ — ¢"¢'~', we have

P(f1s-- s da301, .., va)
_C/ //}— g 1)) - F'(u(g, ))'fm,vz(gilg”)'fvg,,w( g~ 1)dgdg dg”
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We may interchange the order of integration again and move the integral over ¢” inside. We have

/val,v2 (g_lg”) : fv3,v4 (g”g/_l) dg” - /va1,v2 (g_lg”gl) : fv3,v4 (g//) dg”

= /G (m(g"g o1, m(g)v2) - (m(g")vs, va) dg”

1T -
= deg (m(g")v1,v3) - (7(g)va, va),
so that
C . -
Ploresrivnse o) = g [ [ Filg 1) P D) Ty 9 fnn(9) da
egm GJG
C _ _
= degTr : Z(%af7 fU17U3) ' Z(_%7f,7fv27v4)‘
Thus we obtain
1 ! 7 I r c ! 7 I 7
dego' : Z(_i’f¢1®<§3’ fl}l,vg) : Z(_§7f¢2®(£47f’02,1)4> = degﬂ’ : Z(§7f7 f”Uly'US) : Z<_§7f/7f’027'04>'
When [ = 0, we conclude that
deg
18.1 =C.
(18.1) dego

Henceforth, we assume that [ > 0. By the local functional equation

_ 1/2 . _
Z(_%7f¢)1®¢_)37fv1,113) =& wﬂ'(_]-) : XV(detﬁW) : ’det/@W‘E/ : Rlefl 7(877T)XV71/]) : Z(%7F7 fvl,vg,))
=T

we have
-1
3222 =C-e'wr(=1)7" - xv(det B) ' - [ det ﬁWE,l/Z . (Slj%sl (s, X%’¢)> .

Here

(W)t in Case A,

e(W) in Case B,

€= X}//)V(—l)_l in Case C’,
1 in Case C”,
5(%aXW,¢)_1 in Case D.

Lemma 18.1. We have

-1
SRS ( Res 7<Sﬂf7><cv’¢>>

2

-1
= —wp (1) - Y (=5, 0, X 0) - lim s (s, L, ) - [ (=i e, )
i=1
(XE(=1)"" - (33 /) (T) - (W)™ in Case A,
Xy (=17t xw (=1)™/2 - (W) in Case B,
x4 xv(=1)"/? in Case (",
xv (1) in Case C”,
XW(_l)m/2 : 6(%7 xw, )t in Case D.
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Proof. By §5.21 we have

(XW/ v)( ) e(Ww)ntt in Case A,

( D)7t xw(=1)™2 . ¢(W) in Case B,

e wr(=1) 7 = we(=1) x { xv (=12 in Case C’,
XV( 1)/ in Case C”,

| xw (-1 )2 e (§7XW,¢) in Case D.

On the other hand, by Theorem [I1.3] we have

l
Res (s, w7, ¥) = v(55h o, xfy, ) - Resy(s, Lpx, ¥) - 176 16x,v).
5= - i=2

2
By the Ten Commandments, we have

(l+1 (l+1

) V7XW7¢)71 = 7(_1771707Xﬁ/171;)
xe(—1)™" in Case A,
! 1 in Case C’,

v o XSy, ) =7

= ’Y(_Tl"j’ XWl’w) X xv(=1) in Case C”,
xw(—1) in Case D,
and
Y(EE o x§y, 0) T =B oY oxw, 0) T = (=5 ooxagy s )

in Case B. Also, we have

-1

l -1
(g{e;v(s, Lpxvp) - [ [0, ﬂEx,wm) = —lim s™'y(s, 1p=, ¥p) - [ [ (=i, 1=, vp).

=2 =1
This completes the proof. O

Hence, when [ > 0, we conclude that

deg

(18.2) dogo —C - wo(=1) - (= oo x> ¥) - xv (det Buy) L - | det B |

1/2

. -1 . y
< lim s~ (s, 1=, ¥p) [Tr(=i1px,¥p)

xe(=1)™ - OdGy/x1) (1) - e(W)™ 1 in Case A,
X}Z(_l)_l xw (=12 (W) in Case B,
X xv(=1)"? in Case C’,
xv (=1)/2H in Case C”,
\XW(—l)m/2 : 5(%»XWa P)~! in Case D.

Thus, we have proved Theorem [I5.1] up to a scalar. In particular, this completes the proof of
Theorem [I5.11(iii), except for the assertion that ¢ = 1 when G and H are unramified. We will prove
this assertion in the next section.

19. Determination of the constant C — the unramified case

In this section, we shall determine the constant C' in the local Siegel-Weil formula when G and
H are unramified. This will complete the proof of Theorem [I5.1(iii).
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19.1. Unramified hypothesis. We shall make the following hypothesis throughout this section:

Hypothesis (UR).

°*pF2;

e G and H are quasi-split over F' and split over F"';
disc V, disc W € o7;

e vy and yp are unramified;

1 is of order zero;

det By € OE.

We shall show:

Proposition 19.1. Let C be the constant given in Theorem [I7.3 Under Hypothesis (UR]), we
have:

(i) If 1 = 0, then we have

in Case A,
C =<2 in Case B,
2 in Case C".

(ii) If 1 > 0, then we have

—2-1. Ress=o ’Y(S> L, ¢)71 ’ Hi;} 7(_i7 X%a ¢)71 in Case A,
1
—272 . Resg—oy(s, 1,9) 71+ 1?211 v(—=2i,1,¢)" 1 in Case B,
1_
C =<{ —Ress—o7(s,1,9)" L 2-2:11 y(—2i, 1, )71 in Case C,
-1
—Ress—o (s, 1,9) 71 - T[,2, v(—2i, 1,¢) 71 in Case C”,

=1

L —2_2 . ReSs:(] ’7(57 ]1’ 1/))_1 : 1271 ’7(_22’ ]1’ @Z’)_l in Case D.

-1
Here the products Hi;% and [[,2, are interpreted to be 1 when | = 1.

In view of (I82), this completes the proof of Theorem [I5.1(iii). The rest of this section is devoted
to the proof of Proposition IT9.11

19.2. Volumes. Let K be a hyperspecial maximal compact subgroup of G stabilizing a self-dual
lattice Ly in W. Similarly, let K be a hyperspecial maximal compact subgroup of H stabilizing
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a self-dual lattice Ly in V. Then we have

(1T LG, x5) ™! in Case A,

2: Hzn:%ll ¢(20)7! in Case B,

vol(Kg) = %:1 ¢(20)7! in Case C’,
i%:l ¢(20)7! in Case C7,

(2 L(3, xw) t- ?;11 ¢(2i)~! in Case D,

(112 LG, x%) ! in Case A,

Hz‘%:1 ¢(20)7! in Case B,

vol(Kr) = {2 H::T;l (2)~" in Case C’,
2- L('7, xv)h ?:Il ¢(2i)~! in Case C”,

1.2, ¢(20)7! in Case D.

19.3. The map Z. Let ¢° € w be the characteristic function of the self-dual lattice Ly ® Ly in
V @ WV. We first compute Z(°, ©°).

Lemma 19.2. We have

L(l—&—n—&-l’ 1H)
Z(¢°, %) = vol(Kp) - = 2 T/
du(%2)
where
[T Cels + mTH — 1) in Case A,
[T C(s+ % —1) in Case B,
L(s, 1) = [177" ¢ls + ) in Case (",
L(s,xv) - H;Z_ll (s+ % —1i) in Case C7,
[TZoC(s + 5 —1) in Case D,
(1T, L(2s +1, ﬁ‘l) in Case A,
C(s+ mTH) [12,¢(2s+2i—1) in Case B,
m—1
du(s) = ILA <(2s+2i) in Case C",
[12,¢(2s+2i—1) in Case C”,
C(s+ ™) - T[2,¢(2s +2i — 1) in Case D.

Proof. Let V=V @& V_. Let H be the isometry group of V and Q the Siegel parabolic subgroup

of H stabilizing V2. Consider the degenerate principal series representation IS(H'T”, 1px). We

define &g € Ig(“‘T", 15x) so that &g (k) =1 for k € Kg, where Ky is the hyperspecial maximal
compact subgroup of H stabilizing the self-dual lattice Ly & Ly in V. Then we have

I(QOO7 QOO) = Z(HTTL) ¢Ha 1H)7

where Z (HT", &g, 1) is the doubling zeta integral associated to the trivial representation of H

evaluated at s = HT" Hence the desired identity follows from the unramified computation [49,

Proposition 3|, [51, Theorem 3.1]. O
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19.4. The map £. We next compute E(¢°, ¢°).
Lemma 19.3. We have

1 if l=0
o o L p+ l’ 1g ’
£(9°,¢°) = vol(Ka) - (dgp)) ) o
G Ress:% b(—s, xv) ’
where
[Ti2, Cr(s + HTH —1) in Case A,
H?;l (s+ 4 —1) in Case B,
L(s,1¢) = ¢ [[{eoC(s + 5 — ) in Case C,
[[o¢(s+ 5 —1) in Case C”,
L(Sa XW) : H?:ll C(S + % - ’L) in Case D,
Hz -1 L(2s+1i,x5 ") in Case A,
i 21 C(2s+ 21) in Case B,

da(s) = C(s+ 21 - T12,¢(2s +2i — 1) in Case C,
C(s+ ) - TI2,¢(2s +2i — 1) in Case C”,

%1C(2s+2i—1) in Case D,
Hz -1 L(2s+i,x5""" 0] in Case A,
i 21 C(2s + 24) in Case B
b(s,xv) = 2 1 C(2s+ 29) in Case C’
L(s + 25 ) - H% (25 +2i—1) in Case C”,
21C(2s+2i—1) in Case D.

Proof. Consider the degenerate principal series representation IS (p, 1 g« ). We define ®g € IS (p, 1 px)
so that ®g(k) = 1 for k € Kg, where K¢ is the hyperspecial maximal compact subgroup of G
stabilizing the self-dual lattice Ly & Ly in W. If [ = 0, then we have

Fpo - Fpo = Pg.

Now suppose that I > 0. We define F5 € IS(s,xv) so that Fs(k) = 1 for k € Kg. By the
Gindikin-Karpelevich formula, we have

a(s, xv
M (s, xv)Fs = bES;V)) Fo,
where
[T, L(2s —i+ 1, x5t 4 in Case A,
H: C(2s—2i+1) in Case B,
a(s,xv) = H%: C(2s —2i+1) in Case C’,
L(s— 254 xv) - ?:1 ¢(2s —2i+2) in Case C”,
2 C(25—2i+2) in Case D.
In Proposition [A.2] below, we will see that
MJER(S,X\/) = M - M (s, xv)-

a(s, xv)
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Hence, putting

b(%, xv)
T 2 .
Foo = Res,_1 b(—s,xv) Fiyzy

2

we obtain M}"J,o = Fyuo and

’ g
14 RGSS:L b(_S»XV) ¢
2
Thus, we have shown that
1 if 1 =0,
o o l

5(90 a‘P):Z(Pa‘I)GmlG)X b(ﬁvXV f1>0
Res :é b(_S7XV) ’

where Z(p, g, 1) is the doubling zeta integral associated to the trivial representation of G evalu-
ated at s = p. Hence the desired identity follows from the unramified computation [49, Proposition
3], [61, Theorem 3.1]. O

19.5. Proof of Proposition I9.3l If [ = 0, then by Lemmas and [[9.3] we have

1 in Case A
vol(Kp) da(p) L 1w) | 00
C:vol(K) d(ﬁ)'L( +11): 2 in Case B,
“ 2 pTo 6 2 in Case C’,
as desired.
Now suppose that [ > 0. By Lemmas and [9.3] we have
VOI(KH) da(p . L(l+n+1 1H) . ReSS:% b( 37XV)
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Since
—271. (logq)™* Hi iL( ) in Case A,
-2 (log )™ - T1Z, C( ) in Case B,
l
vol(K ) - Res b(—s,xv) =13 —(logq)~! S C( i) in Case C’,
s=3 =
’ —(logq)~ -T2, C( i) in Case C”,
—271 - (logq)~' - T1, 21 ¢(—29) in Case D,
anl L(i, x%) in Case A,
dap )2 T e@) in Case B,
o) 1) T2 nCuse
¢ Cn+1) T, ¢(2i) in Case C”,
(271 L5, xw) - TI75' ¢(2i)  in Case D,
H?nl—l—l L(i, x5) 7" in Case A,
C(n)~t- H?:;lﬂ ¢(24)71 in Case B,
-2
] ! ] = H:L_LH ¢(2i)7" in Case C,
dH(T) b<27XV) L<l+n+1,x ) 1, Hn l+1 C(?Z‘)fl in Case C7,
¢(n)~t- HZ DS (24)~1 in Case D,
(Hizl Cp(i)~! in Case A,
I+ntl ¢(n) - Hé:1 ¢(i)~t in Case B,
L( P] 71H) . -1 l N1 . R
Lip+11¢) = ¢+ 1) [ iy €6) in Case C’,
20 L<l+n+17XV) C(n+ 1)71 . Hé:l C(i)fl in Case C7,
L, xw) ™" ¢(n) - TTizy €(0) ! in Case D,
we have
-2 (logq)~! Hl IL( i, X'g) - Hé-__l L(j+1,xp) L' in Case A,
- P _ :
—27%- (logq)~ 11 —1 C( ) o0 C(2i+1) ! in Case B,
C=1{—(logg)~"-T1Z, C( i) H[f—o C(2j +1)7! in Case (7,
-1
—(logq)™! - TI;2, ¢(~ 2i) - 20 @7+ I in Case C”,
-
—27%. (logq)~ L. H@ 1 ¢(—21) - ngo ¢(25 + 1)*1 in Case D.
This completes the proof of Proposition [19.11
20. Determination of the constant C' — the equal rank case

Recall that in §I8 we have already proved Theorem [I5.)i), (ii) up to a scalar. In this section,
we finish the proof of Theorem [[5.11i), (ii).

As an immediate consequence of Theorem [I5.1[(i), (ii), (I8 1) and (I82]), we can determine the

constant C' in the local Siegel-Weil formula when 0

0 <1< 1. More

Theorem 20.1. Let C be the constant given in Theorem [17.2

precisely, we have:
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(i) If 1 = 0, then we have
1 i Case A,
C=<2"1 in Case B,
2 i Case C".

(i) If 1 = 1, then we have

C = —xv(det Bw) - | det B |/* - Resy(s, 1, ) !

27 xy (™ - e(W)™L in Case A,
X XV(—l)”/2 . 6(%,)(\/,1/)) in Case C7,
272 in Case D.

The rest of this section is devoted to the proof of Theorem [I5.1](i), (ii).

20.1. Cases B and C’. Assume that p # 2. In Cases B and C’ (where [ = 0), we shall determine
the constant C' using [14]. By symmetry, it suffices to treat Case C’. In [14], the Haar measures dg
and dh on G = Mp(W) and H = O(V) respectively, are normalized so that

VOl(fSp(W), dg) = 1,
1 if (V) =1,

2.5 if e(V) = —1.

vol(Iso(vy, dh) = {
1

Here, Igp) and Iso(yy are Iwahori subgroups of Sp(W) and SO(V') respectively, and TSp(W) is the
preimage of Ig,yy in Mp(W). Let dgy, and dhy, be the Haar measures on G and H respectively,

defined in 1311

Lemma 20.2. We have
vol(Zspw), dgy) _ vollso(v), dhy)
VO](fSp(W)v dg) VOI(ISO(V)¢ dh) .

Proof. Let I;rp W) and I;O(V) be the pro-unipotent radicals of Ig,yy) and Igo(y) respectively. Then
by [20, (4.11)] and [21], §5], we have

vol(I;p(W),dgd,) = Vol(I;O(V),dhw)
and hence

vol(Ispawys dgy) — Hspwy * Ipun) - Vol d9s)  Uspwy * I

vol(Isovy, dhy)  [Isowvy : Igo ] - vollZgo vy, dhe) — sow) © Igon)]
Since
Ispow)/ Tgpomy = (FF),
T I+ ~ ( ;
SO(V)/ so(v) — (FX
q

where r = § = mT_l, the assertion follows. O
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By [14, Corollary 18, §16], there exist irreducible discrete series representations 7w and o of G
and H respectively, such that #(7) = o and

Vol(%p(w), dgy) degr — vol(Iso(v), dhy) des 00,
vol(Ispwy, dg) vol(Iso(vy, dh)
where 09 = o|go. Hence, by Lemmas [[3] and 20.2] we obtain
degm
deg o
In view of (I&J]), we conclude that
C =2,

and this completes the proof of Theorem [[5.1)i) in these cases.

For the rest of this section, we shall only consider Cases A, C” and D.
20.2. Strategy. We briefly outline the strategy of the proof of Theorem [I5.1[(i), (ii). Let 7 and o
be irreducible supercuspidal representations of G and H respectively, such that o = (7). Let 7
be an irreducible unitary supercuspidal representation of GLy(E) and put 75 = 7|det |}, for s € C.
We consider the induced representations

Ig/ (Tsxv @ ™) and Ig/(TSXW ® o)

of G' = G(H* @ W) and H' = H(HF @ V) respectively.

Let so > 0. Ifl # 0, k = 1 and 7 = Lpx, we assume that so ¢ {£5%, £}, Then by
Corollary M22] 1§ (75, xv @ 7) is reducible if and only if Ig (7o xw ® o) is reducible. When these

induced representations are reducible, they are of length two, and have unique square integrable
constituents 7’ and o’ respectively. By [24], [60], one knows that

o =0(r").

For simplicity, we assume that [ = 1. By (I82), there exist constants € and €’ which do not
depend on the representations such that

degm 1
= e T Wo _1 : y Uy 9
dogo wo (—=1) - v(0,0, xy» ¥)
and )
degm 1
deg p = e/ : U)o—/(—l) : 7(07 UI? Xw ﬂ/’)

On the other hand, a result of Heiermann [29] relates deg 7’ to deg 7 and deg o’ to deg o respectively.
Thus, one can relate € to C.

Using this, one can reduce the determination of € to that for certain low rank groups. For these
low rank groups, the formal degree conjecture is largely known and the theta correspondence is
completely understood, so that one can determine the constant C.

20.3. Setup. We use the following notation.

elet W=HoWand V' =Ha V.

elet HF =X @Y c W and H* = X’ @Y’ C V'’ be complete polarizations.

e Let G’ and H' be the isometry groups of W’ and V' respectively.

e Let P and Q be the maximal parabolic subgroups of G’ and H’ stabilizing X and X' respec-
tively.
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e Let Mp = GL(X) x G and Mg = GL(X') x H be Levi components of P and @ respectively.
Fix isomorphisms GL(X) = GL(E) and GL(X') = GLi(E).
e Let Ap, and Apy, be the split components of the centers of Mp and M respectively.
e Let Up and Ug be the unipotent radicals of P and @ respectively.

e Let Up and Ug be the unipotent radicals of the parabolic subgroups of G’ and H’ opposite to
P and (@ respectively.

e Let K and Ky be the maximal compact subgroups of G’ and H' as in §D.1] respectively.
e Let K3 =G°NKg and K%, = H'N Ky

o Let Ky, = Mp N K¢ and KMQ =MgoNKpg.

o Let KJOWP = M?, N K, and KR/[Q = M% OKMQ.

e Let v(G°/MY) and V(H’O/Mg) be the constants defined in 76, §I.1].

e Let m and o be irreducible supercuspidal representations of G and H respectively, such that

o=0(m).

e Let 7 be an irreducible unitary supercuspidal representation of GL;(E) and put 7, = 7|det |}
for s € C.

o Let pu(rsxy ® ) and p(tsxw ® o) be the Plancherel measures associated to the induced
representations IS (7,xy ® m) and Ig "(Texw ® 0) respectively.

o Let s >0. If | £0, k=1 and 7 = 1gx, we assume that sy ¢ {:tl_Tl,:le'Tl}.

Assume that Ig/(TSOXW ® o) is reducible. Then I§ (14, xy ® ) is also reducible by Corollary

122 Let ' and ¢’ be the unique irreducible discrete series subrepresentations of Ig, (TsoXV ® )
and Ig "(TsoXw ©@ o) respectively. By [24], [60], we have

o =0(r).
We remark that
(20.1) Wo! = We - Wr - Xby
and
(20.2) V(8,0 Xy ¥) = (8,0, X ¥) - (s + 50,7 0E) - (s = s0, (7)Y, ¥p).

Also, in Case D, we have:

Lemma 20.3. Let mg and w(, be irreducible constituents of m|go and ©'|qo respectively. Then we

have
degm, degmo

degn’  degm’
Proof. By Lemma [[31] it suffices to show that
7’ ®@det 27’ <= 1T ®det = 7.
Let 7, be the normalized Jacquet module of 7" with respect to P. Then we have
Tp = TsoXV @ T,
so that the implication = follows. Conversely, since
19 (roxv © ) @ det 2 1S (royy © (7 ® det)),

the implication < is clear. O
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20.4. A result of Heiermann. We now recall a result of Heiermann [29].
Proposition 20.4. Using the notation of §20.3, we have:
degn’ = dklogq-deg - degm - Res u(rsxy @ )
s=s¢
VOI(K]?/[P) -vol(Up N K¢r) - VOI(UP N Kqr)
vol(K2,) - vol(Apr, N Kay) ’
deg o’ = dklogq - degt - dego - Res u(tsxw @ o)
s=s0

x (G /Mp) -

vol(K](\)/[Q) -vol(Ug N Kgr) - vol(Ug N Kpr)
VOI(K%,) . VOl(AMQ N KMQ)

x y(H" /Mg)
Here d = [E : F].

Proof. We only compute degn’. Note that [29] only treats connected reductive linear algebraic
groups. Thus, we will deduce the desired identity for orthogonal groups from that for special
orthogonal groups.

Let 7y be an irreducible constituent of |go. Here, mg = 7 in Cases A and C”. By Lemma [B.1],
we have

M(TSXV b2y 770) = N(TSXV ® 77)'
Since sg > 0 and I§ (15, xv ® 7) is reducible, Igéo (Tso XV @ o) s also reducible by [6, Proposition
4.3]. (See also Proposition [B.6l) Let 7, be the unique irreducible discrete series subrepresentation
of Igéo (TsoXv ® o). Here, m, = 7’ in Cases A and C”. Then n, is an irreducible constituent of
7’| qo. By Lemma 20.3] we have
degmy  degn’

degmy  degm’
Hence it remains to compute deg 7(,. To simplify notation, we shall suppress the superscript and
subscript 0.

Let Rat(Mp) be the group of algebraic characters of Mp defined over F. Let X(Mp) be the
group of unramified characters of Mp and Im X (Mp) the subgroup of unitary unramified characters
of Mp. Then the map Rat(Mp) @z C — X(Mp) given by x ® s — (m — |x(m)|}) is surjective.
Similarly, we define Rat(Ans,), X (Anrp) and Im X (Apy,).

Let a be a simple root of Apy,, in Up. When n # 0, the image of N/ odet under the restriction
map Rat(Mp) — Rat(Anr,) is dka. Let & be as in [29] §3.2] and xsa the image of s& in X (Mp).

Then we have & = % - o and

Xsa = |det [ @ 16,
where f is the residual degree of F/F and t is the torsion number of 7. Even when n = 0, the

above formula for ygg still holds.

We take the Haar measure on Im X (Ajs,) such that vol(Im X (Ar,.)) = 1. We take the Haar
measure on Im X (Mp) such that the restriction map res : Im X (Mp) — Im X (A, ) locally pre-
serves the measures, i.e., if { is an open subset of Im X (Mp) such that res|y : U — res(U) is a
homeomorphism, then we have

vol(res(U)) = vol(U).

Note that vol(Im X (Mp)) = dk/f. For convenience, we write p = 7xy & m. Let O be the orbit
of p under the action of Im X (Mp). We take the Haar measure on O such that the natural map
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Im X (Mp) — O locally preserves the measures. Note that vol(O) = dk/ft. For r > 0, we have

1
/u(p’®xra)dp':/ u(p) dp’ +vol(0) - 224 or Res u(p @ xoa)-
o o 27 s=ftsg

Then a result of Heiermann [29, Remarque 8.6] says that

VO](KMP)

(Kq) - d g "IMp) -
vol(K¢r) - deg ' = ~v(G'/Mp) Vol Axy, 1 Ko,

-degp
)

lo
89 9r Res w(p @ xsa)-

x vol(Up N K¢r) - VOI(UP N Kgr) - vol(O) - 9 7
T s=ftso

(See also [30].) We remark that in [29], the Haar measures are normalized so that
VO](KGV) = VOI(KMP) = VOI(AMP N KMP) = VOI(UP N Kgl) = VOI(UP N KG’) =1.
This yields the proposition. O

Remark 20.5. We view GL;(FE) as an algebraic group over F', so that

1
degT = ﬁ : ”7(07 XE, ¢) : ’7(0a T, Ad, TZJE)|
in Case A.

Corollary 20.6. Using the notation of §20.3, we have:
degn’  degm

_ =1 e I=1 VT
dego’  dego 7(s0 5> T UE) - Y(=s0 — 57", ¥E).

Proof. We may assume that 1 is of order zero. By Proposition 20.4] we have
degn’  degm Ress—gy u(Tsxv @ )
dego’ dego Ress—s, u(Tsxw @ 0)

V(GO/MP) vol(Kf,) vol(Kyy,) vol(Up N Ker) - vol(Up N Ker)
Y(H"O/MG)  vol(Kg,) vol(KgJQ) vol(Ug N Kpyr) - vol(Ug N Kgr)'

Hence, by Theorem [[2.1] and Lemma [D.2], we have

degn’  degm .

: V(SO - %1)7—7 ¢E) : ’Y(_SO - FTlvTv71/;E)

dego’  dego
_a_vol(Up N Kg) - vol(Up N K¢r)
vol(Ug N K1) - vol(Ug N Kgr)'

where A is the integer given in Lemma [D.2l Thus the corollary follows from Lemma [D.3 O

We retain the notation of §20.3 By (I81) and (I82]), there exist constants € and € which do
not depend on the representations such that

deg7r_e>< 1 ifl =0,
dego wo(=1) 70,0, x5, ¥) ifl=1,

and

degﬂ’_e,x 1 if 1 =0,
deg o B wa/(_l) ! ’7(07 OJ»XI;/Iﬂz[)) if [ =1.
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If I =1, then by (20.1) and (20.2]), we have
wo (1) A0.0" xghv) _
wo(=1)  7(0,0, x5 ¥)

= wr(=1) - xw (=1)* (0, 7, 0m) - v(=50, 7, ¥f)
= wr(—=1) - xw(=D" - v(s0, 7, ¥E) - v(—s0, 7", k)
= xw(=1)* - (50, 7,91) - v(=s0, 7", ).

In view of Corollary 20.6] we conclude that

¢ |1 if 1 =0,
(20.3) — = { i

WT(_l) ’ XW(_l)k ’ 7(507 T, T/JE) ’ 7(_307 (Tc)vv wE)

C |xw(=1F ifli=1.

20.5. Conjugate self-dual supercuspidal representations. To exploit (20.3]), we need to verify
the assumption of §20.3] that Ig /(7'50 Xw ® o) is reducible. When so = %, this will follow from the
existence of an irreducible symplectic or conjugate self-dual supercuspidal representation of GL (E).

Lemma 20.7. Assume that p # 2. Let k € N.
(i) When k is even, there exists an irreducible symplectic supercuspidal representation of GLy(F).

(ii) When [E : F| = 2, there exists an irreducible conjugate self-dual supercuspidal representation

Proof. (i) See [22], §14], [68], §2].

(ii) By [61, Lemma 2.2], it suffices to show that there exist a tamely ramified extension E’ of E of
degree k and an involution ¢ on E’ such that ¢|p = c.

We first assume that E/F is unramified. We write k = 2°b with a > 0 and b odd. Let F’ be

the unramified extension of F' of degree 2b. Note that £ C F’. Let ¢ be the nontrivial element in
Gal(F'/F) such that ¢ = id. Since b is odd, we have ¢|g = c. Let E' = F’(w}?/2 ) with some 2°%-th
root wll;/ 2 of wr. We can extend ¢ to an automorphism ¢ of E’ over F such that ((wll;/ 2a) = wll;/ 2a.

We next assume that F/F is ramified. Let F’ be the unramified extension of F' of degree k and
put E' = EF’. Then E’ is a Galois extension of F' of degree 2k and

Gal(E'/F) = Gal(E/F) x Gal(F'/F).
We can take ¢ € Gal(E'/F') such that
sle=r¢ <l =1id
g

20.6. Reducibility. To verify the assumption of §20.3 that Ig /(TSO Xw ® o) is reducible, we need
to show that u(7sxw ® o) has a pole at s = sg.

Recall that H = H(V) and m = dim V. For irreducible admissible representations ¢ and 7 of
H and GLg(E) respectively, let (75 ® o) be the Plancherel measure associated to the induced
representation Ig (14 ® o).

Lemma 20.8. Assume that H is non-quasi-split and

2 in Case A,
m =
4 or6 in Case C”.
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Let H* be the quasi-split inner form of H. Let o and T be irreducible supercuspidal representations of
H and GLg(FE) respectively. Let o* be an irreducible discrete series representation of H* associated
to o by the local Jacquet-Langlands correspondence [§]. Then we have

w(rs @ o) = p(rs ® o).
Proof. As in §I1.6] 125 we globalize the various objects to give a global-to-local argument. We
can find:

e a totally imaginary number field F such that F,, = F,, = F for some two places v; and vy;
o cither E = F or a quadratic extension E of F such that E,, = E,, = E;

e a space V over E such that
-V =V, =V,
— H(V,) is quasi-split for all places v ¢ {v1,v2};

e an irreducible cuspidal automorphic representation ¥ of H(V)(A) such that
— Xy = Yy, =0,
— ¥, has nonzero Iwahori-fixed vectors for all finite places v ¢ {v1,v2};

e an irreducible cuspidal automorphic representation T of GLy(Ag) such that
- T =%, =T,

— %, has nonzero Iwahori-fixed vectors for all finite places v ¢ {vi,v2}.

Let H(V)* be the quasi-split inner form of H(V). Let ¥* be an irreducible cuspidal automorphic
representation of H(V)*(A) associated to 3 by the global Jacquet-Langlands correspondence [5],
[8] such that

PR o F
oy =X, =07,

o ¥ =%, for all places v ¢ {v1,v2}.

Then we have the functional equations of global intertwining operators (Proposition [B.7)

[[h@eon) | L @Tx2) st xy) LT R (25500 _
vesﬂ vs =) IS1— 5,3 x %) LS(1 45,3 x%V) L5(1—2s5,%,R) L5(1+2s,%,R)
and

=1

(H /J(T ® 2*)1) LS(S"I X Ev) LS(_&SV X E) LS(QS,S, R) LS(_QS,‘IV,R)

e LS(1—5,3Vx%) LS(1+s,3Tx V) LS(1—25,%Y,R) L5(1+2s,%, R)

for a sufficiently large finite set S of places of F. Here
R_ Asai in Case A,
| A?  in Cases C'D.

Observing that 1 = 1, we obtain
(s ®0)? = p(rs © 0*)*,

By the non-negativity of Plancherel measures on the imaginary axis, we deduce the desired identity.
O
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Lemma 20.9. Assume that

0<m<2 in Case A,
0<m<4, orm=6and xy =1 in Case C7,
0<m<4 in Case D.

Let o and 7 be irreducible supercuspidal representations of H and GL(E) respectively. Assume
further that

T 18 conjugate orthogonal in Case A,
k is even and T is symplectic in Case C”D.

Then Ig/(ﬁ/Q ® o) is reducible.

Proof. By Proposition [B.6] it suffices to show that pu(7s ® o) has a pole at s = % We first assume
that H is quasi-split and H # Sp,. Then ¢ and 7 are generic with respect to some generic
characters. Hence, by [69, Corollary 3.6], we have

:U’(TS ® U) = ’VLS(S7 T X 0,\/’ w) : VLS(_S7 TV X g, 1[}) : /}/LS(287 7, R7 1/}) : VLS(_287 Tv7 R7 1/;)7
where ¥ refers to the y-factors of Langlands-Shahidi [69] and

R Asai in Case A,
| A?  in Cases C'D.

Moreover, it follows from a result of Henniart [33] that

V(25,7 B, ) = (25, Ro 6r, )

with some root of unity «, where ¢, is the L-parameter associated to 7 by the local Langlands
correspondence [28], [32]. By assumption, (s, R o ¢, 1) has a pole at s = 1. Thus, we see that
(1(7s ® o) has a pole at s = 1.

We next assume that H is non-quasi-split. Let H* be the quasi-split inner form of H. Let ¢* be
an irreducible discrete series representation of H* associated to ¢ by the local Jacquet-Langlands
correspondence [§]. Then ¢* and 7 are generic with respect to some generic characters. Hence, by
Lemma 20.8 and [69, Corollary 3.6], we have

p(rs @) =45 (s, 7 x (%)Y, 9) -5 (=s, 7 % 0%,4) - 41528, 7, R, ) -y (=25, 7Y, R, 9)).
Thus the assertion follows similarly.

Finally, if H = Sp,, then by [15], we have
H(Ts ® U) = ’7(8, ¢T ® ¢27/7¢) : ’7(—8, ¢7\{ ® o, QZ)) : ’Y(287 Ro ¢Tvq/]) ’ 7(_257 Ro qu\{?qz))?

where ¢, and ¢, are the L-parameters associated to o and 7 respectively, by the local Langlands
correspondence [15], [28], [32]. Thus the assertion follows similarly. O

20.7. Reduction to the minimal case. Assume that p # 2 and 0 <[ < 1. Using 20.3)), we will
ultimately reduce the proof of Theorem [I5.1(i), (ii) to the minimal case, i.e., the case when

V' is anisotropic in Case A,
V' is anisotropic in Case C”,
W is anisotropic, or W = H? and V = H in Case D.

Note that there is no discrete series representation of Oy ;. The following table describes (G, H) =
(G(W),H(V)) in the minimal case.
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(G, H)
(Uo, Up), (U1,U1), (U11,Uzp), (Ugg,Uzp) ifl=0
Case A
(U1,Uo), (U1,1,U1), (Ugp,Ur), (Ug1,Usyp) ifl=1
Case C” (Spo, OO)? (sz, 02,0)’ (Sp4, 0470)
Ca'se D (02,07 Sp0)7 (02,27 Sp2)7 (04,07 Sp2)

However, in Cases C” and D, since k is only allowed to be even in Lemma [20.9] we need to consider
the following extra case:

n=4and m=4 if xyy # 1 in Case C”,
n=6and m=6 if yy =1 in Case C”,
n=4and m=2 if y # 1 in Case D,
n=6and m=4 if yy =1 in Case D.

The following table describes (G, H) in the extra case.

(G, H)
Case C” (Sp47 03,1)7 (Sp67 0373), (Sp67 05,1)
Case D | (03,1,5p3), (033,5p4), (O5,1,Sp4)

In the minimal case and the extra case, it follows from case-by-case considerations that there
exists an irreducible supercuspidal representation o of H such that its theta lift = := (o) to G is
nonzero and supercuspidal. Let k € N. Assume that k is even in Cases C” and D. By Lemma 20.7]
there exists an irreducible supercuspidal representation 7 of GLk(E) such that

Txw is conjugate orthogonal in Case A,
Txw is symplectic in Case C”D.

Indeed, for an irreducible admissible representation 7 of GLi(F) and a character x of E* such that
X|Fx = XE, TX is conjugate orthogonal if and only if 7 is conjugate symplectic. Thus, in view of
Lemma 20.9] we may use (20.3]) to reduce the proof of Theorem [[5.11i), (ii) to the minimal case in
Case A, and to the minimal case and the extra case in Cases C” and D. Observe that one cannot
reduce the cases (Spg, O33) and (Os3,Sp,) to the cases (Spy, O1,1) and (Oq,1,Spy) respectively,
since there is no discrete series representation of Oy ;.

In Cases C” and D, using the following lemma, we will further reduce the extra case to the
minimal case.

Lemma 20.10. Assume that
n=2andm=2 if xyy # 1 in Case C”,
n=4and m=4 if xyy =1 in Case C”,
n=2andm=0 if xyw # 1 in Case D,
n=4and m=2 if xw =1 in Case D,

i.e., that

(Spa, O2,0), (Sp4; O2.2), (Spy; O40) in Case C”,

G, H) = ,
( ) {(Og}o,SpO), (O2,2,Spy), (O4,0,Spy) in Case D.
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Then there exist an irreducible supercuspidal representation o of H and a nontrivial quadratic
character x of GL1(F') such that

e its theta lift m:= 0(0) to G is nonzero and supercuspidal,

s Ig,(XXW\ “|F ® o) is reducible.

Proof. The lemma follows from case-by-case considerations. We only consider the case (Spy, O22).
Recall that
GSO2 = (GL2 x GL2)/AF*.
Let 7 be an irreducible supercuspidal representation of GLo(F') with trivial central character and
X a nontrivial quadratic character of F* such that 7y 2 7. Let o be an irreducible constituent of

GO
:[Ild.c}scz)j12 (T IX TX) ‘0272 .

Then its theta lift #(o) to Sp, is nonzero and supercuspidal. Moreover, we have

:U’(XXW| ’ ’SF ® U) = 7(377- X T:w) ’ 7(_577- X 7-71/;)7
so that u(xxw| - |3 ® o) has a pole at s = 1. This completes the proof in this case. O

Thus, in view of Lemmas and 20.10, we may use (20.3]) to reduce the proof of Theorem
[5.1Kii) to the minimal case in Cases C” and D. For example, we apply Lemma to reduce the
extra case (Spg, O3,3) to the case (Spy, O22), and then apply Lemma with k& = 2 to reduce it
to the minimal case (Spy, Op).

20.8. Proof for the minimal case. Finally, to finish the proof of Theorem [I5.11(i), (ii), it remains
to treat the minimal case. In the minimal case, the formal degree conjecture is largely (but not
completely) known and the theta correspondence is completely understood. Hence the desired
identity in Theorem [I5.1[i), (ii) can be proved directly. The only nontrivial cases are:

(UQJ,UQ’O) and (Sp4,04,0).

In fact, as a consequence of Theorem [I5.11(i), (ii), we prove the formal degree conjecture for Us and
Sps. Thus, we need to treat these remaining two cases in detail.

e (Uz1,Uszp). Recall that
GU270 = (DX X EX)/AFX,

where D is the quaternion division algebra over F. Let 7 be an irreducible admissible repre-
sentation of D* and x a character of E* such that w; - x|px = 1 and

0 = (T X X)|U2,0

is irreducible. Then o is stable and its theta lift 7 := 6(o) to Ug; is nonzero and square
integrable. By (I8.2), there exists a constant € which does not depend on the representations
such that

deg

=€ wo(=1) - 7(0,0, X3}, ).

Also, recall that

GU171 = (GL2 X EX)/AFX.
Let 7* be an irreducible discrete series representation of GLy(F') associated to 7 by the local
Jacquet-Langlands correspondence and put

*

g = (T* X X)’Ul,l'
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Then o* is irreducible and its theta lift 7* := §(c™*) to U is nonzero and square integrable.
For the case (Ug1,Uy,1), Theorem [I5.Jii) can be proved by reducing to the minimal case
(Uy,Up). Hence we have

deg 7*

deg o* =27". XVV(—[)_z ’ 6(%7XE7¢)_1 ’ 7(07XE7¢) ’ wo*(_l) ’ 7(070—*79([;/17 )

On the other hand, a result of Gelbart-Rogawski-Soudry [I7] says that the representations
7w and 7w
form an endoscopic L-packet of Ug ;. Hence, it follows from a result of Rogawski [67] that
degm = deg ™.
Since deg o = deg o™, w, = wy+ and (s, o, X;Vl,iﬁ) = (s, a*,X;Vl,zp), we obtain
C=2""xw(T) 7 e(3,xm9) " 70, x5, ).
(Sp4, O40). Recall that
GSO40 = (D* x D*)/AF™,

where D is the quaternion division algebra over F'. Fix a quadratic extension K of F'. Let xx
be the quadratic character of F'* associated to K/F by class field theory. Put

~ GO

o= IHdGSé’ZO(lDX X (XK o ND/F))7
where 1px is the trivial representation of D* and Np,p is the reduced norm on D. Let o be
an irreducible constituent of &|o,,. Then its theta lift 7 := (o) to Sp, is nonzero and square
integrable. By (I8.2), there exists a constant € which does not depend on the representations
such that

= € wy(=1) - (0,0, X33, ).

Also, recall that
GSOQQ = (GL2 X GLQ)/AFX.
Put

5" = Indea?, (St M (St @ xx)),

where St is the Steinberg representation of GLg(F'). Let o* be an irreducible constituent of
6*|0,,- Then its theta lift 7* := 6(c™) to Spy is nonzero and square integrable. For the case
(Sp4, O2,2), Theorem [I5.11(ii) can be proved by reducing to the minimal case (Spg, Og). Hence
we have

deg * 1
dega* = wff*(_l) '7(070'*7XW7 )7
so that
e deg .
deg 7*

On the other hand, let 7 and 7* be the theta lifts of ¢ and ¢* to GSp, respectively. Then
7 and 7" are irreducible constituents of 7|gp, and 7*|sp, respectively. Since both 7|sp, and
7*|sp, are multiplicity-free and of length two, we have

degm  degm”
deg7  deg7*
by Lemma [I3.2] so that
_ degm

 deg 7t
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A result of [I6] says that the representations
7 and 7
form an endoscopic L-packet of GSp,, but the equality
deg 7 = deg 7"
has not been proved. To prove this, we appeal to an alternative construction of the L-packet
{m,7*}.
Let V be a quadratic space over F' of dimension four with xy = xx. Recall that
GSO(V) = (GLy(K) x F*)/AK™.

Then the representation
StX 1

of GSO(V) has two extensions 67 and ¢~ to GO(V), where St is the Steinberg representation
of GLg(K). Let 6(6%) be the theta lift of 3% to GSp} and put

~ GS ~
7E = IndGS;‘f (0(6%)).

Here
GSp{ = {g € GSpy|v(g) € Ng/p(K™)},
where v : GSp, — GL; is the similitude map. Then by [12, Theorem A.11(iii)], we have
(7%, 77} = {7,7*}.
Moreover, by (I8.2]), we have
degat  deg7™

degst  degs—’
Since deg 6+ = deg~, we have
deg 7t = deg 7.
Thus we obtain
c=1
This completes the proof of Theorem I5.1[(i), (ii).

20.9. Formal degrees for Us, Sp, and GSp,. As a consequence of Theorem [I5.11(ii), we deduce:
Theorem 20.11. The refined formal degree conjecture holds for the groups Us, Sp, and GSpy,.

Proof.

e Us. The formal degree conjecture was proved in [34, Theorem 8.6°] for stable discrete series
representations of Us. On the other hand, by [17], endoscopic L-packets of Us can be obtained
as theta lifts from Us. Since the formal degree conjecture is known for Us, that for endoscopic
discrete series representations of Us follows from Theorem [I5.1[(ii).

e Sp,. By [16], [15], L-packets of Sp, can be obtained as theta lifts from Oz 2, O4 or O3 3. Note
that
GSOg’g = (GL4 X GLl)/{(z -1y, 2_2) | S FX}.
Since the formal degree conjecture is known for Oz 2, O40 and Og 3, that for Sp, follows from
Theorem [I5.1Kii).
e GSp,. In view of Lemma [[3.2] the formal degree conjecture for GSp, follows from that for
Spy-
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We remark that one can drop the assumption p # 2. Indeed, even when p = 2, the Howe duality
conjecture is known for these low rank groups. This completes the proof. O

Appendix A. Analytic properties of normalized intertwining operators

The purpose of this appendix is to establish Proposition 8] which describes the analytic prop-
erties of the normalized intertwining operator MJER(S, X)-

A.1. Normalization of intertwining operators. In §82 we have recalled the normalization
of the intertwining operator M (s, x) due to Lapid-Rallis [49]. However, we have excluded the
troublesome Case B. In this subsection, we briefly recall the normalization in Case B.

In Case B, choose an element
B € Hom(WY, W2)*=~  of rank n — 1

and put K = ker 3 ¢ WV. Note that im 3 = K+ ¢ W2. Choose an anisotropic line £ in W such
that pryyv(£) = K and put K’ = prypa(£). Let s € G be the orthogonal reflection with respect to
£. Then we have s(K) = K'.

Now choose an isomorphism 3 : WY — W2 such that
. B(K) =K/,
o Bk =slk,
e (3 induces the isomorphism WV /K Ol = wa JK'.
By [49, Lemma 11], the map @ +— pryyv o 4. induces an isomorphism
Up NsPs — Hom(K+,K) = (WY/K) ® K.
Moreover, the symmetric bilinear form (-,-) on W induces pairings

WY /K) x (WY /K) L WY /K x kKt — F

and
KxKESKxK — F.
We take the self-dual measure on Up NsPs = (WV/K) ® K with respect to these pairings and 1.
We define another Whittaker functional
Uy IS (s,x) — C
by

l3(F) = /( — F(su) - g(u) du

for F € IS (s, x). Since the space
{¢ € Homg, (I§ (5, X), 5 ) | {(F) = 0 if F|go = 0}
is 1-dimensional for all s, we obtain:
5o M(s,x) = caup(s,x)  ls

for some rational function cg (s, x). Following Lapid-Rallis [49], we define a normalized intertwin-
ing operator MéjR(s, X) by

MpR(s, x) = cgp(s,x) " M(s,%).
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A.2. A different normalization. The intertwining operator M (s, x) has been studied in [48]
(Case A), [78] (Cases B and D), [73] (Case C’) and [46] (Case C”). However, the normalization of
M (s, x) in these references differs from that in [49]. For the rest of this appendix, we shall transport
their results by comparing the two normalizations.

We first recall that the intertwining operator M (s, x) depends on the choice of the Haar measure
du. We take the self-dual measure du on Up with respect to the pairing (u,v) — ¥(tr(b(u)w o

b(v)w))-
We now recall the setup of [46], [48], [73], [78]. Let {w;|i = 1,...,n} be a basis of W over F

and {w] [i=1,...,n} the dual basis of W over E such that (w;, w}) = d;;. Then we have

(wh'“ ;wn) = (wL"' 7w:z) - Q°,
where Q = ((w;, wj)) € GL,(E). We define a basis {w;,w}|[i=1,...,n} of W =W & W_ over £
by

w; = (wi,w;), w; =—(w;,—w)).
Then we have (w;, w;) = (w;,w}) = 0 and (w;, wj) = §;;. Using this basis, we identify W with
the space E?" of column vectors, which induces isomorphisms

¢ 0 1, c 0 1,
g €e-1, O & = €e-1, 0
UP%{(lon f) xeX}.

{1 in Cases AC,
€ =

G {g S GLQn(E)

and

Here

1 in Cases BD,

and X = {z € M,(E)|'2° = —ex}. Let dx be the self-dual measure on X with respect to the
pairing (x,y) — ¥(tr(xy)). We define an intertwining operator

MA(s,x) : IS (s,x) — I§ (=, (x*)™")

f B 0 1, 1, =«
wsore= [ 7 (( 5 5) (5 1)e)a
for F € IS (s,x) and g € G.

Lemma A.1. We have
M(s,x) = x(2"det Q)71 - 12" . | det Q| - M¥(s, x).

by

Proof. The Haar measure |det Q|%, - dz on X induces the Haar measure du on Up. Since

U)'(Wl,"‘ 7Wn) = (Wi 7W;)‘2Qc’

(297t 0 0 1,
w= 0 2t9) \e-1, 0)°

M(s,x) = x(2" det Q°) " [2" det Q°| ;" - | det Q| - M* (s, X).

we have

so that
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Let 8 € Hom(WVY, W#2)*=~ be of rank
n in Cases ACD,
n—1 in Case B.

We define 3 € X by
ﬁ(wi7 7w;k1) = (wlv'” 7WTL)B
Note that det By = det BQ°. We consider a Whittaker functional

E,hs I8 (s,x) — C

ébﬁ(}'): /X }'<<6 .O1n 10"> <10” fn>>¢(tr(xﬁ))dﬂf

In Case B, choose an anisotropic line £ in W such that pryyv(£) = K. We may assume that
K = Fw;, and K+ = Fwy + -+ Fw,_1, so that

_ (B0
A= (0 0
with some B € M,_1(F). For simplicity, we assume that £ = F(w, — w}). Then we have

n

K' = Fw,, and s(w*) = w,. Choose an isomorphism 3 : WV — W% such that

= 5’ 0
16 - (O 1 )
where 3 € M,,(F) is defined by
3.(“,;... W) = (w, - ,Wn)-ﬁ-
We consider another Whittaker functional

I8 (s,x) — C

given by

given by
0 0 1,1 O 1,1 0 2/ 0
§ o o 1 0o o[ o 1 0 o0 Loy g
(%) _//7 i 0 0 0| 0 o0 1, of]|vEEE)d
0O 0 O 1 0 0 O 1
' = —2'} and da’ is the self-dual measure on X’ with respect to the

Here X' = {2’ € M,,_1(F) |*
pairing (2, y') — ¥(tr(z'y’)).

A.3. Computation of cg (s, x). The following proposition gives an explicit formula for the nor-
malizing factor g (s, x) of Lapid-Rallis [49].

Proposition A.2. We have

e, %) = culs )™ X207 - 205" x(det By) 7 - | det |
’YF(-I27 )(n Dn/2. XE(det B)" n—1 in Case A,
" (—1,— 1)n/2 ()2 yp(det B, )"t - ¢(—B) in Case C,
vF( ) ’YF(det:@ lb)n 1 (s + %,XX;—},@Z)) i Case C7,
1 in Case D,

and
c(5,X) = cpls, )71 x(2) 7 21" TPy (det Byr) ! - | det B |
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in Case B. Here

Hgill’y(% — i+ 1, x| - X ) in Case A,

21 (28 — 20+ 1, X%, ) in Case B,

cy(s,x) = i%:l (25 — 2i + 1, x2%,2) in Case (',
v(s — nT_I,Xﬂ/)) : Z-%zl (25 — 2i +2,x%,42) in Case C7,

?:1 (25 — 2i + 2, X2, 2) in Case D,

where Yo(x) = ¥ (2x) for x € F, and in Case C, xg is the quadratic character of F* associated to
F(y/discB)/F and e(B) is the Hasse invariant of 3.

Proof. We first exclude Case B. By [48, Propositions 3.1, 3A.6], [72, Proposition 4.8], [73, Propo-
sition 4.1, Theorem 5.1], [78, Remark 3.3], we have a functional equation

(0 M¥(s,X) = i, (5,%) - L,
where

Cp(5:X) = ey, )" - x(det B) " - | det B]°

v (T2, ) =Dn/2 .y p(det B)" in Case A,

(- 17 )n/2 vp()" /2 yp(det ﬁ,lﬁ)”“‘l -¢(B) in Case C,
(1) 2/2 yr(det B,9)" - y(s + %,Xxg,w) in Case C”,
in Case D.

X

—

We remark that one can drop the assumption x? = 1 of [72] using a result of Sweet [73, Theorem
2.1]:

Y(s+ 3, %)
(25, x%,12)

where d > 0, Re(s) > 0 and dz is the self-dual measure on F' with respect to . Since

(s, %) = X(2" det Q)71+ 2], det QJ57 - el (5, %),

the assertion follows.

/pd x (@) |25 e (V)Y (2) do =

F

Now consider Case B. The functional equation for Case D implies that

U0 M (s, X) = i, (5,%) - L,

where
_ _ — 1/2
¢ (5:X) = eyls,0) 7L x(det )7L [ det B2
Note that
1, 0 0 O\ /1, 0 0 0
/ / 0 0 0 1||=t2" 1 0 0
= f !
R - 0 0 1,4 0 0 0 1, =«
0 1 0 0 0o 0 0 1
0 1n71 0 1n71 0 113/ 0
1 0 0 0 1 0 0
o0 0 of| o 0 1. o [vE@E)d T,
0 0 1 0 0 0 1
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where dz” is the self-dual measure on F"~! with respect to the pairing (2”,y") + 9(2!z"y"). Since

1/2 —(n—1
V2 gy

the Haar measure | det 3’| /2. dz" induces the Haar measure on Up N sPs defined in

ATl we have
e (s, ) = X(2" det @)1 21" det QI - [ det B[ 121772y (5, 0).
This completes the proof. O

We now prove Proposition 8.1l Put

[T, L(2s — i+ 1, x|px - X5 ) in Case A,

HEI L(2s — 2i +1,%?) in Case B,

a(s,x) = Z.%zl L(2s —2i +1,x?) in Case C,
L(s— "1 x)- 1?:1 L(2s —2i+2,%?) in Case C”,

2 L(2s — 20+ 2,12 in Case D,

[T, L(2s + 4, x| px - X%_i) in Case A,

H::%ll L(2s + 2i,%?) in Case B

b(s,x) = ?:1 L(2s + 2i,x?) in Case C’
L(s+ 22, x) - Z.%Zl L(2s+2i—1,%?) in Case C”,

2 L2s+2i— 1,2 in Case D.

By [46], [48, Proposition 3.2], [73, Theorem 5.2], [78, Proposition 8.10], a(s,x)~' - M¥(s,x) is
holomorphic and nonzero at any s. Since

Q(S, X)il ’ b(—S, (Xc)il) ’ 61[1(37 X)il
is a nonzero exponential function of s, the set of poles of MR (s, x) is equal to that of b(—s, (x°)71).
This completes the proof of Proposition Rl

A.4. A result of Harris-Kudla-Sweet. In this subsection, we consider Case A. As a byproduct
of the above computation, we can transport a result of Harris-Kudla-Sweet [27]. In [27], they
defined a normalized intertwining operator M};KS(S, X) by

M5 (s, x) = e (TP )~ 72 ey (s, x) - ME(s, ).
By Lemma [A.T] and Proposition [A.2, we have
M (s.0) = e (s.0) - x(=2)" - 205 x(det Biw) - | det [}
x yr (TP, 0) "2 g (det B)
X x(2" det @) - |20 - | det QI - M (s, X)
= x(det By ) - | det B |% - xe(det )1 - x(det Q)71 - | det Q5" M};KS(S,X).
Assume that [ = 0, so that V' is a hermitian space over E of dimension n.
Lemma A.3. We have
My (0, X0) | Ry o (Vi) = Xv(det Bw) - xv ()™ - e(V) - e(W)™.

Proof. Tt follows from [27, Proposition 6.8] that
MTIP{KS(O’ XV)’Rw,x,w(V»(W) = xe(=1)" - xe(det V).

We remark that the convention in [27] differs from ours:
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e their hermitian form (-,-) on V satisfies
(av,bw) = a®(v,w)b
for a,b € E and v,w € V;
e their symplectic form on W=V Qg W is

>t () @ (),

Hence we have
MR (0, X0) | Ry o (Vi) = XV (det B) - xp(det B)" - xy(det Q)" xp(—1)" - xp(det V).

On the other hand, since we have chosen 3 so that
det B € (—=1)"* - Np/p(E*)
when n is even, we have
yi(det B = {TE(_WQ ot
Also, we have
xv(det Q) = xy ((=1)"=HD™/2. ) -y (T - disc W)
B {Xv(-l)” if n is even,
) xe(=D®D2Z () e(W)if n s odd,

and
xe(=1)"2 . (V) if n is even,
det V) =
xp(det V) {XE(—l)("_l)/2 -¢(V) if n is odd.
This yields the lemma. O
Let 7 be an irreducible tempered representation of G(W). Then we have the local functional
equation
Z(07 M}pJR(O’ XV)fa f) = E(W)n+1 : wﬂ(_l) : XV(det BW) : ’7(%7 T, X€/7 w) : Z(O7fa f)

for F € I§(0,xv) and a matrix coefficient f of V. Note that Z(0,F, f) is absolutely convergent
by Lemma [0.4((ii). From this, one can deduce Theorem [I1.1]

Appendix B. Properties of Plancherel measures

The purpose of this appendix is to recall some basic properties of Plancherel measures which are
used in the body of the paper.

B.1. Plancherel measures. Suppose that
W =H oW,

and let G' = G(W') be the isometry groups of W’. We consider a parabolic subgroup P = MU of
G’ with Levi component

M = GLg, (E) x -+ x GLg, (E) x G(W),

where ki + -+ + k, = k. Let 7 and 7 be irreducible admissible representations of GLy, (E) and
G (W) respectively. Then one can form induced representations

Igl(’r1®"'®7—r®ﬂ—) and Ig/(71®~--®n®7r)
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of G', where P = MU is the parabolic subgroup of G’ opposite to P. Now consider the intertwining
operator

Jp|P(7'1®~-®Tr®7r):Ig/(71®--'®7'r®7r)—>Ig/(7'1®~-®7'r®7r),

which is rational (see [76, Théoréme IV.1.1]). Then the Plancherel measure associated to IS (11 ®
-+ ® 7 @) is a rational function pu(m ® -+ ® 7, ® w) of (11,...,7,) such that

Jpp(n®@--@n@moJpp(n®@ - @n@m) =p(n®@ - 0nem) .
Note that u(m ® -+ ® 7 @ 7) is independent of the choice of the parabolic subgroup P which has
Levi component M (see [76] §IV.3]).

B.2. Haar measures. At this point, the Plancherel measure p(m ®- - -®7, @) is only well-defined
up to a scalar since it depends on the choice of Haar measures on U and U. We shall take a Haar
measure on U x U defined as follows. By induction in stages, it suffices to treat maximal parabolic
subgroups of either G(W) or GL(FE).

Suppose that H* = X @Y ¢ W’ is a complete polarization and P is the maximal parabolic
subgroup of G = G(W') stabilizing X. Then the unipotent radical U of P is given by:

uxx =id, uxw +upy =0, uxy +uyy + Uy ocuwy =0
U=qu¢e GL(W’) uwx =0, uww = id
uyx =0, uyw =0, uyy =id

Here uye = pr, o ule € Hom(e, %), where pr, : W = X & W &Y — * is the projection, and
% : Hom(Y, W) — Hom(W, X) and x:Hom(Y,X) — Hom(Y,X)
are defined by requiring that
(f(y),w) = (g, f*(w)) for f € Hom(Y, W), y € Y, w € W,
(9),y) = (y,9"()) for g € Hom(Y,X), y,y' €Y.
In particular, the map u — upy induces an exact sequence
1— Hom(Y, X))~ — U — Hom(Y, W) — 1,

where Hom(Y, X)*== = {g € Hom(Y, X)|g¢g* = —g¢}. Similarly, the map @ — uyw induces an
exact sequence
1 — Hom(X,Y)* " — U — Hom(W,Y) — 1.

In Case A, we replace {-,-) by T71-(-,-) and view G’ as the isometry group of a hermitian form
on W'. Let {w;|i =1,...,k} be a basis of X over E and {w_;|i = 1,...,k} the dual basis of Y
over E such that (w;,w_;) = d;;. Using these bases, we obtain isomorphisms

Hom(Y, X)*™™ 2 My(E)*™~ and Hom(X,Y)"™™ = Mi(E)"".
Here My (E)*=" = {z € Mg(E)|'2® = —ex}, where

1 in Cases ABD,
€ =
—1 in Case C.

We take the Haar measure

1<i<k 1<i<j<k
on My (E)*=~, where:
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e dx;; is the self-dual measure on
Ey in Case A,
F  in Case C,

with respect to the pairing (z,y) — ¢ (zy). Here, in Cases B and D, the product [, is
interpreted to be 1.

o dx;; is the self-dual measure on F with respect to ¥ g.

Thus we obtain Haar measures du’ and d@’ on Hom(Y, X)*=~ and Hom(X,Y)*=" respectively.
Note that the product du’ d@’ is independent of the choice of the basis {w;}.

Fix a Haar measure du” on Hom(Y,W). Let du” be the Haar measure on Hom(W,Y") which is
dual to du” with respect to the pairing (v”,a”) — ¥ g(tr(u” o@”)). Then the product du” du” does
not depend on the choice of du”.

We define Haar measures du and d@ on U and U by
du = du' du” and du = du'du”
respectively. We shall take the Haar measure

dudu in Cases AC”D,
2|2F - dudu  in Cases BC,

on U x U.

Now suppose that X is a finite dimensional vector space over FF and P is a maximal parabolic
subgroup of GL(X) stabilizing a subspace X’ of X. Let U be the unipotent radical of P. If we
write

X — X/ @ X”,
then we have isomorphisms
U= Hom(X",X") and U = Hom(X', X").

Fix a Haar measure du on Hom(X"”, X"). Let du be the Haar measure on Hom(X’, X”) which is
dual to du with respect to the pairing (u, ) — g (tr(u o @)). Then the product dudu does not
depend on the choice of du. We shall take the Haar measure

du du
on U x U.

Thus, we have defined the Haar measure on U x U which depends only on the additive character
. Let piy(71 ® -+ - ® 7, @ m) denote the corresponding Plancherel measure. Then we have

pp (M ® - @7 @m) = lalg™Y py(n®- - @n @)

for a € F*, where 1, (x) = t(ax) for x € F. Since we are fixing 1), we shall henceforth suppress 1
from the notation.

B.3. Orthogonal groups vs. special orthogonal groups. When W is a quadratic space over
F, we may consider the induced representation II%O (M®- @71 ®m) of G = SO(W’), where m
is an irreducible constituent of 7|go, and the associated Plancherel measure pu(m @ -+ ® 7, ® 7).
We note:

Lemma B.1. We have
wn -7 m) =pn - - 7. ).
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Proof. Observe that
ISne-9ornen)cl§ne  -n® Indgo(ﬂo))
= Indgo([géo (M®-- 7 ®m))
and
Jpp(n®-@nenr) = Indgo(Jp0|po(T1 Q7 ® 770))‘119’(71@..@“@@‘

From this, one can deduce the desired identity. [l

B.4. Factorization. Factorizing the intertwining operator Jp, p(m ®---®7 @) as a product of
“rank 1”7 operators, one can express the Plancherel measure p(m ® -+ ® 7, ® 7) as a product of
Plancherel measures for the corank 1 case (see [76, Lemme V.2.1}).

Lemma B.2. We have:

pne-enen)=| [[ wnen) wmeE)") |- 1] wwen.

1<i<j<r 1<i<r

Here ji(1;®7;) is the Plancherel measure associated to the representation of GLy, x; (E) parabolically
induced from the representation 7; @ 7; of the Levi component GLg, (E) x GLg, (E).

B.5. Multiplicativity. We now come to an inductive property of Plancherel measures, known as
the multiplicativity. We consider a parabolic subgroup P’ of G = G(W') with Levi component

"
GLk’l(E) X o X GLké(E) X G(W ),
where W = H¥ @ W” and k| + - -- + k/, = k. Suppose that
rCIg(rn® - erner),

where 77 and 7’ are irreducible admissible representations of GL,C;, (E) and G(W") respectively. We

shall describe the Plancherel measure pu(m1 ® -+ ® 7 ® 7) in terms of 7;, T]'» and 7.
By Lemma [B.2] it suffices to consider the corank 1 case, i.e., to consider the Plancherel measure
u(r @ m)
with » = 1 and 7 = 7;. Also, by induction in stages, it suffices to consider the case when
IS (7 @)
with s =1 and 7/ = 7/.
Proposition B.3. We have
preon)=urer) ure (7)) pre ).
Proof. Let P” be the unique parabolic subgroup of G’ = G(W’) such that P” ¢ P and M N P" =
GLy(E) x P'. Note that P” has Levi component
GLi(E) x GLi (E) x G(W").
By induction in stages, for an irreducible admissible representation v of GLy/ (E), we have
Tpuipr(T @v @ 7') = Jpp(r @ 15, (v ® ') 0 IndE (id ® Jpr pr (v @ 7))
= Ind% (id ® Jp/ p: (v @ 7)) 0 Jp|p(r @ IG (v @ 7).
In particular, we have

prever)=urelpver)) pver).
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On the other hand, we have

IS (ren) cIS (oIS (r o))

and
Jpip(T @) = Jp|p(T ® IS (7 ® ﬂ/))b}g’(T@ﬂ)a
so that
. urove )
pirm) = pre 18 ) = (T -

Hence, by Lemma [B.2] we obtain

p(r @) = (p(r@v) - u(r @ (v9)") - ulr @ ")) o=

Since the line {(7,v)|v = 7’} is not a singular hyperplane of u(7 ® v) nor that of u(r ® (v°)"), we
can simply substitute v by 7/ on the right-hand side. This yields the proposition. O

In general, if
rcIS(ne---@rner),
then by Lemma and Proposition [B.3, we have

W@ @7 @m)

= I mrem nmee)|-| I seem wme @) |- I srmer)
1<i<y<r 1<i<r 1<i<r
1<5<s

=| J] vmem) -uwrmeE@)) | wne--oner).
1<i<r
1<5<s

We also consider a parabolic subgroup P’ of GLy,(E) with Levi component
GLk’l (E) X o X GLkg (E),

where k] + - -+ + k. = k;. Suppose that

Ly, (E)

G
7 C Ip, Fi (M@ @71,

where T]’- is an irreducible admissible representation of GLk;_ (E). Similarly, we can describe the

Plancherel measure p(11 @ -+ ® 7, @ 7) in terms of 7 (for i’ # i), 7; and «’. By Lemma [B.2] and
induction in stages again, it suffices to consider the Plancherel measure

u(T ® )
with r =1 and 7 = 7, when
7 1SE) (11 @ 7%)
with s = 2. By a similar argument as in the proof of Proposition [B.3] we have:

Proposition B.4. We have

pr@m) = p(r @ (7)) - ulrf @ 7) - p(ry @ ).
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B.6. Unramified case. We consider the Plancherel measure p(7 ® 7) for the corank 1 case. Sup-
pose that G(W) is quasi-split and 7 and 7 are submodules of principal series representations:

G
rcI (@ @y, and T CIE (@ ® pr ® lgaw,,))

for some characters x; and p; of GLi(E). Here B and P, are Borel subgroups of GL;(E) and
G = G(W) respectively. Then by the multiplicativity of Plancherel measures, one can reduce the
computation of the Plancherel measure p(7 ® ) to that for the rank 1 groups SLy, SO3, SU3 and
Mp,. For these groups, the Plancherel measure has been computed explicitly (see [40], [73]), and
can be expressed as a product of Tate’s «-factors. Thus, we have:

Proposition B.5. We have

:U’(T®7T) = ’Y(Ov ¢T b2y ¢X7¢E) : 7(07¢7\{ ® d)W?QZ)E) ’Y(OvRO ¢T’7/]) ’Y(OvRO qb;—/vi/;)
Here

r

k
br=Pxi and o= (P @)™ |e1
=1

J=1

where 1 is the L-parameter associated to the trivial representation of G(Way) (note that ¢, and ¢
are not necessarily the L-parameters of T and 7) and

Asai  in Case A,
R={Sym? in Cases BC’,
A’ in Cases C”D.

Note that the Haar measure on U x U is defined in §B.2 so that the identity in the above
proposition holds. When 7 and 7 are unramified (so that x; and p; are unramified), the Gindikin-
Karpelevich formula is a refinement of Proposition [B.5 in the sense that it describes the action
of the intertwining operator on spherical vectors rather than that of the composition of the two
intertwining operators.

B.7. Plancherel measures and reducibility. Now suppose that 7 and 7 are unitary and super-
cuspidal. Let (7 ® ) be the stabilizer of 7 @ 7 in the Weyl group Q := Normeg/ (M )/M. Then the
points of reducibility of the induced representation

IS (1, @ )

are determined by the analytic properties of the Plancherel measure
p(7s @ )

(where 7, = 7| det |}, for s € C) as follows.

Proposition B.6. (i) We have pu(r @ ) > 0.

(ii) If Q(r @ ) = {1}, then I (1 @ ) is irreducible and p(t @ ) > 0.

(i) If Q(r @ 7) # {1}, then I§ (1 @ 7) is irreducible if and only if p(tT @ ) = 0 (in which case the
order of zero is 2).

(iv) If u(r @ ™) > 0, then u(ts @ w) is holomorphic on R.

(v) If u(t @ ) = 0, then there exists a unique so > 0 such that p(7s @ ) has a pole at s = s¢ (in
which case the order of pole is 1).

(vi) For s > 0, I§ (14, @ ) is irreducible if and only if (s ® ) is holomorphic at s = sg.
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When G(W) is linear and connected, these results are largely due to Harish-Chandra (see [70],
[76]); (v) is due to Silberger [71]. The case when G(W) is the (nonlinear) metaplectic group is
largely treated in [I3, Appendix AJ; (v) is due to Hanzer-Mui¢ [25]. The case when G(W) is the
(linear but disconnected) orthogonal group can be inferred from a result of Ban-Jantzen [6].

When G = O(W) is the orthogonal group, the following example is instructive. Let my be an
irreducible constituent of 7|co. Assume that either dim W = 0 or smy % m, where s € G~ G°.

Assume further that k is odd and 7 is self-dual. Then by [6, Proposition 4.3], Ig(/)o (1 ® mp) is
irreducible but Ig/ (7 ® m) is reducible. This is consistent with the fact that

Areom)={1}, Qron)#{1}, wreom) =urer)>0,
where Q0(7 ® mp) is the stabilizer of 7 ® 7 in the Weyl group Q° := Normgo(M?)/M°. Except
for this scenario, a result of Ban-Jantzen [6, Proposition 4.3] says that Ig(l)o (Ts ® mo) is irreducible
if and only if 1§ (7, ® 7) is irreducible.

B.8. Global case. Suppose that F is a number field with ring of adeles A = Ar and W is a space
over E, where either E = FF or E is a quadratic extension of F. We fix a nontrivial additive character
U of F\A. Let ¥ = ®,%, and II = ®,II, be irreducible cuspidal automorphic representations of
GLi(Ag) and G(W)(A) respectively. We consider the induced representation

IF (T, @ 1)

of G’(A), where P is a maximal parabolic subgroup of G’ = G(H* & W) with Levi component
GLi(E) x G(W), and the associated global intertwining operator

Jpp(Ts @ 10) : If (T, ® I) — IE (T, @ 1),
Then we have the global functional equation
JP@(SS ®II) o J@lp(fs ®II) = 1.
From this and the Gindikin-Karpelevich formula, one can deduce:

Proposition B.7. We have

(H fy, (Tps @ 11 )—1) L3(s, % x 1Y) L3(—s5,%" x 10) L%(25,%, R) L5(~25,%V, R)
U, \Rou,s v

e LS(1—s,TV xII) LS(1+s,Tx V) LS(1—2s,%V,R) LS(1+25,%, R)

for a sufficiently large finite set S of places of F. Here
Asai  in Case A,
R={Sym? in Cases BC’,
A’ in Cases C”D.

Appendix C. Convergence of integrals

The purpose of this appendix is to show that certain triple integrals appearing in §I8 are abso-
lutely convergent.

Assume that [ > 0. Let r and s be the F-ranks of G and H respectively. Put

5 in Case A, Z in Case A,
p= ”T_l in Cases BD, p= mT'H in Cases BD,
”?“ in Case C, mTfl in Case C.

Then we have | = —m + 2p = n — 2p. Fix maximal split tori AOG and Al of G and H respectively.
Fix minimal parabolic subgroups POG ) AOG and P! 5 All of G and H respectively. Let 587' and 61

=1
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be the modulus characters of P§’ and P respectively. We may identify AS and Af with (F*)"
and (F'*)* respectively, so that

H| l’2p+1 21’ H|b |29+1 25

for a = (a1,...,a,) € A§ = (F*)", b= (by,...,bs) EAg%(FX) and
A€’+ = {(al,...,ar) S (FX)T||CL1|F < < ‘ar|F < 1}7

AT 2 (b, ... bs) € (FX)8 | |ba]p < --- < |bs|p < 1}

Let 7 be an irreducible discrete series representation of G. Assume that either 7 is supercuspidal
or 0 <[ <1.

Lemma C.1. Let ¢1,¢2,¢3,¢4 € w. Let f and f' be matriz coefficients of w. Then the triple
integral

[, L Fatronsinlita.0) - Fyons, 6010 - @) - (o) dg ol
is absolutely convergent.

Proof. When  is supercuspidal, it suffices to show that the integral

/‘7: h)¢1®¢>2 - F w(h )¢3®¢4( ) dh = /H(w(h)(¢1®€53)7¢2®$4)')m/(deth)dh

is absolutely convergent. This follows from [50, Theorem 3.2].

Now suppose that 0 <1 < 1. It suffices to show that the integral

Lo o [ Ftrononai0 1) P G D@ (35 )55 ') () dad

is absolutely convergent. We define a function T on F'* by
1 if <1
T@) =< ., . fele < 1,
lz|p- i |z|p > 1.

Then as in the proof of [I12, Lemma 9.1], we have

|f ¢®¢/( (CL 1))| = ‘( (ab (Zﬁ ¢ | < H|a2’m/2 ) H’b |n/2 r HHT az

i=1j5=1
for ¢, ¢ € w, a € AG and b € Al. Thus it suffices to show that the integral
m/2 /m/2 n—2r T -1 /-1
/AH+/AG+/G+H|GZ‘ H|b b HHT(aij )T(aibj )
i=1j5=1
x 65 (a) 1265 (@) 12681 (0) 1 (1 + log ||all[|a’|]) =% da da’ db
(1+1) /2+z (141)/2+i 1—2r—1+2; -1
= Ju S L T a2 Tl TT T vt vt
i=1j=1
x (1 +1log ||a||||la’|])~% da da’ db
is absolutely convergent for some d > 0.
Fix a sequence 0 < k1 < --- < k, <r. We write ay,...,as for

!/ /
A1y e s Ay s A1 Q415+ -+ 5 Qg5 Gy -+ r?aerrl?' ey Qp.
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Put
(tl,...,tgr):(1,...,k1,1,]€1+1,...,k2,2,...,7’,kr+1,...,7’).

Note that (t1,...,t2-) is a shuffle of an ordered sequence (1,2,...,7;1,2,...,7) divided into two
ordered subsequences. By breaking up the domain of integration, it suffices to show that the integral
of

2r
(C.1) H|ai|];(l+1)/2+tl( ~log |ai|r) —d H|b |l 2r—1+42j HHT az
=1

i=1j=1
over
lai|p <o <agelrp <1, |bi]p <o < bglp <1
is absolutely convergent for some d > 0.

Fix a sequence 0 = Iy < [} < --- <y < 441 = 2r. By breaking up the domain of integration
again, it suffices to show that the integral of (CIl) over

lar|r < - <lay|r < |bilr < lay+1lF < -+ <lap|r < |ba2|F
<< bjle < agyaale < < ayy F < bjale
< bl < aggalp < - <agep <1

is absolutely convergent for some d > 0. Note that a; with [; +1 <4 < [;41 is in the (i + 7)-th
position and b; is in the (I; + j)-th position. We introduce new variables x1, ..., z2, s with

lz1|r < 1,0 |Torps|F < 1,
and set

Qi = L1 L2 s4+1—(i+5)> bj=mxy--- Lor4s+1—(1j+5)

We can write (C.1)) as
2r+s

H |z | H 1 —log|a;|p)~¢
=1

with some ej, € 37Z. Since 127, (1 — log |a;| )~ ¢ is majorized by
H(l —log |:c,~]F)*dl
k

with some d > d’ > 0, where k runs over 1 < k < 2r + s which is not of the form k = 2r +s+1 —
(I; +7) with 1 < j < s such that [; = 0, it suffices to show that

e, >0
for all £ and that

e, >0
ifk=2r+s+1—(l; +j) with 1 <j < s such that [; = 0.

We first assume that k = 2r + s+ 1 — (i +j') with 1 < ¢ < 2r and 0 < j° < s such that
ljy +1 <" <lj4;. Then the exponents of

ay, ... 7allub17al1+17"')alz7b27"' 7bj’7alj/+1)' ey Qg

in (C1)) contribute to eg. The contribution from H " lail g (IH1)/2+t;

l 1 -/ -/ -/l <12
PR (Z+1)=—12+Z

is greater than or equal to

2 4\ 2 4



90 WEE TECK GAN AND ATSUSHI ICHINO

if ' is even, and

" l+1+2 i'—1 i’—1+1 +i’+1 i’l+z”2+1
— - . —_ - —
2 4 2 2 2 4 4
if i’ is odd. The contribution from []}_, b2 1 s equal to

Jl=2r =1+ +1) =51-2j'r + ;>

The contribution from [[2", | T(aibj_l) is equal to

/ -/

7 J
=D =)+ @r—1y) = —i'j + 25
i=1 i=1
Hence we have
it i, R R R
ek2—5+z+jl—2]r+j —vj +27r
i'd? . .
=5+t
_(f s
“\277 73 1
>0
if ¢’ is even, and
'/l 12 1
er >~ bt 2 i 2
it i, 1
_ v l ./2_-/v/ -
g T HiltiT i+
_ i’ / l ? l2 1
277 73 4 g
>0

if 7/ is odd.
We next assume that k = 2r +s+1 — ({;; + j') with 1 < j* < s. Then the exponents of
al?“’7al17b17a’l1+1)'"’al2)b27“’7bjl

in (CJ)) contribute to ej. Similarly, we have

L N2 2
>(LZ - 2) - >
e’“(z J 2) ;=Y

if [;» is even, and

if [;; is odd. Moreover, if [;; = 0, then we have

\N? 2
ekZ(—j’—2> ——=3%4+41>0.

This completes the proof.
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Lemma C.2. Let F € IS(%,XV) and F' € IS’(—%,XV). Let f and [’ be matriz coefficients of .
Then the triple integral

/ / / Flitg~'¢"\ 1)) - Flilgs T.0) - 7(g) - £'(g') dg dg’ dg”
GJGJG

18 absolutely convergent.

Proof. When = is supercuspidal, it suffices to show that the integral

| it 1) - F D) ag
is absolutely convergent. This follows from Lemma [0
Now suppose that 0 <[ < 1. It suffices to show that the integral

(C.2) /G/G/Gf(i(g’, 1)) - F(i(g,1)) - fFlg='g") - f'(d"g~") dg dg’ dg"
is absolutely convergent. For any d > 0, (C.2)) is majorized by
L 17 )7 e 0))- 22" ) - 1+ 1o Lol o ") dg g g

We may assume that

\F(i(g'K )] = [F(i(g, )], |F (i(kg,1)| = [F(i(g,1))]
for g,¢' € G, k, k' € K. Since

F (g, 1) F (g, 1))] = / / F(i(g'K 1) F (i(kg, 1)) dk i,
KJK
(C2) is majorized by
/ / / / / Fi(g ¥, 1) F (i(kg, 1)) - Eg~"g")E(g"g" ™) - (1 +log |glllg' g 1)~ dk dk’ dg dg’ dg”
/ / / / / Fi(g 1) F (i(g, )| - E(g~ kg E(g"K g ™) - (1 +log [lgl g9 ]))~* dk di’ dg dg' dg”
/ / / Fi(d' 1) F (i(g, )] - E(0)E(¢)E(g")? - (1 + log lglllg'llg" 1)~ dg dg’ dg’"

By Lemma [0.3] this integral is absolutely convergent. This completes the proof. U

Appendix D. Computation of volumes

The purpose of this appendix is to compute the volumes of certain compact groups which are
used in the proof of Corollary 0.6l We only consider Cases A, C” and D.

D.1. Lattices. For the computation, we need to fix a minimal parabolic subgroup and an Iwahori
subgroup of G = G(W). Here, in Case A, we replace (-,-) by T71- (- -) and view G as the isometry
group of a hermitian form on W.

Let r be the F-rank of G. Then we have
W = H" S Warn

where H is the hyperbolic plane and W, is the anisotropic kernel of W. Choose a basis {w; |i =
+1,...,£r} of H" over FE such that

(wi,wj> = <w_i,w_j) =0 and (wi,w_j> = 5z’j
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for 1 <4,5 <r. Let P{’ be the minimal parabolic subgroup of G stabilizing a flag
Fw, Cc Fwi +Fwy C --- C Bwy + -+ + Fw,

and 500 the modulus character of POG . Let Ag be the maximal split torus of G stabilizing Fw1, . .., Ew,.
We identify (a1,...,a,) € (F*)" with an element a € A§ such that aw; = a;w; for 1 <i < r. Let

AT ={(ar,. ) € (F) [|aalp < -+ < Jar|p < 1}

We use a lattice chain in W to define an Iwahori subgroup of G. For 0 < ¢ < r, we define a
lattice £; in W as follows.

(A) o IfdimW,, =0, let

i T
L; = Z(wEa,gle +opw—_j) + Z (05 w; + opw-j).
j=1 Jj=i+1

o If dim Wy, = 1, we may assume that Wy, = F and (z,x) = /’QNE/F(%‘) for x € W,n, where

{FJ € 0y or k is a uniformizer of o if E/F is unramified,

KEo0g if E/F is ramified.
Let
7 r
L; = Z(K)YDEDEI’IUJ‘ + oEw_j) + Z (Hagle + oEw_j) +o0g.
j=1 j=i+1

o If dim Wy, = 2, we may assume that Wy, = D and (z,z) = Np/p(z) for x € Wy, where
D is the quaternion division algebra over F' and we fix an embedding E <— D. Let

i T
Li =Y (wpdg'w; +ogw_j) + > (g w;+ogw_j) + op.
j=1 j=i+1
(C”) Let
7 T
L; :Z(pij—}-OFw,j)—}— Z (opw; + opw—_j).
7j=1 J=i+1

(D) o If dim Wy, =0, let

Q
L; :Z(pp’wj—i-Owaj)—i- Z (opwj—l—OFw,j).
j=1 j=it+1

o If dim Way, = 2, we may assume that W, = K and (v,x) = 26Ng /p(v) for € Wap,
where K is a quadratic extension of F' and

Kk € 0 or k is a uniformizer of op if K/F is unramified,
KEop if K/F is ramified.
Let
% T
L, = Z(HPFU)J‘ + OF’LU_j) + Z (HOij + UFU}_]‘) +ogk.
j=1 j=i+1
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o If dim Wy, = 4, we may assume that W,, = D and (z,x) = 2Np p(x) for x € Way, where
D is the quaternion division algebra over F'. Let

1 T
L; = Z(pij + on_j) + Z (OFU]j + UFw—j) +o0p.
j=1 Jj=i+1

Let Kg be the maximal compact subgroup of G stabilizing the lattice £y and Ig the Iwahori
subgroup of G stabilizing the lattice chain

LoDLyD---DL,.

Let IETC be the pro-unipotent radical of I.
Similarly, we define P, 651, AY, ALPY ) Ky, Iy, TF;.
D.2. Computation. Assume that v is of order zero. For a connected reductive linear algebraic
group G over F', let Ig be an Iwahori subgroup of G and Iér the pro-unipotent radical of Ig. Put
b = — log, vol(I, dgy),

where dg,, is the Haar measure on G defined in §I3.1l Let fo be the smallest non-negative integer

such that ye(z) = 1 for all z € o N (1 + p};) Note that fo = a(xe), where a(xe) is the Artin
conductor of x,.

Lemma D.1. We have

o, _ K1)
2
and
( n(n2+1) if E/F is unramified in Case A,
%(g +1)+fg- ”(”4*1) if E/F is ramified and n is even in Case A,
ogo — # +fg - % if EJF is ramified and n is odd in Case A,
(2 4+1) in Case C”,
%2 if xw 1s unramified in Case D,
25 —-1)+fw- "7*1 if xw s ramified in Case D.

Proof. For a connected reductive linear algebraic group G over F, let
Mo = P Vu(1 - d)
d>1
be the motive of G defined by Gross [20], where U, is the Artin motive given in [20, §1]. By [20,
(4.11)] and [21], §5], we have
1
G = a(Mg) + Z(d - 1) dimQICIlF + rankpur G,
d>1

where

a(Me) = > _(2d — 1)a(By)

d>1
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is the Artin conductor of Mg given in [21), §4] and I is the inertia group of F. Also, we have

k
Mar, = EP QL 1)
=1

D1 Qlxp)(1 — 1) in Case A,
Meo = 2,Q(1—24) in Case C”,
o] . ny
( 2, Q1 - 21)) @ Qxw](1—%) in Case D.
This yields the lemma. O

We retain the notation of §20.3l

Lemma D.2. We have

(G /MY) _ vol(K,) .VOI(K%Q) A
W(H’O/Mg) vol(KY,) VOI(KR/[P) ’

where A is an integer given by the following table.

Case A, E/F unramified || dimV,, =0 | dim V,, =1 | dim V,, = 2
dim Wy, =0 0 0 2k
dim Wy, =1 0 0 2k
dim Wy, = 2 —2k —2k 0
Case A, E/F ramified || dim Vy, =0 dimV,, =1 dimV,, =2
dim W, =0 fekm — fgkn fekm — fgkn + fgk fekm — fgkn + 2k
dim Wy, =1 fekm — fgkn — fgk | fekm — fgkn fekm — fgkn — fgk + 2k
dim Wy, = 2 fekm —fpkn — 2k | fpkm — fgkn + fpk — 2k | fgkm — fgkn
Case C” | dimV,, =0 0
dim Vy,, = 2, xv unramified || 0
dim Vo, = 2, xv ramified fvk
dimV,, =4 2k
Case D | dimW,, =0 0
dim Wy, = 2, xw unramified || O
dim Wan = 2, xw ramified —fwk
dim Wy, =4 —2k

Proof. Let I and I be the Iwahori subgroups of G’ and H' as in §D.Ilrespectively. For a reduced
root o of Apy, in P, we have

U,NKgr =U, ﬂ[g,,
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where U, is the root subgroup associated to «. Hence, by [76, p. 241], we have

VO](Ig,O) ) -1 Vol(I]\Z}O))

VOlllgn) } T M7 UsNKer i Uy N IE]Y,
vol(KY,) vol(KY, ) IT | G &)

CVezred (P)

Y(G"/Mp) = <

where X,eq(P) is the set of reduced roots of Ay, in P. We remark that in [76], the Haar measures
are normalized so that

vol(K)) = vol(K](\ZP) =1.
Similarly, we have

-1 +
1 I+/ VO](I 0)
VO( HO)> Ma | I [UamKHlanﬂII—;/]il

V(H" /M) = <

(K9, vol(K9, ) ]
vol(K7p) vol( MQ) JEe)
On the other hand, by Lemma [D.I, we have
+
Lg;‘“)) — M an %};ﬁo) _ e,
VO](IMIOJ) VO](IMg)

where Ap and Ag are integers given by the following table.

Ap
Case A | E/F unramified 2kn + k2
E/F ramified, n even || kn + k(kH + fekn+fE - 1)
E/F ramified, n odd || k(n — 1)+ 28 4 5ok + fE k(et1)
Case C” kn + k(kﬂ)
Case D | xw unramified kn + k(k L
Xw ramified kE(n—1)+ % + fwk
Ag
Case A | E/F unramified 2km + k?

(k+1

E/F ramified, m odd || k(m — 1) + M + fkm +f _ k(k+1)
’ 2 E E 5

E/F ramified, m even || km +

Case C” | xy unramified km + (k D)
Xxv ramified k(m—1)+ @ +fvk
Case D km + (kH)

Moreover, we have
UsNKg :UaNI5]™ =g 2% and Us N Ky : Ua NI =g e
G H
OéeEred(p) aEEred(Q)

where A, and Af, are integers given by the following table.
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A,
Case A | E/F unramified, dim W, = 0 || 2kn + k?
E/F unramified, dim W, = 1 || 2kn + k?
E/F unramified, dim W, = 2 || 2k(n — 1) + k2
E/F ramified, dim Wy, = 0 || kn + EEED
E/F ramified, dim Wy, =1 || k(n — 1) 4 HEED
E/F ramified, dim Wy, =2 || k(n — 2) 4 HEFD
Case C” kn + w
Case D | dim Wy, =0 kn + @
dim W, = 2, xw unramified || kn + @
dim Wy, = 2, xw ramified k(n—1)+ @
dim Wan = 4 k(n—?)—i—@
Ag
Case A | E/F unramified, dim V,,, = 0 || 2km + k2
E/F unramified, dim V,,, = 1 || 2km + k?
E/F unramified, dim V,, = 2 || 2k(m — 1) + k?
E/F ramified, dim Vo =0 || km + &)
E/F ramified, dim Vo =1 || k(m — 1) + HEH)
E/F ramified, dim Vo =2 || k(m — 2) + HEH)
Case C” | dim V,, =0 km + @
dim V,, = 2, xy unramified km + @
dim Van = 2, xy ramified k(m—1)+ @
dim Vyp, = 4 k(m —2) + 2l
Case D km + @
Thus we obtain
(G /MD) _ vol(K,) . VOI(KJ()MQ) - APha—Npg
Y(HO/Mg) — vol(Kf,) vol(K}, ) '
This yields the lemma. O

D.3. Computation (continued). Assume that 1 is of order zero. As in §B.2] we have an exact
sequence

(D.1) 1 — Hom(Y, X))~ — Up — Hom(Y, W) — 1.
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Let {w;} be a basis of H¥ = X @Y over E as in §B.2l Using this basis, we identify Hom(Y, X)*=~
and Hom(Y, W) with Mg (E)*=~ and W* respectively. We define a Haar measure du on Up by
du = du' du”,

where:

e du' is the Haar measure on My (F)*=~ defined in §B.2k

e du” is the self-dual measure on W* with respect to the pairing (u”,v"”) — g (tr((v”,v"))).
Similarly, we have an exact sequence

1 — Hom(X,Y)* ™ — Up — Hom(X, W) — 1.

Using the basis {w;}, we identify Hom(X,Y)*=~ and Hom(X, W) with My(E)*=~ and W* respec-
tively. We define a Haar measure du on Up by

du = du' da”,
where dii’ and d@” are the above Haar measures on M (E)*=~ and W* respectively. Since
((@yw ouwy)(w—i), w;) = (uwy (W), Gyw (w;)) = —(uwy (W), twx (w;))

for u € Up and u € Up, du” induces the Haar measure on Hom(W,Y') which is dual to du” with
respect to the pairing

Hom(Y, W) x Hom(W,Y) — Hom(Y,Y) g YE ox
In particular, the Haar measure dudu on Up x Up agrees with that defined in §B.2

Lemma D.3. We have _
VO](UpﬂKgl) ~VOl(UpﬂKG/) A

vol(Ug N Kpr) - vol(Ug N Kpv) ¢
where A is the integer given in Lemma [D.2.

Proof. Put
OEI if dim W, = 0 in Case A,
/@DTEI if dim Wy, =1 in Case A,
0;71 if dim W, = 2 in Case A,
a=<op in Case C”,
oF if dim W,, = 0 in Case D,
kop if dim W,, = 2 in Case D,
WJa if dim Wy, = 4 in Case D.
Then (D.J)) induces an exact sequence
1— Hom(Y(oE),X(a))*:* — UpN Kg — Hom(Y (og), Lo) — 1.
Indeed, for f € Hom(Y (0g), Lo), we have f* € Hom(Ly, X (a)) and there exists g € Hom(Y (0g), X (a))
such that g + ¢* + f* o f = 0. Hence we have

vol(Up N Kqr) = vol(M(a)*=7) - vol(Lo)".

Similarly, we have
vol(Up N Kgr) = vol(Mg(a™1)*=7) - vol(a™ Lo)*.
On the other hand, the values
vol(Mg(a)*=7), vol(Mg(a™1)*=7), wvol(Lo)¥, vol(a™1Lo)"
are given by the following table.
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vol(Mg(a)*=7) vol(My(a=1)*=7)
Case A | dim Wy, =0 U@E . g/ek(k=1)/4 U;Jk g 3Tek(k=1)/4
dim W = 1 e P ol e L e L P
dim Wyn =2 Ui}% . gfEk(k=1)/4 "Ek g 3Tek(=1)/4
Case C” 1 1
Case D | dim Wy, =0 1 1
dim Wan = 2, xw unramified \Fg\?kil)/z | |;k(k*1)/2
dim Wy, = 2, xw ramified 1 1
dim Wy, =4 1 1
vol(Lo)* vol(a=1Lg)k
Case A | dim W, =0 1 g~ fehn
dimW,, =1 g TER/2 ’,{‘kEnﬂ g fekn—frk/2 . ’,{‘Ekn/Q
dim Wy, = 2 gk g~ fehn—k
Case C” 1 1
Case D | dim Wy, =0 1 1
dim Wy, = 2, xw unramified |/<;]’;"/2 w;k"/?
dim Wy, = 2, yw ramified || g~Wh/2 g k2
dim W, = 4 " i

Here, in Case A, we put vp = vol(Ey N Dgl,da:), where dz is the self-dual measure on Ey with
respect to the pairing (z,y) — ¢ (xy). Also, since 0g = (3 — »“)og, where {1, 5} is a basis of o
over op, we have

Eynog={x € Ey|zy € op for all y € Eoﬁbgl},
so that vol(Ey Ndp,dz) = v'. Hence we have
vol(Up N K¢r) - VOl(ﬁp NKg) = q*)‘P7

where Ap is an integer given by the following table.



FORMAL DEGREES AND LOCAL THETA CORRESPONDENCE 99

Ap
Case A | dim Wy, =0 fpkn +1fg - k(kgl)
dimW,, =1 fEkn_FfEk(kT_l)-FfEk
dim Wy, = 2 fokn + fg - B 4 og,
Case C” 0
Case D | dimW,, =0 0
dim Wy, = 2, xw unramified || 0
dim W, = 2, xw ramified fwk
dim Wy, = 4 2k
Similarly, we have
vol(Ug N Kppr) - vol(Ug N Kpr) = ¢,
where Ag is an integer given by the following table.
AQ
Case A |dimV,, =0 fekm +fg - k(’“;”
dim Vo, = 1 fekm + fp - M52 4 gk
dim Vy, = 2 fokm + g - HED 4o
Case C” | dimV,, =0 0
dim V,, = 2, xy unramified || 0
dim V,, = 2, xy ramified fvk
dim V,, = 4 2k
Case D 0
Since
—)\p =+ )\Q = A,
the assertion follows. ]
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