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Local Langlands Correspondence (LLC)

Let F be a local field with Weil group
WEg C GaI(F/F),
and Weil-Deligne group

WDF = WF X SLQ((C)
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Let G be a connected reductive linear algebraic group over F.
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Local Langlands Correspondence (LLC)

Let F be a local field with Weil group
We C Gal(F/F),
and Weil-Deligne group
WDEg = Wg x SLy(C)
Let G be a connected reductive linear algebraic group over F.
The LLC for G gives a classification of
lrr(G) = {isom. classes of irreducible representations of G(F)}

in terms of arithmetic data.
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Set
®(G) = {isom. classes of pairs (¢,7n)}
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Set
®(G) = {isom. classes of pairs (¢,7n)}
with
¢: WDF — LG
and
n € Irr(Ay),
where

Ay = mo(Zigo(9))-
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Set
®(G) = {isom. classes of pairs (¢,7n)}
with
¢: WDF — LG
and
n € Irr(Ay),
where

Ap = mo(Zigo(0))-
Then LLC postulates a bijection

L: |_| lrr(G') +— ®(G)
e

as G’ ranges over pure inner forms of G.
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Characterization

The bijection £ could be characterized in two ways:
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Characterization

The bijection £ could be characterized in two ways:

® requiring it to preserve certain natural invariants, such as
[-factors and € factors;
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Characterization

The bijection £ could be characterized in two ways:

® requiring it to preserve certain natural invariants, such as
[-factors and € factors;

e by stability properties of the characters of representations, and
character identities with certain smaller groups (theory of
endoscopy).
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Characterization

The bijection £ could be characterized in two ways:

® requiring it to preserve certain natural invariants, such as
[-factors and € factors;

e by stability properties of the characters of representations, and
character identities with certain smaller groups (theory of
endoscopy).

The LLC is, on one hand, a generalization of
, and on the other hand, a generalization of the
for representations of connected compact
Lie groups.
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The LLC is known for

@ GL(n): Harris-Taylor, Henniart;
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The LLC is known for

@ GL(n): Harris-Taylor, Henniart;
@ SL(n) and its inner forms: Gelbart-Knapp, Hiraga-Saito;
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The LLC is known for

@ GL(n): Harris-Taylor, Henniart;
@ SL(n) and its inner forms: Gelbart-Knapp, Hiraga-Saito;

@ U(3) and its inner forms: Rogawski;
@ GSp(4) and its inner form, Sp(4): joint with Takeda and
Tantono;
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The LLC is known for

@ GL(n): Harris-Taylor, Henniart;
@ SL(n) and its inner forms: Gelbart-Knapp, Hiraga-Saito;

@ U(3) and its inner forms: Rogawski;

@ GSp(4) and its inner form, Sp(4): joint with Takeda and
Tantono;

@ all classical groups SO(n), Sp(2n) and U(n): pending book of
Arthur, and work of Moeglin.

Thus, | will take the view that the LLC is essentially known.
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Nonlinear Groups?

Can one extend the Langlands philosophy to the case of non-linear
covering groups of G(F)?
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Nonlinear Groups?

Can one extend the Langlands philosophy to the case of non-linear
covering groups of G(F)?
There have been many attempts towards a partial extension, e.g.:

@ Real case: Adams, Barbasch, Vogan, Renard, Herb,........
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Nonlinear Groups?

Can one extend the Langlands philosophy to the case of non-linear
covering groups of G(F)?
There have been many attempts towards a partial extension, e.g.:
@ Real case: Adams, Barbasch, Vogan, Renard, Herb,........
@ p-adic case: Savin, Kable, Weissman, ......

@ Global case: Waldspurger, Flicker, Kazhdan, Mezo,
Ginzburg-Jiang-Rallis-Soudry,......
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Nonlinear Groups?

Can one extend the Langlands philosophy to the case of non-linear
covering groups of G(F)?
There have been many attempts towards a partial extension, e.g.:

@ Real case: Adams, Barbasch, Vogan, Renard, Herb,........

@ p-adic case: Savin, Kable, Weissman, ......

@ Global case: Waldspurger, Flicker, Kazhdan, Mezo,
Ginzburg-Jiang-Rallis-Soudry,......

The time is perhaps ripe for a systematic extension of the
Langlands program (local and global) to general covering groups.
Today, we will look at a particular family of such groups: the
metaplectic groups.
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Shimura Correspondence

Cuspidal Hecke eigenform
of weight (2k +1)/2
and level 'o(4N)

Cuspidal Hecke eigenform
of weight 2k
and level [o(N)
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Shimura Correspondence

Cuspidal Hecke eigenform
of weight (2k +1)/2
and level 'o(4N)

Cuspidal Hecke eigenform
of weight 2k
and level [o(N)

Established using converse theorem for classical modular forms.
Alternative approach via was pursued by
Niwa and Shintani.



Waldspurger's Results

Extending this, Waldspurger obtained a definitive treatment in the
framework of automorphic representations.

Wee Teck Gan University of California, San Diego National Uni-  Metaplectic Groups



Waldspurger's Results

Extending this, Waldspurger obtained a definitive treatment in the
framework of automorphic representations.

Cuspidal Representations of §I:2(A)

| finite-to-one

Cuspidal Representations of PGL,(A)
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Waldspurger's Results

Extending this, Waldspurger obtained a definitive treatment in the
framework of automorphic representations.

Cuspidal Representations of §I:2(A)

| finite-to-one

Cuspidal Representations of PGL,(A)

Here, éT_z(A) denotes the double cover of SLy(A) = Sp,y(A). The
map depends on an additive character

P F\A — C*.
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Waldspurger's Local Results

The above result depends on a local analog:

Irreducible Genuine Representations
of SL2(F)

| fibers of size 1 or 2

Irreducible Representations of PGLy(F)
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Waldspurger's Local Results

The above result depends on a local analog:

Irreducible Genuine Representations
of SL2(F)

| fibers of size 1 or 2

Irreducible Representations of PGLy(F)

Here an irreducible genuine representation of éT_z(F) is one which
does not factor to a representation of SLy(F). The map depends
on an additive character

P F—C*
Wee Teck Gan University of California, San Diego National Uni-  Metaplectic Groups



If D denotes the quaternion division F-algebra, then PD* is a pure
inner form of PGLy(F) and the above map can be refined to a
bijection:
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If D denotes the quaternion division F-algebra, then PD* is a pure
inner form of PGLy(F) and the above map can be refined to a
bijection:

Genuine Irreps of §E2(F)

1 ©y

Irreps of PGLa(F) U Irreps of PD*
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Remarks:

(i) The first (2-to-1) local map is simply the map ©,, followed by
the Jacquet-Langlands correspondence.
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Remarks:

(i) The first (2-to-1) local map is simply the map ©,, followed by
the Jacquet-Langlands correspondence.

(ii) Observe that
PGL, = SO(V™T), PD* =SO(V")

where VT (resp. V™) denotes the 3-dim split (resp. non-split)
quadratic space of discriminant 1.
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Remarks:

(i) The first (2-to-1) local map is simply the map ©,, followed by
the Jacquet-Langlands correspondence.

(ii) Observe that
PGL, = SO(V™T), PD* =SO(V")

where VT (resp. V™) denotes the 3-dim split (resp. non-split)
quadratic space of discriminant 1.

So the map ©, is a classification of the genuine irreps of the
double cover of the symplectic group of rank 1 by the irreps of the
two special orthogonal groups of rank 1.
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(iii) Coupled with the LLC, one has:

Genuine Irreps of éT_z(F)

T Ly

pairs (¢,n) : n € lrr(Ay)

where
¢ WDg — SLy(C),

and
A(f) = WO(ZSLQ((C)((b)) =1or Z/2Z.
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Goal of this talk

e Extend the above results of Waldspurger to higher rank
symplectic groups.
(Joint work with Savin, Ichino and Gross-Prasad.)
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Goal of this talk

e Extend the above results of Waldspurger to higher rank
symplectic groups.
(Joint work with Savin, Ichino and Gross-Prasad.)

e Highlight some other recent developments, especially with
regards to a theory of endoscopy. (Work of Wenwei Li)

Wee Teck Gan University of California, San Diego National Uni-  Metaplectic Groups



Notations: Metaplectic Groups

o W = W, = a 2n-dimensional symplectic vector space over a
local field F;

@ Sp(W) = the associated symplectic group
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Notations: Metaplectic Groups

o W = W, = a 2n-dimensional symplectic vector space over a
local field F;

@ Sp(W) = the associated symplectic group
@ Mp(W) = the unique 2-fold cover of Sp(W):

1 12 Mp(W) —— Sp(W) —— 1
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Notations: Metaplectic Groups

W = W, = a 2n-dimensional symplectic vector space over a
local field F;

Sp(W) = the associated symplectic group
Mp(W) = the unique 2-fold cover of Sp(W):

1 12 Mp(W) —— Sp(W) —— 1

If H C Sp(W), then H is the preimage of H in Mp(W)

If Z = jip = the center of Sp(W), then Z is the center of
Mp(W).
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Notations: Orthogonal Groups

VT = split quadratic space of
dim 2n+1 and disc. 1
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Notations: Orthogonal Groups

VT = split quadratic space of
dim 2n+1 and disc. 1

V™ = non-split quadratic space of
dim 2n+1 and disc. 1
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Notations: Orthogonal Groups

VT = split quadratic space of
dim 2n+1 and disc. 1

V™ = non-split quadratic space of
dim 2n+1 and disc. 1

o Set ¢(VF) = +.

@ Have associated orthogonal groups
O(V©) =SO(V®) x {£1}

Wee Teck Gan University of California, San Diego National Uni-  Metaplectic Groups



Notations: Orthogonal Groups

VT = split quadratic space of
dim 2n+1 and disc. 1

V™ = non-split quadratic space of
dim 2n+1 and disc. 1

o Set ¢(VF) = +.
@ Have associated orthogonal groups

O(V¢) = SO(V€) x {£1}

@ An irred rep 7 of SO(V) has 2 extensions 7+ and 7~ to
O(V). The sign in 7€ simply encodes the central character:

€
e=m(-1).
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Assume that F is p-adic with p # 2. Fix an additive character
1 1 F — C*. Then there is a bijection

rr(Mp( V)

1 ©y
or(SO(V*Y)) || Ir(SO(V™7))
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Assume that F is p-adic with p # 2. Fix an additive character
1 1 F — C*. Then there is a bijection

Irr(Mp(W))
1 ©y
or(SO(V*Y)) || Ir(SO(V™7))

Remark: when F =R, the analogous thm was shown by
Adams-Barbasch.
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Assume that F is p-adic with p # 2. Fix an additive character
1 1 F — C*. Then there is a bijection

rr(Mp( V)

16y
nr(SO(V™)) || Tr(SO(V™))
Remark: when F =R, the analogous thm was shown by
Adams-Barbasch.

(LLC): If the LLC for SO(V*) holds (e.g. for n=1 or
2), one has a bijection
Irr(Mp(W))

T Ly
{(¢,n) :m € Irr(Ay)}
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Sketch Proof of Thm A

The map ©,, is defined using theta correspondence.
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Sketch Proof of Thm A

The map ©,, is defined using theta correspondence.

@ the group
Mp(W) x O(V)

has a natural representation Qv w , (the Weil rep).
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Sketch Proof of Thm A

The map ©,, is defined using theta correspondence.

@ the group
Mp(W) x O(V)
has a natural representation Qv w , (the Weil rep).

@ for an irrep o of Mp(W), the maximal o-isotypic quotient of
Q, has the form
oW Ov,wu(0),

for some smooth representation @y (o) of O(V) (the big
theta lift of o).
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Sketch Proof of Thm A

The map ©,, is defined using theta correspondence.

@ the group
Mp(W) x O(V)

has a natural representation Qv w , (the Weil rep).

@ for an irrep o of Mp(W), the maximal o-isotypic quotient of
Q, has the form
oW Ov,wu(0),

for some smooth representation @y (o) of O(V) (the big
theta lift of o).

o (Kudla) ©y w (o) is zero or of finite length.
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Facts about theta correspondence

Let Ov w .y (the small theta lift) be the maximal semisimple
quotient of Oy y (o).
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Facts about theta correspondence

Let Ov w .y (the small theta lift) be the maximal semisimple
quotient of ©y y (o). Then:

@ (Howe, Waldspurger) If p # 2, then 6y w (o) is zero or
irreducible.
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Facts about theta correspondence

Let Ov w .y (the small theta lift) be the maximal semisimple
quotient of ©y y (o). Then:
@ (Howe, Waldspurger) If p # 2, then 6y w (o) is zero or
irreducible.
@ the above discussion holds with the roles of V and W
switched.
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Key Proposition

Thm A follows from:

(1) For o € Irr(Mp(W)), exactly one of

Oviwwp(a) or Oy (o)

is nonzero.

The "at most one” part is a difficult theorem of Kudla-Rallis.
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Key Proposition

Thm A follows from:

(1) For o € Irr(Mp(W)), exactly one of

Oviwwp(a) or Oy (o)

is nonzero.

The "at most one” part is a difficult theorem of Kudla-Rallis.

(2) For m € Irr(SO(V)), exactly one extension 7€ of 7 satisfies
@V7W7¢(7TE) 75 0.

Part (1) was also shown by C. Zorn.
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Hence, if p # 2, one defines ©, by the composite:

Irr(Mp(W)) Svw, Irr(O(V™)) UTrr(O(V ™))

l rest

Irr(SO(V™)) U Irr(SO(V™))
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Hence, if p # 2, one defines ©, by the composite:

Irr(Mp(W)) Svw, Irr(O(V™)) UTrr(O(V ™))

l rest

Irr(SO(V™)) U Irr(SO(V™))

Key Prop implies that the composite is bijective, proving Thm A.
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Refinement of Key Prop

o for o € Irr(Mp(W)), which © v« w (c) is nonzero?

e for m € Irr(SO(V)), which extension 7€ has nonzero theta lift
to Mp(W)?
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Refinement of Key Prop

o for o € Irr(Mp(W)), which © v« w (c) is nonzero?

e for m € Irr(SO(V)), which extension 7€ has nonzero theta lift
to Mp(W)?

Theorem C (Epsilon Dichotomy):
(i) Given m € Irr(SO(V)), 7€ has nonzero theta lift to Mp(W) if
and only if

e=¢€(V)-e(1/2,m)
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Refinement of Key Prop

o for o € Irr(Mp(W)), which © v« w (c) is nonzero?

e for m € Irr(SO(V)), which extension 7€ has nonzero theta lift
to Mp(W)?

Theorem C (Epsilon Dichotomy):

(i) Given m € Irr(SO(V)), 7€ has nonzero theta lift to Mp(W) if
and only if

e=¢€(V)-e(1/2,m)

(ii) Given o € Irr(Mp(W)), o has nonzero theta lift to O(V*) if
and only if

€ =zy(0) - €(1/2,0,7))
= 2,(0) - €(1/2,0,(0)).
Here, the epsilon factors are the standard epsilon factors defined by

the doubling zeta integral of PS-Rallis (Lapid-Rallis).



Does the LLC map L, satisfy the usual properties of the
Langlands parametrization?
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Does the LLC map L, satisfy the usual properties of the
Langlands parametrization?

o If o € Irr(Mp(W)) has L-parameter ¢, then is it the case that
m is discrete series iff ¢ does not factor through a proper Levi?
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Does the LLC map L, satisfy the usual properties of the
Langlands parametrization?

o If o € Irr(Mp(W)) has L-parameter ¢, then is it the case that
m is discrete series iff ¢ does not factor through a proper Levi?

@ If o is a Langlands quotient of an induced representation, is
its L-parameter obtained from that of the inducing data in the
usual way?
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Does the LLC map L, satisfy the usual properties of the
Langlands parametrization?

o If o € Irr(Mp(W)) has L-parameter ¢, then is it the case that
m is discrete series iff ¢ does not factor through a proper Levi?

@ If o is a Langlands quotient of an induced representation, is
its L-parameter obtained from that of the inducing data in the
usual way?

@ If i is trivial, does (¢, n) correspond to a 1)-generic rep of
Mp(W)?
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Does the LLC map L, satisfy the usual properties of the
Langlands parametrization?

o If o € Irr(Mp(W)) has L-parameter ¢, then is it the case that
m is discrete series iff ¢ does not factor through a proper Levi?

@ If o is a Langlands quotient of an induced representation, is
its L-parameter obtained from that of the inducing data in the
usual way?

@ If i is trivial, does (¢, n) correspond to a 1)-generic rep of
Mp(W)?

@ Are natural invariants such as various L-factors and e-factors
preserved by L£,7
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Parabolic Subgroups of O(V)

The parabolic subgroups Q = L - U of O(V) have Levi factors

L= GL(n1) x .... x GL(n,) x O(Vp)

with
2(nm + ...+ n,) +dimVp =dim V.
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Parabolic Subgroups of O(V)

The parabolic subgroups Q = L - U of O(V) have Levi factors

L= GL(n1) x .... x GL(n,) x O(Vp)
with
2(nm + ...+ n,) +dimVp =dim V.

Given reps 7; of GL(n;) and mg of O(Vy), can form principal series
rep

lo(T1, ... T, m0) = Indg(v)ﬁ X...7 X mg.

If this is a standard module, its unique irred quotient is denoted by

Jo(71, .ty Try ).
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Parabolic Subgroups of Mp(W)

The parabolic subgroups P = M - N of Sp(W) have Levi
subgroups:

M = GL(n1) X .... x GL(n,) x Sp(Wp)

with
2n + ... +2n, + dim Wy = dim W.

The restriction of the metaplectic cover to N splits uniquely, so

one has:
P=M-N.

The double cover M of M can be described as follows.
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The Group M

The restriction of the metaplectic cover to GL(m) is a double cover
described by:

GL(m) = GL(m) x {*1}

with multiplication
(81, €1) - (82, €2) =

(g1 - &2, €1 € - (det g1, det g)).
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The Group M

The restriction of the metaplectic cover to GL(m) is a double cover
described by:

GL(m) = GL(m) x {*1}

with multiplication
(81, €1) - (82, €2) =

(1 &2, €1 €2 (det g1, det ).
Then the preimage M of M in Mp(W) is
M = GL(n1) Xy e Xy GL(1,) X 1y Mp(Wp).

In particular, to form genuine principal series reps of Mp(W), we
need genuine reps of GL(m).
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Representations of GL(m)

The genuine representation theory of GL(m) turns out to be the
same as the representation theory of GL(m), because:
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Representations of GL(m)

The genuine representation theory of GL(m) turns out to be the
same as the representation theory of GL(m), because:
(i) The determinant map det has a lifting:

det

GL(m) —% GL()

! !

GL(m) —% GL(1)
defined by
det(g, ¢) = (det(g). )
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Representations of GL(m)

The genuine representation theory of GL(m) turns out to be the
same as the representation theory of GL(m), because:
(i) The determinant map det has a lifting:

det

GL(m) —% GL()

! !

GL(m) —% GL(1)
defined by
det(g, ¢) = (det(g). )

(ii) Using 1, one may define a genuine character x,, of GL(1)
(WeNiI). By composition, one obtains a genuine 1-dim character x,
of GL(m).
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Representations of GL(m)

The genuine representation theory of GL(m) turns out to be the
same as the representation theory of GL(m), because:
(i) The determinant map det has a lifting:

det

GL(m) —% GL()

! !

GL(m) —% GL(1)
defined by
det(g, ¢) = (det(g). )

(i) Using v, one may define a genuine character y,; of GL(1)
(Weil). By composition, one obtains a genuine 1-dim character
of GL(m).
(i) Tensoring with x,; gives

Irr(GL(m)) — Irr(GL(m)).



Principal Series Reps of Mp(W)

Given reps 7; of GL(n;) and og of Mp(Wjp), one has the induced rep
Mp(W
Ip (1, ..., Tr,00) = Indﬁp( )Xle X ... X xy7r X og.
If this is a standard module, its unique irred quotient is denoted by

Ipy(T1s oy Try 00)
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Central Sign of o € Irr(Mp(W))

Recall that the center of Mp(W) is the preimage Z of the center
Z = iy of Sp(W). So Z is a group of size 4 and has 2 irred
genuine characters.
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Central Sign of o € Irr(Mp(W))

Recall that the center of Mp(W) is the preimage Z of the center
Z = iy of Sp(W). So Z is a group of size 4 and has 2 irred
genuine characters.

To distinguish between them, note that Z is the subgroup

{xl,} C GL(n) (the Siegel Levi).

Thus, the character x,, of the Siegel Levi restricts to a genuine
character of Z.
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Central Sign of o € Irr(Mp(W))

Recall that the center of Mp(W) is the preimage Z of the center
Z = iy of Sp(W). So Z is a group of size 4 and has 2 irred
genuine characters.

To distinguish between them, note that Z is the subgroup

{xl,} C GL(n) (the Siegel Levi).

Thus, the character x,, of the Siegel Levi restricts to a genuine
character of Z.

Every genuine irrep o of Mp(W) has a central character, and we
set

(o) +1, if its central character is xy;
zp(o) =
v —1, otherwise.
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Suppose that o € Irr(Mp(W)) and m = ©(0) (so p # 2).
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Suppose that o € Irr(Mp(W)) and m = ©(0) (so p # 2).

@ o is d.s. iff m is d.s. Moreover, the formal degrees of 7 and ¢
are equal (wrt suitable measures).
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Suppose that o € Irr(Mp(W)) and m = ©(0) (so p # 2).

@ o is d.s. iff m is d.s. Moreover, the formal degrees of 7 and ¢
are equal (wrt suitable measures).

@ o is tempered iff 7 is tempered. Indeed, if
o C lpy(m1,...,7r, 00)
with 7; and og unitary d.s., then
7w C lo(T1, ..., Try o)

with
T — @w(O‘o).
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Suppose that o € Irr(Mp(W)) and m = ©(0) (so p # 2).

@ o is d.s. iff m is d.s. Moreover, the formal degrees of 7 and ¢
are equal (wrt suitable measures).

@ o is tempered iff 7 is tempered. Indeed, if
o C lpy(m1,...,7r, 00)
with 7; and og unitary d.s., then
7w C lo(T1, ..., Try o)
with
7o = Oy(00).
o If o = Jp y(71,...,7r,00) is a Langlands quotient, then
= Jo(71, ..., Tr, Oy(00)).



o If 7 is generic, then o is 1-generic. If o is tempered and
1-generic, then 7 is generic.
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o If 7 is generic, then o is 1-generic. If o is tempered and
1-generic, then 7 is generic.

@ If m and o are d.s., and 7 is a supercuspidal rep of GL(r), then

(s, ™% 7,6) = uls,0 x 7, ).

(Plancherel measures here)
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o If 7 is generic, then o is 1-generic. If o is tempered and
1-generic, then 7 is generic.

@ If m and o are d.s., and 7 is a supercuspidal rep of GL(r), then

(s, ™% 7,6) = uls,0 x 7, ).

(Plancherel measures here)
@ For any character yof GL(1),

L(577T X X) = L(S7U X wa)
e(s,m X x,¥) = €(s,0 X x, )

(standard factors defined by doubling zeta integral)
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o If 7 is generic, then o is 1-generic. If o is tempered and
1-generic, then 7 is generic.

@ If m and o are d.s., and 7 is a supercuspidal rep of GL(r), then

(s, ™% 7,6) = uls,0 x 7, ).

(Plancherel measures here)
@ For any character yof GL(1),

L(577T X X) = L(S7U X wa)
e(s,m X x,¥) = €(s,0 X x, )

(standard factors defined by doubling zeta integral)
@ if 7 is generic, then for any irrep 7 of GL(r),

L(s,m x 1) = L(s,0 x 1,7)
e(s,m x 1,0) = €(s,0 X T,1)
(LHS: Shahidi, RHS: Szpruch)



Dependence on 9

For c € F*, let
Pe(x) = P(cx).
How are ©,,_ and ©, related?
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Dependence on 9

For c € F*, let

Pe(x) = P(cx).
How are ©,,_ and ©, related?
More precisely, suppose that

Ly(o) = (¢,n)

and
‘CLZJC(O') = ((bcﬂ]c)'
How are (¢,n) and (¢c,nc) related?
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Dependence on 9

For c € F*, let

Pe(x) = P(cx).
How are ©,,_ and ©, related?
More precisely, suppose that

Ly(o) = (¢,n)

and

‘CLZJC(O') = ((bcﬂ]c)'
How are (¢,n) and (¢c,nc) related?

Suppose that
¢ =P nioi,

then

Av= P z/2za.

i:¢; is symplectic
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(i) ¢ = & ® Xci
It follows by (i) that we have canonical identification of component

groups:
A¢ = A¢C = EB,-Z/2Za,-,

so that it makes sense to compare 7 and 7.
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(i) ¢ = & ® Xci
It follows by (i) that we have canonical identification of component
groups:

A¢ = A¢C = EB,-Z/2Za,-,
so that it makes sense to compare 7 and 7.

(ii) the characters i and 7). are related by:
ne(ai)/n(ai) =

€(1/2,67) - €(1/2,61 @ xc) - Xe(—1) 9™ € {£1}.
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(i) ¢c = ¢ ® Xc;
It follows by (i) that we have canonical identification of component
groups:
A¢ = A¢C = EB,-Z/2Za,-,
so that it makes sense to compare 7 and 7.

(ii) the characters i and 7). are related by:
ne(ai)/n(ai) =

€(1/2,61) - e(1/2,6; & X&) - xe(~1)7 9™ € {1},

The proof of Thm. E uses the for special
orthogonal groups recently proved by Wadlspurger.
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Work of Dani Szpruch
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Work of Dani Szpruch

The is a theory which defines local
L-factors and e-factors for generic representations of a linear
reductive group G.
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Work of Dani Szpruch

The is a theory which defines local
L-factors and e-factors for generic representations of a linear
reductive group G.

In his thesis, Szpruch has extended this theory to the case of
Mp(W). For v-generic representations o of Mp(W), and
irreducible representations p of GL,(F), he defines

L(s,o x p,y) and e€(s,0 x p,¢).
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Relation with Character Theory

One hallmark of the LLC is its relation with character theory; in
particular the notion of stability and the theory of endoscopy.
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Relation with Character Theory

One hallmark of the LLC is its relation with character theory; in
particular the notion of stability and the theory of endoscopy.

o If
My ={0: Ly(o) = (¢,%)}

is a tempered L-packet, then the sum

is supposed to be a "stable” distribution;
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Relation with Character Theory

One hallmark of the LLC is its relation with character theory; in
particular the notion of stability and the theory of endoscopy.

o If
My ={0: Ly(o) = (¢,%)}

is a tempered L-packet, then the sum

is supposed to be a "stable” distribution;

@ other linear combinations of Trace(o)'s are supposed to be
"transfers” of stable distribution from "endoscopic groups”.
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Relation with Character Theory

One hallmark of the LLC is its relation with character theory; in
particular the notion of stability and the theory of endoscopy.

o If
My ={0: Ly(o) = (¢,%)}

is a tempered L-packet, then the sum

is supposed to be a "stable” distribution;

@ other linear combinations of Trace(o)'s are supposed to be
"transfers” of stable distribution from "endoscopic groups”.

[Tt

Basic notions in needs to be developed.
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Work of Wenwei Li

Extending earlier works of Adams-Schulze and Renard, Wenwei Li
has recently developed a definitive theory of endoscopy for
Mp(W), and much more!
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Work of Wenwei Li

Extending earlier works of Adams-Schulze and Renard, Wenwei Li
has recently developed a definitive theory of endoscopy for
Mp(W), and much more!

@ For each pair (a, b) with a+ b = n, he defined transfer factors

A, p: Mp(W) x (SO(2a+1) x SO(2b+1)) — C.
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Work of Wenwei Li

Extending earlier works of Adams-Schulze and Renard, Wenwei Li
has recently developed a definitive theory of endoscopy for
Mp(W), and much more!

@ For each pair (a, b) with a+ b = n, he defined transfer factors

A, p: Mp(W) x (SO(2a+1) x SO(2b+1)) — C.

@ showed existence of transfer mappings

C(Mp(W))

ta,bl

C(SO(2a + 1) x SO(2b + 1)),

giving rise to a map
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Ds+(S0(2a + 1) x SO(2b + 1))

t;,bl
Dgen(Mp(W)),

between spaces of distributions.
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Ds+(S0(2a + 1) x SO(2b + 1))

t;,bl
Dgen(Mp(W)),

between spaces of distributions.

@ Established the ordinary and weighted fundamental lemmas
for the transfer t, p.
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Ds+(S0(2a + 1) x SO(2b + 1))
|
Dgen(Mp(W))a
between spaces of distributions.

@ Established the ordinary and weighted fundamental lemmas
for the transfer t, p.

In other words, the elliptic endoscopic groups of Mp(W) are the

groups
SO(2a+1) x SO(2b+1),

with a+ b = n.
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Automorphic Forms of Mp(W)

Now we come to the global story.
We will consider the discrete spectrum

Ld/sc gen dISC(Sp( W)(F)\MP(W)(A))
of genuine (square-integrable) automorphic forms on Mp(W).

Problem: describe its decomposition into irreducible reps, in the
spirit of Arthur’s conjecture.
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The Tempered Part

Let's focus on the tempered part Ltemp disc-
automorphic character v, one expects that

temp disc — @ L

For a fixed additive

with
¢ =®_16;i : LF — Sp,,(C),

(where Lg is the hypothetical Langlands group) is multiplicity-free
and each ¢; is symplectic.
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The Tempered Part

Let's focus on the tempered part Ltemp disc-
automorphic character v, one expects that

temp disc — @ L

For a fixed additive

with
¢ = i1 : Lk — Spy,(C),
(where Lg is the hypothetical Langlands group) is multiplicity-free
and each ¢; is symplectic.
Following Arthur, can reformulate the notion ¢ without recourse to

Lr. One can take ¢ to be a collection {7y, ..., 7, } of cuspidal
representations of GL(n;) such that

o m-—+..+n =n

@ [?(s,m;,A?) has a pole at s = 1.

Wee Teck Gan University of California, San Diego National Uni-  Metaplectic Groups



Global Packet associated to ¢

. . 2
For a given ¢, what is L(M}?
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Global Packet associated to ¢

For a given ¢, what is Léw?
Given ¢ = 91 @ ... D ¢,, one obtains
@ local L-parameters ¢, and thus local L-packets

n¢vﬂ/1v = {0-77\/ ‘v € Irr(A¢v)}
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Global Packet associated to ¢

For a given ¢, what is Léw?
Given ¢ = 91 @ ... D ¢,, one obtains
@ local L-parameters ¢, and thus local L-packets

n¢vﬂ/1v = {0-77\/ ‘v € Irr(A¢v)}

@ taking tensor products of these local packets, get global
packet

Moy = {og = an, :n € Ix(] [ Ap)}
v v
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Global Packet associated to ¢

For a given ¢, what is Léw?
Given ¢ = 91 @ ... D ¢,, one obtains
@ local L-parameters ¢, and thus local L-packets

n¢vﬂ/1v = {0-77\/ ‘v € Irr(A¢v)}

@ taking tensor products of these local packets, get global
packet

Moy = {og = an, :n € Ix(] [ Ap)}
v v

@ a global component group
Ap =7/27a1 X ... x L|27a,
and a diagonal map
A: Ay — ] A
v
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Langlands-Arthur's Multiplicity Formula

One conjectures that
Loy = @ My = O

where the multiplicity m;; is defined by
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Langlands-Arthur's Multiplicity Formula

One conjectures that
Loy = @ My = O
where the multiplicity m;; is defined by

my = (A%(n), €y),

and €, is a quadratic character of A, given by

ew(a,-) = 6(1/2, gb,)
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Langlands-Arthur's Multiplicity Formula

One conjectures that
Loy = @ My = O
where the multiplicity m;; is defined by

my = (A%(n), €y),

and €, is a quadratic character of A, given by

ew(a,-) = 6(1/2, gb,)

This conjecture amounts to a description of L2, temp 1N terms of
the tempered discrete spectrum of SO(2n + 1).
When n =1, this is the main result of Waldspurger's work on the

Shimura correspondence.
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Towards a stable trace formula for Mp( W)

The work of Wenwei Li has given a approach to proving the global
conjecture via the

Wee Teck Gan University of California, San Diego National Uni-  Metaplectic Groups



Towards a stable trace formula for Mp( W)

The work of Wenwei Li has given a approach to proving the global
conjecture via the

@ He has begun the study of the trace formula for general
covering groups.

@ For Mp(W), he has begun the stabilization of the trace
formula.

Wee Teck Gan University of California, San Diego National Uni-  Metaplectic Groups



Towards a stable trace formula for Mp( W)

The work of Wenwei Li has given a approach to proving the global
conjecture via the

@ He has begun the study of the trace formula for general
covering groups.

@ For Mp(W), he has begun the stabilization of the trace
formula.

The stable trace formula should look like:

TFmpw)(f) =

Z Ca,b - STFso(2a11)x50(26+1) (ta,6(f))
a+b=n

where ¢, , = 1/4 if ab # 0 and 1/2 otherwise.
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Using a elliptic stable trace formula, together with the global theta
correspondence and some extra work, one should obtain

@ a proof of stability properties of local L-packets and character
identities for Mp(W);

@ the multiplicity formula for cuspidal representations of Mp( W)
with sufficiently many supercuspidal local components

This is joint work with W. W. Li.
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Conclusion

e Essentially all aspects of the Langlands philosophy extend
beautifully to the metaplectic groups Mp(W). One hopes that a
general theory in the style of the Langlands program can be
developed for general covering groups.
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Conclusion

e Essentially all aspects of the Langlands philosophy extend
beautifully to the metaplectic groups Mp(W). One hopes that a
general theory in the style of the Langlands program can be
developed for general covering groups.

e Several recent progresses indicate that the time is ripe for a
systematic development of such a theory. A systematic study of
the trace formula of covering groups will be the key, but further
explicit examples would be very welcome.
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