
COMMUTATIVE SUBRINGS OF CERTAIN

NON-ASSOCIATIVE RINGS

BENEDICT H. GROSS AND WEE TECK GAN

The title of this paper was chosen more in homage to Drinfeld’s famous
note [D] than as a precise description of its contents. We will therefore
describe the main results in the first three sections.

1. Embeddings into R

All of the non-associative rings that we will study arise from Coxeter’s
orderR in the Q-algebra of Cayley’s octonions. Recall that the latter algebra
has basis 〈1, e1, e2, ..., e7〉 over Q and multiplication rules:

e2i = −1,

ei(ei+1ei+3) = (eiei+1)ei+3 = −1,

where the indices are taken modulo 7. The order R is generated over Z by
the ei’s, and the additional elements

1

2
(1 + e1 + e2 + e4),

1

2
(1 + e1 + e5 + e6),

1

2
(1 + e1 + e3 + e7),

1

2
(e1 + e2 + e3 + e5).

Moreover, it has an anti-involution x 7→ x, defined by ei = −ei. The trace
Tr(x) = x+ x and norm N(x) = x · x = x · x take integral values on R.

Let A be the ring of integers in an imaginary quadratic field k of dis-
criminant D. We wish to count the number, denoted N(A,R), of ways of
embedding A as a commutative subring of the non-associative ring R. Note
that by a commutative ring, we mean one which is both commutative and
associative. Let

εA : (Z/DZ)× −→ 〈±1〉
be the odd quadratic Dirichlet character associated to k, and let L(εA, s)
be the corresponding Dirichlet L-function. Then the following result was
obtained in [EG, Theorem 1].
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Theorem 1.

N(A,R) =
L(εA,−2)

ζ(−5)
= −252 · L(εA,−2).

In this paper, we will give a more streamlined proof using results of [GG].

2. Embeddings into J2

Next, let J2 be the abelian group, under matrix addition, of all 2 × 2
Hermitian symmetric matrices with entries in R. An element of J2 has the
form

M =

(

a x
x b

)

with a, b ∈ Z and x ∈ R. In particular, J2 is free abelian of rank 10. The
quadratic form

det :J2 −→Z

M 7→ ab− N(x)

has signature (1, 9) and discriminant −1. When we invert the prime 2, J2 ⊗
Z[1/2] is a non-associative Jordan algebra over Z[1/2], with multiplication
law

M ◦N =
MN +NM

2
and identity element I.

Let A be the ring of integral elements in an étale quadratic algebra k over
Q with k ⊗ R = R2, and let D be the discriminant of A. Hence, A is either
Z ⊕ Z, or the ring of integers in a real quadratic field. Let

f : A −→ J2

be a homomorphism of additive abelian groups which satisfies f(1) = I.

Lemma 1. The following are equivalent:

(1) for all a ∈ A, det(f(a)) = N(a);

(2) for all a ∈ A, M = f(a) has the same characteristic polynomial as a;

(3) for all a, b ∈ A, f(a · b) = f(a) ◦ f(b).

Proof. Clearly, (2) implies (1). On the other hand, the characteristic poly-
nomial of a is N(λ · 1− a), and f(λ · 1− a) = λI −M . Since det(λI −M) is
the characteristic polynomial of M , (1) implies (2).

Now assume (2), and write A = Z + Za, with

a =
D +

√
D

2
.

Then M = f(a) satisfies

M2 = DM +
D −D2

4
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in J2. Since f(α + βa) = αI + βM , we can check directly that f preserves
multiplication, so that (3) holds. Conversely, if f preserves multiplication,
then since a2 = Tr(a) · a− N(a), we have

M2 = Tr(a) ·M − N(a).

Hence the characteristic polynomial of M is equal to that of a. �

When the conditions of the lemma hold, we say that f is a ring embedding
(even though J2 is not a ring). We wish to count the number, denoted
N(A, J2), of ring embeddings f : A→ J2. Let

εA : (Z/DZ)× −→ 〈±1〉
be the even quadratic (or trivial, whenD = 1) Dirichlet character associated
to k, and let L(εA, s) be the corresponding Dirichlet L-function. Then we
have:

Theorem 2.

N(A, J2) =
L(εA,−3)

ζ(−7)
= 240 · L(εA,−3).

3. Embeddings into J3

Finally, let J3 be the abelian group, under matrix addition, of all 3 × 3
Hermitian symmetric matrices with entries in R. An element of J3 has the
form

M =





a z y
z b x
y x c





with a, b, c ∈ Z and x, y, z ∈ R. In particular, J3 is free abelian of rank 27.
The cubic form

det :J3 −→ Z

M 7→ abc+ Tr(xyz) − aN(x) − bN(y) − cN(z)

is stabilized by a form of the simply-connected quasi-simple group of type
E6 over Z (see [G]).

As before, J3⊗Z[1/2] is a non-associative exceptional Jordan algebra over
Z[1/2], with multiplication law

M ◦I N =
MN +NM

2

and identity element I. We will denote this algebra by JI ⊗Z[1/2] to stress
the choice of the identity element.

Let

α =
1

2
(−1 + e1 + e2 + ...+ e7) ∈ R.
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Then α2 + α+ 2 = 0, and the matrix

E =





2 α α
α 2 α
α α 2



 ∈ J3

satisfies det(E) = 1. There is a multiplication law on J3 ⊗ Z[1/2] with
identity element E, which is denoted M ◦E N , and described explicitly in
[EG2, pg. 672]. We denote this algebra by JE ⊗ Z[1/2].

Note that it follows from the strong approximation theorem (applied to
the anisotropic form of F4 over Q, with the set of primes S = {∞, 2} ) that
the two algebras JI ⊗ Z[1/2] and JE ⊗ Z[1/2] are isomorphic. However, it
follows from [EG2] that there is no isomorphism which preserves J3. Hence
we shall let JI (respectively JE) denote the lattice J3, endowed with the
“multiplication law” JI ⊗ JI → 1

2JI (respectively JE ⊗ JE → 1
2JE) with

“identity element” I (respectively E).

Let A be the ring of integral elements in an étale cubic algebra k over Q

with k ⊗ R = R3, and let D be the discriminant of A. Then A is either Z3

(when D = 1), Z ⊕ B with B the ring of integers in a real quadratic field,
or the ring of integers in a totally real cubic field. Let

f : A −→ JI

be a homomorphism of additive abelian groups which satisfies f(1) = I.

Lemma 2. The following are equivalent:

(1) for all a ∈ A, det(f(a)) = N(a);

(2) for all a ∈ A, M = f(a) has the same characteristic polynomial as a;

(3) for all a, b ∈ A, f(a · b) = f(a) ◦I f(b).

Proof. The equivalence of (1) and (2), as well as the fact that (3) implies
(2), can be proved as in the previous lemma. Now assume that (2) holds.
We have to show that f preserves multiplication. Without loss of generality,
we can extend scalars to R. Recall that k ⊗ R ∼= R3. Let

M1 = f(1, 0, 0),

M2 = f(0, 1, 0),

M3 = f(0, 0, 1),

with M1 +M2 +M3 = I. Since f preserves characteristic polynomials, the
characteristic polynomial of Mi is x3 − x2. Hence M3

i = M2
i , and Mi has

rank 1 or 2. We claim that Mi has rank 1, so that M2
i = Mi. Indeed, if Mi

has rank 2, then its adjoint M∗
i [EG2, Pg. 667] would have rank 1 and trace

zero, since its trace is the coefficient of x in the characteristic polynomial of
Mi. But there is no such element in J3 ⊗ R. Moreover, from

(I −M1 −M2)
2 = I −M1 −M2,
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we deduce that M1 ◦M2 = 0. Hence, Mi ◦Mj = 0, for i 6= j, and the proof
of the lemma is complete. �

When the conditions of the lemma hold, we say that f is a ring embed-
ding into JI and denote the number of such ring embeddings by N(A, JI).
Similarly, we define a ring embedding f : A → JE as an additive group
homomorphism which satisfies

{

f(1) = E,

det(f(a)) = N(a), for all a ∈ A.

The same argument as the proof of the lemma shows that, for all a, b ∈ A,

f(a · b) = f(a) ◦E f(b).

Let N(A, JE) be the number of ring embeddings of A into JE .

Let VA be the 2-dimensional representation of Gal(Q/Q) obtained by
composing the homomorphism

Gal(Q/Q) −→ S3

associated to the étale cubic algebra k with the unique 2-dimensional ir-
reducible representation V of S3. Then VA has Artin conductor D. Let
L(VA, s) be the Artin L-function of VA. Then we have:

Theorem 3.

91 ·N(A, JI) + 600 ·N(A, JE) = 27 · 33 · 52 · 7 · 13 · L(VA,−3).

In general, we do not have a formula for either N(A, JI) or N(A, JE)
separately. However, in the case where A is not an integral domain, so that
it is of the form Z ⊕B, there is an element a = (1, 0) in A which satisfies:

{

a2 = a,

Tr(a) = 1.

Since there are no such elements in JE [EG2, Proposition 5.5], we have
N(A, JE) = 0. Hence, Theorem 3 implies that

N(A, JI) = 27 · 33 · 52 · L(VA,−3).

On the other hand, we also have

L(VA, s) = ζ(s) · L(εB , s),

from which we deduce that

N(A, JI) = 24 · 32 · 5 · L(εB ,−3)

= 3 ·N(B, J2).

Of course, this reflects the fact that there are precisely three choices for f(a)
in JI [EG2, Proposition 5.5], and serves as a nice check for the formulas in
the theorems.
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4. Proof of Theorems

In this section, we give an outline of the proof of Theorems 1-3, which
combines the general method of Siegel and Weil [Se2], a local result on
integral embeddings (Proposition 2 below), and a global result on the ratio
of two adelic measures [GG, Proposition 10.7].

Let F be one of the following Q-algebras:










R⊗ Q,

J2 ⊗ Q,

JI ⊗ Q.

Let G be the automorphism group of F , and let G be the group scheme
over Z with generic fibre G, which stabilizes the lattice R, J2 or J3 in F
respectively. Then G is a model for G over Z in the sense of [G], and G(R)
is compact. The groups which occur are listed below.

F G #G(Z)

R⊗ Q G2 26 · 33 · 7
J2 ⊗ Q O9 215 · 35 · 52 · 7
JI ⊗ Q F4 215 · 36 · 52 · 7

Note that G is simply-connected except in the case F = J2 ⊗ Q, where it is
not even connected. Indeed, the element −1 ∈ O9 acts on J2 via:

(

a x
x b

)

7→
(

b −x
−x a

)

.

If we fix an isomorphism

i : JE ⊗ Z[1/2]−̃→JI ⊗ Z[1/2]

and let G′ be the model of G which fixes the lattice i(J3), then we have

#G′(Z) = 212 · 35 · 72 · 13.

In the first two cases, G is the unique model for G over Z, whereas in the
F4 case, there are precisely two models G and G′ over Z (see [G]). Now let
k = A⊗ Q, with A as described in the previous sections. Then we have:

Proposition 1. There is an embedding of Q-algebras k −→ F , and any two
such embeddings are conjugate by G(Q). The stabilizer of a fixed embedding
is a quasi-simple algebraic subgroup H ⊂ G over Q which is compact over
R and quasi-split over Qp for all p. The type of H is given by the following
table.



COMMUTATIVE SUBRINGS OF CERTAIN NON-ASSOCIATIVE RINGS 7

G H

G2 SU3(k)
O9 O8(k)
F4 Spin8(k)

The proof of this Proposition will be given in Section 5. Since

O9/O8(k) ∼= SO9/SO8(k),

we will replace the automorphism group of J2 and the stabilizer of an em-
bedding by their connected components. Hence, in all that follows, we will
let

G = SO9

H = SO8(k)

in the case F = J2 ⊗ Q.

Now let p be a finite prime, and consider the compact subset Cp ⊂
G(Qp)/H(Qp) of algebra embeddings f : k ⊗ Qp −→ F ⊗ Qp which map
A⊗Zp into the lattice R⊗Zp, J2 ⊗Zp or J3 ⊗Zp respectively. We call such
an embedding integral. Then we have:

Proposition 2. The set Cp is non-empty, and the hyperspecial maximal
compact subgroup G(Zp) of G(Qp) acts transitively on Cp. The stabilizer of
a fixed embedding is a special maximal compact subgroup of the quasi-split
group H(Qp).

We will give the proof of this Proposition in Section 6. Note that in
the case when H = SO8(k) and k ⊗ Qp is ramified, the integral model Hx

associated to a special vertex x in the building is disconnected, and a special
maximal compact subgroup is, by definition, the group of points H0

x(Zp) of
the connected component. If −1 is the non-trivial element in the center of
H = SO8(k), we have

Hx(Zp) = 〈±1〉 ×H0
x(Zp),

and the reductive quotient of Hx is the group O7 over Z/pZ in this case.

The following is an immediate consequence of Proposition 2:

Corollary 1. Let dµG be the Haar measure on G(Qp) giving any hyperspe-
cial maximal compact subgroup volume 1, and let dµH be the Haar measure
on H(Qp) giving any special maximal compact subgroup volume 1. Then

∫

G(Qp)/H(Qp)
char(Cp)dµG/dµH = 1.
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Assuming the two Propositions above, we can now prove the theorems.
Let A be the ring of adeles of Q, and let ϕ =

∏

v ϕv be the smooth function
with compact support on G(A)/H(A) which is defined by:

{

ϕ∞ = 1 on G(R)/H(R);

ϕp = char(Cp) on G(Qp)/H(Qp).

Further, let {α} index the double cosets in G(Q)\G(A)/
(

G(R) ×G(Ẑ)
)

,

and let wα be the order of the finite group

Gα(Z) = G(Q) ∩ gα
(

G(R) ×G(Ẑ)
)

g−1
α ,

where gα ∈ G(A) is a representative of the double coset indexed by α. Each
α corresponds to one of our lattices in F . Indeed, in the cases when G = G2

or SO9, there is a unique double coset, and the group Gα(Z) is exactly G(Z),
whereas in the case G = F4, the double coset space has two elements and
the two groups Gα(Z) are exactly G(Z) and G′(Z) (see [G]).

Now, by the results of the two proposition, we can apply [Se2] to obtain
the global formula:

(

∑

α

Nα

wα

)

/

(

∑

α

1

wα

)

=
τ(H)

τ(G)

∫

G(A)/H(A)
ϕ dg/dh

where Nα denotes the number of ring embeddings of A into the lattice (i.e.
R, J2, JI or JE) corresponding to α, dg and dh are the Tamagawa measures
on G(A) and H(A), and τ(G) and τ(H) are the Tamagawa numbers of G
and H.

To evaluate the integral on the right hand side, we let dµG be the product
measure on G(A) which gives the open compact subgroup G(R) × G(Ẑ)
volume 1, and let dµH be the similarly defined product measure on H(A).
The local components of these measures were introduced in Corollary 1, and
for them, we can evaluate the integral (which is equal to 1). On the other
hand, by [GG, Proposition 10.7], we have:

dµG =
1

2l
L(MG)dg;

dµH =
1

2l
L(MH)dh,

where l = rank(G(C)) = rank(H(C)), MG and MH are the Artin-Tate
motives attached to G and H in [G2], and L(MG) and L(MH) are the
values of their L-functions at s = 0. Since τ(G) = τ(H) in all cases [K], we
deduce that:

(

∑

α

Nα

wα

)

/

(

∑

α

1

wα

)

=
L(MH)

L(MG)
.
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Hence, if there is a single class α, we have

Nα =
L(MH)

L(MG)
.

This gives Theorem 1, where

L(MH) = ζ(−1) · L(εA,−3),

L(MG) = ζ(−1) · ζ(−5);

and Theorem 2, where

L(MH) = ζ(−1) · ζ(−3) · L(εA,−3) · ζ(−5),

L(MG) = ζ(−1) · ζ(−3) · ζ(−5) · ζ(−7).

If there are two classes α and β, we have

wβ ·Nα + wα ·Nβ = (wα + wβ) ·
L(MH)

L(MG)
.

This gives Theorem 3, where

L(MH) = ζ(−1) · L(VA,−3) · ζ(−5),

L(MG) = ζ(−1) · ζ(−5) · ζ(−7) · ζ(−11),

and

wα = #G(Z) = 215 · 36 · 52 · 7,
wβ = #G′(Z) = 212 · 35 · 72 · 13.

This completes the outline of the proof.

5. Proof of Proposition 1

In this section, we give the proof of Proposition 1. We first show that
embeddings exist by an explicit construction, using the fact that any positive
rational number is the norm of an octonion of trace zero. This fact is in
turn a consequence of the Hasse-Minkowski theorem.

If k = Q + Qa is imaginary quadratic, with a2 = D < 0, we define

f(α+ βa) = α+ βx

where Tr(x) = 0, and N(x) = −D > 0. Similarly, if k = Q + Qa is real
quadratic, with a2 = D > 0, we define

f(α+ βa) =

(

α βx
βx α

)

where N(x) = D > 0.

When k = Q(a) is a totally real cubic algebra, we can suppose without
loss of generality that the characteristic polynomial of a is

P (x) = x3 + px− q
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with N(a) = q < 0. Let b be a positive rational number where P (b) < 0,
which exists by our assumptions on P . Let y and z be octonions with

N(y) = −q/b,
N(z) = −P (b)/b.

Then the element

M =





−b z y
z b 0
y 0 0



 ∈ JI ⊗ Q

has the same characteristic polynomial as a, and the map

f(α+ βa+ γa2) = α · I + β ·M + γ ·M2

is the desired embedding.

The stabilizer H of an embedding k → R⊗Q was shown to be SU3(k) by
Jacobson [J, Theorem 3]. On the other hand, the stabilizer of an embedding
k → J2 ⊗ Q acts on the orthogonal complement k⊥, which is a definite
quadratic space of discriminant D and rank 8. This identifies the stabilizer
H in SO9 with the group SO8(k), and the full stabilizer with O8(k). Finally,
the stabilizer H of an embedding k → JI⊗Q was calculated to be the group
Spin8(k) by Soda [So].

To show that G acts transitively on embeddings, we invoke a basic result
of Jacobson, which gives the result in the split case (see [J, Section 3, Pg.
62] and [J2, Theorem 10, Pg. 389]; actually, when G = G2, [J, Section 3]
gives the result in the non-split case as well). Hence the embeddings over Q

form a single orbit under G(Q). A standard cohomological argument [PR,
Section 1.3, Pg. 22] shows that there is a single G(Q)-orbit of embeddings
over Q if and only if the natural map

H1(Q,H) −→ H1(Q, G)

of pointed sets has trivial kernel.

In the cases when G = G2 or F4, both the groups G and H are simply-
connected, so that

H1(Q,H) = H1(R,H),

H1(Q, G) = H1(R, G).

Since H(R) and G(R) are both compact, by [Se, Chapter 3, Section 4.5],
H1(R,H) (respectively H1(R, G)) can be identified as the set of conjugacy
classes of elements in H(R) (respectively G(R)) of order ≤ 2. Hence, from
this description, the result is clear in these cases. Finally, we show that the
map

H1(Q, SO8(k)) −→ H1(Q, SO9)

is a bijection of infinite sets. Indeed, the map takes the isomorphism class
of a quadratic space W of rank 8 and determinant D to the isomorphism
class of the quadratic space V = W ⊕ 〈D〉 of rank 9 and determinant 1.
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It is injective by Witt’s cancellation theorem: if W ⊕ 〈D〉 ∼= W ′ ⊕ 〈D〉,
then W ∼= W ′. Moreover, it is surjective by the Hasse-Minkowski theorem,
which shows that every V of rank 9 and determinant 1 represents D. This
completes the proof of Proposition 1.

6. Proof of Proposition 2

We now give the proof of Proposition 2 on integral embeddings. The proof
that Cp is non-empty is similar to that for the existence of rational embed-
dings, and relies on the fact that (R ⊗ Zp)Tr=0 is a split, non-degenerate
quadratic space of rank 7 over Zp. This implies that any p-adic integer is
the norm of an element x in R ⊗ Zp with Tr(x) = 0. We sketch the proof
for embeddings into J2 ⊗ Zp and J3 ⊗ Zp, and leave the case of embeddings
into R⊗ Zp to the reader.

Suppose first that k is quadratic. Then A ⊗ Zp = Zp + Zpa for some
element a with characteristic polynomial P (x) = x2 − αx+ β. To define an
integral embedding f , it suffices to set:

f(a) =

(

α x
x 0

)

where x ∈ R⊗ Zp satisfies N(x) = −β.

Now consider the case when k is cubic. If A⊗Zp is not an integral domain,
then the question of integral embeddings reduces to the case of embeddings
into J2⊗Zp. Hence assume that A⊗Zp is an integral domain, so that A⊗Zp
can be simply generated over Zp by an element a. Except in the case when
p = 3 and A⊗Z3 is unramified over Z3, a can be chosen to satisfy Tr(a) = 0.
Suppose that the characteristic polynomial of a is P (x) = x3+αx−β. Then
we define an integral embedding f of A⊗ Zp into J3 ⊗ Zp by:

f(a) =





−1 z y
z 1 0
y 0 0





where y and z are elements of R ⊗ Zp satisfying N(y) = −β and N(z) =
−P (1).

In the case when p = 3 and A ⊗ Z3 is unramified over Z3, suppose the
characteristic polynomial of a is P (x) = x3 − αx2 + βx − γ, with α a unit
in Z3. Then we define an integral embedding f by setting:

f(a) =





α 0 y
0 0 x
y x 0





where x and y are elements of R ⊗ Z3 satisfying N(x) = −γ/α ∈ Z3, and
N(y) = −β+γ/α ∈ Z3. This completes our sketch of the proof that integral
embeddings exist.
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Now let f be an integral embedding of A⊗Zp, and let H be the subgroup
scheme of G over Zp stabilizing f . Then H(Zp) is a compact subgroup of
H(Qp). To show that it is (the connected component of) a special maximal
compact subgroup, and that G(Zp) acts transitively on Cp, we count the
number of embeddings modulo pn.

Consider the case when G is of type G2. We wish to count the number
Nn(A,R) of embeddings

f : A/pnA −→ R/pnR,

which are defined in the same way as in characteristic zero. Note that even
though we continue to call f an embedding, f need not be injective now.
For n = 1, it follows from a result of Jacobson [J] that:

N1(A,R) =











p6 + p3, if p splits in A;

p6 − p3, if p is inert in A;

p6, if p is ramified in A.

For n ≥ 2, we find, using Hensel’s lemma, that:

Nn(A,R) =











(p6 + p3)p6(n−1), if p splits in A;

(p6 − p3)p6(n−1), if p is inert in A;

(p6 − 1)p6(n−1), if p is ramified in A.

Indeed, in the ramified case, the embedding f(π) = 0(mod p), with π a uni-
formizing element in A⊗Zp, does not lift (mod p2), but all other embeddings
lift with no obstruction.

Now note that the special maximal compact subgroups have maximum
volume among all compact subgroups of H(Qp). Hence, after a brief com-
putation, we find that for n ≥ 2,

#G(Z/pnZ)

#H(Z/pnZ)
≥ Nn(A,R)

with equality holding if and only if H(Zp) is a special maximal compact
subgroup. On the other hand,

#G(Z/pnZ)

#H(Z/pnZ)
≤ Nn(A,R)

with equality holding if and only if G(Zp) acts transitively on embeddings
modulo pn. Thus equality must hold in both cases, and the proposition is
proved in this case. Moreover, we can identify the special maximal compact
subgroup H(Zp), as there are two possibilities, up to conjugacy by Had(Qp),
when p is ramified in A. Indeed, we see from the above that H(Z/pZ) fixes
a non-zero element x ∈ R/pR with x2 = 0, and hence its reductive part is
SL2, the derived group of the Levi factor of the maximal parabolic subgroup
of G2 fixing the isotropic line 〈x〉, rather than SO3.
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The argument is entirely similar in the J2 and J3 cases. We simply give
the formula for the number of embeddings modulo pn. For n ≥ 2, we have:

Nn(A, J2) =











(p8 + p4)p8(n−1), if p splits in A;

(p8 − p4)p8(n−1), if p is inert in A;

(p8 − 1)p8(n−1), if p is ramified in A.

As before, the above formula holds when n = 1, except in the ramified case,
where N1(A, J2) = p8. Again, this is due to the fact that the embedding
f(π) = 0(mod p) does not lift (mod p2).

Note that to obtain the first inequality as above, which compares the
volume of H(Zp) with that of a special maximal compact subgroup, we
need to show that in the ramified case, H(Zp) does not contain the central
element −1 of H = SO8(k). For simplicity, suppose that p 6= 2, so that
A⊗ Zp is tamely ramified over Zp. Then J2 ⊗ Zp contains the sub-lattice

Lp = (A⊗ Zp) ⊕ (A⊗ Zp)
⊥

with index p. Hence we need to show that the element −1 ∈ H, which
acts trivially on A ⊗ Zp and as −1 on (A ⊗ Zp)

⊥, does not preserve the
lattice J2 ⊗ Zp. But if L∗

p denotes the dual lattice of Lp, then the image of
J2 ⊗ Zp in the rank 2 quadratic space L∗

p/Lp over Z/pZ is an isotropic line,
and the element −1 ∈ H sends it to the other isotropic line. This gives the
first inequality above and also shows that the group scheme H over Zp is
connected.

Finally, we have, for n ≥ 3,

Nn(A, J3) =































(p24 + 2p20 + 2p16 + p12)p24(n−1), if p = p1p2p3;

(p24 − p12)p24(n−1), if p = p1p2;

(p24 − p20 − p16 + p12)p24(n−1), if p = p;

(p24 + p20 − p12 − p8)p24(n−1), if p = p2
1p2;

(p24 − p16 − p12 + p4)p24(n−1), if p = p3.

The above formula holds for n = 1, 2 as well, except in the following cases:

N1(A, J3) =

{

p24 + p20 + p16, if p = p2
1p2;

p24, if p = p3;

N2(A, J3) = (p24 − 1)p24, if p = p
3.

This completes the proof of Proposition 2, and hence of Theorems 1-3.

7. The lattice A⊥

In this section, we study the lattice A⊥, as a representation of the group
H(Z) stabilizing a ring embedding of A. For simplicity, we shall only con-
sider those cases where all the ring embeddings are conjugate under G(Z),
so that A⊥ depends only on A and not on the choice of embedding.
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When f : A→ R, the lattice A⊥ has rank 6 and discriminant −D. In the
table below, we tabulate the cases where all embeddings are G(Z)-conjugate,
giving the number of roots in A⊥, and describing it as a root lattice whenever
possible.

−D #H(Z) #roots in A⊥ A⊥

3 216 72 E6

4 96 60 D6

7 21 42 A6

8 16 42 A1 ×D5

11 8 40
15 3 26 A2 ×A4

23 1 22

This corrects an error in [EG1], where it was claimed that for D = −7,
A⊥ is the lattice of the Klein quartic, which has discriminant 73. Indeed, by
our description of H(Zp) at the ramified primes, it follows that A⊥ is not a
Hermitian space over A. Otherwise, the reductive part of H(Z/pZ) would
be SO3, rather than SL2.

When f : A → J2, the lattice A⊥ has rank 8 and discriminant D. The
only two cases where all embeddings are G(Z)-conjugate are given below:

D #H(Z) A⊥

1 213 · 35 · 52 · 7 = #SO(E8) E8

5 29 · 34 · 5 · 7 = #SO(E7) E7 + 〈10〉 ⊂2 A
⊥

where in the case D = 5, A⊥ contains E7 + 〈10〉 with index 2.

When f : A → JI or f : A → JE , the lattice A⊥ has rank 24 and
discriminant D. When A is the ring of integers in a cyclic cubic extension
field with D = d2, there are interesting Niemeier (i.e. even and unimodular)
lattices

A⊥ ⊂ L ⊂ (A⊥)∗

which are stable under H(Z). For example, assume that D = p2, so that
p = p3 is totally ramified in A, and p ≡ 1(mod 3). Then, as rank 2 quadratic
spaces,

(A⊥)∗/A⊥ ∼= A∗/A ∼= p
−2A/A.

This contains the self-dual subgroup p−1A/A, which therefore determines
a Niemeier lattice L. Since (A⊥)∗/A⊥ is split over Z/pZ, there is another
Niemeier lattice L′ between A⊥ and (A⊥)∗. Both L and L′ are stable under
H(Z). In the next section, we will give an explicit example in the case when
D = 72.
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8. Fourier Coefficients of Modular Forms

We end with some remarks on the Fourier coefficients of modular forms,
which count the number of embeddings in the style of Siegel.

In [EG1], it was shown that N(AD, R) (where D is the discriminant of
AD) is the |D|-th Fourier coefficient of the theta function of the lattice
L = 2 ·E∗

7 , of rank 7 and discriminant 213. Moreover, this theta function is
equal to Cohen’s Eisenstein series H3 of weight 7/2 on Γ0(4), and constant
term 1.

Similarly, the integer N(AD, J2) is theD-th Fourier coefficient of the theta
function of the lattice L = 2E8 + 〈2〉 of rank 9 and discriminant 217. Indeed,
since

A = Z + Z

(

D +
√
D

2

)

and M := 〈I〉⊥ = E8 + 〈2〉 in J2, to give an embedding f : A → J2 is

equivalent to giving a vector v = f(
√
D) in M satisfying

{

〈v, v〉 = 2D;

v ≡ D mod 2J2.

The latter condition implies that v ∈ 2M∗ = 2E8 + 〈2〉. Again, since the
Kohnen space of forms of weight 9/2 on Γ0(4) is 1-dimensional [Ko], this
theta function is equal to Cohen’s Eisenstein series H4, with constant term
1 [C]. This gives another independent proof of Theorem 2:

N(AD, J2) = 240 · L(εD,−3).

Using Cohen’s tables [C], we tabulate some values for small D.

D N(AD, J2)

1 2
5 480 = 25 · 3 · 5
8 2640 = 24 · 3 · 5 · 11
12 11040 = 25 · 3 · 5 · 23
13 13920 = 25 · 3 · 5 · 29
17 39360 = 26 · 3 · 5 · 41
21 73920 = 26 · 3 · 5 · 7 · 11
24 125280 = 25 · 33 · 5 · 29

Now we come to the last, and perhaps the most interesting, case: when
A is the ring of integers of a real cubic field. Theorem 3 does not give us the
value of N(A, JI) or N(A, JE), but only their weighted sum. For the first
three real cyclic cubic fields, we have:
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D 91 ·N(A, JI) + 600 ·N(A, JE)

72 29 · 33 · 52 · 13 · 79
92 29 · 32 · 52 · 7 · 13 · 199
132 29 · 33 · 52 · 7 · 103 · 109

In the case when D = 72, so that A = Z[µ7]
+, the ring of integers in the

totally real cubic subfield of the cyclotomic field Q(µ7), we can actually work
out the values of N(A, JI ) and N(A, JE). Here, there is a unique embedding
A → JI up to G(Z)-conjugacy, and a unique embedding A → JE up to
G′(Z)-conjugacy. The stabilizer of an embedding A→ JI is H(Z) = G2(2),
which has order 26 · 33 · 7, and the lattices L and L′ of the last section are
both E3

8 . On the other hand, the stabilizer of an embedding A → JE has
stabilizer H ′(Z) = 72 · 2A4, which has order 23 · 3 · 72, and the lattices L and
L′ are the Leech lattice and the Niemeier lattice A4

6 respectively. Hence, we
have:

N(A, JI ) = 29 · 33 · 52,

N(A, JE) = 29 · 34 · 13.

One can ask if the numbers

NA : =
N(A, JI)

#G(Z)
+
N(A, JE)

#G′(Z)

=
91 ·N(A, JI) + 600 ·N(A, JE)

215 · 36 · 52 · 72 · 13
can be interpreted as the Fourier coefficients of a suitable modular form.
The results of [Ga2] suggest that such an interpretation does exist. Indeed,
the numbers NA are the Fourier coefficients of an automorphic form on the
split group over Q of type G2. To explain what we mean, we need to recall
some structural results about G2. Recall that G2 has a Heisenberg maximal
parabolic subgroup P = L·U , whose Levi factor L ∼= GL2 is generated by the
short simple root, and whose unipotent radical U is a Heisenberg group of
dimension 5, with a 1-dimensional center Z. The adjoint action of L on U/Z
is isomorphic to the representation Sym3(Q2)⊗det−1. It is known [Wr] that
the non-trivial L(Q)-orbits in this representation are parametrized naturally
by cubic algebras over Q, with the étale cubic algebras corresponding to the
generic orbits.

Now if ϕ is an automorphic form on G2, then we can consider its Fourier
expansion along U/Z. To be precise, suppose that ψ is a character of the
compact abelian group Z(A)U(Q)\U(A). Then the ψ-Fourier coefficient of
ϕ is the function

ϕψ(g) =

∫

U(Q)\U(A)
ψ(u)−1 · ϕ(ug)du
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on G2(A). The characters of Z(A)U(Q)\U(A) can be parametrized by
Z(Q)\U(Q). For each A, let us fix a character ψA in the L(Q)-orbit corre-
sponding to the cubic algebra A⊗ Q.

In [Ga2], it was shown that there exists a non-zero vector subspace V∞

of the space of automorphic forms on G2, which affords a certain discrete
series representation ofG2(R), and whose elements have non-zero ψA-Fourier
coefficient only if A is totally real. Moreover, if A is totally real, then there
exists gA ∈ L(A) such that for any ϕ ∈ V∞,

ϕψA
(gA) = |det(gA)|5 ·NA · c(ϕ).

Here the non-zero linear map

c : V∞ −→ C

is a generalized Whittaker functional with U(R) transforming via a fixed
character ψ in the L(R)-orbit corresponding to R3.

The space V∞ above is constructed using theta series lifting from the
group G (the anisotropic form of F4 over Q). Indeed, G2 × G forms a
dual reductive pair in the quaternionic form of E8 over Q [Ga], and V∞

is spanned by certain theta lifts of the constant function on G(A). For
more details, as well as the proofs of the above statements, we refer the
reader to [Ga2]. For a better formulation, we need an analogue of the
q-expansion of holomorphic modular forms on GL2 for those automorphic
forms on G2 whose infinite component lies in the quaternionic discrete series.
We also need a determination of the GL2(Z)-orbits on the characters of
Z(R)U(Z)\U(R).

Finally, we end this paper with the speculation that there should be a
distinguished automorphic form on G2 whose Fourier coefficients are given
by the difference MA := N(A, JI) −N(A, JE). Indeed, since

#G(Q)\G(A)/G(R) ·G(Ẑ) = 2,

there is a non-constant automorphic form onG which is right-invariant under
G(R) ·G(Ẑ) and orthogonal to the constant functions. As shown in [EG2],
this automorphic form on G is lifted from the Ramanujan ∆-function on the
upper half plane. It is natural to conjecture that a suitable theta lift of this
form to G2 is what we are looking for.
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