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1. INTRODUCTION

Some twenty five years ago, Piatetski-Shapiro and Rallis [GPSR]| discovered a Rankin-
Selberg integral representation for the standard L-function for G x GL1, where G is a classical
group. This Rankin-Selberg integral is called the doubling zeta integral. The associated local
zeta integral can be used, & la Tate, to define the local y-factor v(s,m x x, ) for an irreducible
representation m Xy of G x GL;. This was sketched in [PSR], but the definitive treatment
only appeared in the recent work [LR] of Lapid-Rallis. The paper [LR] treated the case of
symplectic, orthogonal and unitary groups. There are however two classes of classical groups
to which the theory of doubling zeta integrals applies but which were not treated in [LR]. The
first of these is the class of metaplectic groups Mpsy,, which are the unique two-fold covers of
the symplectic groups Sps,,. The other is the class of quaternion unitary groups, which are
inner forms of symplectic and orthogonal groups.

The purpose of this paper is to treat the theory of the doubling zeta integral for the
metaplectic group Mp,,,, following the footsteps of Lapid-Rallis [LR]. In particular, given
an irreducible genuine representation o X x of Mp,, x GL;, we define the local v-factor
v(s,0 X x,v), the local L-factor L(s,o,x,v) and the e-factor e(s,o x x,v). Further, we
verify that the local y-factors satisfy the analog of the Ten Commandments in [LR, Thm. 4],
which characterize them uniquely. This theory of local factors is used crucially in our paper
[GS] with Savin, where we study the genuine representation theory of Mps,,.

We highlight a couple of key differences between the metaplectic case and the linear case:

e in the metaplectic case, the local L-factor L(s,o X x,1) depends on an additive
character ¢ of the local field in question, whereas in the linear case, it does not. This
reflects the fact that, in the local Langlands correspondence for Mp,,, (as developed in
[GS]), the L-parameter of a representation may change when one changes 1, whereas
in the linear case, the L-parameter does not change; only the internal parametrization
within an L-packet changes.

e in the symplectic or orthogonal case, the local factors do not change when one replaces
the representation of G by its contragredient, whereas in the metaplectic case, they
do. More precisely, one has

7(870-\/ X Xﬂ/’) = 7(870- X X7¢—1) = 7(870- X X—IX,Q/))-
1
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This reflects the fact that, in the symplectic or orthogonal case, the process of taking
contragredient preserves the L-packets, whereas in the metaplectic case, it does not.

We should mention that an important prior work regarding the doubling zeta integral of
Mp,,, is the unpublished preprint [Sw]| of J. Sweet. There, he computed the normalizing
factor for an intertwining operator on a degenerate principal series representation. We have
benefitted greatly from the results in the preprint [Sw| (see Proposition 4.1 below), though
at the end of the day, it is possible to establish the results of this paper without resort to
[Sw]. Another recent work concerning the doubling zeta integral of Mp,,, is that of Zorn [Z],
though it concerns the evaluation of the zeta integrals on specific test vectors. Finally, an
alternative definition of the local v-factors for generic representations of Mp,,, is given in the
thesis of D. Szpruch via the Langlands-Shahidi method.
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2. Metaplectic Groups
Let k be a local field of characteristic zero and residue characteristic p > 0.

2.1. Symplectic Group. Let W be a 2n-dimensional vector space over k equipped with a
nondegenerate skew-symmetric form (—, —)y and let Sp(W) be the associated symplectic
group. We may fix a Witt basis of W, consisting of vectors

s €]
satisfying
(ei,ej)w = <e§,e;>w =0 and (ei,e;>w = 0jj.
For any 1 <k <n, let
Xy = Span(ey, ...,ex) and X = Span(e],...,€}),
so that W = X, ® X;. We also set
Wik = Span(eg41, ...y €ns €y ey €1 1)
so that
W=X,®&W,_rdX].

2.2. Parabolic Subgroups. We now describe the parabolic subgroups of Sp(W) up to con-
jugacy. Consider the flag of isotropic subspaces

Xk1 - Xk1+k2 cC...C Xk1+...+kr c W.
The stabilizer of such a flag is a parabolic subgroup P whose Levi factor M is given by
M = GL(k1) X .....GL(ky) X SpP(Wyp—y— .. —k,.),
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where GL(k;) is the group of invertible linear maps on Span(eg, ,4+1,....€k, ,+k,). In par-
ticular, the maximal parabolic subgroups of Sp(WW) are simply the stabilizers P(X}) of the
isotropic spaces Xj, (1 < k < n). For a given k, a Levi subgroup of P(X}) is given by

M (Xy) = GL(Xk) x Sp(Wn—g)
and its unipotent radical N(X}) sits in a short exact sequence
1 —— Z(Xg) —— N(Xy) —— Hom(W,_, X)) —— 1
where Z(X}) & Sym2 X, is isomorphic to the space of symmetric bilinear form on Yj,. When

k=mn, N(Xy) = Z(X}) is abelian and P(X,,) is called the Siegel parabolic subgroup.

2.3. Metaplectic Group. The group Sp(W) has a unique two-fold cover Mp(WW). As a set,
we may write

Mp (W) = Sp(W) x {1}
with group law given by
(91,€1) - (92, €2) = (9192, €162 - c(g1, g2))

for some 2-cocycle ¢ on Sp(W) valued in {£1}. Without describing ¢ explicitly, let us describe
the restriction of this double cover over a maximal parabolic subgroup P(Xy) of Sp(W).

The covering splits uniquely over the unipotent radical N(X}j) of P(Xj). Thus, we may
regard N(X}) canonically as a subgroup of Mp(WW) and one has a Levi decomposition

P(Xy) = M(Xy) - N(Xp)
We need to describe the covering over M (X}) = GL(X}) x Sp(W,,—).

Not surprisingly, the restriction of the covering to Sp(W,,_) is nothing but the unique two-
fold cover Mp(W,,_x) of Sp(W,,_x). The covering over GL(X}) can be described as follows.
Consider the set

GL(X}) x {£1}
with multiplication law
(g1,€1) - (92, €2) = (9192, €1€2 - (det g1, det g2))

where (det g1, det g2) denotes the Hilbert symbol. Then é\i(X %) is precisely this double cover
of GL(X k)

Hence, we have

M(Xk) = (GL(X) x Mp(Wy ) ) /Apz.

More generally, for any parabolic subgroup P, one has the Levi decomposition

with
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2.4. Representations of GL(X}). The (genuine) representation theory of GL(X}) can be
easily related to the representation theory of GL(X}). Indeed, the determinant map

det : GL(X}) — GL(1)
has a natural lifiting
det : GL(X},) — GL(1)
given by
&gt(g, €) = (det g, €).
On the other hand, if we fix an additive character ¢ of k, then there is a natural genuine
character of GL(1) defined by:
(a,€) = e-v(a,9) 7"
with
v(a, ) =v(Wa)/7(¥)

and the Weil index ~(¢) is an 8-th root of unity associated to 1) by Weil. Composing this
genuine character by det gives a genuine character x, of GL(X}), which satisfies

Xu(g,€)* = (det g, —1).

Using the genuine character y,;, one obtains a bijection between Irr(GL(X})) and the set
Irr(GL(X%)) of genuine irreducible representations of GL(X}), via:

T Ty =T Xy-
We stress that this bijection depends on the choice of the additive character .

2.5. Parabolic Induction. After the above discussion, one sees that given an irreducible
representation 7 of GL(X}) and an irreducible representation m of Mp(W,,_), one has an
irreducible representation 7, X of M (Xk). Thus, one may consider the parabolically induced
representation

Mp(W) ~

Ip(x,)0 (T, ) = Indﬁ(xk) 7y ¥ 7 (normalized induction).

More generally, for any parabolic subgroup P = M - N and irreducible representation 7; of
GL(k;) and 7 of Mp(W,,—k, .., ), one has the induced representation

IRw(Tl, ...,Tr,ﬂ').

A particular case of this is when P = B is the Borel subgroup, so that each k; = 1. In
that case, given characters x1i,...,xn, one has the principal series representations

IB,zb(le ....,Xn).

If the y;’s are unramified, we shall call such a representation an unramified principal series
representation; note that this notion of “unramified representations” depends on the choice

of 9.
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2.6. Central signs. We could restrict the genuine character x, of GL(X,,) to the center Z
(the preimage in Mp(W) of the center Z of Sp(W)) of Mp(W). We denote this character of

Z by xy as well. This character allows one to define a central sign for irreducible genuine
representations o of Mp(W).

Indeed, for an irreducible genuine representation o of Mp(WW), one may consider its central
character w, , which is a genuine character of Z. We define the central sign z, (o) of o by

2(0) = wo (1) /xy(=1) € {£1},

where we note that the quotient above is independent of the choice of the preimage in Z of
-leZ.

3. Doubling Zeta Integrals.

We now recall the basic definition of the doubling zeta integral. Set W = W + (=W), so
that there is a natural map

Mp(W) X, Mp(W) — Mp(W).

Consider the diagonally embedded W2 which is a maximal isotropic subspace of W. The
maximal parabolic subgroup of Sp(W) stabilizing W2 is

P(W2) = GL(W?%) - N(W?5).
Going to covering groups, one has

P(W5) = GL(W2) - N(W?2) c Mp(W).

Fix a non-trivial additive character ¢ of F'. Then v determines a genuine character x,, of
GL(WA) as we explained in the previous section. For any character x of F'*, one can define
the degenerate principal series representation

Iﬁ(WA),zp(Sa X) = Indgfgz)xw - (x odet)|det |*.

Now let o be an irreducible genuine representation of Mp(W) with contragredient oV.
One has a natural Mp(W)-invariant pairing (—,—) on ¢V ® 0. For v € 7, v € ¢" and a
holomorphic section fs € I P(WA#}(S, X), the doubling zeta integral is defined for Re(s) >> 0,
by

Zwa(s)L00) = [ filg.1) - g0V, 0)dg
Mp(W)
for a fixed Haar measure dg on Mp(W). Note here that we have used the matrix coefficient
(gvY,v) of ¢¥ rather than the matrix coefficient (gv,v") of o. Thus, Zy4(s, x) defines a
Mp (W) x Mp(W)-invariant linear form

ZW,ib(s’X) : Iﬁ(WAJ’z,(Sa X) ® 0" ®c — C.

The analytic properties of this zeta integral, as a function of s, are as summarized by:

Theorem 3.1. (i) There exists a constant ¢ such that whenever Re(s) > ¢, the integral
Zwap(s,X)(f,vY,v) converges for all data f, v and v¥. If 7 is tempered, then we may take
c=-1/2.
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(ii) If fs is a holomorphic section of Iﬁ(WA) d}(s, X), then the function Zy (s, x)(f,v",v)
admits meromorphic continuation to C. When k is p-adic, Zy(s,x)(f,v,v") is a rational
function in q~*° (where q is the cardinality of the residue field of k).

(iii) For each sg, there exists data f, v and vV such that Zy,(s, x)(f,v",v) is finite and
nonzero.

(iv) There is a non-negative integer k (depending on so) such that (s—so)* Zw (s, x)(f, v, v)
18 holomorphic at s = sy and is nonzero there for some choice of data.

(v) Let Zjy ,(s0, x) denote the leading term in the Laurent expansion at s = so of Zw,y(s, X)
as a linear form, so that

Z;V,z/}(s()a X)(f7 vvvv) = <(S - SO)k ' ZW,i/J(Sa X)(f7 vvvv)) ’8:80'

Then Zyy, (S0, X) 15 a nonzero element of Homyg,w)xmpw) (Ip(WA) »(50,X) ® 0’/ ®o0,C).

4. Normalization of intertwining operator.
We continue with the notation of the previous section. One has an intertwining operator

M(x,s) : I}B(WA)7¢(5,X) - Iﬁ(WA),d,(_S,X_l)

defined by
MO0 = [ flung)dn
N(WA)
where
w = (1w, —1w) € Mp(W) x, Mp(W).

This integral converges for Re(s) sufficiently large and has a meromorphic continuation to
all of C. Note that this intertwining operator depends on the choice of the Haar measure dn
on N(W?%). In [Sw] and [Z], a normalization of M(x, s) is given as in [LR], and we recall its
definition briefly.

We fix a nondegenerate character on the abelian group N(WV) = Sym?WV as follows. To
every element
Ae N(W2) c Hom(WY,W?5),
one obtains a character 14 of N(WV) defined by
Pa(X) = Tryv (X o A).

If one identifies WY = W via (w, —w) — 2w and W2 = W via (w,w) — w (following [LR]),
then A : W — W, and so one may consider det A.

Henceforth, we assume that A corresponds to the split nondegenerate quadratic form on
the even dimensional space W2, in which case we may assume det A € (—1)" - F*2,

Now one can show (cf. the appendix of [Z]) that, for all s,

dim HOHIN(WV) (Iﬁ(WA,dJ(S’ X)7 7/’21) = 1.
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Moreover, a nonzero element of this 1-dimensional space can be given as a generalized Jacquet
integral:

Woabes) ()= [ 1) va

This integral converges for Re(s) sufficiently large and has an analytic continuation to C.
Note that Wy, 4(x,s) depends on the choice of the Haar measure du.

By the multiplicity one result above, there is a meromorphic function ¢y _4(x, s) such that

Wy, a(x ™, —s) o M(x, 8) = cpa(x: 8) - Wy, a(x, 8).

The explicit determination of the function ¢y a(x, s) has been given in [Sw] (see also [Z]). We
shall recall the answer in the unramified case below. In general, the following consequence of
Sweet’s results is sufficient for our purpose:

Proposition 4.1. We have
cy,A(8, XXa) = Xa(=1)" - ey, a(8, X)
for any quadratic character x, (associated to a € F*),
Cpa,a(8,X) = ey(5,X) - x(@) 72" - a2 -y (< 1),
and
cpaals,X) = cpals,x) - x(a)" a7,
Indeed, we shall give an independent proof of this proposition later on.
Now one may normalize the intertwining operator M (x, s) by setting
M 4(x:8) = epalx )™ - M(x. s),
so that
Wya(x ™" —5) 0 My 4(x:8) = Wy a(x; 9)-

Then this normalized operator is independent of the choice of the Haar measures dn or du.
Moreover, it satisfies

M;,A(X_17 —s)o M;Z,A(X7 s) = 1.
The above proposition implies:

Corollary 4.2. As linear maps from Ipya »(8,X) to Tpawa) w(—s,x_l), one has:

M40 8) = x (@) - |al*™ - My 4(x, 5).
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5. Definition of Local Factors.
It can be shown that for generic s € C,
dim Homny () smp(w) (Lpwa 4 (5, X) ® 0/ ®0,C)=1.
Thus, one obtains a functional equation

ZWW(_S? X_l) © (M;Z,A(X7 S) ® 10 & 10\/)

1
= zu(0r) - x(det A) - [ det (A" (s + 5,0 X X, A, ) - Zigisl, ),

for some meromorphic function vy (s + %, o x x,A,¢). It follows from Corollary 4.2 that
yw (s,0xx, A, 1) is independent of the choice of A, and so we may denote it by vy (s, 0 X x, ¥).

Definition:
(i) The function vy (s,0 X x, ) is called the standard ~y-factor of o X x.
(ii) If o is tempered, we may write
L(1—s,0" x x~49)
L(s,0 x x,)
where €(s, o x x, 1) is a monomial function of ¢~* and L(s, o xx,%) ™! is the numerator
of the rational function (s,o X x,%), normalized so that it is a polynomial in ¢~*

with constant term 1. The function €(s, 0 X x, 1) is called the standard epsilon factor
of o W x and L(s,0 X x,) is the standard L-factor of o X x relative to the choice of

.
(iii) If o is non-tempered, we realize o as a Langlands quotient of a standard module and
define €(s,0 x x,v) and L(s,0 x x,1) by multiplicativity, following Shahidi.

Yw (8,0 X X,¥) = €(s,0 X x,9) -

It follows from definition that

IVW('S)O- X X| - |t7¢) = IVW(S +toX X?Q/))
The rest of this paper is devoted to verifying other less obvious properties of vy (s, 0 X x, ¥).
The first order of business is to understand the unramified case thoroughly.

6. Unramified Case.

Assume that the residue characteristic p of F' is odd and all the data involved (i.e. o, X,
1 and A) are unramified. Then one has

o C IB,w(Xl’ ey Xn)

for some unramified characters x; of F'*. In this case, one would like to check that
n
L(s,0 x x, ) = L*(s,0 x x,4) :== [ L(s, xax) - L(s, x;'X)-
i=1
However, this is not immediate from the definition. One can show this desired equality by

an explicit calculation of the various quantities used in the definition of the ~-factor. The
results are summarized in the following proposition.
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Proposition 6.1. Suppose that p is odd and o, x, ¥ and A are unramified. Let fy, vy and
vy be the spherical vectors in Iﬁ(WA) d}(s, X), o and oV respectively.

(i) One has:
L*(s,0 X X, %)

Zyw,(5,%) (fo, v, vo) = d(x, 5)

where

d(x,s) = [ L(2s, +2k, x%).
k=1

(ii) One has

Wy, a(x, s)(fo) = d(xl s)’
(iii) One has
B L(2s— 25+ 1,%2)
M(x, s)(fo) = Jl;ll L(2s + 24, x?)

(iv) One has
n
CdJ,A(X’ 8) = H7(28 - (27 - 1)7 X27¢)_17
j=1
where the y-factors on the right are those of Tate. In particular, one has

-1 _g
Mo (x 8)(fo) = % o,

Proof. The statement (i) was when by J. S Li [Li, Prop. 4.6]. (ii) can be shown in the same
way as in [LR, Prop. 4]. (iii) was shown by Zorn [Z, §4]. Finally, (iv) was shown by Sweet
[Sw] though it also follows from (ii) and (iii). O

Corollary 6.2. Assume the same hypotheses as the above proposition. Then one has

L*(1 — -1
fYW(SyU X Xﬂ/}) = (L*(SS’O_O-XXXX#}),Q/))

In particular, one has
L(s,0 x x,¢) = L*(s, 0 x X, ).

Proof. The first assertion follows from the above proposition and the definition of vy (s, 0 x
X, %), on noting that z,(c) = 1. For the second assertion, suppose that

o Clp (X155 Xn)-

If o is tempered and x is unitary, then y; is unitary for each ¢ and hence there can be no
cancellation of factors in L*(1 —s,0 x x~*,1)) with those of L*(s,o x x,%). This implies the
desired equality in the tempered case. The non-tempered case follows by definition and the
fact that every non-tempered unramified o is the unique Langlands quotient of an unramified
standard module. O
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7. Doubling Zeta Integral for GL(X).

In order to establish the crucial property of multiplicativity of the y-factors defined above, it
is necessary to consider the doubling zeta integral associated to a representation of a Levi sub-
group M of Mp(W). If X C W is an isotropic subspace, with W = X +Wy+ X* and, P(X) =
M(X)-N(X) is the associated maximal parabolic, then M (X) = GL(X) x ,, Mp(W;). Thus,
we need to consider the doubling zeta integral associated to a genuine irreducible representa-
tion of GL(X). The nonlinear group GL(X) and its genuine representations were described
in Section 2.

Let X be a vector space and set X = X @ X. Let
XA ={(z,z):reX}CcX and XV ={(z,—2):z¢c X},
so that
X=X*oXV.
Let P(X%) be the parabolic subgroup of GL(X) stabilizing X2. The Levi subgroup of P(X%)
is
M(X2) = GL(X?) x GL(XVY),
and its unipotent radical is
N(X%) =Hom(XV, X%).
For ease of notation, we shall simply write det for the rational character detya x det)_(lv of
M(X A). Then one has the degenerate principal series representation

Ipxay(X;8) == Indp yayxy - (x o det) - |det[*
of GL(X).
We may now repeat the construction of the doubling zeta integral. Let 7 be an irreducible
representation of GL(X), and set
Ty =Xy & T
so that 7 is a genuine representation of GL(X). Then one sets

ZX,¢(37X)(JE7UV7U):/~ fs(g,l)'<7'1>}/(g)’l)v,1)>'dg
GL(X)
for f, € Iﬁ(XA),w(X’ s), v € Ty and v¥ € 7‘12/. This is the doubling zeta integral for the

representation 7, X x of GL(X) x GLy, and it defines a GL(X) x GL(X)- invariant form

ZX,w(st) : IIS(XA)@(XMS) &® 7’12/ & Ty — C.

As before, one has a standard intertwining operator

M(x,s) : I}B(XA),Qp(XaS) - ﬁ(XAW,(X ,—5),

and one may define an normalized intertwining operator ]\;[:[} (x,s) as above (cf. also [LR]).
Namely, one fixes the element B € N(X?) corresponding to an isomorphism XV — X2,
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Then 15(X) = ¥(Trxv (X B)) is a unitary character of N(XV), and one has the correspond-
ing generalized Jacquet integral Wd,, B(x,s) on I B XA)#ZJ(X’ s). By a multiplicity one result,
one has 3 ~ 3

W (X —5) 0 M(x, ) = &p,5(X, 5) - We,B(X, ),
for some meromorphic function & p(x,s). Then the normalized intertwining operator is
defined by:

M;Z,B(Xv 3) = Ew,B(Xv 3)_1 ’ M(X> S)'

Finally, one defines a standard ~-factor 5(s, T X x, 1) by the local functional equation
ZX(_Sa X_17 M;Z(X? S)(f)a v, ,U\/) =
H(s+1/2,7 x x,9) - (1@ x)(~1xa) - x(det B) - [det B[**Zx (s, x, f,v,0"),

where det B is defined in the same way as in the symplectic or metaplectic case. As before,
one has the analog of Corollary 4.2 which ensures that the y-factor here is independent of
the scaling of B.

7.1. Relation to linear case. Now one has the linear version of the above construction, as
detailed in [LR]. Thus, for the given representation 7 of GL(X), one has the zeta integral
Zx(s,x)(f,vY,v), the normalized intertwining operator M 5(x, s) and the y-factor yx (s, 7 X
X, ) defined by
ZX(_37 X_l)(M;Z,B(Xa S)fa UV7 U) =
IVX(S + 1/277— X X7¢) ’ (T ® X)(_lXA) ’ X(det B) ’ | detB|28 ’ ZX(Sv X [ vav)'

We note here a typo in [LR, equation (25)], where on the right hand side of the above
equation, they had 7(—1) instead of (7 ® x)(—1). Moreover, it was shown in [LR] that

Yx (8,7 X X, 8) = 7 (5,7 x x, %) - Y (5, 7Y x x, ),

where v/ refers to the v-factors of Godement-Jacquet. If one examines the proof of this
identity in [LR], one sees that it is the definition using (7 ® x)(—1) which leads to this desired
relation.

The goal of this subsection is to relate the nonlinear doubling zeta integral Zx and the
~-factor 4x (s, 7 X x,1) defined in the previous subsection to the linear versions.

We first note that there is a natural GL(X)-equivariant isomorphism
U(X;8)  Ip(xa)(X; 8) ® Xy = Ipxay 4 (X, 5)
given by .
f=F=F Xy
The following lemma is easy to check.
Lemma 7.1. One has: .
Wy, B(X: 8) 0 t(x; 8) = Wy, B(X, 5)
and .
M(Xv 3) o L(X> 8) = X1/1(_1X) ’ L(X_17 —S) © M(Xv 3)‘
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Thus,
¢y,B(X;8) = xp(=1x) - cp,B(X; 9),
so that
M, 5(x,8) 0 tlx, 8) = ulx ", —s) 0 My, 5(x, 5)-
Moreover,

ZX('S? X’ Y L(X? S)(f)7v7 ’Uv) = 2 : ZX(S7 X? f’ /U’ Uv)'

The lemma immediately implies:
Proposition 7.2. One has
Fx (8,7 X X, %) = vx (8,7 X X, ).

In particular, 4x(s,7 X x,%) is independent of the choice of the isomorphism B, and not
just indpendent of the scaling of B.

8. The Main Theorem.
Now we come to the main theorem of this paper.

Theorem 8.1. One has:

(i) (Multiplicativity) Suppose that

Mp(W)
o C Indﬁ(x),sz X o,

where P(X) is a mazimal parabolic subgroup with Levi factor GL(X) x ., Mp(Wp), T is
an irreducible representation of GL(X) and og is an irreducible genuine representation of
Mp(Wy), then

Yw(s,0 X X, ¥) = vx (5,7 X X, ¥) - ywi (8,00 X X, ).
(ii) (Variation of ¢) If a € F* and v4(x) = ¥(ax), then
W (5,0 X X tha) = x(a)7" - a" VD gy (5,0 X Xaxs W)
(iii) (Outer automorphism) Let o denote the twist of o by an outer automorphism of Mp(W)

given by conjugation by an element in the similitude group GSp(W) of similitude a. Then
one has

W (s,0% X x,%) = 1w (s,0 X XaX, V).
(iv) (Duality) One has

Yw (8,07 X x, ) = yw(s,0 X x,¥_1) = yw (8,0 X X=1X: ¥).

(v) (Functional equation) One has
/VW('S)O- X X)Q/)) : 7W(1 - S7Jv X X_17¢—1) =1
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(vi) (Archimedean case) Suppose that F is archimedean so that (by the analog of the sub-
representation theorem), o is contained in a principal series representation Iy w(le oy Xn)s
then

n
/}/W(Sv T XX, ¢) = H7(87 XiXs Q/}) : /7(37 Xz'_:le ¢)7
i=1
where the y-factors on the right are those of Tate.

(vii) (Global property) Suppose that k is a number field with ring of adeles A and W is a
symplectic space over k. Let o be a cuspidal representation of Mp(W)a, x a Hecke character
of A* and ¢ = @y, a nontrivial additive character of K\A. Let S be a finite set of places
outside of which all data involved are non-archimedean and unramified, then one has the
global functional equation

LS(S7U X X?rl/}) - H ’YW(S7O-U X mev) . Ls(l - 870.\/ X X_17¢)7
vES

where

Lo(s,0 x x,9) = H L(s,04 X Xv,¥v)
vgS
(when Re(s) is sufficiently large) is the partial L-function of o x x with respect to 1.

Moreover, the functions yw (s, 0, x,%) are characterized by properties (i), (ii) and (vii).

9. Proof of Main Theorem.
The rest of the paper is devoted to the proof of the theorem.

9.1. Multiplicativity. The proof of multiplicativity is by the same argument as that in [LR].
Namely, one may apply [LR, Prop 2 and Lemma 9] and relate the doubling zeta integral for
o on Mp(W) to the doubling zeta integral for g on Mp(Wj) and the doubling zeta integral
for 7, = xy - T on GL(X). In particular, by [LR, Prop. 2], one has:

(9.1) Zwap(s,X)(f, 0, ) =
/ ~ Zwyxao(5, ) (206 8)(F)(9). 0¥ (9), alg)) dy.
P(X)x P(X)\Mp(W)xMp(W)
Here, we have set
ZWQXX,w(Sv X) = ZW(),w(s7 X) ® ZXﬂ/J(Sv X)7

and we have regarded o € o C Indgg))((v)V;T X 0p as a function on Mp(W) taking values in

7 X 0p. Moreover, ¥(x, s) is an intertwining operator

U(x,s) : IP(WA)7¢(X= s) — Iﬁ(x),¢ (IP(W()A)7¢(X7 s) X [P(XA),w(Xa 3)>
as defined in [LR].
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Furthermore, in the normalization of the intertwining operator for Mp(W), let us choose
the element A € Hom(WV, W4) so that A(XV) = X%, in which case we also have A(Wy') C
WE. Thus the restriction of A to XV determines an element

B e Hom(XV, X?) = N(X%).
Similarly, the restriction of A to W,y determines an element
Ag € Hom(Wy , W) = N(WE).
By [LR, Lemma 9], one has

_ X Mp(W X
U(x " —s) o My alx,s) = Indﬁ(p}; : (M3 x X A008(X:5)) © B(X, ).
Hence, we have:
(9.2) Zwa (=5, X ) (M4 (%, 8)(f), "5 )

[ ) Zwoxx (8, X) (Miyyx x40 (6 ) (¥ (X, 9)(f)(9)), @ (9), () dy.
P(X)x P(X)\Mp(W)xMp(W)

Now apply the local functional equations of the two zeta integrals in equation (9.2) and
compare with equation (9.1). Noting that
z(0) = zy(00) - (1),
and
det A = det Ag - det B - det(—B) = (—1)3mX det(Ap) - (det B)%.

one deduces that

IVW('S»O- X X,?,[)) = 7W0(370-0 X X7¢) : iX(‘%T X X,?,[))
The result then follows by Proposition 7.2.

9.2. Archimedean case. We note that statement (vi) of the main theorem follows imme-
diately from statement (i), as a consequence of the subrepresentation theorem.

9.3. Variation of 1. Now we are ready to prove statement (ii) of the main theorem. We
note that

Iﬁ(WA),¢a(X> s) = Iﬁ(WAW(XXa, s),

Zwaa (8, X) = Zw,p (S, XXa)

My, (X, s) = Myp(XXa 5)

2, (0) = 24(0) - Xa(—1)".
Thus,

_¢y,A(8,XXa)

M ,8) = - M3 ,8).
wa,A(X ) C%,A(Sax) w,A(XXa )
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On comparing the local functional equations for Zyy ., (s, x) and Zy (s, XXa), one concludes
that

Cop, A\Sy XX
(54 12,0 % X0 ) /1w (5 + 12,0 x xaxs1p) = S2ALEXXa),
Cwa,A(s7X)

Thus statement (ii) holds (for any given o) if and only if:

— ‘a’—2ns 2

Cya,A(S5X) “x(a)™*™" ey a(8, XXa)-

This is the first and second identities in Proposition 4.1. However, we can prove this identity
without resorting to Proposition 4.1 (which was taken as a blackbox from the unpublished
work of Sweet [Sw]). Indeed, it follows from the above that if the identity in (ii) holds for one
particular o, then it holds for arbitrary o! Now, by multiplicativity (i.e. statement (i)), it
is easy to see that the identity in (ii) holds for principal series representations induced from
the Borel subgroup B of Mp(W). Hence we are done with (ii).

9.4. Outer automorphism of Mp(W). To address statement (iii) of the main theorem, we
need to recall some facts about outer automorphisms of Mp(W). We follow the treatment
of Szpruch [Sz]. Consider the element g, of GSp(W) which acts as identity on W% and
by the scalar @ € F* on WV. Then g, has similitude a. Conjugation by g, defines an
(outer) automorphism of Sp(W), which preserves the maximal parabolic P(W42). It is a
basic fact that this outer automorphsim has a unique lift to Mp(W); we shall denote this
lifted automorphism of Mp(W) by v,. Thus,

va(h.€) = (9ahgg ' €a(h) - €),
for some €,(h) = +1. The following lemma records some facts about the function e,.
Lemma 9.3. (i) If h € N(W?), then e,(h) = 1.
(ii) If h € M(W5) = GL(W?%), then e4(h) = Xa(detyya h).
(i13) If h = (1,—1) € Sp(W) x Sp(—=W) € Sp(W), then e,(h) = xo(—1)".

It follows from the lemma that the automorphism v, induces a natural map

Va : Ipawa)y(:8) = Tpara) p(Xa x> 9)

given by
Va(f)(R) = f(va(h)).

9.5. Some computations. Now we can compute the effect of the change of ) on various
objects used in the definition of the y-factors. Recall that

Iﬁ(WA),% (x,8) = ﬁ(WA)ﬂp(X “ Xa» S)-
The following lemma relates the generalized Jacquet integrals Wy, a(x,s) and Wy, a(X, s).

Lemma 9.4. As linear functionals on Iﬁ(WA) dza(X’ s), one has

Wwa,A(X7 S) = |a|—n(2n+1) : (Ww,A(Xv 3) © Vafl)
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Proof. For f € Iﬁ(WA),%(X’ s), with Re(s) >> 0, one has
WoedCes)) = [ f0) - an)
N(WY)
N / f(n) - a(va(n) ™" dn
N(WY)

- / FWa-1(n)) - ¥a(n)~t - Ja| D dn
N(WV)

0

The following lemma establishes the relation between v, and the standard intertwining
operator M (x, s).

Lemma 9.5. As operators from Iﬁ(WA) d}(x,s) to Ip(WA) w(xax_l, —s), one has

va o My(x, 8) = x—1(a)" - x(a)*" - [al*™ - My, (x; 5) © Vo
Proof. This is given by a similar computation as in the proof of the previous lemma:

va(My(x, 8)f)(h) = M(x, s)(f)(va(h))
= / f(wn -vy(h))dn
N(WA)

= / f(Wa(vg-1(wn) - h))dn
N(WA)

Now we note that
Va1 (w) - w™t = (a- Lyya, xa(—=1)") € GL(W2) C Mp(W).

Hence, we have:
OGN0 = [ @) (@) o flanh) d

= x-1(a)" - x(@)*" - al*"* - My, (x, 5) © va.

Corollary 9.6. One has

Cpa,a(X:8) = x-1(a)" - x(a) " - o] 72"

: Ci/},A(XaS)
and
v, © M;Za,A(Xv s) = My, 4(X;$) © Va-

In particular, we have given an independent proof of the second identity in Proposition
4.1. Together with the results of §9.3, we have thus proven the first two identities of Propo-
sition 4.1, independently of [Sw]. The third identity in Proposition 4.1 can be checked by
computations analogous to those in the two lemmas above.
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9.6. Outer automorphism. Let us write
W=X¢X*

with X maximal isotropic. Then one has an outer automorphism of Sp(WW') given by conju-
gation by the element which acts as 1 on X and a on X*. The lifting of this to Mp(W) is
denoted by fi,. Moreover, the outer automorphism pg X g on Mp(W) x,, Mp(W) is the
restriction of the outer automorphism of Mp(W) given by the conjugation of the element of
GSp(W) which acts as 1 on X = X2 + XV and as a on X* = (X*)2 + (X*)V. We denote
this outer automorphism of Mp(W) by p, as well.

For any irreducible representation o of Mp(W), the twisted representation o is realized
on the same space as o, but the action of Mp(W) is defined by:

0%(9) = o(na(9))-
Now consider the local zeta integral for o%:

T, x,0%)(f, 0", v) = / £(g:1) - {(0%)" (g0, v) dg.

Mp(W)

_ / F(g:1) - (0¥ (17 (9)) (v"), v) dg
Mp(W)

- / fpalg, 1)) - (0¥ (9)(v"),v) dg
Mp(W)

- / Ftavs valg, 1)) - (0¥ (9) (0", 0) dg.
Mp(W)

Now it is easy to see that p,v, ! is the inner automorphism given by the element m, in the
Levi subgroup GL(W%) = M(W?#) of P(W*) which acts as 1 on X and as a on (X*)%.
Thus we have

Zws(5,%0%) (0" ) = /M o [ manlg DY) (o ()0, ) dy

= 5P(WA) (ma)1/2 ’ X¢(ma) ’ ’a‘ns ' X(a)n ’ ZWﬂZ)a (37 X5 O')(Va(m;lf)7 U\/a U)'
We have thus shown that

Lemma 9.7.

i (5:%:0%) = Sp(way (ma)? X (ma) - lal™ - X(@)" - Zawg, (5, X, 0) 0 (va omg ' @ 1ov @ 1),

Similarly, one has
ZW#,(—S, X_17 Ua) o M;Z,A(Sa X)

= Spaway(ma)'’? - xy(ma) - a7 - x(a) ™" - Zwyp, (—s,x "

= para)(ma)'/? - xp(ma) - [a] ™" - x(a) ™" - Ziwy,(—s,x"" ) 0 (M, 4(5,X) 0 vaomy")
where the last equality follows by Corollary 9.6.

1/2 |—ns

70) o (Vll ° m;l ° M;Z,A(Sv X))

By dividing this identity by that in the above lemma, and noting that
2y(0%) = 2y, (0),
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we deduce that

— |a|—2ns —2n

/VW('S)O-Q X X7¢) : X(a) ' IVW('S?O- X X)Q/)a)7

which gives the identity in (iii) in view of (ii).

9.7. Duality. Statement (iv) of the main theorem follows from statement (iii), on noting
that the contragredient of o is simply the twist of o by an outer automorphism associated to
an element of GSp(W) of similitude —1 (see [MVW] and [Sun]).

9.8. Global property. We shall now deal with the global functional equation, and we use the
notation in statement (vi). For this, we need to introduce the global zeta integral associated
to a cuspidal representation o = ®,0, of Mp(W)a. Consider the global degenerate principal
series representation Iy (x,s) of Mp(W), and its associated Eisenstein series map

Ey(s,X) : Ipayay (X 8) — AMp(W)),

which is a meromorphic function of s. Here A(Mp(W)) is the space of automorphic forms on
Mp(W)a. Then the global zeta integral

ZW,w(st) : Iﬁ(wA)ﬂp(X, S) ® o Roc — (C,
is defined by:
Zw(s,x)(fr 0", 9) =

/ Ey(s0(F) (91, 92) - ¢ (91) - 0(g2) dgi dgs.
(Mp(W ) xMp(W)i)\(Mp(W )4 xMp(W)4)

The following proposition summarizes the key properties of this global zeta integral:
Proposition 9.8. (i) For Re(s) >> 0, one has a factorization:

ZWW(S, X) = ®UZW,¢U (8, XU)-

(ii) If S is a sufficiently large finite set of places of k, then one has the equality of meromorphic
functions of s:

d3(s, x)

where d°(s,x) is the product of partial Hecke L-functions as defined in Prop. 6.1.

ZW,w(Sa X)(f7 (10\/7 90) = (H ZWJM(S? XU)(flM 901\1/7 (1011)

> L5(s,0 % x, V)
veS

(7ii) One has the global functional equation:

Zwp(—8, X1 o (My(s,X) ® Lov @ 1,) = Zwy(s, X)

where
-1

Mil}(SaX) : IP(WA)ﬂp(XaS) - P(WA),w(X 7_8)

1s the standard global intertwining operator.
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Proof. Statement (i) is due to Piatetski-Shapiro and Rallis [GPSR]. Statement (ii) is a direct
consequence of Proposition 6.1. Statement (iii) is a consequence of the functional equation
of Eisenstein series [MW]. O

In addition, we need to relate the global intertwining operator My (s, x) with the normalized
local intertwining operators M (s, xy). We fix a rational element A € N (W2)(k) and thus

obtain the automorphic character 14 of N(WV)(A) defined as in the local case. We consider
the associated Fourier coefficient map on 1 PWa) d}(x, s) defined by:

W5, ) () = / Ey(s,0)(F)(n) - baln) ™ dn.

NWY)(R)\N(WV)(4)
The following proposition summarizes the properties of Wy, , (s, x)-
Proposition 9.9. (i) One has:
Wy, a(s,X)(My (5, X)f) = Wy, a(s,X)(f)-
(ii) When Re(s) >> 0, one has

Woals, X)(F) = [T We. (s, x0) (f).

Proof. Statement (i) is a consequence of the functional equation of Eisenstein series [MW].
Statement (ii) follows by unfolding the Eisenstein series when Re(s) >> 0. O

Now for each place v of k, the element A allows one to define the normalized intertwining
operator

M;ZMA(Su XU) = cwy,A(Sa XU)_l : Mwu (37 X’U)u
such that
Wﬂ’mA(_S’ thl) o MJJH,A(S? XU) = Wd}’LMA(S’ XU)’
Morally speaking, the above proposition says that
« 77C¢U,A(S7XU) = 17

v
so that
Mw('S’X) = “H”M’:Zv7A(s7X’U)'

v

However, the Euler products above do not converge anywhere, and has to be suitably inter-
preted. This is given by the following proposition, after taking into account the results of
Proposition 6.1:

Corollary 9.10. For a sufficiently large finite set S of places of k, one has

n .
LS(2J B 2377X_2)
L co.atse) =l 5 51
s jzlL(2s—2j+1,x)
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Proof. Consider the identity
Wi, a(=s, X" )My (s,%).f) = Wy,a(s. ) (),
with f = ®,f, such that for all v ¢ S, the conditions of Proposition 6.1 holds. Then
Proposition 6.1 implies that
[T/=1 L (25 — 25 +1,X%)
d5(s,x) - d5(=s,x )

1

B zgwwm@%v)(f”) d5(s.x)”

TT Wea(=s. x5 (M (5, x0) (f2))

veS

Thus, we have
[T, L%(2s — 25 + 1, x?
' ds(—S, X_l)

L T Waunls 05

vES

I cvvals. x0) - Waa(s, xo) (£)

veS
Hence,

n .
LS(QJ _237>X_2)
[ eveatex) = o 551507
s j:lL (2s —2j+1,x?)

O

Combining this with the global functional equation in Proposition 9.8(iii), the results of
the above corollary and Proposition 6.1, and the local functional equation of the local zeta
integral in 5, one deduces the desired result as in [LR].

9.9. Uniqueness. The uniqueness of the vy-factors considered in the main theorem is proved
in the same way as [LR].
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