ON ENDOSCOPY AND THE REFINED GROSS-PRASAD CONJECTURE FOR (SOs5,S04)

WEE TECK GAN AND ATSUSHI ICHINO

ABSTRACT. We prove an explicit formula for periods of certain automorphic forms on SOs x SOy along
the diagonal subgroup SOy in terms of L-values. Our formula also involves a quantity from the theory of
endoscopy, as predicted by the refined Gross-Prasad conjecture.

1. Introduction

In [11], Gross and Prasad gave a remarkable conjecture on the non-vanishing of the periods of automor-
phic forms on SO,, x SO,,_; along the diagonal subgroup SO,,_; in terms of the non-vanishing of certain
automorphic L-functions at the center of the critical strip. Their conjecture was refined in [21], where a
conjectural formula relating the periods to the central critical L-values was given. This refined conjecture
follows from a result of Waldspurger [55] for n = 3 and that of the second author [20] for n = 4. The pur-
pose of this paper is to establish the refined Gross-Prasad conjecture for certain L-packets of automorphic
representations in the case n = 5. The (candidate) L-packets we consider were constructed by B. Roberts
[49] and include all endoscopic L-packets of SO5 as well as some stable ones. Because of this, our result
gives strong evidence that the Gross-Prasad conjecture is related to the theory of endoscopy (cf. Remark
1.2). Special cases of our result have been obtained earlier by Bocherer, Furusawa, and Schulze-Pillot [5]
for the so-called Yoshida lifts [S7] (which are certain instances of endoscopic representations).

To state our main theorem, we need to introduce quite a number of notations. Let F' be a totally real
number field with ring of adeles A = Ap and let E be a totally real étale quadratic algebra over F'. Let
Wy be a two dimensional symplectic space over E, which we may regard as a four dimensional symplectic
space W = R,/ p(Wo) over F. Set

G =GSp(W) = GSpy,  G'=Rpr(GSp(Wy)) = Re/p(GLa),
and
G ={¢ ed|v(d)eGnl,
where v : G’ — Rp /7 (Gyy) is the similitude character. Then we have a natural embedding G" — G. Let
V' be a four dimensional quadratic space over F' and set
H = GO(V).
The discriminant algebra of V' is the étale quadratic algebra K over F' defined by

_JFxF if disc(V) € F>*2,
| F(\/disce(V)) if disc(V) & F*2,

and we let wg /- be the quadratic character of A* /F associated to K/ F' by class field theory. Choose a
quaternion algebra D over F' such that H is described by the short exact sequence:

1 — Ri/p(Gm) == (Ri/p(D*) X Gpy) % (t) — H — 1
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(cf. [49, §2]). Here i(z) = (2,Ng/p(2) ") for z € R/ #(Gyn) and t is an involution on R/ p(D*) X Gy,
given by (g, A) — (g% \), where c is the non-trivial automorphism of K over F.

Now let 0 = ®,0, be an irreducible unitary cuspidal automorphic representation of H (A) on the space
V,, with central character w,. We assume the following:

e The Jacquet-Langlands transfer of o|px (4 ) to GL2(Ak) is cuspidal.

e 0, ®sgn = g, for some place v of F'.

o If 0, ® sgn % oy, then 0, # o, for any distinguished representation o, of GSO(V')(F})
(cf. Definition 5.4). ’

Let 7 be the theta lift of o to G(A) on the space V. In §7, we will show that 7 is a non-zero irreducible
unitary cuspidal automorphic representation of G(A) with central character w,. The representations 7’s
constructed in this way are precisely the ones which occur in the L-packets of GSp, defined in the paper
of Roberts [49] (though he assumed that ¢ and hence 7 is tempered). The automorphic representations of
SO5(A) considered in this paper are precisely those 7’s with trivial central characters.

On the other hand, let 7’ be an irreducible unitary cuspidal automorphic representation of G’(A) on the
space Vs with central character w_ L By [17, Theorem 4.13], there exists an irreducible unitary cuspidal
automorphic representation 7 of G’(A) on the space V; such that Vs C V! |G (a)- Here V! is the subspace
of V- on which the group

X, = {w € (Zg ()G WG (PG (M) | 70w 7}

acts trivially, and V! |cr(a) is the restriction of V1 to G'(A) as functions. We remark that the cardinality of
X is finite and does not depend on the choice of 7, i.e., it depends only on 7. We assume the following:

e The base change 7x of 7 to G/(Af) = GLa(Apgx) is cuspidal.
e The Jacquet-Langlands transfer 72 of 75 to D* (Apg k) exists.

Let 6(7) be the theta lift of 7 to H(Ag). In §6, we will show that 6(7) is a non-zero irreducible unitary
cuspidal automorphic representation of H(Afg).

We may now introduce certain automorphic L-functions which appear in the refined Gross-Prasad con-
jecture under consideration:

L(s,m x ') = L(s,0 x 0(1)),
L(s,m,Ad) = L(s,o,std)L(s, o, Ad),
L(s,7',Ad) = L(s, 7, Ad).

Here L(s, o0 x 0(7)) is the triple product L-function associated to o and 6(7) of degree eight over K (cf. §3),
L(s,0,std) is the standard L-function of o of degree four over F', and L(s, o, Ad) (resp. L(s, T, Ad)) is the
adjoint L-function of ¢ (resp. 7) of degree three over K (resp. E). Let S be a sufficiently large finite set of
places of F. By [45, Theorem 5.1], the partial L-function L (s, 7 x 7’) is holomorphic at s = % It is well-
known that the partial L-functions L°(s, 7, Ad) and L°(s, 7, Ad) are holomorphic and non-zero at s = 1.
(See also Lemma 7.1.) For each place v of F, we similarly define L-factors Ly (s, m, X 7, ), Ly(s, Ty, Ad),
and L, (s, 7, Ad) in terms of the Langlands parameters of o, 7,, and 6(7;). By the Kim-Shahidi estimate
[28], [26], L, (s, m, x ) is holomorphic and non-zero at s = % It is well-known that L, (s, m,, Ad) and
L,(s,m,, Ad) are holomorphic and non-zero at s = 1.

s Mty

Now let By : Vx ® Vi — C and By : Vv ® Vv — C be the Petersson pairings given by

Bo (61, 62) = / 61(9)%2(9) dg,
Zg(A)G(F)\G(A)

Bor(f1, fo) = / (g Fa(g) dd,
Zar (A)G'(F)\G' (A)

for ¢1, o € Vi and f1, fo € V. Here V; and Vs are the complex conjugate representations of V; and
Vi, Z¢ and Z¢ are the identity components of the centers of G and G’, and dg and dg’ are the Tamagawa
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measures on Z¢g(A)\G(A) and Zg/ (A)\G'(A), respectively. We fix isomorphisms
TXQ,m and 7 = Q,m,

and decompositions
Br=]][Br, and By =]]Bx,
v v

where By, : m, ® T, — Cand By, : 7, @ 7., — C are local pairings. Moreover, we fix a decomposition
dg’ =11, dg,,, where dg,, is a Haar measure on Z¢ ,\G,,.
Now define a G'(A) x G’(A)-invariant functional
P (V7r X VW) & (VW/ X Vﬂ/) —C
by

P(p1, d2; f1, f2) = / o1(9) f1(g") dg’ / P2(g) f2(g') dg’
Zgr (A)G'(F)\G'(A) Zgr (A)G' (F)\G'(A)

for ¢1,¢2 € V; and fi, fo € Vr. We call P the global period integral. On the other hand, for each place v
of F', we define a G/, x G/ -invariant functional
Pl (n, R 7)) @ (n) Ral) — C
by
P5(¢1,v7 ¢2,v; flﬂ)a f2,v) = /Z \@ Bm, (Wv(g:))ﬁbl,v, ¢2,U)B7r{, (W;(g:;)fl,vv f2,v) dg'/u

G v ;;
for ¢1,, 2. € Ty and f1,4, fo, € 7. In §9, we will show that this integral is absolutely convergent. It was
shown in [21, Theorem 1.2] that one has
LU(%, Ty X )
Ly(1,my, Ad)L,(1, 7!, Ad)

s My

PEP1,05 D205 Froos fo0) = Co(2)Cu(4) -

for unramified data satisfying the conditions (U1)—(U6) in [21, §1]. This suggests that one normalizes the
functional 735 by setting

_ 1 Ly(1,my, Ad) Ly (1, 7, Ad) P
CU(Q)CU(4) Lv(%ﬂrv X 71-4))
Then the product [], P, is another G’(A) x G'(A)-invariant functional on (V; X V) ® (Vv K V,/). Note
that [ [, P, does not depend on the choices of the decompositions of By, B, and dg’.
After this preparation, here is our main theorem:

Py

Theorem 1.1. We have

_¢(2)¢4) L(3,mx7)
P= 0kl I AL &) L™

as functionals on (Vx R V) @ (Vi ¥ V). Here

3 ifdise(V) € F*?,

|2 ifdise(V) ¢ FX
Remark 1.2. Assume that w, is trivial. We regard 7 (resp. 7’) as an automorphic representation of SO5(A)
(resp. SO4(A)). Then the refined Gross-Prasad conjecture [21, Conjecture 1.5] for 7 and 7’ follows from

Theorem 1.1.
Moreover, we let £ be the hypothetical Langlands group of F' and W the Weil group of F'. Let

¢: Lp — TS05 =8p,(C) x Wr and ¢ : Lp — £S04 = SO4(C) x Wi
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be the conjectural Arthur parameters of 7 and 7/, respectively (cf. [49]). Let S, (resp. Sy) be the centralizer
of the image of ¢ (resp. ¢') in Sp,(C) (resp. SO4(C)). Then the Arthur conjecture [2] asserts that

1S,] = 4 ifdisc(V) € F*2,
' )2 ifdise(V) ¢ FX2,

and Sy | = 2| %X,

For the 7’s and 7"’s considered in this paper, the above expectations of the Arthur conjecture are essen-
tially verified in [49] for SO5 and in [17] for SO4. Hence Theorem 1.1 is compatible with [21, Conjecture
2.1], in the sense that we have

2%|%7] =[Sy - Sy
This power of 2 is the most subtle part of Theorem 1.1. It gives strong evidence that the Gross-Prasad
conjecture is related to the theory of endoscopy.

Remark 1.3. In the theorem, we have assumed that F' and E are totally real, so as to use the Siegel-Weil
formula by Kudla, Rallis, and Soudry [35]. This is the only place where this assumption is necessary.

Let us describe the main ideas and inputs in the proof of Theorem 1.1. We have a seesaw diagram of
reductive dual pairs:

G = GSp(W) H' =Rg/p(GO(VE))
G' = Rp/r(GSp(W)))’ H = GO(V)

Here
Rp/p(GSp(W0))" = {9’ € Rg/r(GSp(Wo)) [ v(g') € G},

and Vg = V ®p E. This gives rise to a global seesaw identity, which can be described as a commutative
diagram of equivariant maps:

(WKL) (cXa)@ (' K7)

Here

e w is the Weil representation,
e 7 and 7' are equivariant surjective maps induced by the global theta lifts,
e 7 is an invariant functional induced by the triple product period integral.

On the other hand, by integrating matrix coefficients, one has a local analogue (the explicit local seesaw
identity) of the above commutative diagram for each place v of F'. Because of some local multiplicity one
theorems, we may compare the product of the local diagrams with the global diagram. Indeed, one has

(1.1) T~oT, T~&T, I=]][z,
v

so that
(1.2) P~ H Py.
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Here ~ denotes equality up to a scalar. The main theorem amounts to an explicit determination of the con-
stant of proportionality in (1.2). But by the commutativity of the local and global diagrams above, it suffices
to determine the three constants of proportionality in (1.1). To determine the constants of proportionality
for 7 and 7", we use the Rallis inner product formula, whereas for Z, we use a formula for triple product
period integrals by the second author [20] (or rather its extension from GSO(V') to GO(V)).

This paper is organized as follows. In §2, we study the restriction of automorphic forms on GO(V')(A) to
GSO(V)(A). This is needed in §3, where we extend the result of the second author [20] and prove a formula
for triple product period integrals for GO(V'). In §4 and §5, we study local theta lifts from GL4 to GO(V')
and those from GO(V') to GSp,, respectively. In §6 and §7, we study global theta lifts from GLg to GO(V')
and those from GO(V') to GSpy, respectively. In particular, we construct explicit pairings on the local
theta lifts, and using the Rallis inner product formula, we compare the product of the local pairings with the
Petersson pairing on the global theta lift. To prove the Rallis inner product formula, we use the Siegel-Weil
formula (the second term identity) for (O(V'), Sp,) by Kudla and Rallis [31] and Kudla, Rallis, and Soudry
[35], and prove a certain spherical second term identity for (GSp,, GOg). After choosing Haar measures
on various groups in §8, we prove in §9 the explicit local seesaw identity with respect to these measures.
Finally, using the local and global seesaw identities and the formula for triple product period integrals, we
prove Theorem 1.1 in §10. We also include two appendices: the first one determines completely the local
theta correspondence for GO(V') x GSp, and establishes certain properties of the correspondence we need,
while the second one proves the spherical second term identity for (GSp,, GOg).

2. Automorphic forms on GO(V)

Let F' be a number field and V' a four dimensional quadratic space over F'. Set
H=GO(V), H°=GSO(V),  py=(t).
Then we have a short exact sequence:
1—H" —H— p, — 1.

Let Zp be the identity component of the center of H. We identify p, with {+, —}. For each place v of F,
let t,, be the image of t in H,,.

Let dh and dhg be the Tamagawa measures on Zz (A)\H(A) and Zz(A)\HY(A), respectively. Let de,
be the Haar measure on g, (F),) such that vol(py(F,)) = 1. Then the product measure de = [], de, is the
Tamagawa measure on f,(A). Moreover, we have

/ f(h)dh = / / f(hoe) dhg de
Zp(A)H(F)\H(A) Ho(F)\po(8) J Zy (A)HO(F)\HO(A)
for f € LY(Zy(A)H(F)\H(A)).

Let IT = ®,I1, be an irreducible unitary cuspidal automorphic representation of /(A) on the space Vi1.
Let G be the set of places v of F' such that I, ® sgn =2 I1,,. Let By : Vi1 ® Vi1 — C be the Petersson pairing
given by

Bri(¢1, ¢2) = / ¢1(h)p2(h) dh

Zu(A)H(F)\H(A)

for ¢1, 2 € Vi1. We have an H°(A)-equivariant surjective map
Vir — Valgoa),

where V11| o4 is the restriction of Viy to H O(A) as functions.
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The case G = @.
Let 7 be the automorphic representation of H°(A) on the space V; = Vi Ho(a)- Then 7 is irreducible.
The restriction to H°(A) as functions induces an isomorphism

Vo= Vr
as representations of H(A). Let B, : Vx ® V; — C be the Petersson pairing.

Lemma 2.1. We have
Br(1]moay, d2lmom)) = 2 - Bu(ér, ¢2)
Jor ¢1,p2 € V1.

Proof. Foreach € € p,(A), we define an H°(A)-invariant pairing BS : V; ® V — C by

B2 (¢1]moa), P2l ro(a)y) = Br(IL(€)d1] o(ay, H(€)d2|mo(a))
for ¢1, ¢p2 € Vi1. Then we have BS, = C, - B, with some constant C.. Hence we have

B2 (¢1]moay, 92| Ho(a)) = Ce - Br(d1]moay, d2lmo(a))
= Ce - B (1(€) 1] roay, L(€) P2l groa))
= C? - Br(I1(€) 1| proa), T(€)p2| pro(a))
= C? - Be (1l mo(ay: d2lmoa)),

so tha = 1. Since is positive definite, we have C. = 1. Hence we have
that C2? = 1. Since B¢ is positive definit have C. = 1. H h

Bri(¢1, ¢2) =/ /
po(F)\pio(A) J Zy (A)HO(F)\HO(A)

= / Br (b1l mo(ays P2l roa)) de
Mo (F)\pz(A)

= vol(pa(F)\12(A)) - Br (D1 o) b2l moa))-

o1 (hoe)pa(hoe) dhg de

The case S # 2.

We fix an isomorphism

(2-1) Vi = @V = li_r>n(®v€SVv) ® (®U€S¢v)

S
as representations of H (A), where V), is the space of II,, S is a sufficiently large finite set of places of F,
and ¢, is an H (o0,)-invariant element of V,, for v & S.

If v € G, then we can write II, |0 = 7t @ m,, where 7 is an irreducible admissible representation
of HY. Note that ;7 2 7, and 7} o Ad(t,) = 7, . We have V, = V; @V, , where V' is the space
of 7 and V7 = T, (t,)(V}). We have ¢, = ¢ + ¢, for almost all v € &, where ¢ is an H(o,,)-
invariant element of V.* and ¢, = I1,(t,)(¢;). If v & &, then 7, = II,| o is an irreducible admissible
representation of H? on the space V.

Let S be a sufficiently large finite set of places of F. For e = (¢,) € po(Fsne), let Vij g be the inverse
image of

(QuesnaVy’) @ (BuvespgeVo) @ (Rugsd,)
in Vi1 by (2.1). Then HO(Fs) 4 (A7) acts on Vi1 s and the representation of HO(Fs) on V5 4 is given by

TG = (®UESOG7TZU) & (®veS,v€67Tv)-
Hence we have

H‘HO(A) = @@66152(}7506)#%’ V= h—n>l@€€H2(FSm6)Vr€[,5"
S S

as representations of H(A).
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By [15, §1], there exists an irreducible unitary cuspidal automorphic representation 7 of H°(A) on the
space V such that

(2.2) Vit|goay = Vi ® Vioadt)-
We may assume that
T (QueeTy ) ® (QugeT),
Ve 2 lim(QuesnsVy ) ® (RueswgeWo) @ (Qugswesdy ) ® (Qugs.vgedy)-

n

Then we have
7o Ad(t) = (QuesT, ) ® (Rugamy),
m(QpesneVy ) @ (QueswgeVe) ® (Rugspesdy ) © (Rugspzedy,)-
S

1

Vﬂ'OAd(t)

Lemma 2.2. For ¢ € Vr}, g the support of ¢ is contained in
HO(A)py(AS7®) U HO(A) py (A5 O,
Proof. Let € € py(Fsne). By (2.2), we have Vi g|pgoa) = O unless € € py(F). Since Vi g =
{Il(e)p | ¢ € VI{S} and
HA) = ()  H(A)py(A)e,
e€py(Fsne)
the assertion follows. O
Let B; : Vx ® Vx — C be the Petersson pairing. We fix a decomposition B, = [Les B vaze By,
where
o B :VF ®_1_/;" — Cis an H?-invariant pairing if v € &,
e B,:V,®V, — Cisan H,-invariant pairing if v ¢ S,
o B (o), dF) = By(¢b,, ¢,) = 1 for almost all v.
For each v € &, we define an H{-invariant pairing B, : V; ® V,” — C by
Bv_(¢17 ¢2) = BJ(Hv(tv)gblaHv(tv)QSQ)
for ¢1,¢2 € V.. Then B, (¢, ,¢,) = 1 for almost all v € &. For each place v of F, we define an
H,-invariant pairing Bluh : Vy ® V, — C as follows:
o Ifv € & let By (6] + 1.3 +6y) = 5(BI(67.63) + By (61 63)) for 67,63 € Vf and
P1:¢9 €Vy
o Ifv & G, let Blh-[v = B,.
Then Blu-[v (¢, ¢,) = 1 for almost all v.

Lemma 2.3. We have
Bu =[] B
v
Proof. Fix a sufficiently large finite set .S of places of F'. Put
=85\ (SnG), s=1SN6G|, s' =19

Let (bl = (®U€S¢1,v) @ (®U€S¢v)7¢2 = (®v€5¢2,v) ® (®U€S¢v) € Vl‘},S’ where ¢1,va¢2,v S V;r
(resp. @14, P2 € Vp) if v € SN G (resp. if v € S’). Then Bri(¢1, ¢2) is equal to

/ / @1 (hoe)pa(hoe) dhg de
po(F)\po(A) J Zy (A)HO(F)\HO(A)
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1 .
= 2/ / @1 (hoe)pa(hoe) dhg de
uz(A) Zp(A)HO(F)\HO(A)
— o1 (hoe) b2 (hoc) dho.
—gereH ee;%:Fs /Z A)HO(F)\HO(A)
By Lemma 2.2, this integral is equal to
h h hoet hoet)) dhyg.

25+5 Ssrs 1 Z /ZH () \HO(A)(%( 0€)p2(hoe) + ¢1(hoet)p2(hoet)) dho

e€py (F
‘We have

/ qbl(hoet)qbg(hoet) dhg
Zu(A)HO(F)\HO(A)

- / 61(Ad(t) (ho)€) g2 (Ad(E) (ho)e) dho
(A)HO(F)\HO(A)

(;51 (hoe)qf)g(hoe) dho

/ (A)HO(F)\HO(A)
Hence we have

Bi(¢1, ¢2) = 2515 > ¢1(hoe)p2(hoe) dho.

cepy(Fgr) Y 2BV HO(F)\HO(A)

Since TI(€)¢1, H(e)gbg € Vii g for € € py(Fsr), Bri(41, ¢2) is equal to

25+S Z B (II(€)p1|mo(ay, L(€) 2| mo(ay)

EGMQ(FS/)

25+s Z H B ¢1v7¢2v H B 61} (Z)lvv (€v)¢2,v)

ecpy(Fgr) vESNG ves’

H Bz—j_(gbl,va ¢2,’U) H Bv(¢1,v7 ¢2,v)

vESNG veS’

H B ¢1v7¢2v HBHU ¢1va¢2v)

vESNG veSs’

This completes the proof. ([l

3. Triple product period integrals for GO(V")

Let F' be a number field and F an étale quadratic algebra over F'. Let V' be a four dimensional quadratic
space over F'. Set

H=GO(V), H°=GSO((V).

Let K be the discriminant algebra of V' and choose a quaternion algebra D over F associated to V as in §1.

Let IT & ®,II, (resp. II" & ®,II)) be an irreducible unitary cuspidal automorphic representation of
H(A) (resp. H(AE)) on the space Vi1 (resp. Vi) with central character wyy (resp. wrr). We assume the
following:

e wrwyy is trivial on Zg (A).
o I, ®sgn = II, for some place v of F.
o II' ®sgn 2 II/, for all places v of F.
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Let 7 (resp. ') be an irreducible unitary cuspidal automorphic representation of H%(A) (resp. H°(Af)) on
the space V; (resp. Vi) such that Vit|goa)y = Vi © Vioadcs) (tesp. Viv|goa,) = Var). Let 7 (resp. 7)
be the Jacquet-Langlands transfer of 7|px 4,0y (tesp. 7| px (4 0 1)) t0 GL2(Ak) (resp. GLa2(Aggk)). We
define the adjoint L-functions of II and I by
L(s,II,Ad) = L(s,7,Ad) and L(s,Il',Ad) = L(s,7’, Ad),
respectively. Note that L(s, I, Ad) does not depend on the choice of 7. We define an L-function L(s, IT x
IT') of degree eight over K by
L(s, 11 x IT) HL 8, Ty X 7))

where L, (s, 7, x ) is the triple product L-factor assomated to the Langlands parameters of 7, and 7, and
the eight dimensional representation of LR( KxBEQK)/ Kk (GLg) defined in [45, §0]. We remark that there is
another definition of this L-factor a la Garrett [10], Piatetski-Shapiro and Rallis [45], and Ikeda [22] using
local zeta integrals and these two definitions agree if v is non-archimedean and 7, and 7, are unramified,
but we do not assume that they agree for all v in this paper. The following lemma asserts that L(s, II x II')
does not depend on the choice of 7.

Lemma 3.1. We have
Ly(s, (fp0c) x 7)) = Ly(s, 7, X 7)),
where c is the non-trivial automorphism of K over F.
Proof. We fix a place v of F' and suppress it from the notation. Let W be the Weil group of F' and Lr the
Langlands group of F' given by
o Wg x SLy(C) if F is non-archimedean,
= Wg if F'is archimedean.

We only consider the case where E and K are quadratic extensions of ' and E # K; the other cases are
similar. Then FK = F @ K is a quartic extension of F'. Let

BCr/r : "GLy — "Ri/r(GLy) and BCprg g : "Rp/r(GL2) — "Rpr(GLy)
be the base change L-homomorphisms. We define an L-homomorphism
Asaip/p : LRE/F(GLQ) — LGLy
by
Asaig/p((91,92),1) = (91 ® g2, 1),

' id,w) ifweWg,
AsalE/F(<17 1), w) = {Esw UB) ifw ¢ Wg

for g1, g2 € GL2(C) and w € Wg, where sw : C2®C? — C?®C? is an isomorphism given by sw(x®y) =
y ® z. Similarly, we define an L-homomorphism Asaipgr : LREK/F(GLQ) — LRK/F(GL4). Then we
have
Asaipg/k © BCpr/p = BCg/p o Asaigp.
Leto: Lp — LRK/F(GLQ) and ¢' : Ly — LREK/F(GLQ) be the Langlands parameters of 7 and 7/,
respectively. We identify ¢ and Asaigg, i o ¢’ with homomorphisms ¢ : L — GLg(C) and Asaipg/k o
¢ : L — GL4(C), respectively. By definition, we have

L(s, 7 x 7') = L(s,¢ @ (Asaipg)k 0 ¢')).

By assumption on II', there exists a Langlands parameter ¢ : Lp — “Rp/p(GLg) such that ¢/ =
BCgk g o ¢". Hence we have

L(s, ¢ ® (Asaigg g 0 ¢')) = L(s,¢ @ (Asaigg/k © BCpg/p 0 ¢"))
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= L(5,0 ® (BC p o Asaigp 0 ¢")).
This completes the proof. O

Let By : Vit ® Vig — C and By : Viy ® Vir — C be the Petersson pairings. We fix decompositions
Bn =[], Bu, and By = [], B, where By, : I, ® I, — C and By, : 1T, ® I/, — C are pairings.
Let dh be the Tamagawa measure on Zy (A)\H (A). We fix a decomposition dh = [[, dh.,, where dh,, is a
Haar measure on Zg ,\ H,. We define an H(A) x H (A)-invariant functional

A (VH@VH)(@(VHIXVH/) — C
by

(61, éa; 61, o) = / NOTAOL AR / SRV () dh
Za(A)H(F)\H(A) Zp(A)H(F)\H(A)

for ¢1, ¢2 € Vi and ¢, ¢f, € Vip. For each place v of F, we define an H, x H,-invariant functional
i+ (I, ®IL,) @ (I, ¥ IT,) — C
by
TE( 1,0, 2,03 D10 Phy) = /Z » Br, (I, (hy) 61,0, $2,0) Brr, (I, (ho ) 01 4y, #2.,,) dh
a0 \Ho

for ¢1,4, P2, € I, and ¢/1,w /2,11 € I/ . By [20, Lemma 2.1], this integral is absolutely convergent.
Proposition 3.2. We have
L3 mxIr
GO
(I,ILAd)L(1,17, Ad) L.

T=2°(pok(2)- 17

as functionals on (Vi X Vi) ® (Vi ® Viyr). Here

—4 fE=K=FXF,

—1 if E=F x F and K is a quadratic extension of F,
c= < —3 if Fisaquadratic extension of F and K = F X F,
—2 if EF and K are quadratic extensions of F and E = K,
—1 if E and K are quadratic extensions of F and F # K,

and

_ 1 Ly AdL(L I, Ad)
CE’L)@K’U (2) LU(%al:[U X H;)) Y

The rest of this section is devoted to the proof of Proposition 3.2. Let & be the set of places v of F' such
that IT, ® sgn 22 I1,,. Fix a sufficiently large finite set S of places of F'. Put

S'=5\(5Nn6), s=|SNG|, s =19

We may assume that ¢1, o € Vl-} g and ¢}, ¢, € Vi g. Here Vﬁ g is the subspace of Vi given in §2 and
Vir s is the subspace of Vir consisting of [ [, H(0E, )-invariant elements.

Zy

Lemma 3.3. We have

SIS dh = o Y 6(hoe) & (hoe) dho

e€py(Fgr) /ZH (A)HO(F)\HO(A)

/ZH(A)H(F)\H(A)

for ¢ € Vﬁ,s and ¢' € Vi g, where dhy is the Tamagawa measure on Zp (A)\H°(A).
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Proof. As in the proof of Lemma 2.3, we have

MG (B dh = o / S(ho) (hoc) dho.
/sz)H(F)\H(A) 25441 EEEFS Z1 (A)HO(F)\ HO(A)
By Lemma 2.2, this integral is equal to
1
Py Y (¢(ho€)¢' (hoe) + d(hoet)d (hoet)) dho.
geed Ee,g:(FS,) Z11(4) HO(F)\HO(4)
This completes the proof. g

We fix an isomorphism 7 = (Queem; ) ® (Qugamy) and a decomposition By = [[,cs By [Toge By as
in §2. By Lemma 2.3, we may assume that By, = B ,» Where Bf]v : II, ® II, — C is the pairing given in
§2. We fix an isomorphism 7’ & ®, 7. Let Bi’r,v : 7, ® ) — C be the pairing given by BET; = Bt |x @mt -
By Lemma 2.1, we have

B. =28,
v

5= 2 itE=FXxF,
|1 ifEisa quadratic extension of F'.

Here

Let dhy,, be the Haar measure on Z,\ H, g such that

1
hy) dhy = = / F(howes) dho.
[, =g > ] o) dho

€ 6“2 H 'U\H
for f € LY(Zp,,\Hy). Then the product measure ], dhg,v is the Tamagawa measure on Zy (A)\H?(A).
We define an H) x H0-invariant functional
Ty (me R 7)) @ (m, K 7,) — C

by
jv(d’l,va ¢2,v; ¢/1,ya QS/Q,U) = / B; (W;(ho,v)gbl,va ¢2,v)825 (W:}(ho,v)ﬁba,m ¢,2,v) dhO,v

Z.\HY
for ¢1,4, ¢2.v € Ty and ¢ ,, ¢, € ,, Where

+ ifved,
o =
g ifv¢g6.
By [20, Theorem 1.1] and Lemma 3.3, Z(¢1, ¢2; ¢, ¢5) is equal to
LS X
20t CE®K(2) : (5,7 x %)
L5(1,7,Ad)LS (1,7, Ad)
223+25 Z Z H To(Hy(€0) P10, v(eg)ﬁﬁ?ﬂ);H;(ev)(ﬁll,mﬂg(e;;)(ﬁé,v)
ecpy(Fgr) € Epg(Fgr) vES
for @bl = ®v¢1,va ¢2 = ®v¢2,v S Vl'},S and le ®v¢1 R ¢2 ®v¢2v € VH’ S Here
—6 iftE=K=FXF,
—3 if E = F x F and K is a quadratic extension of F/,
cp = §{ —4 if F is a quadratic extension of F'and K = F' X F/,

—3 if F and K are quadratic extensions of /' and F = K,
—2 if ' and K are quadratic extensions of F' and F # K.
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To finish the proof of Proposition 3.2, it remains to show the following lemma.

Lemma 3.4. We have
1
925+25' Z Z H To(Hy(€v) P10, v(du)ﬁb?,v;H;(Ev)d’,l,vvniz(eg)ﬁbé,v)

€€py(Fyr) € €py(Fgr) vES

= H I,E(le,va 2,0 ¢/1,m ¢/2,v)

vES
for o1 = ®v¢1,v7 P2 = ®v¢2,v € Vrlj,s and (ZS/ ®fu¢1 0 <Z>’2 = ®v¢/27v € VH’,S-
Proof. If v € G, then

1
? : jv(¢1,v7 ¢2,v; (z)ll,va (Z)/2,v)

1
= § / Blu—lv (Hv(ho,v)¢1,m ¢2,”L})BH;} (H;(ho,v)¢,17m ¢/2,v) dhO,v
Zw,w\HY
1
=5 Z / (hO Uev)¢1 vs P2 U)BH’ ( ;(ho,vﬁu)ff)ﬁ,m (b/2,v) dhO,v
2 €0 Epo (Fy) ZHU\H

v(qsl,m ¢2,U; (bl,m ¢2,v)'
If v € G, then

1
? Z Z jv Ev ¢1 R U(e'/u)gblv;Hg)(ev)gs/l,vvngj(e'/u)gsé,v)
ev € g (Fy) €, €Epg(Fy)

- D>

evEpy (Fy) €, Epy (Fo)

x/ \ Blh—lv(Hv(h()wﬁy)?bl,wHv<eij)¢2,v)BH§)(H;}<h0,v€v)¢ll,v7H;)(ei})(bé,v)dhoav
ZH v H

1
= B} Z /Z Blh’lv (h(),v%)dh,v, ¢2,U)BHg (H;z(homﬁv)(bll,w ¢/2,v) dho

€vEM, (F H u\H
= Iv((bl,va ¢2,’U; ¢17v7 ¢2,v)‘
This completes the proof. O

This completes the proof of Proposition 3.2.

4. Local theta lifts from GL; to GO(V)

Let F' be a local field of characteristic zero. Let W be a two dimensional symplectic space over F' and V
a four dimensional quadratic space over F'. Set

G = GSp(W)(F) = GLz(F), Gy = Sp(W)(F) = SLa(F),
H = GO(V)(F), Hy =0(V)(F).
Let
R=G(Sp(W) x O(V))(F) ={(g,h) € G x H|v(g) = v(h)},
where v : G — [ and v : H — F'* are the similitude characters.

Fix a non-trivial additive character ¢ of F'. Let w denote the Weil representation of (G; x H; with respect
to . Asin [13, §5.1], [47], we extend w to a representation of R. Let

Q= c—indg+XH(w),
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where Gt = {g € G|v(g9) € v(H)}. The induced Weil representation {2 depends only on the orbit
of 1 under the natural action of v(H) C F*. Let 7" be an infinite dimensional irreducible admissible
representation of G™. Then the maximal (7 )V -isotypic quotient of €2 is of the form

(7)) ®e(r"),

where (71)V is the contragredient representation of 7+ and ©(n™") is a smooth representation of H. If
the residual characteristic of F' is not two, then the Howe duality conjecture, which is a theorem of Howe
[18] and Waldspurger [56], and a result of Roberts [47] assert that @(7‘(‘+) has a unique irreducible quotient
9(7r+). Even if the residual characteristic of F' is two, the same assertion follows from [8, Lemmas 4.1, 5.4].
Thus, we obtain a unique (up to a scalar) R-equivariant surjective map

f:went — o(xT).

Lemma 4.1. Assume that Gt # G. Let 7 be an infinite dimensional irreducible admissible representation
of G such that 7|+ is reducible. Then we can write 7|+ = 1+ @7, where ™ is an irreducible admissible
representation of G such that

O(m") # 0, O(r~)=0.
Proof. If F'is a non-archimedean local field, then the assertion follows from [8, §5]. If F' = R, see [43]. [

Let 7 be an infinite dimensional irreducible admissible representation of G. If GT # G, let

o) O(m|g+) if 7|+ is irreducible,
m) =
O(rt)  if |y is reducible,

where T is an irreducible subrepresentation of 7|+ as in Lemma 4.1. Thus, we obtain a unique (up to a
scalar) R-equivariant surjective map

0:wer— 6(n).

5. Local theta lifts from GO(V') to GSp,

Let I be a local field of characteristic zero. Let V' be a four dimensional quadratic space over F' and W
a four dimensional symplectic space over F'. Set

H = GO(V)(F), Hy = O(V)(F),
G = GSp(W)(F) = GSpy(F), G1 = Sp(W)(F) = Spy(F).
Let
R =G(O(V) x Sp(W))(F) = {(h,9) € H x G|v(h) =v(g)},

where v : H — F* and v : G — F* are the similitude characters. Let K be the discriminant algebra of V'
and choose a quaternion algebra D over F' associated to V as in §1.

Fix a non-trivial additive character ¢ of F. Let w denote the Weil representation of H; x GG1 with respect
to ¢. Asin [13, §5.1], [47], we extend w to a representation of R. Let

0= c—imngGJr (W),

where G = {g € G|v(g) € v(H)}. The induced Weil representation 2 depends only on the orbit of
under the natural action of v(H) C F'*.

Lemma 5.1. Assume that GT # G. Let go € G ~ G™. Let 0 and 7™ be irreducible admissible representa-
tions of H and G, respectively. If Homp, o+ (Q,0 R 7t) #£ 0, then 7" o Ad(go) Z 7.

Proof. The assertion follows from [49, Lemmas 1.4, 1.5] and the proof of [49, Theorem 1.8]. We remark
that [49, Lemma 1.5] follows from [43] even if disc(V) ¢ F*2. O
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Let o be an irreducible unitary admissible representation of H. Then the maximal 7-isotypic quotient of

Q is of the form
o X BO(0),

where G is the complex conjugate representation of o and © (o) is a smooth representation of GT. We call
O(o) the big theta lift of o to GT. If the residual characteristic of F is not two, then the Howe duality
conjecture, which is a theorem of Howe [18] and Waldspurger [56], and a result of Roberts [47] assert
that O (o) has a unique irreducible quotient §(o). Even if the residual characteristic of F’ is two, the same
assertion follows from Theorem A.1 in Appendix A. We call 6(o) the theta lift of o to G*. Thus, we obtain
a unique (up to a scalar) R-equivariant surjective map

0:w®o— 6(o).
By Lemma 5.1, we obtain the following lemma.

Lemma 5.2. Assume that 0(c) is non-zero and unitary. Let 1 = ind$, (0(c)). Then 7 is irreducible.
Moreover, we have

Br(m(g)¢1, ¢2) =0
forg € G~ G' and ¢1,¢92 € 0(c). Here B, : m @ @ — C is a pairing and we regard 0(c) as a
subrepresentation of 7|+

Lemma 5.3. Assume that o @ sgn % o and the theta lift of o to GLy(F)" is non-zero. Then we have
f(oc ®sgn) = 0.

Proof. By [46, p. 399], the theta lift of the sign character of O(V')(F) to Spy,, (F) is zero unless n > 4. As
in [1, Proposition 1.7], this yields the lemma. O

Definition 5.4. Set H° = GSO(V)(F). Let o be an irreducible admissible representation of H". We say
that o is distinguished if

o = G W WWK/F
as representations of D* (K') x F'* for some irreducible admissible representation ¢ of GLy(F') with central
character w.. Here g is the base change of ¢ to GLa(K) and g}? is the Jacquet-Langlands transfer of ¢x to
D*(K). Then we can write indgo (00) = od @ oy, where a(jf is an irreducible admissible representation
of H such that the theta lift of o to GL2(F)T is non-zero (and hence 6(o, ) = 0 by Lemma 5.3).

Let o be an irreducible unitary admissible representation of H. We assume that ¢ is a local component
of an irreducible unitary cuspidal automorphic representation as in §7.2. In particular, if ¢ ® sgn 2 o, then
o 2 o, for any distinguished representation oy of GSO(V')(F'). In §7 below, we will show that §(c) is
non-zero and unitary. By Theorem A.1 in Appendix A, we obtain the following proposition.

Proposition 5.5. If F' is a non-archimedean local field, then the multiplicity of 0(c) in ©(0) is one.

Let Q) be the complex conjugate representation of 2. Then we have

0(3)=0(0),  0(5)=0(0),
where ©(7) (resp. 0(7)) is the big theta lift (resp. the theta lift) of & to G with respect to ). Let

:w®o— 0(0), :006 — 0(0),

be the unique (up to a scalar) R-equivariant surjective maps.
Let

H = {h = (hi,hs) € Hx H|v(h1) = v(hs)},
R ={(h,g) e Hx G|v(h) =v(g)}.

We define an R-equivariant map
Z: (wRw)®(cXag) — C
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by
Z(p1, 02 f1, f2) = | Bu(w(hi)er, 92)Bs(o(hi) f1, f2) dha
Hy
for 1,02 € wand fi, fo € 0. Here B, : w®w — Cand B, : 0 ® ¢ — C are pairings. In §7, we will
show that this integral is absolutely convergent and Z # 0.

Lemma 5.6. If I is a non-archimedean local field, then there exists a pairing By, : 0(0) ® 0(o
such that

— C

~—

Z =By o(0®0).
Proof. It suffices to show that
dim¢ Homp ((wXw) ® (c X a),C) = 1.
We have
Homg ((w B @) ® (0 K ), C) = Homyp, o+ (RH Q) @ (0 K 5), C)
>~ Homg+(O(0) ® O(0), C)
=~ Homg+ (@(0),%\/).

Letl : O(0) — @(O‘)v be a non-zero G -equivariant map. Then the image of [ contains the unique
irreducible subrepresentation 9(0)\/ = f(o) of @(a)v. By Proposition 5.5, [ factors through the quotient

©(0o) — 0(o). This yields the lemma. O

Lemma 5.7. If F is an archimedean local field, then there exists a pairing By : 0(0) @ 0(a) — C such
that -
Z — Bg(a) O ((9 ® 9)

Proof. We can write o| g, = @, 0;, where n < 2 and o, is an irreducible unitary admissible representation
of Hy. Asin [8, Lemma 3.1], we have O(c)|q, = ®]-,0(0;) and 0(0)|q, = ®]_,0(0;). Here O(o;)
(resp. 0(o;)) is the big theta lift (resp. the theta lift) of o; to G1. If n = 2, then 0y 2 o2 and hence
0(o1) 2 0(02). We have

(WK ®) @ (0 X&) xHyxG1xGy = Bieg D=y (W N @) @ (0: W 75),
O(0) M O(0)lgyxcr = Biy By ©(04) K O(0),
0(0) K 0(0)|axa, = By ®j—1 0(0i) X 0(0;).
Let
t: (wR)®(cRs) — O(c)XO(0), p:0(0)XO(0) — 0(c) Xb(0),
tii (WR®) @ (0; ®a;) — O(0;) ®O(0;), pij : O(0;) X O(0j) — 0(0;) X O(0y),

be equivariant surjective maps. We may assume that
t=®i, D1 ti; and p= @i i) pij.
In particular, we have
ker(p) = @j; @ ker(pij).

Since Z is an R-equivariant map, there exists a G -invariant functional [ : ©(c) ® ©(c) — C such that
Z = lot. It remains to show that ker(p) C ker(l). Let Z;; (resp. l;;) be the restriction of Z (resp. ) to

(wNRw)® (0; ¥aj) (resp. O(o;) ® O(o;)). It follows from the definition of Z that Z;; = 0if ¢ # 7, so

that [;; = 0if 7 # j and
n n
i=1 i=1
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By a result of He [16], the G-invariant functional l;; : ©(0;) ® O(0;) — C factors through p;;, so that
ker(p;;) C ker(l;;). Hence we have

(®is; ker(pii)) @ (ijO(0i) ® ©(0;)) C ker(l).
This yields the lemma. g
6. Global theta lifts from GL; to GO(V)

Let I be a totally real number field. Let W be a two dimensional symplectic space over ' and V" a four
dimensional quadratic space over F'. Let W = W & (—W). Set

G = GSp(W) = GLa, G1 = Sp(W) = SLy,
G = GSp(W) = GSp,, G1 = Sp(W) = Spy,
H = CGO(V), Hi = O(V).

Let
G={g=(91,92) € GxG|v(g1) =v(g2)},

where v : G — G,y, is the similitude character. Let . : G < G be the natural embedding. Let K be the
discriminant algebra of V' and choose a quaternion algebra D over F associated to V as in §1.

6.1. Weil representations. Fix a non-trivial additive character ¢ = ®,1, of A/F. Let W = X @Y be a
complete polarization and set
W=VaoWw, X=V®JX, Y=V®Y.

Then W is a symplectic space over F' and W = X @ Y is a complete polarization. Let Mp(W(A)) denote
the metaplectic extension of Sp(W)(A). Let w be the Weil representation of Mp(W(A)) on the space
V., = S(X(A)) with respect to ¢ and B, : V, ® V,, — C the canonical pairing given by

Bulor, ) = /X PR

for @1, p2 € V,,. Here dz is the Tamagawa measure on X(A). For each place v of F', let Mp(W,,) denote
the metaplectic extension of Sp(W)(F},). Let w,, be the Weil representation of Mp(W,) on the space S(X,)
with respect to ¢, and B, : w, ® w, — C the canonical pairing given by

Bwv ((Pl,va (PQ,U) = / Spl,v(x'u)SOZ,v (xv) dzx,

Xy
for p1.4, 92, € S(X,). Here dx, is the self-dual measure on X, with respect to the Fourier transform
determined by 1,,. Then we have w = ®,w, and B, = [[, B., . By [30], there exists a splitting

G1(A) x Hi(A) — Mp(W(A)).
By [13, §5.1], [47], we can extend it to a splitting
G(Sp(W) x O(V))(A) — Mp(W(A)).

We regard w as a representation of G(Sp(W) x O(V'))(A) via this splitting. Similarly, we may regard w,
as a representation of G(Sp(W) x O(V))(Fy).
Let
W=vVeW, X=VeoXa(-X)), Y=Vl a((Y)).

Then W is a symplectic space over F' and W=Xa&Yisa complete polarization. Let w be the Weil
representation of Mp(W(A)) on S(X(A)) with respect to ). We may regard w as a representation of

G(Sp(W) x O(V))(A). We have a natural isomorphism
SXA) =V, eV,
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as representations of Mp(W(A)) x Mp(W(A)). Let
{(z,z)|x € W}, WA =V e WA,
={(z,—2z) |z e W}, WY =vVeowV.

Then W = WY & W2 is a complete polarization. Hence we can realize the Weil representation & on
S(WV(A)). By [40, §2], there exists an isomorphism

§: S(X(A)) — S(WY(A))
as representations of Mp(W(A)) such that
(1 ® ¢2)(0) = Bu (1, 2)

(
(

for 1,0 € V,,.

6.2. Theta lifts. Let 7 =~ ®,7, be an irreducible unitary cuspidal automorphic representation of G(A) on
the space V; with central character w,. We assume the following:

e The base change mx of mto G(Ag) = GLa(Ak) is cuspidal.

e The Jacquet-Langlands transfer & of 7 to D* (A ) exists.

Lemma 6.1. The partial L-function L° (s,m,Ad ® wg / r) is holomorphic and non-zero at s = 1.

Proof. Tt is well-known that L°(s, 7, Ad) is holomorphic and non-zero at s = 1. If K is a quadratic
extension of F', then

L(s,mx, Ad) = L (s, 7, Ad)L® (s, m, Ad ® WK/F)
is also holomorphic and non-zero at s = 1 since 7 is cuspidal. This yields the lemma. ([l

Let ¢ € V,,. The theta function associated to ¢ is given by

0(g.hip) = Y wig,hp()
zeX(F)
for (g, h) € G(Sp(W) x O(V))(A). Let f € V. For h € H(A), choose g € G(A) such that v(g) = v(h),
and put
O(h; o, f) = / (919, h; ) f(919) dg1-
G1(F)\G1(A)
Here dg1 =[], dg1,» is the Tamagawa measure on G'1(A). Note that vol(G1 (#)\G1(A)) = 1 and we may
assume that the volume of a hyperspecial maximal compact subgroup of G'1,, with respect to dg; ,, is 1 for
almost all v. This integral defines an automorphic form 6(p, f) on H(A). Let #(m) be the automorphic
representation of H (A) on the space Vp () generated by (e, f) forall ¢ € V,, and f € V. By assumption
on m, 6(r) is cuspidal. In Lemma 6.9 below, we will show that Vj () # 0. In particular, §(7,) # 0 for all v.
Hence 6() is irreducible,
0(m) = ©u0(m),
and 6(m,) is unitary for all v. Thus, we obtain a G(Sp(W) x O(V))(A)-equivariant surjective map
0:V,®@Vy — V0(7r)
and G(Sp(W) x O(V))(F,)-equivariant surjective maps
91} Wy ® Ty — 0(7%)
such that = ®,,60,. As in [52], we have
0(7) | px (ax)xax = Ti Rwrw/p
by the local unramified theta correspondence and the strong multiplicity one theorem. We should remark

that the local theta correspondence for GLy x GO(V') has also been studied by Cognet [6], [7] and Roberts
[48].
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6.3. Eisenstein series. Let P be the parabolic subgroup of G stabilizing W2 with modulus character §p.
We regard wg - as a character of P(A) via the natural homomorphism

det

P — GL(WV) =% Gy
For v € G, we define an element d(v) of P by
d(v)|yv = id, d(v)|lwa =v-id.

We fix a maximal compact subgroup K of G(A) such that G(A) = P(A)K.
Let I(s) denote the degenerate principal series representation of G/(A) given by
G(A 3
I(s) = Ind ) (wic/p - 031°),
where Ind denotes the normalized induction. Given a holomorphic section @ of I(s), we define an Eisen-
stein series E(s, ®) on G(A) by

E(g;s,®)= Y ®(yg,9)
YEP(F)\G(F)
for Re(s) > 0. By [34, Theorem 1.1], E(s, ®) has at most a simple pole at s = % Let P, = PN Gy. Let
I, (s) denote the degenerate principal series representation of G1(A) given by
I, (s) = Ind 3 (&) (wic/ - 535%).
If ®; is a holomorphic section of I;(s), we similarly define an Eisenstein series E(s, ®1) on G1(A). If
® is a holomorphic section of I(s), then (I)‘él(A) is a holomorphic section of I;(s) and E(s, (b)’Gl(A) =

E(s,®|a, (a))- )
We define a G(Sp(W) x O(V))(A)-equivariant map
[-]: S(WY(4)) — I(3)
by
[el(g,3) = [(9)] - &(d(v(9)~")g)(0)

for g € G(A). Here G(Sp(W) x O(V))(A) acts on I(3) via the projection G(Sp(W) x O(V))(A) —
G(A)™. We extend [¢] to a holomorphic section of I(s) such that its restriction to K is independent of s.
Let

E(s, o) = > (s — 3)"Aalp)
d=-1
1

be the Laurent expansion of E(s, [¢]) at s = 5.

6.4. Theta integrals. Let r be the Witt index of V and V = X' & V) & Y’ a Witt decomposition, where 1}

is an anisotropic quadratic space over F' of dimension 4 — 2r. Let dh; be the Tamagawa measure on Hj(A)
and note that vol(H1(F)\H;(A)) = 1. Let o € S(WV(A)). The theta function associated to ¢ is given by

0g.hip) = > g, h)e()
TEWV (F)

for (g, h) € G(Sp(W) x O(V))(A). If r = 0, then the theta integral I(y) is given by
I(g1; ) =/ 0(g1, h1; ) dhy
Hy(F)\H1(A)
for g1 € @1(A).

Assume that » > 0. Let P’ be the parabolic subgroup of H; stabilizing Y’ with modulus character
dpr. We fix a maximal compact subgroup K’ of Hy(A) such that Hi(A) = P/(A)K'. Let djp’ be the
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left-invariant Tamagawa measure on P’(A) and dk’ the Haar measure on K’ such that vol(K’) = 1. There
exists a constant  such that

/ f(hy)dhy = & / f'K) dip" di!
Hi(A) "(A) JK'

for f € L'(Hy(A)).
Put ¢ = 35, Let ®' be the holomorphic section of Indg}(ﬁ)(ég(?’%)) such that ®'(k’,s) = 1 for all
k' € K’'. We define an Eisenstein series £(s) on Hi(A) by

E(hy;s) = > (s

YEP!(F)\H1(F)
for Re(s) > o'. By [36, §5], [23, §9], we have
Ress—y E(h1;8) = K

for hy € Hi(A).

Let z € 3(g1,0) be the regularizing differential operator as in [35, §3.2], [34, §5], where v is a real place
of F. There exists a self-adjoint differential operator 2z’ € 3(h1,) such that ©(z) = @(z’). Then we have
2'-E(s) = p(s)-E(s) with some p(s) € C[s]. Following Kudla and Rallis [34, §5], we define the regularized
theta integral I(s, ¢) by

1

—_— 0(g1,h1;2z - p)E(h1;s)dh
K- p(s) /Hl(F)\Hl(A) (1, hts 2 )2 (h; ) iy

I(g135,) =
for g1 € G1(A). By [34, Lemma 5.5.6], I(s, o) has at most a double pole at s = o'. Let

o0

I(s,0) = > (s — &) Ba()

d=—2

be the Laurent expansion of (s, ) at s = ¢/.

6.5. The Siegel-Weil formula. Let A(G) denote the space of automorphic forms on G (A) and R(G1)
the subspace of A(G'1) generated by Res,_; /5 E(s, ®1) for all holomorphic sections ®; of I (s).
Let o € S(WY(A)). If » = 0, then the Siegel-Weil formula by Kudla and Rallis [31] asserts that

I(p) = Ao(©)la, (a)-

If r > 0, then the Siegel-Weil formula (the second term identity) by Kudla, Rallis, and Soudry [35, §6]
asserts that

(6.1) B_1(g) = A0(#)l g, (n) mod R(G1).

Remark 6.2. In [35, §6], Kudla, Rallis, and Soudry proved (6.1) up to a scalar. Computing Fourier co-
efficients as in [35, Proposition 6.2], [54, Proposition 5.1.1], [19, Proposition 6.2], we can determine the
constant of proportionality.

6.6. The doubling method. Let A(G) denote the space of automorphic forms on G(A) and R(G) the
subspace of A(G) generated by Res,_; /o F(s, ®) for all holomorphic sections ® of I(s). If 7 € R(G),

then Fle ) € R(G).
Let B, : V; ® V; — C be the Petersson pairing given by
B fo) = [ () 2(g) dg

Za(A)G(F)\G(A)
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for f1, fo € V. Here Zq is the identity component of the center of G and dg is the Tamagawa measure
on Zg(A)\G(A). Note that vol(Zg(A)G(F)\G(A)) = 2. We fix a decomposition B, = [], Br,, where
B, : m, ® T, — Cis a pairing. Let

G(A)T ={g€ G(A)|v(g) € v(H(A))}
and G(F)"™ = G(F) N G(A)*. Put

2 fK=FxF
0 = vol(Za(A)G(F)N\G(a)t) = 10 =Xt .
1 if K is a quadratic extension of F'.

Lemma 6.3. We have

11(9)falg)dg = 3 - Ba(f1. f2)
Za(A)G(F)T\G(A)*

for f1, fo € Vr.

Proof. We may assume that K is a quadratic extension of F. Let G = Z5(A)G(A)TG(F). Note that
|G\G(A)| = 2. By assumption on 7, the group
{we(@\GA)?|row=m}
is trivial and hence 7|g is irreducible. The restriction to G as functions induces an isomorphism
V. = Vw|g
as representations of G. -
We define a G-invariant pairing B : Vi|g @ Vi|g — C by

B (o folo) = [ f1(9)Falg) dg
Za(A)G(F)T\G(A)T
for f1, fo € V. Asin the proof of Lemma 2.1, we have

B (n(g0) filg: (90) f2lg) = B3 (filg, folg)
for g9 € G(A) \ G. Hence we have

Br(fi, o)=Y Bl(n(g0)filg, 7(90) f2lg) = 2 B (filg, falg)-

90€G\G(A)

Let
G(A)" ={g € G(A)|v(g) € v(H(A))}
and G(F)* = G(F) N G(A)*. For a holomorphic section ® of I(s) and f1, fo € Vi, the zeta integral of
Piatetski-Shapiro and Rallis [44], [12, §6.2] is given by

25, f1.0) = | E(lg1,92); 5, @) 1 (01)Fo 92) d.
Z&(M)G(F)T\G(A)F

Here Z 4 is the identity component of the center of G and dg is the Tamagawa measure on ZG(A)\G(A).

Note that vol(Zs(A)G(F)T\G(A)™) = v. For each place v of F, let

Zy(8, Pu, f10, fo0) :/ Py (e(g1,051), 8)Br, (mo(91,0) f1,0, fo,u) dg1,0-

1,v

Lemma 6.4. For a holomorphic section ® = ®,®,, of 1(s) and fi = Q4 f1,v, f2 = Qufon € Vi, we have

L3(s + %,W,Ad@u}K/F)

. ) . HZv(s7(Dvaf1,’Uaf2,U)'
veS

Z(s,® =
(5,2, f1, f2) L5(s + 5, wi/r)C5(25 + 1

[\l K=

Proof. The assertion follows from the doubling method [44], [12, §6.2] and Lemma 6.3. ]
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6.7. Local zeta integrals. Let I,(s) = Ind%}’ (Wi /Py 5;{}3) denote the degenerate principal series repre-
sentation of G.

Lemma 6.5. For a holomorphic section ®, of 1,(s) and f1y, f2., € Ty, the integral Z,,(s, @, f1,v, fo,0) is

_ 1
absolutely convergent at s = 5.

Proof. By [44, Proposition 6.4], the function g; , — ®,(¢(g1,0, 1), %) belongs to L'(G ) for any € > 0.
This yields the lemma. O

For 1 4,92, € S(X,), we have
Zv(%a [5(901,11 & @2,1})]7 fl,va f2,v) = / Bwv (wv (91,1;)901,@, 90271))87&; (ﬂ-v(glﬂ))flﬂ)’ f2,v) dglﬂ)'
Gl,v

Lemma 6.6. There exist o, € S(WY ) and f1 4, fon € my such that

ZU(%? [‘Pv]u fl,v, f2,v) 7é 0.

Proof. We fix a place v of I’ and suppress it from the notation. By [34, Proposition 7.2.1], there exist
OIS I(%) and f1, fo € m such that Z(%, @, f1, f2) # 0. Let R be the image of the equivariant map

S(WY) — 1(3), where WY = V @ WV. It suffices to show that there exist ® € R and fi, f» € 7 such
that Z(%, @, f1, f2) # 0.

We first consider the case K = F' x F. If D is split, then I(%) = R by [33], [37] and the assertion
is obvious. We assume that D is division and Z(%, O, fi1,f2) =0forall ® € Rand f1, fo € 7. If F'is
archimedean, let R_ be the image of the equivariant map S(WY) — I(3), where WY = (—V) @ WV.
Let Vj be the two dimensional split quadratic space over F'. Let Ry be the image of the equivariant map
S(W(Y) — I(—%), where W(Y =V, @ WV. By [33], [37], we have

I()/R~ Ry if F' is non-archimedean,
I(3)/(R+R_) = Ry if F is archimedean.

Since o Ad(gg) = 7 for go € G . G, we have Z(%, O, fi1,fo) =0forall® € R_ and fi, fo € mif F
is archimedean. Hence Z (%, ®, f1, f2) defines a non-zero equivariant map

Ro@(ﬂ'@ﬁ')—»@.

As in [14, Proposition 3.1], this shows that the theta lift of 7 to GO(V)(F’) is non-zero. Hence 7 is a
principal series representation of G. This contradicts the assumption that the Jacquet-Langlands transfer 7
of mto D* exists.

We next consider the case where K is a quadratic extension of F'. We assume that Z (%, D, f1,f2) =0
forall ® € R and fi, fo € 7. Let V_ be the four dimensional quadratic space over F' such that disc(V_) =
disc(V') and V_ 2 V. Let R_ be the image of the equivariant map S(WY) — I(%), where WY =
V_ ® WV. By [33], [37], we have

I3)=R+R_.
Since o Ad(go) & m for go € G\ G, we have Z(3,®, f1, fo) = Oforall ® € R_ and fi, f» € 7 and
hence a contradiction. O

6.8. The Rallis inner product formula.

Lemma 6.7. For F € R(@l) and f1, fo € Vi, we have

/ Lo o) o) ol dos dga = 0.
G1(F)N\G1(A) Y G1(F)\G1(A)

Proof. The assertion follows from Lemmas 6.1, 6.4, and 6.5. Here we have used the version of Lemma 6.4
for isometry groups. O
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Let A+ = v(H(A)), F*Ft = FXNA**, and C = AX2 T\ A>T, The similitude characters induce
isomorphisms
Zg(A)G1(A)G(F)N\G(A)" =C,  Zy(A)H\(A)H(F)\H(A) =C.
Fix cross sections ¢ +— g. and ¢ — h. of G(A)t — C and H(A) — C, respectively. Let dh be the
Tamagawa measure on Zy (A)\ H (A) and note that vol(Zy (A)H (F)\H(A)) = v.

Lemma 6.8. Let o1 = ®y¢1,0, P2 = Qup2,p € Vi, and f1 = @y f1,0, f2 = Qv fo,0 € Vr. Then we have
/ 0(h; 1, f1)0(h; 2, f2) dh
Zg (A)H(F)\H(A)
n L (1 ™, Ad X WK/F
=5 CS

HZ 9011)@9021))] fl,v)fQ,v)-

vES

Proof. Let ® € I(1). We extend ® to a holomorphic section of I(s) such that its restriction to K is

independent of s. Let
oo

E(s.®) = Y (s — 1)'Eu(}, @)

d=—1
be the Laurent expansion of E(s, ®) at s = 3. Then the map ® — Ey(1,®) induces a G(A)-equivariant
map
I(3) — A(G)/R(G).

We only consider the case » > 0. We have

4 - E cy9c) S,
(s,[¢], f1, f2) U/C/Gl(F)\Gl(A) /Gl(F)\Gl(A) (t(g1,92)t(ge, ge); 85 [0])
X f1(919¢) f2(g29c) dgu dgs de.

Here dc is the Haar measure on C such that vol(C) = 1 and dgy, dgs are the Tamagawa measures on G (A).
By Lemma 6.7, Z(s, [¢¢], f1, f2) is holomorphic at s = 5. We have

[e)(9t(9e: 90). 3) = [@(e(9e: 9e). he) el (9. 5)
for g € G(A) and ¢ € C. For each ¢ € C, there exists F, € R(G) such that

AO(g/'(gcygc); 90) = AO(Q;‘D(L(QcagC)a hc)‘;o) + fc(g)
for g € G(A). By Lemma 6.7, Z(3,[¢l, f1, f2) is equal to

// / Ao(e(g1, 92)t(ges 9e); @) f1(919¢) f2(929¢) dg1 dga de
G1(F)\G1(A) JG1(F)\G1(A)

— u// / Ao(£(91,92); ©(1(ges ge), he) @) f1(919¢) f2(92ge) dgn dga de.
G1(F)\G1(A) JG1(F)\G1(A)

For each ¢ € C, there exists F/, € R(G) such that

Ao(g1:0(e(9es ge) s he)p) = B-1(g1;0(t(9e, ge ), he)p) + Folgr)
for g, € G1(A) by (6.1). By Lemma 6.7, Z( ,[¢], f1, f2) is equal to

of [ B3, 9000, ), e 9100 o) d g e
GL(F)\G1(A) JG1(F)\G1(A)

This integral is equal to the residue at s = ¢’ of

U// / I(L(gl,gg>;8,@(b(gcagc)vhc)(p)fl(glgc)mdgldQQdc
C JG1(F)\G1(A) JG1(F)\G1(A)
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U ~
- / / / / 9(5(917 92), hy;z - w(a(gc, gc), hc)@
fop(8) Je Jay e a) Jor e a) S )\ 1 (8)
x E(h1; ) f1( 9190)f2 (929¢) dh1 dgi dga de

// / / 0(u(g1, 92), h1;0((ges ge), he)p)
Hy(F)\H1(A) JG1(F)\G1(A) JG1(F)\G1(A)
x E(h1;8) f1(919¢) f2(929¢) dg1 dga dhy de.

Hence Z(%, [©], f1, f2) is equal to

U// / / 0(919¢, h1he; ©1)0(g29¢, hihe; p2)
CJH1(F)\H1(A) Y G1(F)\G1(A) JG1(F)\G1(4A)

X f1(g919¢) f2(g29.) dg1 dga dhy dc

O(h; <p1,f1>mdh

- /sz)H(F)\H(A)

By Lemmas 6.1, 6.6, and 6.8, we obtain the following lemma.

Lemma 6.9. We have
Vo) # 0.
Let By(r) : Vo) ® %(W) — C be the Petersson pairing given by

Bo(xy(h1, ¢2) = b1 (h) o (R) dh

/ZH(A)H(F)\H(A)

for ¢1, p2 € Vj(r). For each place v of F', we define an equivariant map

28 (wy K@) ® (1, B 7) — C

by
ZB(SOL'U» P20 fl,va f?,v) = CKU (2)[/1}(1’ Ty, Ad & (")K'U/Fv)_1 : Zv(%, [6(901,1) ® 952,11)]’ fl,'m f2,v)

for p1,0, 2,0 € S(Xy) and fi 4, fo,» € m,. By Lemma 6.6, z: # 0. By Lemma 6.8, there exists a pairing

Bg(m) : 0(my) ® 6(m,) — C such that

— B

0(my

)© (0y ® 0,).
By Lemma 6.8, we obtain the following proposition.

Proposition 6.10. We have

(1 ™, Ad ® wK/F
Bym) =27 - 2 HBQ(M

Here

ﬂ:{o if K = F x F,

—1 if K is a quadratic extension of F'.
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7. Global theta lifts from GO(V') to GSp,

Let F' be a number field. Let V' be a four dimensional quadratic space over £’ and IV a four dimensional
symplectic space over F'. Let V =V @ (=V). Set

H = GO(V), Hy =0(V),
H = GO(V) = GOsg, H, = 0O(V) = Og,
G = GSp(W) = GSpy, Gy = Sp(W) = Sp,.

Let
H = {h = (hy,hs) € Hx H|v(hi) =v(h)},

where v : H — G, is the similitude character. Let » : H < H be the natural embedding. Let K be the
discriminant algebra of V' and choose a quaternion algebra D over F associated to V' as in §1.

7.1. Weil representations. Fix a non-trivial additive character ) = ®,1, of A/F. We may assume that
Yy(z) = exp(2my/—1trg, jr(z)) for z € F, if v is archimedean (cf. [49, Lemma 5.1]). Let W = X © Y
be a complete polarization and set

W=waxV, X=XV, Y=Y&®V.

Then W is a symplectic space over F' and W = X & Y is a complete polarization. Let w be the Weil
representation of Mp(W(A)) on the space V, = S(X(A)) with respect to ¢) and B, : V,, ® V, — C the
canonical pairing. For each place v of F, let w, be the Weil representation of Mp(W,) on the space S(X,)
with respect to 1, and B, : w, ® &, — C the canonical pairing. Then we have w = ®,w, and B, =
1, B.,. By [301, [13, §5.1], [47], we may regard w (resp. w,) as a representation of G(O(V') x Sp(W))(A)
(resp. G(O(V) x Sp(W))(F)).
Let
W=weoV, X=XV, Y=YaV.

Then W is a symplectic space over F' and W=XodYisa complete polarization. Let @ be the Weil
representation of Mp(W(A)) on S(X(A)) with respect to ¢». We may regard @ as a representation of
G(O(V) x Sp(W))(A). We have a natural isomorphism

SX(A) =V, 0V,
as representations of Mp(W(A)) x Mp(W(A)). Let
= {(z,2)|z €V}, WA =W o VA,
= {(z,—x)|z €V}, WY =waVV.

Then W = WY @ W2 is a complete polarization. Hence we can realize the Weil representation @ on
S(WV(A)). By [40, §2], there exists an isomorphism

§: S(X(A) — S(WY(A))
as representations of Mp(W(A)) such that

6(p1 ® 92)(0) = Bu (1, p2)

for 1,2 € V,,.
More generally, let V = F?" be the space of row vectors equipped with a non-degenerate symmetric
bilinear form (z,y) = 2J'y for z,y € V, where

0 1,
(0 h).

GOagp = {h € GLgy | hJ'h = v(h)J, v(h) € Gy, }.

We identify GO(V) with
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Let W = F?" be the space of column vectors equipped with a non-degenerate anti-symmetric bilinear form
(x,y) =taJy for z,y € W, where
(%)
We identify GSp(W) with
GSpy, = {9 € GLay |'gJ'g = v(9)J', v(g) € G}

Let W=W®RYV,

X ={(x,0) € F*" |z € F"}, X=WaeAX,

Y={(0y) € F*"|ye F"}, Y=-Wa).
Then W is a symplectic space over F' and W = X & Y is a complete polarization. We identify X with
Moy (F'). Let w be the Weil representation of Mp(W (A)) on the space S(Ma, ,(A)) with respect to ).

We may regard w as a representation of G(Ogy,, X Sp,,.)(A).
Choosing bases, we fix an isomorphism

S(WY(4)) = S(Mya(A))
as representations of G(O(V) x Sp(W))(A) = G(Og x Spy)(A).
7.2. Theta lifts. Let 0 = ®,0, be an irreducible unitary cuspidal automorphic representation of H(A) on

the space V,;. We assume the following:

e The Jacquet-Langlands transfer of o|px 4 ) to GLa2(Ak) is cuspidal.
® 0, ®sgn = g, for some place v of F'.
e If 0, ® sgn % 0y, then o, # 0, for any distinguished representation oy, of GSO(V)(Fy).

Lemma 7.1. The partial L-function L (s,0,std) is holomorphic and non-zero at s = 1.

Proof. We first consider the case K = F' x F. We have o|px (Ag) = TlD X 7'2D with an irreducible unitary
cuspidal automorphic representation 7; of GLa(A) such that 74 2 7» and w;, = w;,. Here TiD is the
Jacquet-Langlands transfer of 7; to D* (A). Then we have

L5(s,0,std) = L%(s, 11 x 7o)
and the assertion is well-known.

We next consider the case where K is a quadratic extension of . We have o/ px (4 )xax = 7P Xy with
an irreducible unitary cuspidal automorphic representation 7 of GL2(Af) and a Hecke character y of A
such that 7 22 7 and w; = x o N p. Here 7D is the Jacquet-Langlands transfer of 7 to D> (Ag). Let u
be a Hecke character of A} such that pi|yx = x~!. Then we have

L7(s,0,std) = L(s, 7 ® p, Asai).
Since (¢ ® u¢)Y 2 7 @ pand Ly(s, Ty ® fy, Asai) is holomorphic and non-zero at s = 1 for all v, the
assertion follows from [27, Proposition 5.3]. ]
Let
G(A)" ={g € G(A)|v(g) € v(H(A))}
and G(F)T = G(F)NG(A)*. Let o € V. The theta function associated to ¢ is given by
0(h,gi0) = Y w(h,g)p(@)
zeX(F)

for (h,g) € G(O(V)xSp(W))(A). Let f € V,. Forg € G(A)™, choose h € H(A) such that v(h) = v(g),
and put

0(g: ¢, f) =/ O(hih, g; @) f(hih) dhy.
Hyi(F)\H1(A)
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Here dhy = [], dhi, is the Tamagawa measure on H;(A). Note that vol(H(F)\H(A)) = 1 and we
may assume that the volume of a hyperspecial maximal compact subgroup of H ,, with respect to dhq , is
1 for almost all v. This integral defines an automorphic form 6(¢y, f) on G(A)*. We extend 0(y, f) to an
automorphic form on G(A) by the natural embedding

G(F)"\GA)" — G(F)\G(A)

and extension by zero. Let §(o) be the automorphic representation of G(A)™ on the space V(o) generated
by 6(yp, f) for all ¢ € V,, and f € V,. By assumption on o, §(o) is cuspidal. In Lemma 7.12 below, we
will show that Vp ) # 0. In particular, 6(o,) # 0 for all v. Hence 0(o) is irreducible,

0(0) = ®u0(0v),
and 0(o,) is unitary for all v. Thus, we obtain a G(O(V') x Sp(W))(A)-equivariant surjective map
0:V,®Vy — Vi
and G(O(V') x Sp(W))(F,)-equivariant surjective maps
Oy 1wy ® 0y — O(0y)

such that 0 = ®,,0,.
Let 7 be the automorphic representation of G(A) on the space V;: generated by Viy(s)- For each place v

of F, let m, = indgg (0(oy)). By Lemma 5.2, m, is irreducible.

Lemma 7.2. We have

Y
T = QyTy.

Proof. Since G(A)™ is an open subgroup of G(A), we have a natural G(A)-equivariant map

. 1G(A
(7.1) c-indgty)s (Vo)) — Vi
By definition, (7.1) is surjective. Since c—indgging (0(0)) = ®,m, is irreducible, (7.1) is injective. O

7.3. Eisenstein series. For each r € N with » < n, we define a parabolic subgroup P, ,. of GO2, by

a * * *
_ 0 o * v , fd
Pn,r = 0 0 V(h/)ta—l 0 € GOz, | a € GL,, b’ = (Cl d/) € GOg2p—2r
0 ¢ * d

Let dp, . be the modulus character of P, ;(A). For v € Gy, let

(1, 0
d(v) = ( 0 Vl”) )
We define a maximal compact subgroup K = [[, K, of GO, (A) by

GOz, (0y) if v is non-archimedean,
K, =< GO2,(F,) NO(2n) ifwvisreal,
GOz, (F,)NU(2n) if v is complex.

Then we have GO2,(A) = P, - (A)K.
Let I(™7)(s) denote the degenerate principal series representation of GOs,, (A) given by

N
N

n.r GO2y,(A) / cs/(2n—r—
1) (5) = Ind 0% 00 (03 2770,
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where Ind denotes the normalized induction. Given a holomorphic section ® of I("")(s), we define an
Eisenstein series £(") (s, ®) on GOs,(A) by

EC™) (s s, ®) = > ®(yh, s)
YEPn,r (F)\GO2n (F)
for Re(s) > 0. If ®° is the holomorphic section of I("")(s) such that ®°(k, s) = 1 for all k € K, we write
EM7)(s) = EM7) (s, ®°). For each sq € C, let
B (s) = 37 (s = s0) B (s0)
d>—o0

be the Laurent expansion of E(™")(s) at s = 5.
We define a G(Ozg;, X Sps,.)(A)-equivariant map

[-]: S(Mzrn(A)) — I (r — 251)

by

(@) (hyr = 254) = [w(R)|7""/% - w(d(v(h) ") h)e(0)
for h € GOa,(A). Here G(Oay, X Spy,. ) (A) acts on 1) (r —221) via the projection G(O2,, x Spy,. ) (A) —
GOa,(A). We extend [] to a holomorphic section of I(™™)(s) such that its restriction to K is independent
of s.

7.4. Theta integrals. We define a parabolic subgroup P’ of GSp,,. by

a %
P = { (0 Vta—1> € GSpy,

Let dpr be the modulus character of P’(A). For v € Gy, let

w5 )

We define a maximal compact subgroup K’ = [], K/, of GSp,,.(A) by

aGGLr,I/EGm}.

Ad(d(w))(GSpy,(0y)) if v is non-archimedean,
K! = < GSpy,.(F,) N O(2r) if v is real,
GSp,, (Fy) NU(2r) if v is complex.
Here w, is a uniformizer of F), and ¢, is the largest integer such that 1), is trivial on w, “o,. Then we
have GSp,,.(A) = P/(A)K'. Let P{ = P/ N Spy, and K| = K’ N Sp,,.(A) so that Sp,,.(A) = Pj(A)K].
Let dg; be the Tamagawa measure on Sps,.(A) and note that vol(Spy, (F)\Spy,(A)) = 1. Let d;p’ be the

left-invariant Tamagawa measure on Pj(A) and dk’ the Haar measure on K/ such that vol(K/) = 1. There
exists a constant x such that

/ flgr) dgr = w / F@K) dip' dk’
Spa,.(A) 1(A) VK
for f € L1 (Spy(A)).

Put o’ = “tL. Let @’ be the holomorphic section of Ind](i,S(IX)T(A) (5;/,(T+1)) such that ®’(k’, s) = 1 for all

k" € K'. We define an Eisenstein series £(s) on GSp,,.(A) by
E(g;s) = > ?'(vg, s)

YEP(F)\GSpy, (F)
for Re(s) > o'. By [36, §5], [19, Lemma 9.1], we have

Ress—y £(g;5) = K
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for g € GSpy,.(A).
Let ¢ € S(My, ,(A)). The theta function associated to ¢ is given by

O(h,gi0) = Y. wlhgp()

Z‘GMgr’n (F)

for (h,g) € G(Ogy, X Sps,)(A). Let z € C°(02,(F,)//O2n(0y)) be the regularizing Hecke operator
as in [34, §5], [25, §2.3], where v is a certain non-archimedean place of F' depending on (. There exists
a self-adjoint Hecke operator 2z’ € CS°(Spy,(Fy)//Spa,(0y)) such that w(z) = w(z’). Then we have
2'-E(s) = p(s)-E(s) with some p(s) € C[qs, g, °]. Here g, is the cardinality of 0,,/w,0,. Following Kudla
and Rallis [34, §5], we define the regularized theta integral I(™") (s, ) by

1

(m)(h 8, ) = m

/ 0(h,919; 2 - ©)E(919; 5) dgr
Sp27‘( )\Sp27‘( )

for h € GOy, (A), where g € GSp,,.(A) such that v(g) = v(h). By [34, Lemma 5.5.6], 1) (s, ) has at
most a double (resp. simple) pole at s = o' if r < n —1 < 2r (resp. 2r < n — 1).
Let ¢ € S(M, 2, (A)) be the partial Fourier transform of ¢ € S(Ma;,(A)) defined by

s = [ o () wuta)ds

for u,v € M, ,(A), where dx is the Tamagawa measure on M, ,,(A). For h € GOg,(A), choose g €
GSps,.(A) such that v(g) = v(h), and put

() / / W(h, K'9)9)(0pn, a, 0,5 ) (K'g, 5)| det(a) "¢ dk' d*a.
GL-(A) JK/

Here d*a is the Tamagawa measure on GL,(A). By [34, Lemma 5.5.2], ¥(¢) is a meromorphic section of
10*7)(s) and is holomorphic for Re(s) > —%. By [34, §5.5], we have

17 (s,0) = B (5,0 ().

We now consider the spherical case. Let &(s) = D%/2((s), where D is the absolute value of the discrimi-
nant of F" and ((s) is the zeta function of F' including archimedean factors. Put p = Res,—1 £(s). We define
©r = Qpory € S(M,-(A)) as follows:

e If v is non-archimedean, then ¢,., is the characteristic function of M,.,.(0,,).
e If v is real, then @, ,(z) = exp(—mtr(*zx)) for z € M, ,.(F).
e If v is complex, then ¢, ,(z) = exp(—27 tr(*zx)) for z € M, .(F,).

Put

=)= [ el@ldet) da,
GL,(A)
where d* a is the Tamagawa measure on GL, (A).

Lemma 7.3. We have

[1]

T r—1
b(5) =272 p  [Te@ - [T €6 9.
i=2 j=0
Here we omit [[}_, (i)~ Lifr = 1.

Proof. If r = 1, then we have Z;(s) = p~'¢(s) = D%/2p~1¢(s). Assume that + > 2. Let T (resp. U) be
the subgroup of GL, consisting of diagonal matrices (resp. unipotent upper triangular matrices). We define
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a maximal compact subgroup X =[], K, of GL,(A) by

GL,(0,) if v is non-archimedean,
Ky = GL.(F,) N O(r) if visreal,
GL,(F,) NU(r) if vis complex.

Let d*t (resp. du) be the Tamagawa measure on 7'(A) (resp. U(A)) and dk the Haar measure on X such
that vol(X) = 1. By [36, §5], we have

/ f(a)dxa:%/ / / f(tuk) d*t du dk
GL-(A) T(A) JUA) JXK
for f € L'(GL,(A)), where 5 = p" ' T]'_, £(i) . Hence we have

=-(s) = %/ / or(tw)| det(t)]® d*t du.
T(A) JU(A)

Changing variables, we have

r—1 r(r—1)/2
=== J[26-0) ([ a@e)
§=0 A
where dx is the Tamagawa measure on A. Since

/ p1(x)de = 9_1/2,
A

the assertion follows. D

We define the spherical Schwartz function ¢° = ®,¢% € S(Ma,,,(A)) as follows:

e If v is non-archimedean, then

) (x) @M i € My (@ o,) and y € M, (0,),
(pv - .
Yy 0 otherwise.

e If v is real, then 9 (x) = exp(—n tr(‘zx)) for x € My, ,(F}).
e If v is complex, then ¢9(z) = exp(—2 tr(*zx)) for z € Moy (F,).

Here g, is the cardinality of o0, /w,0, and ¢, is the largest integer such that 1), is trivial on w; “0,. Then
we have ¢° = ®,,¢;, where

e ¢ is the characteristic function of M, 2, (0, ) if v is non-archimedean,

o 00(z) = exp(—mtr(*zx)) for x € M, 2, (F,) if v is real,

o 00(z) = exp(—2mtr(*zx)) for z € M, 2, (F,) if v is complex.

Moreover, we have

w(k, k')’ = ¢°
for (k, k") € (K x K’) N1 G(Og,, X Spy,.)(A). Hence we have
(7.2) EM) (s, [¢°]) = D7"/2. B (s).
Lemma 7.4.
n r—1

1) (5, 4%) = D=2 ) [T (i)™ - [ (s +n— o — j) - B™7)(s).
i=2 §=0
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Proof. By Lemma 7.3, we have

n r—1
U(e%)(1,8) = D=2 o TTe(@) ™ - [ &5 +n = o — ).
1=2

Jj=0

Since W (p?) is K-invariant, the assertion follows. O

7.5. The Siegel-Weil formula. We identify GOg and P, 4 with H and the parabolic subgroup of H stabi-
lizing V2, respectively. Let A(H) denote the space of automorphic forms on H (A) and R(H ) the subspace
of A(H) generated by Res,_; ;o E®*) (s, ®) for all holomorphic sections ® of I4*)(s). We remark that
E®4 (s, ®) has at most a simple pole at s = % by [32, Theorem 1.0.1].

Let ¢° € S(My4(A)) be the spherical Schwartz function as defined in p. 29. Let S(My 4(A))° be the

subspace of S(Mj 4(A)) generated by w(hy)¢® for all hy € Hy(A). Let
Ag s S(Myu(A)) — A(H)/R(H),
B,1 : S(M4’4(A)) — A(ﬁ),
Co . S(M474(A)) — A(ﬁ),
be the H; (A)-equivariant maps defined by
EUO (s, [o]) = 3 (s = 5)"Aalp),
d=-1
109(5,0) = 3 (s = 3)9Ba(p),
d=—
IV (s,pr(p)) = Y (s = 1)"Cale),
d=—1

for p € S(My4(A)). Here pr: S(My4(A)) — S(Mg4(A)) is the H (A)-equivariant map defined by

pr(y) <gy;> = /M @

for 2,y € A%, where du is the Tamagawa measure on A%,

du

< O8

Proposition 7.5. We have
B_1(p) = Ao(p) + D ?pE(4) ™" - Co(y) mod R(H)
for o € S(Mga(A))°.

Proof. Let ¢° € S(My4(A)) be the spherical Schwartz function. Then pr(¢°®) € S(Msa4(A)) is also the
spherical Schwartz function. By (7.2), we have

0 _ 4,4
Aol¢”) =27 BV (3).
By Lemma 7.4 and Lemma B.6 in Appendix B, we have
o\ — —4 — — 4,2 s
Boi(¢) =277 '6(2) " e@)E() - LY (3) mod R(H).
By Lemma 7.4 and Lemma B.7 in Appendix B, we have
Colp?) =D 2p7e(4) - ESV (1) mod R(H).
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Hence we have
D' Boi(¢%) =D Ap(¢?) + D%pE(4) 7" - Cole®) mod R(H)

by Proposition B.8 in Appendix B. This completes the proof. U
7.6. The doubling method. Let B, : V, ® V,, — C be the Petersson pairing given by
Bafifo) = [ Fu(h) Falh) db
Zu(A)H(F)\H(A)

for f1, fo € V,,. Here Zp is the identity component of the center of H and dh is the Tamagawa measure on
Zg(A)\H(A). Put

2 fK=FxF,
1 if K is a quadratic extension of F'.

o = vol(Zs () H(F)\H(A)) = {

We fix a decomposition B, = [[, B, , where By, : 0, ® 6, — C is a pairing.
For a holomorphic section ® of I(44) (s) and f1, fo € V,, the zeta integral of Piatetski-Shapiro and Rallis
[44], [12, §6.2] is given by

Z(s, @, fi1, f2) —/ EWY (4(h1, ho); 5, ®) fi(h1) f2(h2) dh.
Zg(A)H(F)\H(A)

Here Z; is the identity component of the center of / and dh is the Tamagawa measure on Z 7 (A)\H(A).
Note that vol(Z 5 (A)H(F)\H(A)) = v. For each place v of F, let

ZU(S, (I)va fl,va f2,v) = / q)v(b(hl,m 1)7 S)Bav (Uv(hl,v)fl,m f2,v) dhl,v-
Hl,v

Lemma 7.6. For a holomorphic section ® = ®,®,, of 1Y (s) and f; = Qv f1,0, fo = Qufon € Vo, we
have 5 )
L>(s+ 3,0,std)
Z(Suq)vfth)_ 2 ) : HZU(S7(I)U7f1,’U7f2,U)‘
veS

%25+ 1)¢5(25+ 3
Proof. The assertion follows from the doubling method [44], [12, §6.2]. O

(5}2{134 ) denote the degenerate principal series repre-

7.7. Local zeta integrals. Let L(J4’4)(s) = Ind

- Py
sentation of H,,.

Lemma 7.7. For a holomorphic section ®,, of 15,4’4)(3) and f1 4, fan € 0w, the integral Z,(s, @y, f1,v, fo.0)

. _ 1
is absolutely convergent at s = 3.

Proof. By [3, Proposition 3.3], [41, Appendix], [38], there exist ¢y, ¢}, € S(Ma.4(F),)) such that
@y (ho, 5) = [£0] (ho: 3) + [@L] (o, 5) - sgn(h)
for h, € H,. Hence we may assume that ®,, = [0(¢1,, @ P2,v)] With 1,4, 2., € S(X,). But then we have
Dy (e(h,w,1), 3) = Buy (Wo(h1,0) 01,0, 2,0)

for hy,, € Hi . By [39, Theorem 3.2], the function hy ,, — By, (wy(h1,0)91,0, 92,0) belongs to LHE(HLU)
for any € > 0. This yields the lemma. g

For 1 4,92, € S(X,), we have
Zv(%7 [5((;01,1) ® @2,1})]7 fl,va fQ,U) = /H Bwv (wv(hl,v)@l,vv SOQ,U)BUv (Uv(hl,v)fl,va f2,v) dhl,v‘
1,v

Let S(My 4(F,))° be the subspace of S(Mg.4(F,)) generated by w(hy )¢ for all by, € Hy .
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Lemma 7.8. There exist p, € S(My4(F,))° and f1 4, f2.0 € 0, such that
ZU(%? [SO’U]a fl,’l)? fQ,U) # 0.

Proof. We fix a place v of F' and suppress it from the notation. By [32], there exist & € 1(4’4)(%)
and fi1, fo € o such that Z (%, D, f1, f2) # 0. Let R (resp. Rp) be the image of the equivariant map
S(Mya(F)) — TED(L) (resp. S(Maa(F)) — 144 (—1)). By [3, Proposition 3.3], [41, Appendix], [38],
we have
149 (1) = R+ R®sgn, 14D (1) /R = Ry @ sgn.

Moreover, R is generated by a K-invariant element of 1(4’4)(%). It suffices to show that there exist & € R
and f1, fo € o such that Z(%,(I),fl,fg) # 0.

We assume that Z(%, O, fi,f2) = 0forall ® € Rand f1, fo € 0. If 0 ® sgn = o, then we have
Z(%, D, f1, f2) = 0forall ® € R ® sgn and f1, fo € o and hence a contradiction. If o ® sgn 2 o, then
Z (%, ®, f1, f2) defines a non-zero equivariant map

(Ro®sgn) ® (c Xa) — C.

As in [14, Proposition 3.1], this shows that the theta lift of o ® sgn to GLo(F)™ is non-zero. By [8, Lemmas
4.1, 5.4], [43], [1], we have

| px (x> = (0 @ sgn) | px sy rx = sk Rwwgr

for some irreducible admissible representation s of GLo(F') with central character w.. Thus, o = (¢2 X
wewr /)~ foradistinguished representation sPRwwy /7 of GSO(V)(F). This contradicts the assumption
onao. t

7.8. The Rallis inner product formula.

Lemma 7.9. For F € R(H) and f1, f; € V, we have

/ F(t(h1, h2)) f1(h1) f2(h2) dh = 0.
Z g (A)H(F)\H(A)

Proof. The assertion follows from Lemmas 7.1, 7.6, and 7.7. u

Lemma 7.10. For ¢ € S(My4(A)) and f1, fo € V,, we have

/ Cole(l, h2); 9) fu () Falla) dh = 0.

Z g (A)H(F)\H(A)

Proof. Let W' be a two dimensional symplectic space over F' and set G’ = GSp(W') = GLg. Let W' =
X' @Y’ be a complete polarization and set

W=waV, X=X®V, Y=Y V.
Then W’ is a symplectic space over F and W' = X’ @ Y’ is a complete polarization. Let w’ be the Weil

representation of Mp(W/(A)) on the space V, = S(X'(A)) with respect to ¢). We may regard ' as a
representation of G(O(V') x Sp(W'))(A). By [40, §2], there exists a natural isomorphism

5 Vo ® Vw/ — S(MQA(A)).

Let (o) be the theta lift of o to G'(A). Then ¥(o) = 0. Indeed, it is easy to see that ¥(c) is cuspidal,
and if ¥(o) # 0, then o, ® sgn 2 o, for all v by the local unramified theta correspondence and the strong
multiplicity one theorem. This contradicts the assumption on o. For ¢!, ¢, € V,, and f1, f2 € V,, we have

/‘ T4Y (u(ha,y ho); 5,8 () @ @) fi(h1) f2(h2) dh
Z 5 (A)H(F)\H(A)

1

H /Zc;f (A)G"(F)T\G"(A)F

0(g"s 1, 11)0(g"; b, f2)E(g'; 8) dyg'.



ON ENDOSCOPY AND THE REFINED GROSS-PRASAD CONJECTURE FOR (SOs,SO4) 33

(See also the proof of Lemma 7.11 below.) Since ¥(o) = 0, this integral is zero. This completes the
proof. U

Let A+ = v(H(A)), F*F = FXNA**, and C = AX2 T\ A>T, The similitude characters induce
isomorphisms
Zg(A)G1(A)G(F)N\G(A)" =C,  Zy(A)YH\(A)H(F)\H(A) =C.
Fix cross sections ¢ — g. and ¢ — h, of G(A)* — C and H(A) — C, respectively. Let dg be the
Tamagawa measure on Z¢g(A)\G(A) and note that vol(Zg(A)G(F)\G(A)) = 2.
Lemma 7.11. Let ¢ = ®up, € S(Mya(A))° and fi = Qufin, fo = Qufop € Voo We write ¢ =
> 0(01, ® Poi), where 1,025 € Vi,,. Then we have

- L3(1,0,std) 1
0(g; 2] 0 ; 2] d9 = —goa v\ |Fv]s oR) v)-
;/ZG(A)G(F)\G(A) (Qa@l, fl) (g P2, f2) g CS(2)CS(4) H Z (2 [SO ] fl, f27 )

veS

Proof. By Lemma 7.9, Z(s, [¢], f1, f2) is holomorphic at s = % By Proposition 7.5 and Lemmas 7.9 and
7.10, we have

23160 fu. f) = / B_y(u(ha., ha): @) f1(hy) Falha) dh.

Z (A)H(F)\H(A)

This integral is equal to the residue at s = % of

v / / / T4 (y(hyhe, hohe); s, ) f1(hihe) fa(hohe) dhy dhy de
C JH1(F)\H1(A) J Hi(F)\H1(A)

o
:// / / H(L(h1h07h2h6)7919c§2~g0)
K- 0(8) Je J (P)\Hy8) JH (F)\HL(8) JGr (PG (4)

X E(919c; 8) f1(h1he) f2(hohe) dg1 dhy dha de

b
:// / / 0(t(hahe, hahe), g19¢; @)
KJe JGi(P\G1(8) JHi(F)\H1(A) J Hi (F)\H1(4)

X g(glgc; S)fl(hlhc)fg(hghc) dh1 dh2 dgl dC.

Here dc is the Haar measure on C such that vol(C) = 1 and dhq, dhy are the Tamagawa measures on H; (A).
Hence Z(3, [¢], f1, f2) is equal to

UZ// / / H(hlhmglgc§(Pl,i)e(thc,glgc;@271»)
7 JCJGUFN\G1(A) JHL(F)\H1(A) J Hy(F)\H1(A)

X fl(h1h6>f2(h2hc) dhl th dgl dc

= Z/ 0(g; 1,0, [1)0(g; 02,4, f2) dg.
i Y Za(M)G(F)MI\GA)T

Note that vol(Z¢(A)G(F)T\G(A)") = v. Since the supports of 8(1 4, f1) and 0(yp2,, f2) are contained
in G(F)G(A)™, we have

/ 0(g; 1., f1)0(g; 2,6, f2) dg Z/ 0(g; 1,0, f1)0(g; 2, f2) dg.
Za(A)G(F)T\G(A)T Zg(A)G(F)\G(A)

This completes the proof. 0

By Lemmas 7.1, 7.8, and 7.11, we obtain the following lemma.

Lemma 7.12. We have
Vo) # 0.
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Let B, : V; ® V; — C be the Petersson pairing given by

Br(1, 69) / 61(9)82(9) dg

Zg(A)G(F\G(A)
for ¢1, @2 € V.. For each place v of F', we define an equivariant map
28 (wy K@) ® (0, B F,) — C
by
ZE(@1.0: P2.05 Fros f20) = Co(2)Co(4) Lo (1, 04, 5td) ™ - Zy(3, [0(01,0 ® @2,0)], f100 fo)
for 1.4, 2. € S(Xy) and f1 4, fo, € 0. By Lemma 7.8, Zg # 0. By Lemmas 5.6 and 5.7, there exists a
non-zero G/ -invariant pairing Bg( ) 6(c,) ® 6(c,) — C such that

Zi =B}, 00, ®0,).

— it
= Be(av)'

We extend Bg(ov) uniquely to a G,-invariant pairing Bgrv : My ® T, — C such that BEW \ 8(c0)
By Lemma 7.11, we obtain the following proposition.

®0(0v)

Proposition 7.13. We have

_ L(1,0,std) ’
5= ~@cw 1P

8. Tamagawa measures

Let F' be a totally real number field and E a totally real étale quadratic algebra over F'. Let W be a two

dimensional symplectic space over X and V' a four dimensional quadratic space over F'. Set

G’ ={g' € Rp/r(GSp(M)) |v(9) € G}, G1 = Rp/r(Sp(Wo)) = Rp,r(SLy),

H = GO(V), Hy =0(V).
Let Z¢ and Zp be the identity component of the center of G’ and H, respectively. We have isogenies

pr: G| — Zg\G, pr: H — Zyg\H.

Let we and wy be non-zero invariant differential forms of top degree on Zg/\G’ and Zy\H over F,
respectively. Then wg, = pr*(wer) and wy, = pr*(wp) are also non-zero invariant differential forms of

top degree on G} and H; over F, respectively. Fix a non-trivial additive character 1) = ®,,1,, of A/F. For
each place v of F, let dz,, be the self-dual Haar measure on F;, with respect to v,,. Let dg; ,,, dgs, dh(l),v’

dh? be the Haar measures on
/1,1)7 ZG',U\G;, Hl,U7 ZH,U\HU7

determined by dzx, and way, WGrs WHy> WH, respectively. Let dhy, = %dh?vv and dh, = %dhg. Let
F% = u(H,). Then we have

|
/ flodg,=5 / F(91,09%) dgh o,
ZGI,’U\G; Ggl,’u

ceFA\FY)

1
¢ hv dhv =5 QS h ,vhc dh U
/Z ot =5 S (b whe) dhy

H
ce PO\ RO T

for f € LY(Z¢ ,\G)) and ¢ € LY (Zy\H,). Here g. € Zg ,\G, with v(gl) = cand he € Zg,,\H,
with v(h.) = c. By definition, the product measures

Hdgllﬂ)v Hdgqln Hdhl,’ua Hdh’ua
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are the Tamagawa measures on
Gi(A),  ZoW\G'(A),  Hi(A),  Zg(A\H(A),

respectively. We remark that the products of these measures are convergent, although the volumes of hyper-
special maximal compact subgroups are not 1 for almost all v.

9. The explicit local seesaw identity

We retain the notation of §1 and §8. We fix a place v of F' and suppress it from the notation. Let
W =VerW = RE/F(WO ®p Vi), where Vg = V ®p E. Let w be the Weil representation of
Mp(W) with respect to 1. We may regard w as a representation of G(O(V') x Sp(W))(F) or that of
G(Sp(Wp) x O(VE))(E). In particular, we have a seesaw diagram:

G=GSp(W)(F)  H'=GO(Vg)(EY
G'=GSp(Wo)(BY  H =GO(V)(F)

The goal of this section is to establish an explicit seesaw identity for this seesaw diagram.

Recall that ¢ is an irreducible unitary admissible representation of H and 7 is an irreducible unitary
admissible representation of GSp(W)(F) containing an irreducible subrepresentation 7’ of G’. Let B,
c®& — Cand B, : T®7 — C be pairings. Let B%, : 7' @ 7' — C be the pairing given by B, = B, | /g
Let C = F>2\F**, Put

Q1,25 61, 025 f1, f2)
-y / , (g6l hihe)p1, 92)Ba (0 (hhe)ot, 62)Br(7(dhgl) . f2) dhn g

ceC

for 1,02 € w, ¢1,¢2 € o, and f1, fo € 7’. Here dh; and dg] are the Haar measures on H; and G| given
in §8, respectively.

Lemma 9.1. The integral Q(p1, p2; 01, P2; f1, f2) is absolutely convergent.

Proof. We only consider the case £ = K = F x F and D = My »(F); the other cases are similar. It
suffices to show that the integral

/(F+)4 B, (w(t(a,az),t(as,as))p1, v2)Bs(o(t(as,as)) b1, d2)

x By (7(t(a1,a2)) f1, f2)|af2a;2a§2a22] d a1 d*asd” a3 d*ays

is absolutely convergent. Here F* = {a € F*||a| < 1},

wom((3.2)4 2)

and we regard t(a, a’) as an element of G’ or that of H. By the Kim-Shahidi estimate [28], [26], there exist
§ <A1, A2, A3, A1 < 1 such that

|B:(7(t(a1,a2)) f1, f2)| < C - [ar|[M |ag|*?,
B (0 (t(as, as))é1, d2)| < C - |as|* |aa|™,
for ay,as, a3, aqs € F* with some constant C. We define a function Y on F'* by

(a) 1 ifa € FT,
a) =
la|=*  otherwise.
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For ¢, ¢' € S(F), we have

<C"Y(a)

/F p(az)¢ () dz

for a € F* with some constant C’. Realizing the Weil representation w on S(Ma 2(F')?), we have

w(t(ai,az),t(as, aqs))p1(z,y)

‘ 9 9 a1a§1a4x1 alaglaf:rg a2a§1a4y1 GQCLEIQZlyQ
= |ajaz|e1 -1 ) -1
1034473 a1a3G, T4 a20a3a04Y3 2030, Y4

$:<x1 x2>’ y:<y1 y2>-
L3 T4 Y3 Ya

1B (w(t(a1, az), t(as, as))e1, p2)| < C" - |afa3| Y (ara3 as) Y(aras ag )Y (arazas) Y(arasa; ")

X T(azag1a4)T(agaglall)T(a2a3a4)'r(a2a3a;1)

for

Hence we have

with some constant C”. By symmetry, it suffices to show that the integral

—1 -1 _—1 —1 -1 -1
/ / Y(aras as)Y(aras ay )Y (azas as)Y(agas a; ")
la1|<|az|<1 /]a3|<[as|<1
x |ay ay*ay*2ay* 2| d*ay d* az d*az d* ay

is convergent. We change variables b; = asa4 and by = agaf. Let uy = % and po = % Note

that % < p1 < 1and |pg] < %. It remains to show that the integral
o Tb T T T
la1|<laz|<1 J]b1[<[b2|<1
x |afan? by 2ok d¥ ay d*ag d* by d¥by

is convergent. The integrand is equal to

a3t a)2 by b2 | if Ja1| < Jaa| < |b1] < [bo| <1,
a3 ay> O T IRE2 ] iffag| < [bi| < Jaa] < [bo] < 1,
a3t a> 2o T oh Y if fag| < [bu| < [be| < lao] < 1,
ja" ray? TR by < Jay| < Jag] < [bo| < 1,
Jay* a3 PO AR f [by| < aa] < bo] < laz] <1,
a2y 2B (b < fbo| < |ar] < Jag| < 1.

We change variables

ay = titotgty, ag = titats, by = tita, by =t1 if [a1] < Jag| < |by| < |bo| <1,
ay = titatgty, by = tilatz, ag = tity, by =t if [a1| < [b1| < Jag| < |bo| < 1,
ay = titatgty, by = tilotz, by = tito, ag =t1  if [a1| < [b1| < |bo| < ag| <1,
b = titatsts, a1 = titat3, ap = tita, by = t1 if [b1| < |a1| < |az| < |bo] <1,
by = titatsty, a1 = titatz, by = tita, ag =t1 if [b1] < Jag| < |bo| < az| <1,
by = titatsty, by = titotz, ay = tity, ag =t1  if [b1] < [bo| < |a1| < ag| <1,
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where t1,to,t3,t4 € F. Then the integrand is equal to

]ti‘1+>‘2+m+“2_2t;‘1+)‘2+m_2t§‘1+)‘2t21] if ‘alf < ‘a2‘ < ]61] < ’b2’ <1,
gy AR R TR T | if Jaa| < [ba] < Jag] < [ba] < 1,
gy AR g L if Ja| < Jba] < [ba] < Jaz| < 1,
|ti\1+/\2+u1+u2—2t;\1+)\2+u1—2t§1+,u1—1tﬁ111‘ if ‘bl‘ < ’a1| < |a2’ < |bg’ <1,
’ti\l+>\2+'u1+M2_2t;\1+u1+u2t§1+m_ltgl’ if ‘bl‘ < ’a1’ < ‘bg‘ < ‘a2’ <1,
\|ti\1+/\2+,ul+#2—2t;\1+ﬂl+ﬂ2tl3il+ﬂ2+2ti«l‘ if ‘bl| < ’b2‘ < |a1| < |a2| <1
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It is easy to check that the integral in each of the six ranges is convergent. This completes the proof of the

lemma.

O

Let 6(7) be the theta lift of 7 to H(FE). Let 6 : w® 7 — 6(7) be an equivariant surjective map. Let 6(7")

be the image of w ® 7’ in O(7). Let
T:(wNRO)®(cXo)@ (7' K7') — (0(c) X O(o
T (wR)@(eXe)® (rX¥7) — (cXa5)® (0(x')Ko(n)),

®
=
X
|

be equivariant surjective maps induced by

020 : (wWRO)® (cXa) — (o) Xo(o),
020: (WK (' K7) — 0(x')Ko(r'),

respectively. Let B% : 7 ® 7 — C and Bg(T) :0(1) ® 6(1) — C be the pairings given by

CEer(2)
(1,7, Ad®wpgr/E) Jo,

©.1) Bﬁ(&(m,@ﬁl)a@(wu‘b?)) -

and

¢(2)¢(4)

0D Bi@ler )02 1)) = 7700 |

B (w(h1)e1, p2)By(o(h1)g1, ¢2) dh

B (w(g1)e1, 02)B-(7(g1) f1, f2) dgy

for 1,09 € w, ¢1,02 € o, and f1, fo € T, respectively. Here dh; and dgi are the Haar measures on H;
and G| given in §8, respectively. We remark that the normalizing factors in the front of the integrals are
introduced to ensure that (9.1) and (9.2) are 1 for unramified data if we take Haar measures such that the
volumes of hyperspecial maximal compact subgroups are 1. (Notice that such measures do not agree with

the measures given in §8.) We define a G’ x G’-invariant functional
P (rRT) @ (n' KR7a') — C
by

# ' _ 1 L(1,0,std)L(1,0,Ad)L(1, 7, Ad)
Pon e 1) = i) L0 % 00)

x / BL(n(g) 61, 62) B2 (' (¢ ) fr. f2) o
Ze\G'

9.3)

for ¢1, 2 € wand f1, fo € «'. Here dg’ is the Haar measure on Z¢/\G’ given in §8. By Lemma 9.1, this

integral is absolutely convergent. We define an H x H-invariant functional

78 (0 X5) @ (0(1) ¥ O(T)) — C
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by
1 L(,0,Ad)L(1,7k, Ad)
(Eek(2) L(§,0 x 0(1))

X /ZH\H B”(J(h)¢1’¢2)Bg(r)(‘9(7)(h)f1,f2)dh

T (g1, ¢2; f1, f2) =
9.4)

for ¢1, 2 € o and f1, fo € (7). Here dh is the Haar measure on Zg\ H given in §8.
Now we have the following lemma, which should be thought of as an explicit local seesaw identity.

Lemma 9.2. We have
PioT =TT’
as functionals on (w X @) ® (0 X 7) @ (7' K 7). Namely, the diagram

(WHO)® (e Xa)® (' K7
/ \
(6(0) R () © (v’ R 7) (cXo)® (0(x) Ko(n))
\\ /

C

is commutative.

Proof. Given the absolute convergence of Lemma 9.1, the commutativity of the diagram is essentially a
consequence of Fubini’s theorem. More precisely, we have

(pekx(2)L(1,7,Ad ® wrekr/p) " - Qle1, 023 61, d2; f1, f2)

=Y | Bolo(hahe)ér, 62)B) (6(7) (hahe)0(pr, f1), 6(p2, f2)) din
H,

ceC
=2 [ Boloh)or, 0B, (O(r) (10l 1) (. 1) dh
Zu\H
Also, we have
C(2)C(4)L(1, o,5td) " - Q(ip1, 2; D1, Po; f1, f2)

=Y . Bi(m(g190)0( 01, 61), 0(02, 62)) B (' (g1 90) f1, f2) dg

2/ B (m(g")0(1, d1), (02, $2)) B2 (7' (¢) f1, f2) dd,
Za\G'+

where G’ = {¢' € G’ |v(¢’) € v(H)}. By Lemma 5.2, this integral is equal to
2/ B (m(g)0(p1, d1), 0(p2, $2)) Bl (7' (9) f1, f2) dg-
Z\G
This completes the proof. 0

10. Proof of Theorem 1.1

We retain the notation of §1 and §8. Let W = V @p W = RE/F(WO ®g Vg), where Vg = V @p E.
Let w be the Weil representation of Mp(W(A)) on the space V,, with respect to 1. We may regard w as a
representation of G(O(V') x Sp(W))(A) or that of G(Sp(Wp) x O(VEg))(Ag).
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We fix a subspace Vs of V! such that the restriction to G’(A) as functions induces an isomorphism

Vo 2V
as representations of G'(A). Let B, : V; ® V. — Cand B, : V,u @ Vv — C be the Petersson pairings. We
fix a decomposition B, = [[, B, where B;, : 7, ® 7, — C is a pairing. Let B';r, : m, @ 7, — C be the
pairing given by B, = B, |7 @ -
Lemma 10.1. We have

By = 2ﬁ/’%7‘ H BEI"IU'
v

Here
5 {—1 ifE=FxF,
0 if E is a quadratic extension of F.
Proof. By [17, Remark 4.20], we have
vol(Zer (A)G'(F)\G'(A))
vol(Zg (A)G'(F)\G'(4))

for f1, fo € V. Here Z¢y and Z, v are the identity components of the centers of G’ and G, respectively.
Since vol(Z¢/ (A)G'(F)\G'(A)) = 2 and

: BT(fl)fQ)

B (filarays Falaray) = %] -

VOI(ZG,(A)G’(F)\GV(A)) _ {4 if E=F xF,

2 if F is a quadratic extension of F/,
the assertion follows. g

Let 6(7) be the theta lift of 7 to H(Ag) on the space Vp,. Let
03Vw®v7'—>‘/9(7')
and
Oy : wy @ 7y — (1)

be equivariant surjective maps such that 6 = ®,6,. Let Vy(y and 6(7!,) be the images of V,, ® V. and
wy ® T, in V() and (7, ), respectively. Let

|

T:(V,RV,) @V, BV,)® (Ve B Vi) — (Vo) B V(o) @ (Ve R Vi)
— (Vo) ® V(o)) © (Vi B Vi),
T (V,RV,) @ (Vo V) @ (Ve B Vi) — (Vo BV) @ (Vi B Vogan),
be equivariant surjective maps induced by
00 : (VuoRV,) @ (Ve R Vy) — Vi) B Voo,
098 (VuRV,)® (Ve B Vi) — Vo) B Vg,

respectively. Let

7y : (wy M wy) ® (0y M Gy) @ (1, K 7,) — (0(00w) K O(0y)) ® (m, K 7T),

Ty (wo B@y) @ (00 K Gy) @ (m, B 7,) — (00 K Gy) @ (0(my,) K O(7))),
be equivariant surjective maps such that 7 = ®,7, and 7’ = ®,7,. We define an H(A) x H(A)-invariant
functional

T: (VU X VU) & (VG(T) X VO(T)) — C
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by

(91, 92; f1, f2) = </ ¢1(h) f1(h) dh) . </ ¢2(h) f2(h) dh)
Zp(A)H(F)\H(A) Zp (A)H(F)\H(A)
for ¢1, g2 € Vi and f1, f2 € Vy(;). Here dh = [],, dh, is the Tamagawa measure on Zp (A)\H (A). Put

2 fK=FxF,
1 if K is a quadratic extension of F'.

0 = vol(Zy (A H(F)\H(A)) = {

Now we have the global seesaw identity.

Lemma 10.2. We have
P o7 ? To T’
as functionals on (V, X V,,) @ (V, X V,) ® (Vﬂr X ‘N/W/).

Proof. Let C = AX2F>H\AXT, Put
90,6, ) / / / 0(d,gb hhes @) b(hhe) F(dhgl) dha d, de
YIEO\GY(A) JHy (F)\H1(A)

for o € V. ¢ € Vy, and f € Vy. Here dec is the Haar measure on C such that vol(C) = 1, dg) is the
Tamagawa measure on G| (A), and dh; is the Tamagawa measure on H;(A). We have

Q(p, 6, ) = / / 0(hihe; ¢, f)p(hihe) dhi de
C JH(F)\H1(A)
1

v /ZH(A)H(F)\H(M

0(h; o, f)p(h) dh.

Also, we have

Q(p, b, f) // e 0(q19.: ¢, 0) f(g19e) dgy de

0(g's0,0)f(g") dd,

v /ZG/ (A)G(F)F\G'(A)*+

where f = f|r(a). Note that vol(Zg (A)G'(F)*\G'(A) ") = v. Since the support of 6(¢, ¢) is contained
in G(F)G(A)™, We have

6(d's 0, ) f(d) dg’ = / 0(d'0.0)1(d') dg’

Zgr (A)G'(F)\G'(A)
This completes the proof. U

/Zc/ (MG (F)N\G(A)F

Let B, : V, ® V; — C and Byry : Vory ® VQ(T) — C be the Petersson pairings. We fix decompositions
=[], Bs, and By = IL, By(,), where B,, : 0, ® 5, — C and By, : 0(1y) ® 0(1,) — C are
pairings. For each place v of F', we define an H,, X H,-invariant functional
78 (0, ®5,) ® (0(1y) ®O()) — C
by
T2 (1,00 2,05 fr,0, for) = /Z . Bo, (00(ho)#1,05 $2,0) Bo(r,) (0(T0) (ho) 1,0, fo,0) dh
H,v v

for ¢1.4, P2, € 0y and f14, f2,, € 6(7,). By Proposition 3.2, we have

L(%,O‘ x 0(1))

. Zy.
L(1,0,Ad)L(1,7x,Ad) 1:[

=2 Cror(2)-
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Here
—4 fE=K=FXF,
—1 if E = F x F and K is a quadratic extension of F/,
c¢=4q —3 if F is a quadratic extension of F'and K = F' x I,
—2 if E and K are quadratic extensions of F' and E = K,
—1 if F and K are quadratic extensions of F' and ' # K,
and
I — 1 ' L,(1,04,Ad)L,(1, T, Ad) 7
" Rk, (2) Ly(3,00 % 0(7)) "

By Lemma 10.2, we have

L(3,0 x 0(7))

T, 0T
L(1,0,Ad)L(L, %0, Ad) H °

PoT =2°(por(2) -

Let B

o) 0(1y) ® O(1,) — C be the pairing defined by (9.2) and

T} (0, X 5,) @ (0(y) RO(1,)) — C
the H, x H,-invariant functional defined by (9.4). By Proposition 6.10, we have

Bo(ry =2

ra L(1,, Ad®wE®K/E HB
Ceak (2 6(rv)"

Here

0 ifE=K=FXxF,

—2 if E = F x F and K is a quadratic extension of F/,

p'=1<0 if E is a quadratic extension of F'and K = F' X F,

0 if £ and K are quadratic extensions of /' and Y = K,

—1 if F and K are quadratic extensions of F' and F # K.

Hence we have
L(i,0x0(r

g
L(1,0,Ad)L( lTAd HI ° T

PoT =97 +e.

Let Bgrv : Ty ® T,y — C be the pairing defined by (9.1) and
Ph(my R 7T,) @ (n), K7l) — C

the G, x G’ -invariant functional defined by (9.3). By Lemma 9.2, we have

L(3

5,0 X 0(1) f
L(1,0,Ad)L 1TAd HPOT

PoT =20+,

By Proposition 7.13 and Lemma 10.1, we have

G AL N CINC I s P

T = :
Pl =35 %] I(l,0, AL(L, 7, Ad) (L, 0,5td)

This shows the desired identity of invariant functionals on the image of 7', which is the subspace (Vj(,) X
Vo(o)) @ (Var BV, ) of (Ve W V) @ (Vi B V). Since G(A) = G'(A)G(A) ' and V is generated by Vy ),
we have

P =

¢(2)¢(4) L(3,0 x §())
20'=B"—c| x| ' L(1,0,std)L 2(1 o, Ad)L(1, 7, Ad) HP

This completes the proof of Theorem 1.1.
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Appendix A. Explicit local theta correspondence for GO(V') x GSp,

In this appendix, let F' be a non-archimedean local field of characteristic zero and residual characteristic
p. We consider an arbitrary four dimensional quadratic space V' and a four dimensional symplectic space
W over F'. The discriminant algebra of V' is an étale quadratic F-algebra K. Let vy and vy denote the
similitude characters of the corresponding similitude groups GO(V') and GSp (W), respectively. The image
of vy is the subgroup Ny p(K*) C F'* and we set

GSp(W)™ = {g € GSp(W) |vw (g) € N/p(K™)}.

For a non-trivial additive character v of F', one has an induced Weil representation €2, of the similitude
dual pair GO(V) x GSp(W)*. If K is split, then y, is independent of v, and in general, €2, depends
only on the orbit of 1) under the natural action of Ny /(K ). Thus, when K is a field, there are two such
induced Weil representations. Henceforth, we shall fix an orbit of 1) and write €2 for {2, suppressing 1) from
the notation. However, because we shall be dealing with various different dual pairs, we shall sometimes
write Qy - to indicate the particular dual pair we are considering.

If o is an irreducible representation of GO(V'), then the maximal o-isotypic quotient of € is of the form
o X O(o) for some smooth representation © (o) (the big theta lift of o) of GSp(W)™. One knows that © (o)
is a representation of finite length. We let 6(c) (the small theta lift of o) denote the maximal semisimple
quotient of ©(o). Moreover, we set

(o) = indggnyy )+ (©(0)) and  f(o) = indggry) . (0(0)).
Again, we shall sometimes write ©y (o), 6y, (o) and so on if there is a need to be specific about the dual
pair we are considering.

We should remark that the definition of the induced Weil representation {2 used in this appendix is as given
in [9], which is slightly different from that given in [47] (and used in the main body of this paper). Moreover,
our definition of © (o) is slightly different from that given in the main body of this paper. The upshot is that
these two changes cancel each other, so that the local theta correspondence defined in this appendix agrees
with that defined in the main body of this paper. In particular, the local theta correspondence preserves
central characters.

The main result of this appendix is:

Theorem A.1. Let o be an irreducible representation of GO(V).

(1) ©(o) is multiplicity free (possibly zero) and has a unique irreducible quotient 6(o).
(ii) O(o) can be precisely determined in terms of o (in terms of the local Langlands correspondence
for GSpy established in [9]).

For the purpose of this paper, we really only need part (i) of the theorem, but we find it useful to include
part (ii) as well. Part (ii) of the theorem will be stated in full details in the respective cases later on. In order
to do that, we first need to introduce some notations for representations of GO(V') and GSp(W)™.

A.1. Principal series representations of GSp,. We have a Witt decomposition W = Y* @& Y with a two
dimensional isotropic space Y. We can write

Y*:F'el@F-eg and Y:F'f1@F-f2

with (e;, f;) = d;; and consider the decomposition W = F-e; @ W' @ F - fi, where W/ = F - ea & F - fo.
Let Q(Z) = L(Z) - U(Z) be the parabolic subgroup stabilizing Z = F - f1, so that

L(Z) = GL(Z) x GSp(W')
and U (Z) is a Heisenberg group:
1 — Sym?Z — U(Z) — Hom(W', Z) — 1.

This is typically called the Klingen or Heisenberg parabolic subgroup. An irreducible representation of
L(Z) is thus of the form y X 7 with a character x of F'* and an irreducible representation 7 of GSp(W') &
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GLy. We denote the corresponding normalized induced representation by Iz (X, 7). If Ig(z)(x,7) is a
standard module, then it has a unique irreducible quotient (the Langlands quotient), which we shall denote
by Jo(z)(X, 7). The same notation applies to other principal series representations to be introduced later.

The module structure of I z) (X, 7) is known by Sally and Tadi¢ [51] and a convenient reference is [50].
In particular, we note the following:

Lemma A.2. (a) Suppose that T is a supercuspidal representation of GLa. Then Iz (x,T) is re-
ducible if and only if one of the following holds:
(i) x=1
(i) x = xol| - |T! with a non-trivial quadratic character xq such that T - xo = T.

In case (i), Ig(z)(1,7) is the direct sum of two irreducible quasi-tempered representations, exactly
one of which is generic. In case (ii), assuming without loss of generality that x = xo| - |, one has
a non-split short exact sequence:

0 — St(x0,70) — Igz)(xol -1, 70| - |71/2) — Sp(x0,70) — 0.

Here St(xo,70) is a generic discrete series representation and the Langlands quotient Sp(xo, 7o)
is non-generic.

(b) Suppose that T is a twisted Steinberg representation of GLa. Then Ig(z)(x,T) is reducible if and
only if one of the following holds:

(i) x=1,

(i) x = |- 22
In case (i), 1g(z)(1, st,,) is the direct sum of two irreducible quasi-tempered representations, ex-
actly one of which is generic. In case (i), Iz (|- %, stu|-|™") has the twisted Steinberg repre-
sentation Stpasp, - |4 as its unique irreducible submodule.

(¢c) There is a standard intertwining operator

Ion (X H7x) — Igz)(x.7),

which is an isomorphism if 1oz (x, T) is irreducible. If 1z (x~ Y, 7 - x) is a standard module,
then the image of this operator is the unique irreducible submodule of I z) (x, 7).

Let P(Y) = M(Y) - N(Y) be the Siegel parabolic subgroup stabilizing Y, so that
M(Y)=2GL(Y) xG,, and N(Y)=Sym?Y.

An irreducible representation of M (Y') is thus of the form 7 X p with an irreducible representation 7 of
GL(Y) = GLs and a character p of F*. We denote the corresponding normalized induced representation
by Ip(yvy(7, 1t). As before, the module structure of Ip(y(7, 1) is completely known by [51] and a convenient
reference is [50]. In particular, we note the following:

Lemma A.3. (a) Suppose that T is a supercuspidal representation of GLa. Then Ipy (T, ) is re-

’ﬁzl/Q

ducible if and only if T = 19| - with 1o having trivial central character. In this case, one has

a non-split short exact sequence:
0 — St(7o, o) — Ipeyy (1ol - 1Y%, 1ol -17/%) — Sp(70, o) — 0.

Here St(1o, 1o) is a generic discrete series representation and the Langlands quotient Sp(to, (o)
is non-generic.
(b) Suppose that T is a twisted Steinberg representation of GLa. Then Ip(y)(, i) is reducible if and
only if one of the following holds:
(i) 7 = st|- |2, in this case, Ip(yy(st] - 1Y/2, 1| -|=Y?) has a unique irreducible Langlands
quotient and a unique irreducible quasi-tempered submodule, which is the unique generic
constituent of 15y(z)(1, st,.).
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(i) 7 = sty |- |*Y/2 with a non-trivial quadratic character x; in this case, Ipyy(styl- 2 1) -|71/2)
has a unique irreducible Langlands quotient and a unique irreducible submodule, which is a
generic discrete series representation St(sty, f1o). Moreover, St(sty, xto) = St(sty, to).
(iil) 7 = st|-|=3/2; in this case, Ipyy(st]- /21| - |=3/2) has the twisted Steinberg representa-
tion Stpasp . W as its unique irreducible submodule.
(c) There is a standard intertwining operator

Ipyy (1, 1) — Ipy (7Y, pewr ),

which is an isomorphism if Ip(y (7, p) is irreducible. If Ipy (T, j1) is a standard module, then the
image of this operator is the unique irreducible submodule of Ip(y) (7Y, pws ).

Finally, let B = P(Y)NQ(Z) =T - U be a Borel subgroup of GSp(W), so that
T = (GL(F - f1) x GL(F - f2)) x Gy,

In particular, for characters x1, x2, and x of F*, we let Iz(x1, x2;x) denote the normalized induced
representation. Again, we refer the reader to [50] for the reducibility points and module structure of
Ip(x1,x2;x). We simply note here that Ip(x1, x2; x) is multiplicity free, and if x; and x2 are unitary,
then I5(x1, x2; x) is irreducible.

A.2. Representations of GO(V"). Now we come to representations of GO(V'). We consider the various
cases separately:

K is split.

In this case, we have

V= (Da _ND)
where D is a quaternion F'-algebra (possibly split) with reduced norm N . We have the identification
GSO(V) =2 (D* x DX)/{(z, 27 1) |z € F*}
via
(91,92) t 2 — g1 2 Go.

Moreover, the main involution x — Z on D gives an order two element t of O(V") with determinant —1, so
that GO(V) = GSO(V') x (t). The conjugation of t on GSO(V) is given by (g1, g2) — (g2, 91). Thus,
an irreducible representation of GSO(V') is of the form 7 X 75 with an irreducible representation 7; of D*
such that w;, = w,,. Moreover, the action of t sends 7 X 75 to 7 X 7.

In particular, if 71 = 79 = 7, then there are two extensions of 7 X 7 to GO(V'), which we denote by
(1 ® 7)*. To distinguish these two extensions, we note that exactly one of them participates in the theta

correspondence with GSp(W'’) = GLs, and we denote this distinguished extension by (7 X 7).
On the other hand, if 7, # 7o, then

.. GOV .. GOV
deSC()(‘)/) (¥ m) = 1ndGS(()(‘)/) (o ®7y)

is irreducible, in which case we denote this irreducible representation by (11 K 7)) = (1, K 79) ™.

When D is split, the quadratic space V' is split and we have a Witt decomposition V = X @& X* with a
two dimensional isotropic space X. Let P(X) = M(X) - N(X) be the parabolic subgroup stabilizing X,
so that

M(X)=GL(X)xG,, and N(X)=A2X.
For an irreducible representation 7 X x of GL(X) x G, = GLa x F*, we let Ip(x)(7, x) denote the
normalized induced representation. The following lemma is easy to check.

Lemma A.4. Under the identification GSO(V) = (GLg x GL2)/F*, we have

m(x1.x2) B 7 = Ipx) (¥ - x1,Xx2) = Ipcoy (T x5 s x2)-
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K is a field.
In this case, we have two quadratic spaces

Vt=HoV, and V =HaV;
where H is the hyperbolic plane and
V[—(F:(KvNK/F) and V[;:(K,(SNK/F)

with 6 € F* ~\ Ng, r(K*). One can realize these quadratic spaces on the space V of 2 x 2 Hermitian
matrices with entries in K. The determinant map defines a quadratic form on V' and we have

VT =(V,—det) and V~ = (V,—d-det).

The similitude groups of V = V* are isomorphic:

GO(V) = GSO(V) x (t)
with

GSO(V) = (GL2(K) x F*)/{(2,Ng/r(2) ") |z € KX}

acting via

(g A) rw—A-g-az-"g",
and t € O(V') with determinant —1 acting via

t:xr— 2z
where ¢ is the non-trivial element of Gal(K/F'). Without loss of generality, we shall henceforth fix
V=Vt
The conjugation of t on GSO(V') is given by (g, A) — (g, A). Moreover, we let
sgn : GO(V) — {£1}

be the unique non-trivial quadratic character of GO(V') trivial on GSO(V').

Thus, an irreducible representation of GSO(V) is of the form 7 X y with an irreducible representation 7
of GLy(K) and a character x of F* such that w, = x o N /- Such a representation is invariant under the
action of t if and only if 7 is obtained by base change from GLo(F'), in which case there are two extensions
of 7 X x to GO(V'), which we denote by (7 X x)*. How can one distinguish between these two extensions
of 7 X x? As we now explain, one can do this using the Whittaker model when 7 is generic.

More precisely, if Uy is the unipotent radical of a t-stable Borel subgroup of GSO(V'), let ¢y be a generic
character of Uy which is fixed by the action of the outer automorphism t. Then, if 7 is invariant and generic,
t acts on the one dimensional space Homg, (7 X x)*, Cy,) with t2 = 1. Then (7 X x) is the extension
of 7 X x such that t acts by +1 on Homy, ((7 X x)*, Cy,). Note that this characterization is independent
of the choice of the generic character ¥y which is fixed by t.

There is another way of specifying the two extensions of 7 X x in the invariant case, using their behaviour
under the theta correspondence. Following Roberts [49], we distinguish two mutually exclusive scenarios
in the invariant case.

e Invariant and distinguished representations: these are the representations 7 X y, where 7 is
the base change of an irreducible representation 77 of GL2(F") with central character xwg /. In
this case, by [49, Theorem 3.4], one of the extensions (7 X x)T of 7 X y to GO(V) participates
in the theta correspondence with GSp(W’)* = GLJ (and hence with GSp]), whereas the other
extension (7X )~ does not participate in the theta correspondence with GSpI. When 7 is generic,
it follows from Corollary A.17 below that the extension (7 X x)* is the same as the one defined
above using the Whittaker model.
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e Invariant but not distinguished representations: these are the remaining invariant representa-
tions 7 X . In this case, [49, Theorem 3.4] says that neither of the two extensions (7 X x)*
participates in the theta correspondence with GSp(W’')* = GLJ, but both participate in the theta
correspondence with Gsz. Thus, the theta correspondence does not allow one to distinguish be-
tween the two extensions. When 7 is generic, it follows from Corollary A.17 below that the theta
lift of exactly one of the extensions, namely the extension (7 X x)T defined above, is a generic
representation of GSpZ.

We should remark that Roberts’ definition of distinguished representations uses the existence of SO(2,1)-
invariant functionals. In [48], he showed that his definition agrees with the one above when the residual
characteristic of F'is p # 2. It is not difficult to prove the same assertion for all p by computing the theta
correspondence for GL3 x GSO(V') and the Whittaker modules of the induced Weil representations.

On the other hand, if 7 X x is not invariant, then

.. GOV .. GOV
deS(()(\)/) (TXx) = deSé(X)/) (T°®x)
is irreducible, in which case we denote this irreducible representation by (7 X y)* = (7 X x)~.
Now we describe principal series representations of GO(V'). We have a Witt decomposition V' = J &
Vi @ J* with an isotropic line J. Let Q(J) = L(J) - U(J) be the parabolic subgroup stabilizing J, so that

L(J) = GL(J) x GO(Vk) and U(J)= Hom(Vk,J).

We set Q(J)T = Q(J) N GSO(V).

Let x X 1 be an irreducible representation of GL(J) x GSO(Vk) = F* x K*. If u is invariant under
the Galois action, then 4 has two extensions p* to GO (Vi ), whereas if j is not invariant under the Galois
action, then we set

= = indagd() ().

GSO(Vk

We consider the normalized induced representations Iy (X, pF)and I o)+ (X, ) of GO(V) and GSO(V),
respectively. If we take .J to be the isotropic line spanned by the matrix diag(1,0) € V/, then the following
lemma is easy to check.

Lemma A.5. Under the identification GSO(V) = (GLy(K) x F*)/K*, we have

)

Lo (6 i) = (m((x © Ngyp) - oy ) B (x - o
From this lemma, it is not difficult to deduce the following:

Lemma A.6. (1) Iown (X, w*) is reducible if and only if one of the following holds:
o xoNg/p=p/p-|- =L, in this case, Iogy+ (X, 1) is reducible.
o uf# pand x =1 orwg p; inthis case, IQ(J)+(X, ) is irreducible, but

Ig (X, n") =0 ® o -sgn

for some irreducible representation o of GO(V).
(i) Ig(sy+ (X, ) is invariant if and only if one of the following mutually exclusive conditions holds:
° MC — /-/L;
o puf# pand x =1orwgp.
In this case, it is distinguished unless ji© # p and x = wg/p-

A.3. Theta lifts from GO(Vk ). Before coming to our main results, let us recall the theta lifts from
GO(Vk) to GSp(W') = GLg and GSp(W') = GSpy. The following proposition is well-known:

Proposition A.7. Let yu be an irreducible representation of GSO (V) = K*.
(i) If w is not Galois invariant (so that p* = p~), then

O(u*) = o(u™)
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is a non-zero irreducible supercuspidal representation of GL; such that

() o= indSH (%))

is irreducible supercuspidal. These are precisely the supercuspidal representations of GLg which

are dihedral with respect to K.
(ii) If p is Galois invariant so that j = pp o Ny for some pip, then

O(u") = 0(u")
is a non-zero irreducible representation of GL;r such that
m(p) == indgij(G(/ﬁ)) = T(UF, LFWEK/F).-
Moreover,
O(u~) =0.
Proposition A.8. Let  be an irreducible representation of GSO (V) = K*.
(i) If p is not Galois invariant (so that u* = u~), then
O(u*) = 6(u™)

is a non-zero irreducible representation of G:szl|r such that

~ . .GSp, _
O(%) 1= ind (P (%)) = Jguz (wiesrl -1, w()] - |/2)

(ii) If p is Galois invariant so that p = ji o Ny for some p, then
") =0(u")
is a non-zero irreducible representation of GSpZr such that

O(i*) := indGP4 (O (™))

GSpy
is the unique irreducible quotient of
Iy wirl - [ 7)) -|72) = Ip(wi)rl - | wiees pel - 7).
On the other hand,
O ) =0(u")

is a non-zero irreducible representation of GSpjlr such that (:)(,u_) is the irreducible non-generic
supercuspidal representation of GSp, with L-parameter (upX.S2)® (urwi/pXS2) and similitude
character u%. Note that the L-parameter is a representation of the Weil-Deligne group Wr x
SL2(C) and Sy is the irreducible two dimensional representation of SLa(C).

Proof. We shall only give a sketch of the proof. Applying the normalized Jacquet module functor Ry z)
to the induced Weil representation Qy,. yw of GO(Vi) x GSp(W)™, one sees that there is a GL(Z) x
(GO (Vi) x GSp(W’)*)-equivariant surjective map

RQ(Z)(QVK,W) - wK/F| - |_1 D (QVK:W/ ’ |detW’|1/2)'
By the previous proposition, one has a GO(Vy) x GSp(W’)T-equivariant surjective map
Qe wr - ety |2 — p* R Oy, wr (uh)]-[/2).
Frobenius reciprocity shows that there is a non-zero equivariant map
Qew — 1t Blgo+(wiyrel =171 Oviewr ()] -1M2).
Since Oy, w (pT) is an irreducible representation (as O (Vi) is anisotropic), we have

Oview (1) — Iz (Wil - 7L, Oviewr ()] -[M),
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so that ~

Oview (1) — Igez)(wiespl- 17w ()] ')
The latter representation has Joz)(wk/p|- |, 7(1)] - |=1/2) as its unique irreducible submodule and this
proves the proposition for .

To complete the proof of the proposition, we need to show the claim in (ii) that (:)( u~) is the irreducible
non-generic supercuspidal representation with the desired L-parameter. Proposition A.7 shows that (:)(/f)
is supercuspidal and it is non-zero since we are in the stable range. Moreover, it is not difficult to show that
the Whittaker module of v, 1 is zero, so that O(p ™) is non-generic. Now by [9], ©(z~) has a non-zero
theta lift to the anisotropic group GSO(D, —Np), where D is the quaternion division F'-algebra. We need
to show that its theta lift to GSO(D, —Np) is pur M prwi/p.

For this, we resort to a global argument:

Choose number fields F C K such that for some place v of IF, one has K, /F,, = K/F.

Choose a quaternion F-algebra D such that D, = D and K C D.

Let = be a Hecke character of A]; such that 2, = up.

One has the automorphic representation = X Zw /p of GSO(ID, —Np)(Ap) and one may consider
its theta lift © (= X Zwy /) to GSpy.

We claim that this global theta lift is non-zero. To see this, one computes a Fourier coefficient of
this theta lift along the Siegel parabolic subgroup P(Y'). More precisely, the generic M (Y)-orbits of
Fourier coefficients are naturally parametrized by étale quadratic [F-algebras. If one takes a character ¥
of N(Y) corresponding to K, then the identity component of the stabilizer of ¥ in M (Y") is isomorphic to
GSO(Vk) = K*. One can then compute the Bessel period of the theta lift defined by the character ¥ of
N(Y)(Ar) and the character = o Ny of Ag. By a standard computation, one sees that this Bessel period
is non-zero precisely when both the representations = and Zwy /p have non-zero period integrals over the

torus Ay against the character =71 o Ng sr- Since this last condition evidently holds, we conclude that
O(= X Ewg ) is non-zero.

In addition, we know that the theta lift ©(Z X Ewg ) is irreducible, and its local component at v is
non-generic supercuspidal with L-parameter (yp X S2) ® (prwi/p X S2). Moreover, ©(Z X Zwg /p) is
nearly equivalent to the global theta lift ©(= o N /) of = o N from GSO(Vk) to GSpj . In particular,
it is CAP with respect to the Borel subgroup of GSp,.

According to a result of Soudry [53], all such CAP representations are obtained by theta lifts from
GO(Vk) and so one concludes that ©(= X Zwg ) is an irreducible constituent of ©(Z o Ng r). By
extracting the local component at v, one concludes that

Op,w(pr B ppwg/r) = Ovew(uh) or Oy w (™).
Since we have already seen that (:)vK,W(;ﬁ) is non-supercuspidal, we must have

Op,w(pr B ppwip) = Oview (7).
This completes the proof of the proposition. g

A.4. Explicit determination of local theta lifts. Now we can state the main results of this appendix. These
are contained in the following three theorems. Together, they imply Theorem A.1.

Theorem A.9. Let V be the anisotropic quadratic space and let Ty X T2 be an irreducible representation of
GSO(V) = GSO(4).
(1) ©((my ®m2)*) is either zero or an irreducible representation of GSp,.
(ii) IfT1 =719 = T, then
O((r B T)*) = Tag (JL(7)),

which is the unique non-generic constituent of Iz (1, JL(7)), whereas

O(tX®7)7)=0.
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(iii) If 71 # To, then
O((n K m)*) = 0((e ¥ 1) F)
is the irreducible non-generic supercuspidal representation of GSp, with L-parameter ¢, ® ¢r,
and similitude character w,, = w,.

Theorem A.10. Let V' be the split quadratic space and let 1 X 19 be an irreducible representation of
GSO(V) = GSO(2,2).
(i) If 1 = T = 7 is a discrete series representation, then
O((TR 7)) =0((r R 7)") = mgen(7),
which is the unique generic constituent of 1 z) (1,7), whereas
O((rX®r)")=0.
(ii) If 11 # T are both supercuspidal, then ©((11 X 72)%) = 0((11 X 72)%) is the irreducible generic
supercuspidal representation of GSp, with L-parameter ¢, ® ¢, and similitude character w;, =
Wry-
(iii) If 71 is supercuspidal and T = st,, then
O((m W m)™) =0((r R m)™) = St(r - x " x)-
(iv) Suppose that 71 = st,, and 72 = sty with x1 # X2 but X3 = x3. Then

()M =0((nXRn)t) = St(stxl/m,xg) = St(Stxg/Xle)-
(v) Suppose that 11 is a discrete series representation and To — w(x, x") with |x/X'| = |-|~%° and
so > 0, so that T is a non-discrete series representation. Then
Ippy (- X"t x) — ©((n Bim)™),

so that the latter representation is multiplicity free and

0((n ®72) %) = Jpyy(m - X x)
(vi) Suppose that
T —— (X1, x1) and T2 — m(X2,X2)
with |xi/X;| = |-|7% and s1 > s3 > 0. Then

Ipey(m(Xa, x2) - X1 x1) = Ie(Xa/x1, X2/Xx15 X1) — O((11 K ) ¥),

so that the latter representation is multiplicity free and

0((11 ®72)") = Jp(xa/X1, X2/X15 X1)-
If 1 =10 =T, then
O((tX®T7)7)=0.

Theorem A.11. Suppose that the discriminant algebra K of V is a field. Let T X x be an irreducible
representation of
GSO(V) = GSO(3,1) = (GLy(K) x F*)/K*,
so that wr = x o Ng/p.
(i) If o is an irreducible representation of GO(V), then ©(c) = 0 if and only if o0 = (1 W x)~ for an
invariant and distinguished T X x; we shall say that such a o is of forbidden type. If o is not of
forbidden type, then (o) is an irreducible representation of GSp} such that 0(o) is irreducible.

(ii) Suppose that T is supercuspidal. Then we have the following situations:
e (Non-invariant case) If 7¢ # 7, then O((1 X x) 1) = 0((1 X x) ) is generic supercuspidal.



50 WEE TECK GAN AND ATSUSHI ICHINO

o (Invariant and distinguished case) Suppose that T = T and T is obtained by base change of
some supercuspidal representation Tr of GLo(F') and x = wrwi /- Then

O((r K X)) = (1R X)) = Igz) (weyr, )

with L-parameter ¢r, ® ¢ - wi/p and similitude character wr,wg/p.
o (Invariant but not distinguished case) Suppose that T¢ = T and T is obtained by base change
of some supercuspidal representation T of GLo(F') but x = wr,.. Then

O((T®x)") and O((THx))

are both irreducible supercuspidal with L-parameter ¢r,. & ¢r, - wi/p and similitude char-

acter w,,. Exactly one of them, namely O((r X x)™1), is generic.
iii) Suppose that T = St,, is a twisted Steinberg representation so that i*> = x o Ny p. Then there is
p H /
a quadratic character 1 (possibly trivial) of F* such that u°/p = no Ng JFand x =1+ | px, so

that
C| —1/2)'

Sty B x — I+ (nl-1, 1 - 1

Then we have the following situations:
e (Non-invariant case) If u° # p, thenn # 1 or wy p, and

O((r B X)) = (1 ¥ X)) = St(nwi,p, 7(1))-
e (Invariant and distinguished case) In this case, we have 1 = wgp, it = jir © N/, and
X = u%wK/F. Then

—1/2
Sty ® x — Ty (wiepl- |l - [277)

and
é((T X X)+> = é((T X X)+) = IQ(Z) (WK/F7 Stup)-
e (Invariant but not distinguished case) In this case, we have n = 1, p = pup o Ng/p, and
X = u%. Then
O((r®x)*) and O((TRx)7)

are both irreducible discrete series representations of GSp, with L-parameter (up X S3) @
(nrwi/p X S2) and similitude character w2 In particular,

é((T X X)+) = St(StwK/F’ 1r)

is generic, whereas ©((T ® x)~) is non-generic supercuspidal.
(iv) Suppose that o is a non-discrete series representation of GO(V') which is not of forbidden type, so
that

o — I u')
with |x| = | -|7%° and sy > 0. Then we have the following situations:
e (Non-invariant or invariant and distinguished case) In this case, we have
IQ(Z)(X_IWK/FaW(M) X) — O(0)

where (1) is as given in Proposition A.7. In particular, ©(c) is multiplicity free and has a
unique irreducible quotient.
o (Invariant but not distinguished case) In this case,

O(c) and O(o -sgn)

are the two irreducible constituents of Iz (1, 7(u)).
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A.5. Jacquet and Whittaker modules. Because Theorem A.11 is the most subtle part of the three the-
orems, we shall give its proof in detail here and then give a sketch of the proof of Theorem A.10 later.
(Theorem A.9 is the easiest part and its proof will be omitted.) Hence we shall assume that K is a field
until §A.7. A key step in the proof of Theorem A.11 is the computation of normalized Jacquet modules of
the induced Weil representation €2 with respect to (.J) and Q(Z). This is a by-now-standard computation,
following the lines of [29], and we shall simply state the results below.

Proposition A.12. Let R (1)($2) denote the normalized Jacquet module of Q along Q(J). Then we have a
short exact sequence of L(J) x GSp(W)*-modules:

Here, as GL(J) x (GO(Vk) x GSp(W)™)-modules,
B = |det| B (Quie,w @ | |7?)
where Qv w is the induced Weil representation of GO(Vk) x GSp(W)*, and
A= IQ(Z)+(S(FX) ® QVK,W’ X ‘det]| . |detz|71 . (WK/F o detz) . |VVK|71)
where the action of (GL(J) x GO(Vk)) x (GL(Z) x GSp(W')") on S(F*) is given by
(((a,h), (b,9) - [)(x) = Fb~" -z a-vwi(g))
and Qy, w is the induced Weil representation of GO(Vk) x GSp(W')™.

Corollary A.13. Let x X p be an irreducible representation of GL(J) x GSO(Vk).
(i) We have
Homgr,(7)xcovie) (B, x B ™) # 0

, in which case

ifand only if x = | -
Homar (7)o (Bs X B 1) = (Oview (1) - [ |2

In particular,

*

Homgyp () xcowi) (B x B ™) = Joz)+ (Wiypl - |, Oview (7))
(ii) We have
Homgr,(.yxcovyg) (A, x ¥ u) =0
if and only if p is invariant and e = —. Outside of this case, we have
Homgr,(7)xcovie) (A X B uh) = Igzy+ (X 'wi/p, Oviewr (17) - X)*
(iii) In particular, if x # |- |, then
)"
Proposition A.14. Let Rgz)+ () denote the normalized Jacquet module of Q along Q(Z)*. Then we
have a short exact sequence of GO(V') x L(Z)*-modules:
0— A" — Rg(z)+(Q) — B' — 0.
Here, as GL(Z) x (GO(V) x GSp(W')™)-modules,
B =~ (wK/F o detz) X QV,W’
where Q. is the induced Weil representation of GO(V') x GSp(W')*, and
A/ = IQ(J)(S(FX) &® QVK,W’ X (wK/F @) detZ) . |VVK‘_1 . |VW"_1)
where the action of (GL(J) x GO(Vk)) x (GL(Z) x GSp(W')") on S(F™) is given by
(((a,h), (b,g)) - f)(@) = fla™ -vwr(g) ™" -2 - b)
and Qv,. yw is the induced Weil representation of GO (Vi) x GSp(W')*.

Homgow) (€, Iow) (x: 11)) = Igz)+ (X 'wi/p, Oview (1
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Corollary A.15. (i) Suppose that T X y is an irreducible representation of GSO(V') = (GLy(K) X
F>X)/K* which is invariant and distinguished, so that (1 X x)" participates in the theta corre-
spondence with GSp(W')T 2 GLJ. If the small theta lift of (1 X )T to GL3 is denoted by T,
then

Homgo vy xaspw)+ (4 (T R X)W g z)+ (wi/p, 7)) # 0.
(ii) We have

Homgr,z)xaspvn+ (A x B Oy, wr (1)) = Ioin (X 'wie/m w - (x 0 v )™

We also need the computation of the Whittaker module of the induced Weil representation €2. This is
given by:

Proposition A.16. Let U be the unipotent radical of the Borel subgroup B = P(Y) N Q(Z) of GSpy. Let
) and 1)’ be representatives of the two orbits of generic characters of U under the action of BT. Similarly,
let Uy be the unipotent radical of a t-stable Borel subgroup of GO(V') and g a generic character of Uy
which is fixed by t. Then (perhaps after relabelling 1) and 1))

(Qvw)uy = C-indS&(Q (Yo X 1),
whereas
(QMW)U,T,Z// = 0

Corollary A.17. Let 7 X x be an irreducible representation of GSO(V) for a generic 7. Then Oy ((7 X
x) ") is 1-generic, whereas in the invariant case, Oy w ((TXx) ™) is non-generic with respect to any generic
character.

A.6. Proof of Theorem A.11. We are now ready to give the proof of Theorem A.11. Suppose that o is an
irreducible representation of GO (V). We first note the following:

e If o is infinite dimensional, then [49, Theorem 3.4] says that © (o) = Oifand only if o = (7Xy)~
for an invariant and distinguished 7 X x. The case where o is finite dimensional can be established
in the course of the proof below, but since it is not relevant to the application to this paper, we shall
omit the details.

e By a result of Mui¢ [42, Theorem 6.2], ©(0) is irreducible or zero if o is a discrete series repre-
sentation, at least when the residual characteristic of F' is p # 2. The reason for this restriction
on p in [42] is that the Howe duality conjecture on the irreducibility of 6(c) is known to hold in
general for p £ 2 but not for p = 2. However, our proof below actually verifies the Howe duality
conjecture for all p, so that [42, Theorem 6.2] holds without restriction on residual characteristic,
at least for the dual pair considered here. Note however that this information is not necessary for
Theorem A.1.

In view of the above, we may assume henceforth that ¢ is not of forbidden type. We now consider the
various cases in Theorem A.11 in turn.

Non-discrete series representations.
Let o be a non-discrete series representation of GO(V') which is not of forbidden type. Then, as in
Theorem A.11 (iv), we have

o — Iguy(xu™)
with |x| = |-|7°° and so > 0. By Frobenius reciprocity, one has

©(0)* = Homgov) (9, o) — Homgo) (2, Loy (X, 1)) = Homgr sy xcovi) (Row) (), x B u™).
By Corollary A.13, we see that

*

Homgr,(j)xcovie) (Rown (), x ¥ ut) = Iz« (X wic/r, Oviewr (1) - )
and hence
Lo+ (X 'wiyes Oview (1) - x) — O(0),
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Loz (X 'wi e m(p) - x) — O(o).

We now examine the various cases in Theorem A.11 (iv):

e (Non-invariant case) In this case, u° # p and x # 1 or wg,/p and Oy, .w(u™) is supercuspidal.

By Lemma A.2, Iz (Xfle/F, m(w) - x) is either irreducible or of length two with a unique

irreducible quotient. This shows that © (o) is multiplicity free and A(c) is irreducible, as desired.
(Invariant and distinguished case) In this case, either u¢ = p or u¢ # pand x = 1. When u =
sothat 4 = pi o Ng)p, we have m(p1) = m(pur, prwi/r) and

Loz (X 'wi e, m(pr, prwicF) - X) — O(0).

Moreover,

Iz (X 'wiyp m(pe, prwigp) - X) = Ip(X Wi/, Wi Fi XIEP)-
This is irreducible unless x = |-|~! or wy/p|- |1, In any case, it is multiplicity free and has a
unique irreducible quotient (cf. [50, p. 270, Table A.1, Type V]).

When p€ # pand y = 1, we have
Iowy (L") = 0@ o - sgn.

Hence we have

O(0) ® O(0 - sgn) = I z)+ (Wi /r, Oviewr (1)),
so that R R
O(0) ® O(0 - sgn) = Ig(z)(wk/r, T(1))
where 7(y) is supercuspidal. By Lemma A.2, Iz (wg/r, 7(x)) is irreducible. Moreover, o - sgn
is of forbidden type, so that ©(o - sgn) = 0. Hence we conclude that

O(0) = Igz)(wi/r T(K)).
(Invariant but not distinguished case) In this case, u # p but x = wg/p. Then

IQ(J)(wK/F,/ﬁ) =0 @ o -sgn.
Hence we have
O(c) @ O(0 - sgn) = Io(z)+ (1, i w (1)),
so that 3 3
O(0) ® O(0 - sgn) = Ig(z)(1,7(1))
where 7 (11) is supercuspidal. By Lemma A.2, Iz (1, 7(p)) is the direct sum of a generic repre-
sentation and a non-generic one, which constitute an L-packet of size two.

Twisted Steinberg representations.

Let 7 = St,, be a twisted Steinberg representation so that pu? = yo Ng/rp and 0 = (St, X ). Itis
easy to see that there is a quadratic character 7 (possibly trivial) of F* such that u°/p = 1o Ng/p and
X = 7 - pt|px. The representation St,, X x is invariant but not distinguished if and only if 7 is trivial. We
now examine the various cases in Theorem A.11 (iii):

e (Non-invariant or invariant and distinguished case) In this case, 7 is non-trivial and we have

o — Iyl -1 1t v | 7?).
By Corollary A.13, we have
Iz (mwisrl- 17 Bve we (uh)] - [12) —» ©(0),
so that R
Io(zy(nwiyel- 174 w(w)|-112) — ©(0).
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By Lemma A.2 and [50, p. 270, Table A.1, Type 1T, Iy ) (nwi/r| - |4, 7 ()] - |1/2) is multiplic-
ity free with a unique irreducible quotient

St(nwg/p, (@)  ifn # wi/p (non-invariant);
Ioz) (Wi /Fs Stup)  if ) = wg/p (invariant and distinguished),

where pif is a character of /™ such that 4 = pp o Ng/p in the invariant and distinguished case.
This verifies Theorem A.1 in this case. It does not quite show that O(o) is irreducible, but as we
explained above, this follows from a result of Mui¢ [42, Theorem 6.2].

(Invariant but not distinguished case) To a certain extent, this is the most non-trivial case of Theo-
rem A.11. If o = (St,, ® p2%)~, then

o — IQ(J)(|_|7:U’7’VVK’71/2)‘

By Corollary A.13 (i), (i1) and Proposition A.8 (ii), we deduce that
O(0) = Ovew(p)
is the non-generic supercuspidal representation with the desired L-parameter. On the other hand,
if o = (St, X p2)™, then
o — I (||, 15 v |712).
In this case, Corollary A.13 implies that one has an exact sequence:
0 — Jo(z)+ Wie/rl- |, Oviewr ()] - 7/2)"
— Homgov) (2, Lo (- | 1 v | 7Y2)
4 - *
—= Togezy+ (Wiyel - 171 Oview ()] - [V2)7.
Since
i @(U)* R— HomGO(V)(Q> IQ(J)(| - |7 M+|VVK |_1/2))a
we obtain by composition with § a map
80i:0(0)" — Igzyr (Wryrl-1™" By (1)1 -1V2)".
We claim that this map is still injective; this will be sufficient to establish the desired result in this
case. Indeed, it will give
Iz (wipl-1 ()] - [1?) — B(0),
and one knows by [51] (cf. also [50, p. 270, Table A.1, Type V]) that
‘—1

1/2)

Ioz) (Wi /Fl- = ()] -|M?) = Ip(wipl-1"" wi/rs r| - |

is multiplicity free with a unique irreducible quotient St(st.,, Yy r). This verifies Theorem A.1
in this case, and together with [42, Theorem 6.2], one has

O(o) = St(stwyps HF)-

It remains to show that J o ¢ is injective. Suppose on the contrary that it is not. Then we would
have a non-zero equivariant map

Q—olX JQ(Z)+(CUK/F|— ”QVK,W/(M+)| _ |71/2)7
so that
oF — HOmGSpI (9, JQ(Z)+(WK/F’ -1, QVK,W/(/“L+)‘ } |71/2))

— Homgg,+ (. To(zy+ (wiyrl- 17 Oviewr ()] - [172).
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Now we compute the latter Hom space using Corollary A.15 (ii). We conclude that
Homg + (2, Ig(z)+ (wk/Fl - 7L, Ovie ()] - 1Y) = I (-1, 1 v | 7H2)7,

so that
Iowy (-1, 1T vy |7 — o

This is a contradiction, since I (|- |, u™|vyy |=1/2) has o as a submodule but not a quotient.

Supercuspidal representations.
Let 7 X x be a supercuspidal representation of GSO(V'). Finally, we examine the various cases in
Theorem A.11 (ii):
e (Non-invariant case) In this case, one knows by [49, Theorem 3.4] that ©((7 X x)™) is non-zero
and irreducible supercuspidal. Moreover, the L-parameter of ©((7 X x)T) is identified in [9, §11].
o (Invariant and distinguished case) In this case, 7 is the base change of some supercuspidal repre-
sentation 7 of GLa(F') and X = wrwg/F. Moreover, one knows that the extension (7 X xX)"
participates in the theta correspondence with GSp(W')™ = GLj and its theta lift to GL] is a
constituent T;E of TF‘GL;. By Corollary A.15, we deduce that

O((T®x)") = Iguz+ (Wi ps T )
and hence
6((7_ X X)+) = IQ(Z) (WK/Fv TF)a
which is irreducible.

e (Invariant but not distinguished case) In this case, 7 is the base change of some supercuspidal
representation 7 of GLa(F') but x = w,.. One knows by [49, Theorem 3.4] that both extensions
(7 X x)* have non-zero big theta lifts to GSp, and ©((7 ® x)¥) is irreducible supercuspidal.
It remains to show that these two supercuspidal representations of GSp, make up an L-packet
with L-parameter ¢, & ¢, - wg/p and similitude character w;,. Note that 75 is necessarily

non-dihedral with respect to K, so that 77 - wg/p # 7Tp.
For this, we consider the representations

TF|ZTF'WK/F OfGSO(2,2),
JL(TF) X JL(TF) . WK/F of GSO(4),

and their theta lifts to GSp,. Then we are required to show that
é((T X X)+) =O(tr M 7p 'WK/F)7

O((r®x)™) = O(JL(rr) B IL(1p) - wie/F)-

We achieve this by using a global argument:

— Choose a totally real number field F such that for two places v and v’ of F, one has F,, =
F, =F.

— Choose a totally real quadratic extension K of I such that K, = K,» = K.

— Let X be a cuspidal representation of GLo(Ap) such that X, = 3, = 7 and the archimedean
component ., of X is a discrete series representation. This can be achieved by using a simple
trace formula. By [4], such a X is tempered. Then > X % - wy /p is a tempered cuspidal
representation of GSO(2, 2)(Ay).

— Consider the global theta lift

II .= @(E XX wK/]F)

of X X3 - wi p to GSpy. It is an irreducible globally generic cuspidal representation.
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On the other hand, we may consider the base change BC(X) of ¥ to GL2(Ak), so that BC(X) K
wy; is a globally generic tempered cuspidal representation of GSO(V)(Ar) = (GL2(Ak) x Ay ) /A,
where V is the quadratic space H & (KK, Nk /p). Observe that BC(X) X wy; is a globally invariant
representation and almost all of its local components are distinguished, but its local components at
v and v’ are isomorphic to 7 XI y which is not distinguished.

Because BC(X) Kwy, is globally invariant, it can be abstractly extended to an irreducible repre-
sentation of GO(V)(Ap) in infinitely many ways; more precisely, at each place of I, one has two
possible extensions. One knows that at least half of these extensions occur in the space of cusp
forms on GO(V)(Ap). This is because at least one of these extensions is automorphic, and one can
twist an automorphic extension by an automorphic sign character of GO(V)(Ap). In particular,
one can find an automorphic extension of BC(X) X wy, whose local component at v is any one of
the two extensions (7 X x)*. We denote one such automorphic extension by (BC(X) X ws)T.
By using the place v, one can further ensure that at any place w such that BC(3,,) X wy,, is
distinguished, the local component of (BC(X) X wy)™ is the +-extension

(BC(Zy) Kws, )T
Thus, we may ensure that all the local components of (BC(X) X ws;)* have non-zero local theta
lifts to GSpy .

Now by [49, Theorem 8.3], the global theta lift of (BC(X) X ws)* to GSp, is non-zero and
irreducible cuspidal. Thus, we obtain an irreducible cuspidal representation

IT* := O((BC(®) K ws)¥)

of GSp,(Ar). By the local unramified theta correspondence, one sees that IT* is nearly equivalent
to II, so that the partial standard L-function L° (s, IT*, std) of degree five has a pole at s = 1. By
a result of Kudla and Rallis [34], this implies that IT* has a non-zero global theta lift to an inner
form of GSO(2, 2). Such an inner form is associated to a quaternion F-algebra D4 (possibly split)
and is isomorphic to (D} x DX)/F*. If we denote the theta lift of IT* to such an inner form by
Op. (IT*), then Op, (TTIF) is a cuspidal representation which is nearly equivalent to ¥ X ¥ - wi JF-
Thus, ¥ X X - wg /r must be the Jacquet-Langlands transfer of ©Op_. (IT*). Note that at the place v,
we necessarily have (D), # (D_),. By extracting the local component at v, we conclude that

{B((r R X)), O((r B x) ")} = {8(1r K 7 - wi/p), O(IL(7r) K IL(7F) - wic/p) }-
Since we know that ©((7 X x)1) and O (7p X 75 - w /) are generic and the other two represen-
tations are not, we obtain the desired result.
This completes the proof of Theorem A.11.
A.7. Proof of Theorem A.10. For the sake of completeness, we shall give a sketch of the proof of The-
orem A.10. As before, a key step is the computation of normalized Jacquet modules of the induced Weil
representation vy, where V' is now the split four dimensional quadratic space. Before coming to this

computation, we first introduce some more notations.
Recall that V = X & X*, where X is a two dimensional isotropic space. We can write

X=F - uy1®F -u and X" =F - v1®F - vy
with (u;, v;) = d;;. Let P(X) be the parabolic subgroup of GSO(V) stabilizing X with Levi factor
M(X) = GL(X) x Gyp.

Let J = F - u; be the isotropic line spanned by u; in X and let B(J) be the stabilizer of .J in M (X); it is
also the stabilizer of the isotropic line spanned by v9 in X*. With respect to the basis {u1,us} of X, B(J)
is the group of upper triangular matrices in M (X) = GL(X) x G,,. We write

(t(a,b), \) = ((8 2) ,A) € B(J) C M(X).
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Similarly, recall that W = Y* @ Y,
Y*=F-e1®F-es and Y=F- -f1®F-f
with (e;, f;) = d;;. The stabilizer of Y in GSp(W) is the Siegel parabolic subgroup P(Y") with Levi factor
M(Y) = GL(Y) x G,
and the stabilizer of Z = F - f1 in GSp(W) is the Klingen parabolic subgroup Q(Z) with Levi factor
L(Z) = GL(Z) x GSp(W')
where W/ = F -ea @ F - fo.
With the above notations, we have:

Proposition A.18. The normalized Jacquet module Rp(x(Qv,w) of Qv,w along P(X) has a natural three
step filtration as an M (X)) x GSp(W)-module whose successive quotients are described as follows:

(i) The top quotient is
C = S(FX).
Here the action of (m,\) € M(X) = GL(X) x Gy, on S(F*) is given by
((m, A) - F)(t) = [detx (m)|*/2 - [A72/2 - f(X- ).
(ii) The middle subquotient is
B = IB(J)XQ(Z)(S(FX) ® S(FX - U2 @ fl))
Here the action of (t(a,b),\) € B(J) on S(F*)® S(F* - vy ® f1)) is given by
((t(a,0),A) - f)(t,2) = [a] - [ - ]\ 7>2 - (A .0 2),
whereas the action of (a, g) € L(Z) = GL(Z) x GSp(W") is given by
(. 9) - )(t.a) = a7 o (g)l - flvw(g) - t,a™" v (g) - ).
(iii) Finally, the submodule is
A= Ipyy(S(F™) ® S(Isom(X,Y)))

where Isom(X,Y") is the set of isomorphisms from X to 'Y as vector spaces (which is a torsor

for GL(X) as well as for GL(Y')). Here the action of (m,\) € M(X) = GL(X) x G, on

S(F*) @ S(Isom(X,Y)) is given by

((m, A) - £)(t,h) = detx (m)[*/ - (A2 fF(A-t,hom),
whereas the action of (m',\') € M(Y) 2 GL(Y) x Gy, is given by
((m', X) - f)(8, k) = NP2 [dety (m!)| 752 f(N -4, X =m0 h).
Corollary A.19. Let 0 = m(x1, x2) X 7 be a representation of GSO(V') = (GLy x GLg)/F* such that T
is irreducible but 7(x1, x2) may be reducible, so that w, = x1x2 and
o = Ipx)(T" - X1, X2)-
Then
Homggov)(Q2,0) = Homyyx) (Rpix) (), 77 - x1 B x2).

3 then

(1) Ifxa/x2 #1-

HOHIM(X)(C, 7_\/ X1 X XQ) =0.
(ii) If Rp(7) does not have x1|-|~' K n as a subquotient for any character n, then
HOHIM(X)(B,TV X1 X Xg) = 0.
(iii) If the conditions in (i) and (ii) hold, then
Hom s (x) (Rp(x) (), 77+ x1 B x2) = Hompy(x) (A, 77 x1 W x2) = Ipyy (- X7 x1)™
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Proposition A.20. Let U be the unipotent radical of the Borel subgroup P(Y) N Q(Z) of GSp, and 1) a
generic character of U. Similarly, let Uy be the unipotent radical of a Borel subgroup of GSO(V') and 1y a

generic character of Uy. Then

(Qvw)uy = c—indeom(%)-

In particular, if o is an irreducible generic representation of GSO(V'), then its big theta lift ©(c) to GSp,
is generic and hence non-zero.

We are now ready to give the proof of Theorem A.10. Let 7y X 7 be an irreducible representation of
GSO(V) = (GLg x GLg)/F*. Then one knows by results of Roberts that

O(r1 M 1e) =0(re ®7p) #0.

‘We now consider the various cases in Theorem A.10 in turn.

Supercuspidal representations.

Suppose that 71 X 75 is supercuspidal. Then one knows that (7 X 75) = 6(7; K 73) is non-zero and
irreducible. Moreover, if 71 # 7o, then the theta lift of 73 X 75 to GSp(W') = GL; is zero and hence
0(11 X 19) is supercuspidal. By definition, the L-parameter of 6(71 X 73) is ¢, ® ¢, with similitude
character w;, = w,.

On the other hand, if 7 = 75 = 7, then 7 X 7 participates in the theta correspondence with GSp(W') =
GL2 and its big theta lift to GLy is 7. By an analogue of Proposition A.14 for the split V, there is a
GSO(V) x L(Z)-equivariant surjective map

Ro2)(Qvw) — Qv
By Frobenius reciprocity, one has a non-zero GSO(V') x GSp(W)-equivariant map
Quw — (TR X IQ(Z)(l,T).
Thus, we see that
O(T X T) — g (1,7).
We know that I¢z)(1, 7) is the direct sum of two irreducible constituents with a unique generic constituent
Tgen (7). It follows from Proposition A.20 that

O(TXT) = Tgen(T).

Discrete series representations.
Suppose that o = st, X 7 where st, is a twisted Steinberg representation and 7 is a discrete series
representation so that w, = y2. Note that 7 is either supercuspidal or equal to st - Then

7172)

|1/2 |—1/2 |1/2

U(—)ﬂ-()d_ 5X|_ )IXT:IP(X)(T\/'X|_ 5X|_

We would like to apply Corollary A.19 (iii) and so we need to verify that the conditions in Corollary A.19
(1) and (ii) hold. The condition in Corollary A.19 (i) obviously holds, and that in Corollary A.19 (ii) holds
when 7 is supercuspidal. If 7 = st is a twisted Steinberg representation (so that x? = p?), then

Rp(r) = p|- "2 R p|- |72 £ x|-| 72Ky

for any character . Hence the condition in Corollary A.19 (ii) also holds when 7 is a twisted Steinberg
representation. In particular, we conclude by Corollary A.19 (iii) that

Ipe) (T x 7Y - 172 x]-1'?) — ©(a).

By Lemma A.3, the above induced representation is multiplicity free and of length two with a unique
irreducible quotient, so that O (o) is multiplicity free and (o) is irreducible. Moreover,

0(0) {St(T xThx) i T # sty

7Tgen(7-) if = Stx.
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There remains the issue of whether O(c) = (o). This follows from a result of Mui¢ [42], but we can
also give a brief sketch of the proof. Suppose on the contrary that ©(c) = Ipy) (T - x| - =12, x| - |1/?).
Then we would have

o — Homgspuw) (Quw, Ipey (- x - 172, x[ - [Y2)).

Now one compute the latter Hom space, which amounts to the computation of the normalized Jacquet
module Rpyy(£2v,w ). A short computation shows that

Homags,w) (Qvw, Ipey (T x 7 - 172, x| - 1) = Ipooy (7Y x| - Y2, x| - 17 V3)",
so that
1/2

Ipoxy (T - x1- 1%, x| - |712) — 0.

This is a contradiction, since Ip(x)(T" - x|- 1172, x| - |~*/?) has o as a submodule but not a quotient. Thus,
we conclude that O (o) = 6(0) is irreducible.

Non-discrete series representations 1.
Suppose that

o — m(x1,x2) B 7 = Ipx) (7" - X1, Xx2)
where 7 is a discrete series representation with w, = x1x2, [x1/X2| = |-|7°°, and s9 > 0. Again, we
would like to apply Corollary A.19 (iii) and so we need to verify the conditions there. As before, the only
issue is the condition in Corollary A.19 (ii) when 7 = st is a twisted Steinberg representation, in which
case
Rp(r) = x|-["? R x|-| 7'/

and we need to show that this is different from 1| -|~*
show that x/x1 # |- |~%/2. But observe that

X 7 for any character 7). In other words, we need to

IXI* = Ixaxel = al® - e/xal = xal? - |-,
so that
x/xal = [ [/ # |- 732,
This verifies that the conditions in Corollary A.19 (i) and (ii) hold, so that we conclude that
Ipeyy(T-x1' x1) — ©(0).
Since the above induced representation is multiplicity free with a unique irreducible quotient, we conclude

that © (o) is multiplicity free and (o) = Jpy)(T - X7, x1) is irreducible.

Non-discrete series representations I1.
Finally, we consider the case where

o — 7(x1, x1) B 7(x2, X5)
with x1x) = Xxa2xb, [xi/X;] = |-]7%, and s; > sp > 0. We consider two subcases:
(a) x2/xb # | -]~ in this case 7 (2, X5) = 7(X%, x2) is irreducible and
o — Ipx)(m(xa; x5)" - x1, X1)-

Again, to apply Corollary A.19 (iii), we need to verify the conditions there, and in particular the
condition in Corollary A.19 (ii). We have

Rp(m(x2,x5)) = (x2 ¥ x5) & (x5 W x2)

up to semisimplification and so we need to verify that xo # x1|-|~* and x4 # x1|-|~*. To see
these, we argue by contradiction. If yo = x1|-| ™1, then x4 = x}| -], so that

|-17% = |x2/x5] = Da/xil - |- 72 = |- 2
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This would give sy = s1 + 2 which contradicts s; > s3. On the other hand, if x5 = x1|-| 7}, then
X2 = X}|-1, so that

-7 = |xb/x2l = xa /x4l - |- 2= |- |72

This would give s = —s; — 2 < 0, which is a contradiction. Thus, we may apply Corollary A.19
(ii1) to conclude that

Ippn (m(xa, x2) - X1 ' x1) = Is(xa/x1, X2/x1: x1) — ©(0).
This shows that O (o) is multiplicity free with a unique irreducible quotient

0(0) = Jp(Xa/x1, X2/X15 X1)-
b) x2/x5 = |-|7'; in this case, 7(x2, x4) is reducible and has the one dimensional representation
(b) x2/x2 X2, X2 p
Xa| - |'/? as its unique irreducible submodule. Then

o — m(x1, X)) Bxel- 1% = Ipoo) Oaxa - 172, X0).
Applying Corollary A.19 (iii) (we leave the verification of the conditions there to the reader), we
conclude that
Ipay (X1 X2l - 1'%, x1) — ©(0).

Observe that

Ip(xa/x1: x2/x15 X1) — Ipery (X7 a2l - 1Y%, x1)
and the former induced representation is a standard module. This shows that O (o) is multiplicity
free with a unique irreducible quotient

0(0) = Jp(xXa/x1, x2/x15:X1)-
This completes the proof of Theorem A.10.

Appendix B. Spherical Eisenstein series on GO,

Let F be a number field. Let £(s) = ©3/2((s), where D is the absolute value of the discriminant of F' and
((s) is the zeta function of F including archimedean factors. Then the functional equation £(1 — s) = £(s)
holds. We write p

{(s)zs_il—i-’y—FO(s—l).

For each s € C, let
[s](a) =lal*,  [s]'(a) = |al*log]al,
for a € A*. For an automorphic form ¢ on GOs,,(A), let

¢lsl(h) = o(h) - [s](v(h)),  @ls]'(h) = (h) - [s]'(v(h)),
for h € GOg,,(A). Let 1 denote the constant function on GOay,(A).
For each r € N with r < n, let P, , be the parabolic subgroup of GO2,, and E("””)(s) the spherical
Eisenstein series given in §7.3. Note that £ (s) = 1. For each sy € C, let

EC(s) = 3 (s — s0)ES" (s0)
d>—o0

be the Laurent expansion of E(™")(s) at s = s.
Let Q = P,. For an automorphic form ¢ on GO2,(A), let ¢ denote the constant term of ¢ along Q).
We regard ¢ as an automorphic form on A* x GOg,_2(A) via the embedding

a 0 0 0
, 0 d 0 v

@) =10 0 wmyat o
0 ¢ 0 d
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/ b/
B = <i, d,) .

Lemma B.1. Ler ¢ be a K-invariant automorphic form on GOaq,, (A). Assume that ¢ is concentrated on the
Borel subgroup. If g = 0, then

where

¢ =0.
Proof. The assertion follows from the Langlands lemma (cf. [24, Corollary 3.1]). ]

We have a double coset decomposition

PurQU P, ,w™QU P wl™Q if1<r<n,
GOQn = ’ ’ )

PorQU Py wd™Q if r =n,
where
0o 0 1 0 0O 0 O 0
0 1,4 0 0 0O 0 O 0
1 0 0 0 0O 0 O 0
W) — o o o0 1,1 0 0 O 0
L 710 0 0 0 0o 0 1 0
0O 0 0 0 0 1,4 O 0
0O 0 0 0 1 0 O 0
0O 0 0 0 0 0 0 1,_,1
and
0 0 1 0
(nr)y |0 1,24 O O
Y20 711 0 0 o0
0O 0 0 1,4

As in [24, Proposition 2.6], a routine calculation shows the following proposition.
Proposition B.2. [f1 < 7 < n, then E(™")(s)q is equal to
[S + 2n72r71] ® E(nfl,r‘fl)(s + %)[_% . 2n741“71]
5(5 + 2nf§>r71) }
E(s+ 257
E(s + 5 )E(s — 2=3=1)g(2s)
E(s+ Hh)E(s + 2251 ¢(2s + 1 — 1)

« [—S + 2n72r71] ® E(n—l,r—l)(s - %)[% - 2nf4r71]'

] @ BN (s)[-

N3

Ifr = n, then E™") (s)q is equal to
s+ 228 B (s 4 bl - )

«%iﬁln'V&+?”®EW*“”@—9P—RAL

The case n = 1.
Obviously, E(11)(s) is entire. We have

EMY0)=2-1,  EMY0) =o.
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The case n = 2.
Let r = 2. By Proposition B.2, we have

EC(5)g = [s+ }]® B (s + 1[5 -

o s+ 30 B - bl - 4l

Hence F(%2) (s) has a simple pole at s = % and is holomorphic at s = % Also, the functional equation

£(25) D (=s) = £(25 + 1) B (s)
holds. We have

Let r = 1. By Proposition B.2, we have

ECY(s)g=[s+1]®1[—

£(s) )y 1
2
L&)

Garp erlels -4

Hence E(>1) (s) has a double pole at s = 1 and is holomorphic at s = 2. We have

BV = L 1

Lemma B.3.

£2) 0
Proof. We have
EP(1)g =1 @ BV (1[4
+ #22) ([0 @ ESP(0)[0] + 4[0] @ ESV(0)[0]' + [0] @ BV (0)[0])
iy (- 58) wo i om
= ® BV 1)[-4]
P oy 1 no 20 (v €2
gy (O © 101 - 301 @ 101) + 2 (p 5(2)> [0] @ 1[0]
On the other hand,
B e = g5 e B ()[4
P 1 N 208 (v @)Y,
o (V@ 10+ 3019 101) + £ (p 5(2)) [0]  1[0].

By Lemma B.1, this yields the lemma.
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The case n = 3.
Let » = 3. By Proposition B.2, we have

EC(s)g = [s+1]© B (s + 3)[~5 — 3]

o s+ ] B~ g -

=ls+ 1@ ECD (s + )5 — 3]
ooz o Ue B+ Dl 4

Hence E®3) (s) has a simple pole at s = 1 and is holomorphic at s = 0. Also, the functional equation
(25 — BB (—s) = (25 + 2) EG3) (s)

holds. We have 26/(2)
£(3:3) . p33) B3y = L.

Let » = 2. By Proposition B.2, we have
EO(5)g = [s+ §1® BV (s + 1[5 - )
(s — %) ) (2,2)
e BeEen
§(s+ %)25(25> _ 3 21 /.  1yis _ 3
ot ey o HE B - Dl -

Hence E(?)(s) has a double pole at s = 3. We have

(3,2) 3y _ p )
B0 = @mem v

Let » = 1. By Proposition B.2, we have
EGV(s)g =[s+2] @ 1[5 - 1]

{(s+1) (21) ()1
) 1] ® E®Y(s)[—1]
LS - Jes+2 @13 1],

&(s+ 1)E(s +2)
Hence F(3:1) (s) has a simple pole at s = 2 and has a simple pole at s = 1. We have

EGD oy P2
= Gew !
Lemma B.4.
EEP Q) = 7 B0,
Proof. We have

ESP (1) = 21 @ ES? ()1
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=2l B3] - L (0] @ 1[0] - (0] @ 1[0]')

N gg; 0 ® S (L)[0] + 62(2) <§§’((22)) B 5&_'((;1))) -[0] ® 1]0].
On the other hand,
B (3)e = gy - A0 B I
b o) s 0! © SO0 + 40l B i) + (0@ £S5 )
e (e~ ) @ B W
= 2 2 EEI QN - e (0 © 1001~ Hol @ 100)
g B B 00+ e (55 - ) we

Hence the assertion follows from Lemmas B.1 and B.3.

Lemma B.5.

Proof. We have

89000 = 1 © BSY ()31 - 41 © BV @) -4 + 1 @ EFD ()I-3)
)

L) e B2 (-4

MT)
2p / 1 1 1y (2,2) /1 1
W13 - j e -4 +2- e BF2 (-]
n 45(52/53) 1] ®1[-1
On the other hand,
By, E2) eay 1y, E2) (€2 €B)) o)y 1
S 1)g = S e B W-H+ S (550 - Sy ) e B i
2
e I @1-d @ 1-))
P2 (82 ¢B)
*amaw(am%aa>””®1[5
_€@2) 21) 4y 1 2p%¢'(2) 1
= e WO ES W+ ey W@ 13
2
+ e W @13 - s e 1-4))

Hence the assertion follows from Lemmas B.1 and B.3.
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The case n = 4.
Let r = 4. By Proposition B.2, we have
ECY(s)g = [s+ 3] @ BC (s + )[-5 — ]
§(2s)
£(2s+3)

Hence E(+%)(s) has a simple pole at s = 3.

Let » = 2. By Proposition B.2, we have
EWD(s)g = [s+ 3] @ ECY (s + 1)[-5 - 3]
£(s+ 3)
E(s+3)
L s+ D5 — DEs)
E(s+ 3)E(s +3)6(25 + 1)
3

Hence E(4?)(s) has a double pole at s = 3.
Let » = 1. By Proposition B.2, we have

EUD(s)g = [s+ 3] @ 1[5 — ]

+ s+ 3@ ECI(s — )5 - 1.

2] @ E®(s)[-1]

) e ey
iy Me P
55(?%(2(; —2#)3) [~s+ 3@ 1[5 - ]

Hence E(*)(s) has a simple pole at s = 1.

Lemma B.6. 5( )
4,2),3\ _ P&(2 (4,4)
= )= e )
Proof. We have
EYY (g =210 B4 ()[-1] + f@ 1] ® B3 (0)[-4]
__P . _ P (3:3) (11
= s A e+ g e B O]
On the other hand,
2 2
B (Do = S+ e BP0+ ) e B WY
_ 025(2) . _ @ (3,1) 1

Hence the assertion follows from Lemmas B.1 and B.5.

Lemma B.7.

Proof. We have

B4 (1)g = ggf’g e ES 0L+ L el

Hence the assertion follows from Lemmas B.1 and B.5.

J-s+ 3@ EGY(s - [z - 3.

65
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Proposition B.8.

-1
() o -

Proof. We have

2

(L = 121 @ S (1)]-1) - L2l @ ESP)[-1) + 2] © ESD (1)1
+ o (1) ® B (0)[ -

+ o (2- 50 we Yoy

§4) \p £4)
_ Py _ 1
= {0 (2 ®1[-1] - i2®1

L@+ (<24 28 o),

1

|+ 311 @ ESP0)[-4) + [ @ B (0)[-1))

— (1) @ EPY(0)[-4] - 31 @ ESP(0)[-4])

2£(4)

By Lemmas B.4 and B.5, we have

E% (3= e E%Y2)[-2

42 oy BB 3y ) 4

) (€Q) €W a2
: ( ) 2 ® B3 (3)[1]

£(2) €4
|+ 30 BG4 + 1@ BV )[-3)

) e B

s e a1+ L8 (8 E0) preay

£(3)§(4)? \ £(2)

(1) @ E&Y(0)[-4] - $11] @ ESP(0)[-4])

£(4) (4)
" é’fﬁ) (e BG4

2 (v €2)  €B3) €M
MRGOE (ﬁg(z)*s(s)
K@) B
= i@e@ e

(

T E@)E

_pE(2)

2E(B)E(4)2

+ B e P -
To@ez \p T2 Ted) T @

and

£(4)
=4 ®@1[-2]

N (7 22 g1
p &2 €M)

P26(2) (7 §(2) 6 35/(4)> 1] @ ESY(0)[-1)
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+ e B 0N+ 2 (G - ) - B0

£(4) 26(4) \€(3)  €(9)
- (p) (12 @1[-1] - 32 @ 1[-1]")
(v K@) €M) _
e 5 @) B
Hence we have
pE(2) '\~ (42) 3y A4 1y (40)
() B0 B0 (e
_ (L KR _
- (3 ) e
p (v, 3?2 (3,3) 1
+ g (<24 2550) W B O)-4)
v, 3¢ (44) 1
(5+ %) B
By Lemma B.1, this yields the proposition. U
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