ON THE REGULARIZED SIEGEL-WEIL FORMULA
(THE SECOND TERM IDENTITY)
AND NON-VANISHING OF THETA LIFTS FROM ORTHOGONAL GROUPS

WEE TECK GAN AND SHUICHIRO TAKEDA

ABSTRACT. We derive a (weak) second term identity for the regulari@edjel-Weil formula for the
even orthogonal group, which is used to obtain a Rallis ipreduct formula in the “second term
range”. As an application, we show the following non-vaimighresult of global theta lifts from
orthogonal groups. Let be a cuspidal automorphic representation of an orthoganalpd) (1) with
dimV = m even and + 1 < m < 2r. Assume further that there is a placsuch thatr, =~ 7, ®

det. Then the global theta lift of to Sp,,. does not vanish up to twisting by automorphic determinant
characters if the (incomplete) standdrefunction L° (s, 7) does not vanish at = 1 + ”%m Note
that we impose no further condition dn or =. We also show analogous non-vanishing results when
m > 2r (the “first term range”) in terms of poles d@f° (s, 7) and consider the “lowest occurrence”
conjecture of the theta lift from the orthogonal group.

1. Introduction

Let F' be a number field with ring of adelds LetO(V) = O,,.,», be the split orthogonal group
of rankm over F and letSp(W') = Sp,, be the symplectic group of rank The groupO(V) x
Sp(W) is a dual reductive pair in the symplectic grosip(V @ W) and possesses a distinguished
representation known as the Weil representation (mod@achoice of a non-trivial character of
F\A). If one chooses a maximal isotropic subsp®ceof V, then this Weil representation can be
realized on the spac® (V' @ W)(A)) of Schwarz functions oVt @ W)(A). Moreover, it has a
natural “automorphic” realization

6:S(V" ®W)(A) — {Functions orO(V)(F)\ O(V)(A) x Sp(W)(F)\ Sp(W)(A)}
which is anO(V) x Sp(W)-equivariant map.

In this context, the classical Siegel-Weil formula is anniily of automorphic forms o© (V)
which relates the theta integral

I(g,p) = 0(¢)(gh) dh

/Sp(W)(F)\Sp(W)(A)
to a special value of a Siegel Eisenstein sefi€s, so; ) for eachy € S((V+ @ W)(A). When
both the theta integral and the sum defining the Eisensteiessare absolutely convergent, such
an identity was proved by Weil ([We]). Subsequent pionagxirorks of Kudla-Rallis (with sig-
nificant refinements by lkeda [Ik] and Ichino [Ich1]) extemistidentity to situations where these
convergent conditions are not satisfied, culminating ingalarized Siegel-Weil formula ([Kd-R2])
where one requires a regularization of the divergent thetegral/(—, ). Strictly speaking, the
work of Kudla-Rallis deals with the case where one considetiseta integral ove®(V), so that
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the Siegel-Weil formula is an identity of automorphic fororsSp(W). In the particular context of
this paper, the regularized Siegel-Weil formula was eihbt by Moeglin ([Mo]) and later Jiang-
Soudry ([JS]). As we shall explain below, the identity esitdied in all these papers is the so-called
“first term identity”.

To explain this terminology, let us briefly recall the setdphe regularized Siegel-Weil formula
in [Mo] and [JS]. The regularized theta integidy, s, ) (whose definition we recall i§3) turns
out to be equal to a non-Siegel Eisenstein sefi&s™) (g, s; ) on O(V). Suppose that

m > 2r,

so that we are in what we call “first term range”. Then the ragaéd theta integral has at most a

simple pole ak = p/. = Tgl and one may consider its Laurent expansion there:

B (¢)(9)

(777/77‘)
— + By () g) + -

gmn)(s, gy 0) =

On the other hand, one has the Siegel Eisenstein sEffég™ (g, s; ¢) and one may consider its

Laurent expansion at= p,, , = 2r—;n+1:

_ A% ()()

S — Pm,r

E™™) (g, 5; ) + AT () + AT (0)(9)(5 = pame) + -+

The regularized Siegel-Weil formula proved in the papers]khd [JS] is an identity between the
first (or leading) terms in these Laurent expansions. Heuachk a formula is referred to as a “first
term identity”.

However, the main concern of this paper is what we call “sdderm range”:
r+1<m<2r

In this case, the regularized theta integral has a doubkegidhe point of interest = p/. = ©t1,
so that its Laurent expansion there looks like:

B (@)9) B (0)(9)
(s —pp)? s = ph,

£ (s, g5 0) = + B (0)(g) + -

The Laurent expansion of the Siegel Eisenstein series=ap,, , = % is as before:

A(mﬂr)
E(m,m)(g’ s; (I)Lp) _ —1 (tp)(g)

S — pm,r

+ AT () + AT () (9) (5 = pmr) + -+

In this case, we shall show that there is still a first term igmelating B_» with A_;. But the
chief contribution of this paper is to show that there is @selationship between the second terms
of the two Laurent series above (for a certain clasg)ofHence we shall establish a (weak) second
term identity relatingB_; with Ay. More precsiely, we will prove the following. (Again s&8 for

the notations.)

Theorem 1.1(Weak Second Term Identity) et dim V™ = m with r + 1 < m < 2r. Then for
all o € S(V+ ® W)(A)) that are in theO(V, A)-span of a particular spherical vectas?, the
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following identity holds:

2r—m .
B ) 41D TT g B )
i=0

= A((Jm"r)(go) mod Im A(_"I’T),

whereIm A" is the image of thel "™ map.

Here we call this “the weak second term identity” becauséefassumption we have to impose on
. Itis expected that this assumption can be removed, buéihsehat our method is unable to do
this. We note that this weak second term identity was proweA.dchino and the first author in
their recent preprint [GI] for the case= 2 andm = 4. Strictly speaking, in [GI] they consider the
similitude groupGO(V), but exactly the same computation yields the same formulkhéisometry
case. We should also mention that the full second term iyewts obtained in certain other low
rank cases by Kudla-Rallis-Soudry [KRS] (on the symplegtmupSp, for the dual paitO4 x Sp,)
and V. Tan [T] (on the unitary groufi(2, 2) for the dual paifU(3) x U(2,2)). Also the spherical
second term identity on the symplectic group has been knowtutlla already since 1989 , whose
precise statement appeared in [K, Thm. 3.13]. This is esdlgrthe symplectic analogue of our
Theorem 4.8. However his proof has never appeared anywihere best knowledge.

The main application of the (regularized) Siegel-Weil fotenis in the derivation of the Rallis
inner product formula for the theta lift froM,,, to Sp,,.. In the first term range, using the first term
identity, we obtain ir§6 such a Rallis inner product formula and use it to obtain ficseifit condition
for the non-vanishing of this theta lift in terms of the ldoatof poles of standard L-functions of
O(m) (see below). In this way, we recover certain results of MimegMo]) and Ginzburg-Jiang-
Soudry ([GJS]) in a somewhat more direct manner.

As we explain ing6, it is necessary to establish a “second term identity” & ‘tfecond term
range” in order to obtain a Rallis inner product formula foe theta lift fromO,,, to Sp,,.; the first
term identity in this range would give one nothing! This Ralhner product formula relates the
inner product of the theta lifts to the values of the standafdnction at certain points, rather than
the residues of the standard L-function at these pointss;Tasian application of our second term
identity, we prove the following non-vanishing result faetglobal theta lift.

Theorem 1.2. Let 7 be a cuspidal automorphic representation@®fV; A) with dim V' = m even
andr + 1 < m < 2r. Assume that

(i) thereis a placey wherer, = 7, ® det;
(ii) the (incomplete) standard.-function L® (s, 7) does not vanish at = 1 + 27 (a pole is
allowed).

Then there exists an automorphic charagiem us (F)\ u2 (A) such that the global theta litt,,. (7®
(1o det)) of m ® (u o det) to the symplectic groufp,,.(A) of rankr does not vanish.

Another way of stating the above theorem is that i§ a cuspidal automorphic representation of
SO(V, A) which satisfies the analogous conditions in the theorem,dheas a nonzero theta lift to

Sp27‘ .

Let us mention that the condition (i) in the theorem is metebhnical, though we do not know
how to suppress it. As a result, we were not able to obtain tiadogous theorem whetim V' is
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odd. Indeed, ildim V' = m is odd, thenr, 2 7, ® det for all v, and hence the assumption (i) of
the theorem is never satisfied. However, we would like to easfde that our non-vanishing result
applies to an orthogonal grop(V') for any quadratic spacg, and moreover we do not impose
any further assumption onsuch as genericity or temperedness.

In the first term rangen > 2r, the analogous results on non-vanishing of theta lifts viiesé
shown by Moeglin ([Mo]) and Ginzburg-Jiang-Soudry ([GJ8Bing Moeglin’s idea of “generalized
doubling method” ([Mo]). As we mentioned above, these rsstén also be shown more directly
using the Rallis inner product formula:

Theorem 1.3. Let 7 be a cuspidal automorphic representation@fV; A) for dim V' = m where

m > 2r + 1.

(@) Assumen > 2r + 2. Further assume that the (incomplete) standarélinction” (s, 7) has a
pole ats = Z-2-. Thenthere is a characteron uz(F)\p2 (A) such thatly, (m@(uodet)) # 0.

(b) Assumen = 2r + 1. Further assume that the (incomplete) standarélinction (s, 7) does
notvanish ak = 1. Then there is a characteron s (F)\ 2 (A) such thaty, (7@ (uodet)) #

2
0.

For this theorem, we do not need the assumptigre =, ® det for some places, and hence
dim V' can be odd. This is because of the crucial Proposition 7.2.

Now once these theorems have been proven, the natural@uestisk is whether the converses
are true. We are not able to answer this question. In [GJS)ngcture related to this issue was
made by using the notion of the “lowest occurrence” for thegean > 2r + 1. In the very last
section, we consider this conjecture in some detail not &orlyhe rangen > 2r + 1, but for any
range.
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2. Notations and Preliminaries

In this paperF’ is a number field with ring of integex® and ring of adeled.. Fix a non-trivial
additive charactet) = ®! 1, on F\A. For each finitey, let ¢, be the conductor of the additive
characterp,, so thaty, is trivial on P, ¢». We fix the Haar measurér, on F, (for all v) to be

self-dual with respect tg,, and hence the volume 6, is g, /.

Let
&) =102 T ¢(s)
v<oo
be the complete normalized zeta functionfafwhereD is the discriminant of". It satisfies the
functional equation

§(1—s) =£&(s).
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Note that¢ has residues at= 0, 1. In this paper, we write
§(0):=Res¢(s) and (1) == Res&(s).

HereRes ;—;,&(s) of course means the residuedt) at s = sg. Similarly for any meromorphic
functionF(s), Res s—s, F'(s) refersto the residue df(s) ats = so. We also denote byal,_;, F'(s)
the “value” of F'(s), i.e. the constant term of the Laurent seriesFofs) at s = so. Note that
Vals—s, F'(s) makes sense even thoufflfs) is not holomorphic at = so.

For an algebraic grou@ over F', we occasionally write
[G] := G(F)\G(A)

for the sake of saving space. Also we denotedf¢r) the space of automorphic forms 6h We do
not impose thdy{-finiteness condition on the elements4fG) so that the full groug+(A) acts on
A(G).

LetY = V* @V~ be a split quadratic space with- maximal isotropic subspaces of dimension
m, and let” = W+ @ W~ be the symplectic space withim W+ = r. Because the spac¥sand
W are split, one can fix self-dual latticesWandW which are compatible with the decompositions
Vt @ V- andWt @ W, thereby endowing the spaced andW* with O-integral structures.
Choosing bases for these lattices also gives us identditsti = F*™ andW = F2", which are
well-defined up to the natural action 6fL,,, (O) andGL,,-(O) respectively. Via these identifica-
tions and using our fixed Haar measurg, on F),, we obtain additive Haar measures on the spaces
VEandi,

Set
H = Sp,, =Sp(W) and G = O m=0).

The O-integral structures o andW also endow the groups and H with O-integral structures.
This determines maximal compact subgroGf€)) and H(O) of G(Ay) andH (Ay) respectively.
Picking maximal compact subgroups arbitrarily for the ar@dean places, we thus obtain maximal
compact subgroup&’¢ andK i of G(A) andH (A) respectively.

Now letw = wy, be the Weil representation 6f(A) x H(A), which can be realized on the space
S((vt ® W)(A)) of Schwartz functions on the adelic vector spage @ 1W)(A). Recall that one
has the partial Fourier transform

SV @ W)(A) — S((V e WH)(A))
defined by
swew - | oz ® ) - P((z,0)) de
VW —)(A)

whereu € (VT @ W)(A) andv € (V- ® WT)(A) anddz is the fixed additive Haar measure on
VEeWw-.

Following [GI, Sec. 7], we definthe spherical Schwartz function
¢' =) € (VT @ W)(A)

to be such that the partial Fourier transfogthis
e the characteristic function ¢’ @ W)(0O,) if v is non-archimedean
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e the Gaussian if is archimedean, namely fare (V @ W)(F,)
() exp(—m(zx,z*)) if visreal
€Tr) =
Py exp(—27(z,x*)) if vis complex
wherez* is the image ofr under the magy @ W+ — V @ W~ given byv @ w — v @ w*

with w* defined as follows: ife1, ..., e, f1,..., fr} is the symplectic basis giving the integral
O-structure oriV = W+ & W— such thate;, f;) = 1, thene} = f;.

It is not difficult to show that

—cyrm/2

Gv x the characteristic function of
Py = WVt eW-)(P, ) e (Vt @ WH)(0,) if vis non-archimedean
the Gaussian if is archimedean

[« =Dl
v

#(0) = D72

Then because

we see that

Now we define
S(VT @ W)(A))° = theO(V)(A)-span of the spherical’.
Also for eachp € S((V* @ W)(A)), we define

cpKH(v®w):/ p(v@kw)dk forvewe (VT e W)(A).
Ky

3. The Regularized Siegel-Weil formula

The first term identity of the regularized Siegel-Weil fodmidentifies the leading term of the
Siegel Eisenstein series with the regularized theta iat€fifd-R2, 1k, Ich1, Mo]) . In this section,
we will review this theory to the extent we need it. Essehtialerything in this section is already
known.

3.1. Eisenstein series associated with degenerated principatrses. First, let us fix some of the
notations and review the basics of the Eisenstein serielseosit orthogonal grouf,,, ,,, of rank
m associated with a family of degenerate principal series.

For each integer with 1 < r < m, we let P. be the standard maximal parabolic subgroup of
O.,,,m stabilizing an isotropic subspace of ranlso that the Levi factor is isomorphic@L, x Oyy,—y ym—r-
As usual, we denote the degenerate principal series by

" (s) =Ind g:?g;m” |* (normalized inductioh

Here| |* is the charactefrdet |* with det is on GL,. and extended t®, trivially on the rest. Recall
that a sectionf(—,s) € I"™"(s) is said to be standard (or flat) if its restriction to the maaim
compacti of O, »,(A) isindependent of. For each standard sectigfi—, s) € I™7(s), we form
the Eisenstein serie8(™") (g, s; f) by

E™(g,s; f) = > f(vg,s).
YEP-(F)\ OM,M(F)

It is well-known that this sum converges absolutely ft{s) > 0 and admits a meromorphic con-
tinuation.
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Whenr = m, we call E(™") (g, s; f) the Siegel Eisenstein series, and otherwise a non-Siegel
Eisenstein series. Also whefhis a spherical standard section wifil) = 1, we call the corre-
sponding Eisenstein series the spherical Eisensteirsserie

3.2. The Siegel Eisenstein seriedNext we will review the theory of the Siegel Eisenstein sedé
the split orthogonal group and its relations to the Weil esentation.

Recall thatG(A) has an lwasawa decomposition
G(A) = P(A)Kg,
where P is the Siegel parabolic subgroup that fixes. Then for eacly € G(A), we writeg =
nm(a)k and|a(g)| = | det(a)|a following the convention of Kudla and Rallis ([Kd-R2, p.®]}.
Also we denote

m—1
Pm = —F—

2
2r—m+1
2

Now consider the degenerate principal sefies ggiﬂ |* (normalized induction). For each stan-
dard sectionP, we form the Siegel Eisenstein series

EmM(g,58) = Y B(vg,9).
YEP(F)\G(F)

and

Pm,yr =T — Pm =

It is known that this sum is absolutely convergent®ig) > p,, = ’”T_l and it has meromorphic
continuation together with the functional equation given b

E(mm) (ga S (I)) = E(mm) (gv —S; Mm(S)(I)),
whereM,,, (s) is the intertwining operator defined by
M (5)8(g.5) = [ @(ung,s)dn.
N(A)
for R(s) sufficiently large and by meromorphic continuation in geher

The following is due to Kudla and Rallis (Theorem 1.0.1 of {Rd]).
Proposition 3.1. Let ® be a standard section. Then the Siegel Eisenstein s&l#s™) (g, s; ®)
has at most simple poles, and f(s) > 0 those occur only in the set

{O p _1p }_{%7%7;pm} ifmisevem
sy Pm s Pmy —

{1,---,pm} ifmisodd
where) meand) is omitted.

We are interested in the residues and value&£6t™) (g, s;®) ats = py,, = 2=+ for
variousr. We write the Laurent expansion &1 (g, s; ®) at p,., = % as

o0

B (g,5:0) = > AT (@)(g)(s — pimr)?
d>-1
ATT@)(g) mr
= Sl_ﬁ +A((J ’ )(‘1)) +A§ ' )(‘1’)(9)(8 — Pm) Foe

Note that eachﬁlfim"r)(cb) is an automorphic form o6/(A).
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The Siegel Eisenstein series is related to the Weil reptaten in the following way. Let
S((vt @ W)(A)) be the space of Schwartz functions giving rise to the Weitesgntation, where
dim W = 2r anddim V = dim(V* @ V~) = 2m. Then for eaclp € S(V* @ W)(A)), we have
amap

m,r G(A)| s
) (V@ W)(A)) — Ind G|

(m,r)
)

pr=@
given by
oY1, 5) = wg)p(0) - lalg)| "~
Here we should emphasize that this mapasG (A )-intertwining unless = p,,, .. Also notice that

d)fam’r) is clearly a standard section, and so the poles of the EiarstriesE ("™ (g, s; @5&’"’”)
are at most simple. By abuse of notation, we sometimes write

AL @) = A0 ),
whenever there is no danger of confusion. Then we have the map

AP S(VE @ W)(A)) — Ind Z] 17 — A(G).

Now Afim””) is G(A)-intertwining if A&m”) is the leading term of the Laurent expansion 1'4%7.’”)

if m = 2r + 1 andA"" otherwise. (Let us also note thaf™" is H (A)-invariant for alld. But
we do not use this fact in this paper, even though it plays atgivole in the original work on the
regularized Siegel-Weil formula by Kudla-Rallis ([Kd-R2]

Now consider the spherical Schwartz functiohe S((V™ ® W)(A)) defined in§2. One sees
that

20 (1,5) = ¢°(0) = D] /2,
Hence at = p,,, » we have

E(m,m) (g’ s; (I)L(pTOn,T)) — |D|7rm/2E(m,m) (97 s; cI)O)7 (1)
where®?(—, s) is the spherical section imd ggiﬂ |* normalized a®°(1, s) = 1.

3.3. The regularized theta integral. Next we will review the theory of the regularized theta in-
tegral and how it is related to the non-Siegel Eisensteiilesetn this section (and indeed for this
entire paper), we assume that we are outside the converegeye of Weil, namely

m>T.

(See [Kd-R2] regarding the convergentrange.) First foheae S(V @ W) let us define the theta
integral
1m(gsig)= [ (g hi)E(hs)d,

H(F)\H(A)

where
(g, hip) = > wlg,h)e),

vE(VHRW)(F)

andE(h, s) is the spherical Siegel Eisenstein seriedb{f\) = Sp,,.(A) defined by

E(h,s) = Yo U(yh,s),

YEQ(F)\H(F)
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where )

W(h,s) = la(h) |, pr= T
andQ@, is the Siegel parabolic subgroup®pb,,.(A). The theta integral might not converge for alll
. However, there is an elemen{resp.z’) called a regularizing element in the center of universal
enveloping algebra af, (resp.h,) for v real (([Kd-R2]) or in the spherical Hecke algebra@{F.,)

(resp.H(F,)) for v non-archimedean ([Ich1]) so that

w(z) = w(z'),
w(g, hw(z) = w(z)w(g, h)
(i.e. the action ofz (and hence’) commutes with the action @¥(A) x H(A)), and such that the
function 6(g, —, w(z)y) is rapidly decreasing on any Siegel domainSpf,,.(A). Thus the theta

integral 7™ (g, s;w(2)p) converges fofk(s) > 0 for all ¢. We call it the regularized theta
integral.

By unfolding the Eisenstein series inside the regularibetit integral, we have
107 (g, 530 (2)¢)

> wlyg.m(aa)w(z)éx, (wo)|al* " da
F)\G(F) aeGL,.(F)

= > )/GL,‘(A)w(Wg,m(a))w(z)cﬁKH (wo)|a|* " da

YEP(F\G(F

~/G‘.L7~(F)\ GLr(8) yep,

= > / w(v9, Dw(2)@Kcy (‘awo)|al* ™~ da.
veP (FN\G(F) * CLr(&)

Herewy is the element ir§(V @ W) corresponding to the element of the form® e; + v2 ®

es + -+ + v, ® e, Wherev;'s ande;’s are the obvious basis elements}ofindW, and P, is the
parabolic subgroup which stabilizes the isotropiglane inV spanned by, ..., v.. (See [Kd-R2,

p.48].)
Now define
Frm (g, 50) :/ w(g, 1)¢(*aw)|al* ™" da
GL,(A)
and so
1(g swz)e) = 3, fU (g swE)ek).

YEP(F)\G(F)
Here note that
f(m,r)(_, s;) € Ind gfﬁiﬂ |® (normalized induction)
and the map

S

G(A)

S(Vt @ W)(A)) — Ind PT(A)| |
o= [0 (=, 550)

is aG/(A)-intertwining operator fofR(s) sufficiently large. Indeed, the integral fgt™ ") (g, s; )
converges fofR(s) > 2=+ Also

FIm (g, s30(2)9) = Po(s) f7) (g, 55.9),
whereP,(s) is a holomorphic function is depending orx. In fact P, (s) is a polynomial ins if we
choose our regularizing elementrom the center of universal enveloping algebra at an aretigan
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place, andP,(s) € Clg, *, ¢3] if z is from the spherical Hecke algebra at a non-archimede&or
example, if we choosefrom the center of universal enveloping algebra at a reakpliais explicitly
given by

r—1
-1
P.(s) = 1}) ((s— L T+ - (m—r)2> .
(See [Kd-R2, p.51].) In any case, we have
107 (g, 550 (2)p) = Pa(s)E0™) (g, 55 90),
where
el g, ss0) = Y f(09.5 k),
YEP(F)O\G(F)

for the regionR(s) > max{r — pl., p.}. (See the second paragraph of [Kd-R2, p.53].)

Also, 2’ as an operator on the space of automorphic forméfdn self-adjoint for the Peterson
inner product with the property

2 x E(h,s) = P,(s)E(h, s).
It is known that ats

a double pole, and ifn
Accordingly, we call

p, = “t! the non-Siegel Eisenstein seri&8™")(g, s; ) has at most
2r + 1, then it only has a simple pole. (See [Kd-R2, bottom of p)53].

(AVAN

m>2r+1 r < — —1:1sttermrange

m
2
m

r+1<m<2r ie. <r <m—1:2ndtermrange

e
m
2
Also we sometimes call

m = 2r + 1 : boundary case

The rationale for this terminology is that for the 1st termga, we will need only the first term
identity, and for the 2nd term range we will need the 2nd tatemtity. Also, for the boundary case,
the first term identity differs from the non-boundary caskiswill be clearer in due course.

We write the Laurent expansion 6™ (g, s; ) ats = pl, = "L as

(g, 1) ZB”” 9)(s — pl)?
a>—2
B (@)9)  BUT@)9)  mm
S Teoar oy TR @

Note that eacléBgm’T) is a map fromS((V*™ @ W)(A)) to A(G). Unlike the case of the Siegel

Eisenstein series, however, all t@m”)’s areG(A)-intertwining. This follows from the fact that
w(z) commutes with the action @¥(A) onS((V* @ W)(A)). To be more specific, note that

£ (g, 530) = 1(™7(g, s;w(2)p)

P.(s)
1
PZ (S) / H(F)\H(A) o(g’ h; W(Z)QO)E(h, S) dh
00,1 w(2)0) L) a,

H(F)\H(A) P.(s)
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If we write the Laurent series cﬁ‘hﬁj) ats = pl as

C_o(h C_1(h
ZCd (s —pl)? 2(h) + 1()+Co(h)+---,
= BN AT

then one sees that
By ()0 = [ 0(g, hs w(2)9)Ca(h) dh
H(F)\H(A)

Then the assertion follows from

099’ h;w(2)p) = 0(g, h;w(2)w(g', 1)p)
forall ¢’ € G(A).

(m,r)

Let us also note also that the first non-z&g"", which turns out to be eithes"”;"” or B}
depending on the range, i$(A)-invariant, but we do not use this fact, even though it is @l
the theory of the regularized Siegel-Weil formula.

Finally, let us assume® € S((V* ® W)(A)) is our spherical Schwartz function as defined in
§2. Thenf(mm)(— s;¢%) € Ind gfﬁiﬂ |* is a spherical section IR(s) is sufficiently large. Let
7% € Ind gfﬁiﬂ |* be the spherical section with the propef8(1, s) = 1. Then it was shown in
[GI] that

Lemma 3.2.

) (-1
£ (g,5:) = DIt T A R ),
2
i=1

(Here recall our conventiog(1) = Rgﬁg(s).)

Proof. This follows from the fact that

. +m-— —(i-1))
(M1, 5: o) = D[ -rstm-e/2 TT & ,
FmO(, 56" = | D) II )
(See [GI, Lemma 7.4] for the detail computation.) O
3.4. The regularized Siegel-Weil formula (first term identity). Finally, we can state the first term
identity of the regularized Siegel-Weil formula in the fitetm range. To be precise, we have the

following first term identity, which is essentially due to Kglin ((Mo]) and completed by Jiang and
Soudry ([J-S]), though their proof heavily depends on Kuadid Rallis ([Kd-R2]).

Proposition 3.3. Assume* < -1 i.e. m > 2r + 1. Then for allp € S(V™ ® W)(A)), there

exists a standard sectioh(—, s) € Ind such that

S
B (p)(g) = ATV (@)(9)
for all g € G(A). Moreover ifp is spherical, ther can be chosen to be a spherical section.

Proof. The first part is [J-S, Theorem 2.4]. The second part follawsifthe fact thaﬂ&”{’m_r_l)
is a G(A)-intertwining map fromInd ggiﬂ |* to A(G). Namely, for any® corresponding to a
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sphericalp in this formula, if we takeb’ to be such thad’(g) = fKG ®(gk) dk then (assumingk
is chosen so that the measurelaf is 1) we have

AT () (g) = /K AT (@) (g) = /K BT (0)(gk) = B (0)(9).

4. Spherical Second Term Identity

In this section and the next, we shall derive a certain fornthefsecond term identity of the
Siegel-Weil formula (the weak second term identity) in tleeand term range; it is an identity
between the second terms of the Laurent series expansidhe &iegel Eisenstein series and the
non-Siegel Eisenstein series resulting from the reguddrtheta integral on the orthogonal group.
We first derive the spherical second term identity in thigisa@nd in the following section, we will
extend it to the weak second term identity.

4.1. Spherical Eisenstein SeriesRecall that at the beginning of the previous section, we ddfin
the Eisenstein serieB8(™") (g, s; f) for f(—,s) € I"™"(s). In this section, by studying this Eisen-
stein series wheyi is spherical, we will derive spherical Siegel-Weil formsitzoth for the first terms
and the second terms. For this purpose, for egoh C we write the Laurent series expansion as

B (g5 )= > (s 50) By (g, 50: f).
d>—oo
Also for the spherical sectiofi’ with the property thaf®(1, s) = 1, we simply write
Emr) (g, 5) = E™") (g, s; f0).

Now let @ = P, so that its Levi factor i€z, x Op—1,m—1. We consider the constant term
Eé?m’r) of the above Eisenstein seriB§™") (g, s; f°) along the paraboli€ for the spherical section
f° with the property thatf°(1,s) = 1. The constant terrtEg”’T) is an automorphic form on
Gm(A) X Opm—1,m—1(A) which can be computed as follows. (See also [GI, AppendiX. B]

(m,r)

Proposition 4.1. The constant ternk;, " * of the Eisenstein serigs("™ ") for the spherical section
19, as an automorphic form 0@,,,(A) x O,,—1,m—1(A), can be expressed as follows.
o If 1 <r < m,then

BG"((a,9). ) = lal "= B0 (g5 4 )
E(s +m— )

—s+m—"EL (m—1,r— 1 £(2s
+ a7t B 1)(918__)m

+a|" B (g, 5)

2
s+ F) Es—m+ P
E(s+m—T5)  E(s+ )

o If r = m, then

- et 1
ES"™((a,9),5) = la]* 7 B 1m0 g 4 )
—gpm—t E(m—l,m—l) _ l 5(28)
a7 @5 = 5 e e m=1)
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o If r =1, then

m,1 s+m—
EGV((a,g),s) = |a]**™ !

(m—1,1) §(s+m—2)
+lalEm 1 (g
+ |a|7s+mfl 6(5) . 5(5_m+2)

E(s+m—1) E(s+1)

Heref(s) is the complete normalized zeta function of the number fieddth the functional equation
&(s) =¢€(1—s),and(a,g) € Gm(A) X Op—1,m—1(A).

Due to frequent use of those formulas, we simplify the notegiby setting

§(s+m— )

Fme) = &(s+m — =EL)
gimn(g = — S8  Etg) Es—mi 25
gy — —_E28)
H (S)_§(25+m_1)’

for the factors containing the zeta functions in the first aadond formulas above. Also we write
the Laurent series expansion fBf™ ") (s) ats = sq as

Fmn(s) = 37 (s = s0) ™ (s0),
d>—o0

and similarly forG(™")(s) and H(™ (s). Also, throughout this section, we suppregsanda from
the notation of the spherical Eisenstein series whenewsetis no danger of confusion. Namely
for E(™7)(g, s) and|a| we simply writeE(™")(s) and| | respectively, and for the Laurent series of
E(Mm7) (g, s), we write

EM0(s) = 37 (s —s0) B (s0).

d>—oo

4.2. Alemma. The following elementary lemma will be crucial for our cont@tion and repeatedly
used.

Lemma4.2. LetE,,..., E, andFy, .. ., F; be automorphic forms 00, ., (A). Also letry, - - - ry,
andsy, ..., s; be real numbers such that all thg¢s are distinct and all the;'s are distinct but some
of ther;'s might be the same as some of this. Then if

k

l
S B+ a1y =0

i=1 =1

as an automorphic form 08,,(A) x O, »(A), then all theE;’s and F};'’s are zero.

Proof. Let us fix an embeddin®* < A* by using one of the archimedean places, and view the
functions||™ and| |* In || as functions orR*™. Then those functions are known to be linearly
independent ovet. Thus the lemma follows. O
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4.3. Spherical first term identity for 1st term range m > 2r 4+ 1. Using Proposition 4.1, we
will compute the spherical first term identity between théesjrcal non-Siegel Eisenstein series
E(M7)(s) ats = “FL and the spherical Siegel Eisenstein sefi#8 ™) (s) ats = 221 =

—pm,r inthe 1st term rangeé.e. whenm > 2r + 1. Itis basically a refinement of the spherlcal case
of Proposition 3.3.

Lemma 4.3(Spherical First Term Identity for 1st term rangdyssume: < mT*1 ie.m > 2r+1.
Then there exists a non-zero constant,. independent of and f such that

mar), T+ 1 mom), M —2r — 1
B (=) = e B (P,
wherec,, , can be explicitly computed as
r—1 . (r+1)
§(m —2r +i) £(2
Cm,r = . '
0" 1%

Proof. The first part of the lemma is immediate from Proposition &8.let us explicitly compute
cm,r- First we need to computg, ;. (Let us note thatn > 4 sincem > 2r 4 1.) Note that the first
term identity gives

B 0) = e B (),
which together with Proposition 4.1 gives
Em 11)1§(m—1) m_zﬂf(?)_m)
e T B T E)
_ mz(mlml)m 2 (m—1,m—1) /M — 4§(m 3)
= e (IP2BG V2 p e ST,

(Here recall our convention thgt1) = Rg§§(s).)

Now Lemma 4.2 allows us to “extract” all the terms containjiig—2. Namely we can equate
the second term of the left hand side with the first term of ihletthand side. Then we obtain

€0) €6=m) _ - pmetmen) M2,
&m)  £(2) 2
Notice that this implies that, as an automorphmfoEﬁ’,’f Lm= 1)( 2) is a constant function. Let
(mom) M =1,

so that

o EEm ) 1

" £2)¢(m)  Am—
(Here we used the functional equatieé8 — m) = &(m — 2).) But \,,,_1 can be computed as
follows:

_ (mym) T — 1 _ (m=1,m-1), /1M — 2 g(m B 1) _ f(m — 1)
m=F —)=F = A1
A —1q (—5) ! (= )§(2m —2) A Yezm —2)
(To obtain this, we computeff mm)(m 1) by Proposition 4.1 and usefl” "~ 1)(%) =0
becausez(™~1m=1)(s) converges a.) This gives

_ Em—Dgm—2)--€(2)
" E(2m - 2)E@2m —4)--€(4) 7T

But it is easy to computg, = % Hence we get the formula fer,, ;.

>
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Now let us treat the case > 2. First, sinceE"}"” (2£1) = ¢,, B} (m=2r=1) e have
Eﬂ"f:g)(rgl) =Cm TE(T_’g)(im 2r—1). Then by Proposition 4.1,

r4+2 r+1)§(m—7°)
2 > ) Em)
m—r—1p(m—1,r—1) f 5(7’ + 1) 5(7’) 6(2T +1- m)
ER e T o7 BT M R

B M1 p(m—1,m—1) M — 21 r(m—1,m—1), M — 2r =2 &§(m —2r — 1)
- “m,7r E7 E7 .
e (1] RS e (e B R

||mEm 17" 1)( )+||E(m 17“)(

Note thatn —r —1 # r andm —r —1 # m. Then by lemma 4.2 we can extract the terms containing
||™~"=1, and obtain

(m—1,r—1),T ( —2’/‘) 5( ) —c (m—1,m—1) M
B e qany e BT )

(Here note that we used the functional equatj(@r + 1 — m) = £(m — 2r).) Also by definition of
Cm,r We have

m—1,r— m—1,m— -2
gt 1)(2):%7”71}7(1 Lm—1) M~ 27

- 2 - 5 )

Those two together give the recursive relation

e Em=2) &)
T gy €

which gives

Cm,r = H 5 T 2T+z Hg 2) “Cm—(r—1),1-

Hence the formula fot,,, ; immediately gives the formula fat,, .. O

Next we will derive the first term identity on the boundaryrsgj we need the following lemma,
which we will frequently use later.

Lemma 4.4.

(i) B3 (s9) = 0for sy > 2,
(") E(2r+l T) L)

(i) ES"Z (g2 >2

Proof.

(i) We show this by induction om. So first let us assume that= 1. This can be shown by
induction onm by using the third equation of Proposition 4.1. So assuméethena holds for
somer. Then by the first equation of Proposition 4.1 together whth induction hypothesis,
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we get
4
3r2+ )

(m,r+1) 1+l p(m—1,r+1) 5(50 +m—
E S0) = EY s
o) = I B )

3r+4
(m—1,r+1) i+l p(m—2,r+1) 5(80 +m—-1- 2 )
E = E
-2,Q (s0) =] -2 (s0) Clsotm—1— T;rl)

3r+4
(m—2,r+1) 4+l o(m=3,r+1) 5(80 +m—2- 2 )
E = E
-2,Q (s0) = 1| -2 (s0) C(so+m—2— T;rl)

r T T r + +2_M
Egjé +1)(S )_ | |7‘+1E (r+1, +1)(SO)5(50 r il )
’ <(50+T+2—TT)

Notice that in the last equatiorﬂﬁrjl’r+l)(so) = 0 because the spherical Siegel Eisen-
stein series never has a double pole. (Also note ghat+ r + 2 — 3T+4) is holomorphic
atsy > 42.) SoEU; 5" (s0) = 0, i.e. E(T”’T“)(so) = 0. HenceE ", 5" (s0) = 0,

i.e. E(f;3 " (50) = 0 etc, and we geE"2" ™ (s0) = 0. Thus the induction is complete
and (i) has been proven.

By proposition 4.1, we have

or42), T+ 1 r 2r+1,r—1), 7+ 2 2r+1,m), 7+ 1 r1,my, F 1
B G (=) = | PR BT () |G () PO ()

—2Q 2 2 2
r (2 1,r—=1), T B |
I IMBETR(G)GR (— ).

But B 537 2ty BT (242 and BT (1) are all zero because, in general,

the non-Siegel Eisenstein serig§™") (s) does not have a double pole when> 2r + 1.
Hencer %™ T)(“fl) 0.

This can be proven in a similar way as (i) by inductionutBhis time, we use the fact that the
Siegel Eisenstein serigs("+1:7+1)(s) does not have a pole at= “t%. The detail is left to
the reader.

O

Then we have

Proposition 4.5(Spherical First Term Identity on the boundar@ssume: = ’”T_l i.e.m=2r+1.

Then
E(_21r+1.,r)(7° —;— 1) _ CTE62T+1,2T+1)(O),
where
r+1
B (1) 1Y €0)
Cr = 02r+2,7‘2§(r+2) = 2 H 5(’]"—}—1)

=1

(Recall¢(1) = Is{gg(s).)
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Proof. First assume > 1. The first equation of Proposition 4.1 gives us

oart2,0),T+1 - 241,01y, + 2 r(2r41,r), T+ 1 i), T 1
EC G (=) = [P B () 4 | B () R ()

- 2 +1,r—1), T TR |
+ BT ()G (), ()

(To compute this, we used Lemma 4.4 (ii).) Also Lemma 4.3 give

2r4-2,r ’f‘+1
gyt

which, combined with the second equation of Propositiondivies

r+1

2 )

o T+1E(2r+l,2r+l) 1 r(2r4+1,2r+1) 0 H(2r+1,2r+1) 3
= cort2,r (|| -1 (1) +[["Eg (0)H= . €))

1
2r4+2,2r42
)= 62r+2,rE£1,Q )(5),

2r4+2,r
EETE(

Therefore by equating (2) and (3), and (again by Lemma 4@ify at the terms containing”,
we obtain

r r +1 5(7’ + 2) 2r+1,2r+1 5(1)
E(2+1,)7’ = ¢y rE( +1, +)O
—1 ( 2 )5(2T+2) C2 +2, 0 ( )25(27"4—2)’
namely
1), T+ 1 2r4+1,2r+1 (1)
E(2+1,)7° = ¢y, TE( +1, +)0

—1 ( 2 ) C2 +2, 0 ( )26(7"4—2)7

where

S | L0
T 26(r +2)
and Lemma 4.3 gives the explicit expressiondpas in the proposition.
If » =1, the same identity can be obtained by more direct computagiod is done in [Gl]. [

4.4. Identities in the second term range: Idea of the proof.Next we consider the 2nd term range
r 41 < m < 2r. In this range, the non-Siegel Eisenstein sefi&&") (g, s; f) can have a double
pole, and indeed as we will show below, it does have a doulléefpoa sphericalf. In this case,
we shall establish not only a spherical first term identity &lso a spherical second term identity.
Both of these follow from the same idea which we have alreagyoited in the proof of the first
term identities in the first term range (Lemma 4.3) and on thenblary (Proposition 4.5). We shall
presently give a brief description of the idea before plaggdnto the details of the proof.

Roughly speaking, our proof of the identities @, ., Sp,,) iS based on induction on the
guantity
J=2r—m.

Observe that one has

j < —1 < first term range;
j = —1 <= boundary;
j > —1 <= second term range.

We have shown the spherical first term identities when —1 and let us see how we can deduce
the spherical first and second term identities;fer 0 from the casg = —1.
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We start with the first term identity on the boundairg (whenm = 2r + 1 andj = —1), which
is given in Proposition 4.5 and Lemma 4.4 (ii):

2r+1,r r+1
E(72+ )(T) =0,

s T 1 ' '
EEH0(LE2) = B o).

These are identities of automorphic forms on the grogp; 1 2,-+1(A). By considering the constant
term along?, we have

Bl g

—2,Q B
or41,r), T+ 1 2r41,2r+1
EELQ )(T) = CTE((LQ )(0)'

Now using Proposition 4.1, we can compute both sides of tvesequations in terms of Eisenstein
series on the lower rank gro@,, »,-(A). This results in certain relations between Siegel and non-
Siegel Eisenstein series @, »,-(A). The relation that follows from the first equation is simply
the spherical first term identity for. = 2r (i.e. 7 = 0), and the one that follows from the second
equation gives the spherical second term identityrfor 27 (i.e. j = 0).

Usingm = 2r as the base case, we will then show the spherical second demtity for the
remaining cases+ 1 < m < 2r by induction. For the first term identity, we further prove ttase
m = 2r—1(i.e. j = 1) by a similar method, and then show the remaining cages < m < 2r—1
by induction by using then = 2r — 1 case as a base step.

While the above idea of deriving the spherical second teentity onO,,, ,,, from the first term
identity of O,,,+1 41 IS quite simple and elegant, its execution requires sorheréngthy detailed
computations. We apologize for not being able to packageethemputations more elegantly.

4.5. Spherical first term identities in 2nd term range r < m < 2r. Let us first consider the first
term identity.

Proposition 4.6(Spherical First Term Identity for 2nd term rang&yssume that we are in the 2nd
termrange”s! <r <m—1,ie.r+1<m <2r. Then

r+1 2r—-m+1

B () = EOP ™ (),
in which
_ §(1) &(2r)
d2r,7‘ - CQT,’I‘*l%g(T + 1)
_&m)

dm—l,r = dm,r y for m <2r—1
&(

m—r)

(Recall thatt (1) = Rgg(s).)

Proof. Let us note that the case= 1 andm = 2 is essentially done in [GI, Appendix. B]. So we
assume that > 1.

The casem = 2r
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As we mentioned above, we first prove the case= 2r.

Proposition 4.1, we have

Namely from the first formula of

2r4+1,r T+1 r 2r,r—1 ’f‘+2 ) 27"r ’f‘+1 r r ’f‘+1
E( +,)( ) = ||2+1E( )( 5 Y+ ||"E ( )( )F(2 +1,)( )

—2,Q 2
r 2r,r—1),T
+|"EGTTV ()6
But as we mentioned at the beginning of the section,
2r+1,r r + 1
BN

)G(2r+1,r)

2 2
r+1

)

by Lemma 4.4 (ii). Then by extracting terms havinig (Lemma 4.2) we have

r+1 r+1
0= E(QT r) T F(2r+l T)

from which, by computing”r+1.7) (£

)+ BT GEE T,

L) andGZ ") explicitly, we obtain

(2r,r) il §(T+1) _ (2r,r—1) C (T+ 1) 6(7‘) 5(0)
EST (S )§(2r+ 1 ELT T G) €(2r) £2r+1)&(r+1)
= —Copr— 1E(21T 2”(;)25 ;% (by Lemma 4.3,
which gives
(2r,r) r+1 5(0) 5(27‘) (2r,2r) 1
EY, (T) = —Corr— 15( Ve 1) (5)
(Here recall our convention thgt0) = Rggg(s).) We set
= ey E(O0)_(20)
M) E(r+ 1)
LW ) -
— CZT,T—lg(T) 5(7’ + 1) by{(O) 5(1)

Hence the caser = 2r is proven.

Base step of the induction:m = 2r — 1

Next we show the case < 2r — 1. Recall

m=2r—j

where 1<j<r—1.

Then we show this by induction gin For the base step, consider

2r,r T+1 r 27‘ 1,r—1 T+2 r 2r—1,r T+1 r.or T+1
E%d(—=—) = |>"E% (22 + | [FES T (=) R ()
2 2 2 2
+1
r— 1E(2T 1,r—1) G(2T r) T 4
+1] <> (). 4)

We know that

@2rr),T+1 1
—-2,Q (T

r+2

E(27‘—1,7‘—1)

2r—1,r—1),T 2r—1,2r—1
E(—l )(5) = Cr—lE(g :

2r,2r
)= dor ECTE(5)

=0 (Lemmad4.4 (i)

(0)-
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Hence (4) becomes

r+1

27,27 r(2r—1,r) T
o 1 B (G) = | EG (o ypern (T

r+1
2
I e BET 06D ().
Now by the second equation of Proposition 4.1, we have
E£2{7,ér)(%) | |TE£21T—1,2T—1)(1) + |r71E(()2T—1,27‘—1)(0)H(7217‘)(%)'
Then by (5) and (6), we have

T— r— —_ r— T— T— 1
dany (IPES 70 4 |1 B2 0% ())
_ e p(@2r=1,7) r+1 (2r,r) r+1
= |["EG T () P (= -
By extracting the terms containing” in (7) (Lemma 4.2), we obtain

2r—1,2r—1 2r—1,r),7+1 Y !
dar, EG T2 70(1) = BT (o) PR (),
ie. ) )
2r—1,r), T+ rry T 2r—1,2r—1
B (=) = dap FO (=) BE TN,
and
1
d2r71,r - d2r r T
Fern (=)
£(2r)
_d2r,7‘ .
&(r)

This shows the base step.

The induction step

Now consider the induction step. First note thatfor 1,

_ 2r—1,2r—1 orr), T+ 1
)+ [ e BT R 0) 6O ().

(5)

(6)

(@)

2r—j,r r+1 r— 2r—j—1,r—1 r+2 2r—j—1,r r+1 r—qj,r r+1
B () = PP EEG T N () (MBS T (g PO ()

2 2
r—i—1 (2r—j—1,r—1),T rejrym 1
MBS ()
r—j—1,r 1 —J 1
= |G () per=in (T2

i1 (2r—j—1,r—1),T r—im, T+ 1
| PITEE RGN (),

where we use(E@T g=ir= 1)(“fz) = 0 (Lemma 4.4 (i)). Also we have

2r—j2r—j),J +1 r(2r—j—1,2r—j—1),J + 2
BE () = MBS ()

+ | |r—j—1E(7217“—j—172T—j—1)(i)H@T—j)(E

2 2)'

Now by the induction hypothesis

r+1 j+1

E(2T—j77“)
S0 (55— 5

2r—j,2r—
) = dapj B G2 (),

(8)

)
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together with (8) and (9) above, we obtain
- Ur—j—1,r 'f'+1 i 7”-’-1 i 2% —jr—1 r i 'f'+1
[BE D () P (=) + [T BE ()G ()

2
r(2r—j—1,2r—j—1) /] + 2 i1 (27 —j—1,2r—j—1) ] g1
= dar—js (||E<1J IS+ E T (e -WT)).

2
By extracting the terms containingf” from both sides (Lemma 4.2), we obtain

Ur—j—1,r 7”+1 i, T A1 2r—j—1,2r—j—1),J +2
BE TG I (—gm) = o BE] TN (22,
i.e., by computingF (27— ( £1) explicitly,
r—j—1,r +1 5(2T ) (2r—j—1,2r—j—1) Jj+2
B2 = T o ]
2 ( 9 ) 5(7’ _j) —J,r 1 ( 9 )
and
§(2r —j) ,
d27‘— i—1,r = 7d27‘ Ty for J > 1.
’ €r—j)
This competes the proof. O

4.6. Spherical second term identities for 2nd term ranger < m < 2r. Next we prove the
spherical second term identity. As we mentioned at the Iméginof the section, we prove the case
m = 2r as a base step and derive the rest by induction. Namely, #rgtrove

Proposition 4.7 (Spherical Second Term ldentity for = 2r). The following identity holds for the
spherical Eisenstein series:

1 1 1
E£21r,r)(r+ )Fé2r+1r)(r+ )+E(2r7‘ 1)( )G(2r+1r)(7’+ )

2 2 2
1
= 26,y ”’(2> +20E 7 (5).

where~y, is some constant which depends onlyron
Proof. Recall as we mentioned at the beginning, we start with

2r41,7), T+ 1 2r41,2r+1
BEL () =B 0)

which is obtained by taking the constant term ala@p@f the spherical first term identity on the
boundary (Proposition 4.5). Also by Proposition 4.1, weehav

3

2r4+1,r s 3T+1 rr— r r,r r r
G (s) = |7+ B (s 4 1) 4 |7 B (5) PO s)

3r+1
2

+ | |—s+ E(27‘,r—1)(8 _ Q)G(Qr-l—l,r)(s)'

Now we will compute the residue of both sides%tl. Note that

_ +1 1
E(QT,T 1,7 +
-1 (—2 + 2)

o r—i—l
BV (=) £0,

=0 (Lemma 4.4 iii),

2r,r—1),,T +1 . 1
E—l (( 2 2)) 7& Oa

G (5) £ 0,
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By taking all these into account, we obtain

E(27‘+1,r) ( r+1 )

—-1,Q 2
r 2r,r r+1 2r+1,r r+1 (2r,r r+1 2r+1,r r+1
= |["EG T () PR (=) | [T BT (=) R >< )
2 2 2 2
(2r,r—1) T 2r+1,r T+1 2r,r—1 2r+1,r)
PG OEE I ¢ | BT (e ()

r+1

_ | |7v lnl |E(2’I"T 1)( )G(Q’I"Jrl T)( 5 )

(10)

Next we will computerZ 4, ""*"*" (0) in terms of the Siegel Eisenstein series for the lower rank

group. Namely by Proposmon 4.1, we have
2r+1,2r+1 s+r 27 1 —s47 27 1 T
G20 () = [ EE (s 4 5) + | [7HEE0 (s — HHEH(s),

Then we have

2r+1,2r+1 2r,2r - (2r,2r), 1
L0 (0) = [P B0 () +| [ in B
r2r2r) 1 (2rt ro2r2ry, L (org1
+ MBS (= 5)H V) + | T EPTY () HE Y (0)
. 2r2r), L\ r(2r41
— | |EG0 (—5) HE ().
Now recall the functional equation of the Siegel-Eisemssairies:
E(2r,2r)(8) _ /BQT(S)E(2T)2T)(—S),
where, in general3,,(s) is given by
H 2s — 1)
&(2s + m—1-—2i)
Then ats = —31, 32,(s) has a zero of order one ad¢f>"~?")(s) has a simple pole. Accordingly,

E(n:21)(—s) does not have a pole or zerosat . Hence
2r,2r 1 2r,2r
B (=2) = ~fara (—5) B ><2>

r2r 1 r2r r2r), 1
B (1) = o () B2 (5) = Bana(—5) B2 (),

where, as we have been doing for other meromorphlc functivsasvrite the Laurent expansion of
62,«(8) at So by
627«(8) = Z (S — So)dﬁgnd(so).

d>—oo
So we have

EELHAID (0) = [P BE20 () 4+ i [BE) () — |7 e~ ) B2 () B (0)

+11" (62"1(_5) 52”’”( ) — Bana(— ) (2{27«)( )) H(2r+1)( 0)

” 2r2r), L1 (2r41
=11 B (=5)HE (). (11)
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Now by

(Proposition 4.5,

o410y, T+ 1 241,27 +1
Co (=) = e Bl 0)

together with (10) and (11), we obtain the following by egtiag the terms having|” (Lemma
4.2):

r+1 r—i—l r+1

(2r,r) (2+1,7),T +1 (2r,r) (2r+r,r)
g (L et (L) | gl peren (2,
2r,r—1 2r+1,r r+1 2r,r—1 2r+1,r r+1
E( )( )G( + )( 5 )+ E( )( )G( + )( 5 )
- (2r2r) Ly _ typ@r2r)  t (2r+1)
= o[ B2 (5) — o () B2 () HEHY 0)

+(62r,1(_%) éz’””( ) = Bara(— ) (217«27«)(2)) HE (g )}

1

1 ' T, ar
—e, (1 +52r,1(—§)H(21+1)(0)> E(()z 2 )(5)

T T,aT 1
( B2ra (= ) Bar2(— )H(21+1)(0)> B )(5)7
which is the first form of our spherical second term identity.
But the first term identities (Lemma 4.3 and Proposition d@)ly

2r,r—1),T 2r,2r 1
BEV(5) = eanra BE(5)

2r,r r+1 2r,2r 1
B (—57) = dor s B (3).

Thus our second term identity is now written as

2r,r r+1 2r+1,r r+1 2r,r—1), T 2r+1,r r+1
B () B () + BT ()6 T ()

(1+62r1(_§)H(_2{+1 2r+1)( )) Eéw)(%)

{ Bor(—3) — Bora(— ) HE D (0)

(27‘-‘1—1 T‘)(T+ 1)
2

_d2rr _CQTT 1G )a

(2r+1, r)(r —;— 1)] E(2r 2r)(2

which we write as

r—i-l

2r,r 2r+1,r +1
E(l )( )F( + )(

5

T T,4T 1 4T 1
=c (1 +52r,1(—§)H(21+1)(0)> B0 (5) + 0B (5),

2r,r—1),T 2r4+1,r T+1
+ B V()T ()

where, is a constant independent ffandg.
Finally, we explicitly compute the coefficient of the firstiteof the right hand side as

1 r
1+ 52T,1(_5)H£21 (0) = 2.
To see this, first of all, we have

HZ () = ;ﬂ.
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(Recall our conventiog(0) = Rgs &(s).) Secondly, notice that

2r—2 -2 2r—2
Bar(s) = 25+1 H§28—211J (28+2r—1—2i)H§(2s+2r—1—2z’),
where the numerator of this fraction does not have a polerorate = —%. So
1 2 2r—2 2r—2
Bara(—5) = Hg 1—1H§ ~1+42r —1-2i) Hg ~1+42r —1-2i).

Recall that ouf(s) is normalized so thaﬁt(s) = {(1 — s). Then we see most of thgs get canceled
out and we obtain

1 2
52r,1(§) = @5(27")-
So 0
_hgergy 24 2 go. SO _
1+ Bor1( 2)H,1 (O)—1+§(0)§(27’) 2 @) =2
Hence we obtain the spherical second term identity for tsexea= 2r. O

Now using this second term identity as our base step, we dthsthe following more general
second term identity by induction. Recall

m=2r—j for 0<j<r-—1.
Then by induction onj, we prove

Theorem 4.8 (Spherical Second Term Identityjor j = 0,...,r — 1, the following spherical
second term identity holds:

E(QT JT) T+1 HF27‘ H—lr)(r;l)_i_E(QT Jr—j3— 1) HG27‘ i+1,r— z) Z+1)
=0
r—7j,2r— 1+] r—7,2r— 1+.7
— 2 E(2 3,2 J)( 5 )+ E(2 3,2 J)( 5 ),

wherey; is some constant which depends onlyjdandr). Note that explicitly

r+1. &(r—i+1)

F(27‘—i+l,7‘) —
(=) =ity

and

G(2r—i+1,r—i)(r —i+ 1) _ 6(7‘ — 1)5(2)
2 C(2r = 20)E@2r —i+ 1)

where fori = 0 and1 we agree that byz("—i+1.r=9 (2=t) we mearG @r=itlr=i) (r—it1 L),

Proof. We will show this by induction on. Clearly;j = 0 is the spherical second term identity for
m = 2r, which we have just proved. Assume the identity holds fonejj. Then by looking at
the constant terms, we have

T—7,7 +1 r—1 r +1 T T— T—1 r—1 +1
E(2 J,) r HF2 i+1, )(T2 )+Eé2Q Jr—j— 1) HGz i+1, ) — 1 L |
=0

143
2

r— rT— rT— r— 1+
- 2 E(2 Ji2 7)( )+ E(2 772 J)( 21)
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where each of the ternfs”} " <%> By "0 (), By (), and B ) ()
can be computed by Proposmo n4.1a
_j +1
E2r—ir) r
-1,Q ( B) )
_ 2r 1r—1),T + 2
=[BT ()
r 2r—j5—1,r r—q.r T+1 (2r—j—1,r ’f‘+1 2r—j,r T+1
BT REI () | BT () T ()
r—i] = (2r—j—1,r—=1),T iy, T 1 r—i] (2 —j=1,r=1) T\ ~(2r—jr), T+ 1
BT GG () + T EE TR ()6 ()
T— rT— r—9.,17 +1
I B Y ygran(TED,
pr—ir—i-1 " —J
0,Q ( 2 )
o (2r—j—1r—j—2), T —J+1 _ 2r—j—1,r—j—1 g r—j
= | (L o g (L i (L
i L r—j e r—j
BT () P ()
+ | |rE82T*j*11T*j*2)(T —Jj— 2)G(2r—j,r—j—1)(r _])
2 2
i (BRIt (T 2 2 g (T
- 2 2
r r—j—lr—j— T_j_2 r—jr—j— ’f'—j
+ | PG () T T (),
p(2r—i.2r=j) ( 1+ j)
0,Q 9
rp(2r—j—12r—j-1 2+.] r 2r—j—1,2r—j—1 2+~]
= "By (S ) M | B Y ()
1 (2r—j—1,2r—j—1) ,J iy, J 1 — 2r 1,2r—j—1),J 2r—j), 3+ 1
I PTEST T G H D ) T ST T P ()
r— 2r—j,2r—j ] r—j j+1
— | | [BE ) HE D (),

and

2r—j3,2r—j 1+.7
BT (5)

ro(2r—j—1,2r—j—1),2+ ] — 27‘ 1,2r—j—1
oL i s R iy i €

1+

e (L),

2
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Then by extracting the terms containing (Lemma 4.2), we obtain the identity

2r—j—1,r r—i.nr T+1 2r—j—1,r T+1 2r—j,r T+1 ! r—q r T+1
<E<1 ITEIRCIn () 4 BTN () FTT ) (o )>HF<2 (=)
i=0

or—j—lr—j—2), T —J—2 g1y, T —J
+<E(() J j )( : )G(2 Jyr—j 1)( 5 )

r—j—1r=j=2) T —J = 2\ ~@r—jr—j-1) T — ] iy T — i+ 1
+ B I 5 )G 5 ))||G<2 +, >(72 )
=0

e j—12r—j—1),2+J 2r—j—1,2r—j—1),2+J
= 2c, Bg IR (S0 4y BE TN (S,
Now by Lemma 4.3 and Proposition 4.6, we have
2r—j—1,r—j—2 r—7—2 2r—j—12r—j—1 247
B )(T) = cor—j-1.r—j2 B ’ )(T)

r+1 2+ j)

2 2 7
Using those two, one can see that the above identity sinplifiehe desired second term identity
for m = 2r — (j + 1), which completes the induction step and thus the proof oftteerem. [

E(Zr—j—l,r) (

2r—j—1,2r—j—1
_92 ) = d2r—j—1,rE(_1 / g )(

Remark 4.9. In the above proof, to derive the formula far = 2r — 1 from the one form = 2r, the
computation for the induction is slightly different due teetlocations of poles of Eisenstein series
and the zeta function. However the essential idea is the .s@heeverification for this case is left to
the reader.

5. THE WEAK SECOND TERM IDENTITY

In this section, we will show that the spherical second tedentity on the grouggs = O(V)
which we derived in the previous section can be naturallgmokéd to those sections which are in
the G(A)-span of the spherical section.

5.1. The complementary space and lkeda’s mapFor the paify =Vt V- W =W+TtaW ™)
of split symmetric and symplectic spaces wilm V = 2m anddim W = 2r, the complementary
space oV with respect td is defined to be the symplectic spdéé with

dim W, +dimW =dimV — 2,

i.e. dim W, = 2m — 2r — 2. (Of course we have been assuming> r.) Now assumelim W, >
dim W, namely
m > 2r+ 1.

Fix an embeddindgl’ C W, so that the polarizatioW, = W} @ W is of the form
Wr=UteW?* and W,/ =U oW .
Let us denote each elementsiit @ W andV* @ W, by the matrices

171®uJr

+ +
(vl®w_> and vl®w_ 7

Uy @ W To @ U

Vg QW
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respectively, where, vs, z1, 22 € Vi wt € W w~ € W—,ut € Ut andu™ € U~. Then
there is a nic&7(A) = O(V, A) intertwining map

K™ S(VF @ W)(A)) — S(VF @ W)(A))

defined by
r1 X ut
@w' V1 ® wt
Ik(m”)(go) (Ul _) :/ oK d(z1 @ uh).
vz @w Vreu-)m) 0
Vo QW™

It can be checked that if? is the spherical function of our choice f&f{((V* @ W.)(A)), then
k(™) (49) is the spherical functiop? of our choice forS((V* @ W)(A)) as long as the measure
d(z1 ® u™) is chosen to be the Tamagawa measuréoh® U~)(A).

It is our understanding that this map is due to lkeda and heoceotation. (See [IK] for the
analogous map for the Siegel-Weil formula for the symptegtoup.)

5.2. The (weak) first term identity for 1st term range m > 2r + 1. Before taking care of the
second term identity, let us take care of the first term idiesstfor the 1st term range > 2r + 1.
For the casen > 2r + 1, the first term identity is, of course, Proposition 3.3. Butthe sake of our
applications, we need to refine it by incorporating Ikeda&pﬂk(m””) defined above.

First recall in Section 2 we have defined

S(VT @ W)(A))° = theO(V)(A)-span ofy’,

wherep® € S((VT @ W)(A)) is the spherical function of our choice. Similarly we defg) " ®
We)(A))°. Then we have

Proposition 5.1. Assume < 21, i.e.m > 2r + 1. Thenfor allp € S(V* @ W.)(A))°, there
exists a constant,, , independent ap such that

A(_rrlL,m—r—l) ((p) — am,TB(_TT7T) (Ik(m’T) (90)),

namely A"~ "1 and B"") o 1k(™") are proportional as maps frons((V+ @ W,)(A))° to
A(G). Moreover the constant,, ,- is explicitly given by

m—2r—1

§(2(i+1))
A, = | D|Pmor AP
II

Proof. This essentially follows from the spherical first term idgnfLemma 4.3) and the property
of the maplk™"). Namely, first we have

m,m—r— _Gmor=hm )y m—1 — 1
AT = DI B () by (1)
mor=l)m m,r 1
= |D|_%C;TTE(_1’ )(r+ ) byLemma4.3

Also by Lemma 3.2, we have

BUP (k™ () = BUY (o)
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So by combining those, we have

AT )

_(m—r—1)m rm - 5(2) (m,r) (m,r)/, 0
= |D| Ty DI B . B (K ().
’ Eé‘(Ser—%l—(l—l)) '

Then one sees that the constant in fronBf"” (Tk™") (4x0)) can be simplified ta,,  as in the
proposition.
Now notice that ifm > 2r + 1, both A”™™ "~ and B"""") defineG(A)-intertwining maps

—r— (m,m—r—1)
AL S(v @ W) (A) 2

Ind ]G38§§| |p7n,7n7T71 N A(G)7
and

(m,r) r41
BUYD L S(V @ W)(4) L Ind G117 — A(G).

Since the majik™ " is aG/(A)-intertwining map such thak™" (¢0) = 0, we see that the two
mapsA"" " and B o Ik from S((V @ WL)(A)) to A(G) areG(A)-intertwining
and

AT () = @ BUP 0 I ()

forall € S(V* @ W,)(A))°. O

Remark 5.2. Since the first term identity is shown to hold only for thgss in the G(A)-span of
the spherical function, we call it “the weak first term idéyiti For the Siegel-Weil formula of the
symplectic group, Ikeda [IK] and Ichino [Ich1] have showistform of the first term identityi.e.
the first term identity with Ikeda’s map, for all Schwartz @tions for the symplectic group. There is
no doubt that it can be shown that the above first term idehttgls for allp € S((V* @ W,)(A))
simply by modifying their method. However we show the firshtédentity only in this weak form,
since it is sufficient for our main purposes.

Next consider the boundary case = 2r + 1. For this,IW, = W and so there is no need to
introduce lkeda’s map. Indeed, we have

Proposition 5.3. Letdim V' = 2r + 1 anddim W = 2r, andy € S(V* ® W)°. Then we have
A (9) = 2B ().

Proof. The proof is essentially the same as Proposition 5.1. Tiis,tinotice that the first term

of the Siegel Eisenstein seriesA'éQT“”) and we use Proposition 4.5 for the spherical first term
identity. Also one sees that the constant of proportiopaisimplified to2. The detail is left to the
reader. O

Remark 5.4. Just like the caser > 2r + 1, it is highly likely that one can derive this identity for
all p € S(V* @ W) by using the method of Ikeda and Ichino.

5.3. The (weak) first term identity for 2nd term range » < m < 2r. For the 2nd term range
r < m < 2r, the non-Siegel Eisenstein series has a double ﬂxele,B(f’;”) # 0. Then the

analogous first term identity holds betweBfi2" and A", Namely we have
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Proposition 5.5. Letr < dim V™ = m < 2r anddim W = 2r, andp € S(V* @ W)°. Then we
have
AT () = b B (),

where the constarti,, , is given by

7d_1H§ —z—i—l

Proof. Again the proof is essentially the same as Proposition 5his fime, we use Proposition 4.6
for the spherical first term identity. O

5.4. The (weak) second term identity for 2nd term ranger < m < 2r. Now let us consider the
second term identity for the 2nd term range: m < 2r.

First notice thatd"”"™ defines the map

AL SV @ WA) 2 nd G| eme - AG)

o AT ().
This map isG (A )-intertwining. Let
R = Im(A"")
be the image oﬂ . Now the map
S(VF e W)(A) — AG)

o AT ()

is notG(A)-intertwining. However it ig7(A)-intertwining moduloR. So we consider the compos-
ite
AT S(VE @ W)(A) — A(G) — A(G)/R
o AU () mod R.
This is aG(A)-intertwining map. Note that by (1) we have
AT (@)g) = 1D PES™ ™ (g, prnrs @)

Next let us consider the non-Siegel Eisenstein set&s™ (g, s; ¢). For the non-Siegel Eisen-
stein series, the point of our interestsis= % Then at this point£(™7)(s, g; ) has at most a
double pole. Recall that we write the Laurent expansiofi&t) (s, g; o) as

o0

E ) (s,g30) = D (s - ;L 5B (o) g).
d=—2

We are interested i|B(_“f’T). As we mentioned i§3, for the non-Siegel Eisenstein series not only

the first terms but all the terms (and so in partimﬂéj’l“”)) defineG(A)-intertwining maps. Then
we consider th&/(A)-intertwining map

B L S(VF @ W)(A)) — A(G) — A(G)/R
0 B(ff’r)(gp) mod R.
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Also note that by Lemma 3.2 we have

B(_nf,r)( )( ) |D|—rm/2H§72)—’—1)E(mr)( ”f'+17f0)

Finally, we need to take care of the “complementary telﬁém’m_r_l)(%). If W has a
symplectic basiges, ..., e, f1,..., fr}, let

WO = Spa'n{ela" 'aem—’r—lafla" '7fm—7‘—1}7

which has the obvious symplectic structure. We also deiigteandi¥;” for the spans ofes, ..., em—r—1}
and{fi,..., fm—r—1}, respectively. Then notice the complementary spad&gpWwith respect to/
is actuallyl’’. Hence we have lkeda’s map

=D S(VE @ W)(A)) — S((VF @ Wo)(A)).
Whenever there is no danger of confusion, we simply write
Ik = Tk("m=r=1
Now for eachp € S((V* ® W)(A)) as in§3 we can define the non-Siegel Eisenstein series
gimm=r=1(g, 5;1k(p)) = > Fm= D (g, 5Tk (9) k) ),
YEPm —r—1(F)\G(F)

whereH’ = Sp(2(m —r — 1)). This has at most a simple polesat ™" and we write its Laurent
expansion at = T as

oo

g(mam_’"_l)(g, s;Tk(p)) = Z Bgm’miril)(lk(sp))(g)(s -
d=-1

m—-r

2)d

as usual. The®{™™ "~V o Ik defines aG(A)-intertwining map
BTV S(VE @ W)(A) — A(G) — A(G)/R
Also note that for the spherical Schwartz functighe S((V* @ W)(A)), by lemma 3.2 we have

ity 15 i+1) —r
m,m—r—1 m(m—r— — m,m—r—
By (1k(¢) = |pjon=r=v/2 T S IR g (T
S S0y
Then the spherical second term identity (Theorem 4.8) caxpeessed in terms afém’r), B(f’l”),
andB(m’m_T_l) as follows.
2r—m
+1 i)
F(2’I" i+1,7r) r Drm/2 B(mﬂ‘) 0
11 (55=)-1D) Hig BT
2r—m +1 m—r—1 5(2) ( )
G(?r i+1,r—i) " X Dm(m—r—l)/Q Bm,mfrfl Tk 0
+ 11 () 1p| I G (1k())
T 6 4o
D|™/? A" dR.
= D| H§T+2)o (¢°)(g) mo
Here, when one applies Theorem 4.8, it is convenient to keegind that in Theorem 4.8
147

m=2r—j and pn, = 5
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One sees that many of ti§&s get canceled out, and we can rewrite the spherical seeondidentity
as

2r—m .
B(_f?ZyT)((pO)_’_lDrumm H 5(25(72_)22_)367”7mrl)(1k(§00))

= Aém’r)(cpo) mod R,
Hence we have

Theorem 5.6(Weak Second Term IdentityJor all ¢ € S(VT @ W)(A)) that are in theO(V, A)-
span ofy?, the following identity holds:

B(m,r) D|~mPm.r g 5(2)
= A((Jm"r)(go) mod R,

Proof. This is immediate from the above form of the spherical sedena identity together with
the fact thatB"""", A" and B{™™ "~V o Ik are O(V, A)-intertwining maps fromS((V+ &
W)(A)) to A(G)/R. O

Remark 5.7. As we mentioned in the introduction, the above weak secomd igentity has been
shown by Ichino and the first author [GI, Proposition 7.5]tfue case: = 2 andm = 4.

By (Ik(p))

Remark 5.8. Just as our first term identity, we are able to derive the stt¢erm identity only
for thosey’s in the span of the spherical function. This is why we calitlite weak second term
identity”. However, unlike the (weak) first term identityr@®osition 5.1 and 5.5), there seems to be
no known method that possibly allows one to extend the weedtgkterm identity to full generality
so that the above second identity holds foralt S((V+ @ W)(A)).

6. Inner product formulas

By using our Siegel-Weil formula (both the first term and teeand term identities), we will
derive the Rallis inner product formula for the theta litbrin O(V, A) to Sp,,. if dim V' is even and

to §f>2r if it is odd. For the rest of the paper, we let

Spy,. if dimV is even
I\IPQT = é\/ . . .
Py, If dimV is odd

The reader will be able to tell which one is meant from the egint

Let us recall our setting. Namely) is the symplectic space efim W = 2r with a fixed
polarizationW* @& W—, andV is a (not necessarily split) quadratic spacelofiV = m defined
overF andV =V & (—V), whereV is the split quadratic space with the underlining spéce V/
and the quadratic form defined by

((v1,v2), (v1,05))y = (v1,v1)v — (v2,v5) v
Let us again note that is not necessarily split buf is always split. Indeed, a maximal isotropic
subspace is
VE=AV Cc Ve (-V).
There is a natural embedding
1:0(V) x O(=V) = O(V),
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which should be called the embedding of the doubling metAtgb we have ®(V, A)xO(-V, A)-
intertwining map

o:S(VeWHA))RS(VeWT)(A) - S(VeWT)(A) ~S(VT @ W)(A)),
where we viewS((V @ WT)(A)) andS((VT @ W)(A)) as representations 6f(V, A) x O(—V, A)
via the embedding.

Now let = be a cuspidal automorphic representatiorOg¥, A). For a cusp formf € = and
Schwartz functiors € S((V ® W)(A)), we define the theta lify o, (f, #) € A(Mps,,) of f to
Mp,,. (with respect tap) by

Oy or(f,¢)(h) = h,g)o(v) dg.
wuthom=[ 2 o)
Then we define the theta lifty, 2, (7) of 7 to Mp,,. by

Oy 20 () ={0p2:(f.0) - fET P ES(VRWT)(A))}.

We often omity) from the notations and simply writ,.(f, ¢) andfs,.(r). It is well-known that if
s, (1) # 0 for somerg, thends,.(7) # 0 for all » > r( (tower property), and if is the smallest
integer withfs,.(m) # 0, thends,.(7) is in the space of cusp forms.

Now we have

Proposition 6.1. Let = be a cuspidal automorphic representation@fV, A) with dim V' = m.
For fi, fa € mand ¢y, g2 € S(V @ WT)(A)), we letb,.(f;, ;) be the theta lift off; with ¢; to
Mp,,.(A). Further assumés, _»(w) = 0 so that both of thés,.(f;, ¢;)'s are cusp forms (possibly
zero). Then the Peterson inner prodyés, (f1, ¢1), 02, (f2, ¢2)) of the lifts is given by

<027‘(f17 ¢1)a 027‘(an ¢2)>

:/ 2, (f1, 1) (h)O2r-(f2, p2)(h) dh
szr(F)\ szr(A)

1
= — - Res /
K s="32 J(GXG)(F)\(GXG)(A)

f1(g1) fo (92)3(_7711’” (o(¢1 ® $2))(i(g1, 92)) dg1dga,

F1(91) f2(g2)E™ ) (i(g1, g2), 5, 0 (¢1 @ B2)) dg1dgs

1

k /(GxG)(F)\(GxG)(A)
whereG = O(V') andx is the residue of the auxiliary Eisenstein seriég:, s) onSp,,.(A). Note
that even idim V is odd, the integral for the inner product is ov@p,,.(F)\ Sp,,.(A).
Proof. First recall that, for an algebraic grodg we write[G] = G(F)\G(A). Then we have
1 — . —
- /[G o F1(91) F2(92) € (i(g1, 92), 50 (61 ® ¢2)) dgrdgs
X

K

F1(91) f2(g2)I"™ ") (i(g1, g2), 8;w(2)o(¢1 ® ¢2)) dgrdgo

f1(91)F2(g2) /[S 091,92, 50(2)0(61 © ) 3) dh gy

- e, ( [y PO BT@I0G1,02), 1561 ®%>>dgldgz> B(h, s)dh
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= mPi(s) /[Sp] </[ch] f1(91) f2(92)0(i(g1, 92), h; o (b1 ®%))d91d92> 2 % E(h, s)dh

- 1/ </ Si(91)f2(92)6 (91, 92), hi o (n ®%))d91d92> E(h, s)dh
K Jispl \JIGxa]
- % rl 61)(1)0a,(f2, 62) (h)E(h, 5) dh.

[Sp
Here we used the Poisson summation formula to show thatfai, € S((V @ W)(A))
0(i(g1,92), h; o (d1 © G2)) = B(g1, h; 91)0(92, h; P2).

Also we used the adjointness of the operatorNow the auxiliary Eisenstein seri¢¥ h, s) has a
constant residue ats = “51. So we have

Res » / O, (f1,61)(h)0ar (F2, 52) (W) E(h, 5) dh
Sp(F)\ Sp(A)

s:% K
= / O2r(f1, 01)(h)02,(f2, ¢2)(h) dh.
Sp(F)\ Sp(A)
Thus the proposition follows. O

As a corollary, which we will use later, we have

Corollary 6.2. LetY o(¢1,; ® d2,1) € S(VT ® W)(A)). Then

> (2 (fr, b1.0), 02 (f2, B2.0))

2

_1 /[ch] Ao T2l B (Y o615 © B20))(i(91, 02) dgr dgs.

R

K2

m,r)

Proof. This immediately follows from the above proposition beeatise mapB(_1 is linear on
S(Vr @ W)(A)). O

6.1. Inner product formula for the theta lift from O(V') to Mp,,.. We derive the inner product
formula for the theta lift from the orthogonal gro@(V') to Mp,,., providedo (¢ ® ¢2) is in
S((V* @ W)(A))°. For this, we need to consider the following see-saw diagram

O(V & (—V)) Mp2r X Mp2r
o(V) x O(—%< Spay,

whereMp,,. is eitherSp,,. or §f)2r depending on the parity afim V. Note that even iflim V' is
odd, at the lower right corner of the diagram we h&ys,..

Recall that the 1st term rangeris > 2r + 1 and the 2nd term rangeiist 1 < m < 2r. It will be
helpful to keep the following diagram in mind regarding thetg lift fromO(V) to the symplectic
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tower. Namely, whedim V' = m is even, we consider

SPom—2

5 2nd term range
/ Spm+2
< Spm
Spm—2
1nd term range

O(V)

Sp27
and wherdim V' = m is odd, we consider
SPom—2
2nd term range
/ Spm+1
o(V) — SPm—1 boundary
Sp’fl*:" 1nd term range
Sps-

First we have

Proposition 6.3. Keeping all the assumptions and the notations of Propasiid, let us further
assume thadim V' = m wherer + 1 < m < 2r. Thenify_, o(¢1,; ® ¢2,) € S(VT @ W)(A))°,
we have

> (O2r(f1,61.4), 020 (f2, $2.0))

1 () .
- A (61,0 © Ba . 02)) dg1 dgs.
H/(GxG)(F)\(GxG)(A) f1(g1) f2(g2) Ay ( ‘ (1, ® ¢2.4))(i(g1, g2)) dg1dgo

3

Proof. Corollary 6.2 together with our weak second term identityniediately implies

K Z<92r(f17 #1,4), 020 (f2, P2,i))

= /[G . 1 (91)f2(92)B(jf’T) (Z o(¢1: ® ¢T-,i))(i(91, 92)) dgrdgs

2

= /[G - fl(gl)f2(92)A((Jm’r)(Z o(¢1: ® @))(i(ghgz)) dg1dgs

K3

3

—C/[G o Al R(g2) BS™ V(Y o (61 © 62.0)))(ilg1, 92)) dgrdg

+C o fl(gl)mz‘l(ji’r)(cp')(i(gl,92))dgldg%
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wherec is the constant in the second term identifyjs some constant depending dn, o(¢:1; ®
¢2,;) andr, andy’ is some Schwartz function if((V* & W) (A)). We have only to show

/[G T (Y 060 © 52:)) il 02) e =0 (12)

K2

and
/[G . F1(91) F2(g2) AL () (i (g1, 92)) dgrdga = 0. (13)

Both of these are implied by our assumpt#an_»(7) = 0. First let us define the natural isomor-
phism

o'+ S((V @ W) (A)aS((V @ Wy")(A))
= S(V@ W )(A)) ~ S(VF @ Wo)(A)).

To show (12), let us write

Ik(z o(P1,i ® hai)) = Z o' (¢h,; ® E)’

? J

whereg) ; @ ¢} ;€ S((V @ Wi )(A)@S((V @ W")(A)).
Then by the analogous computation as the proof of Propagitib, we can see

/[G PTG B VIS o010 © 50 ons 02) dndoe

K3

= Val Z/ 92(m77"71) (fla(bll,j)(h)GQ(mfrfl)(an@)(h)El(hu S) dh7

=t i/ ISP2(m—r—n)l

whereE’(h, s) is the auxiliary Eisenstein series on the gréigg,,,_,_1)(A). But
92(m7r71)(f17 ¢I1,j) = 92(m7r71)(f27@) =0
because by our assumptiés._»(7) = 0, and hence (12) follows.

To show (13), recall that the complementary spac@f#fis actuallyiV. Hence by Proposition
5.1,

/ F1(g0) F2(g2) A" (@) (091, 92)) dgrdgs
[Gx@G]
S / Filg1) Falg2) Y™V 1k () (i(91, 92)) dgrdgo.
[Gx@G]

Again let us writelk(¢') = 3, 0" (¢7 ; ® @’7) by Corollary 6.2 we have

kY (Oo(m—r—1) (1, 01.5), O2(m—r—1) (f2, 62.5))

J
- /[G a’t (90) F2(g2) BY ™D (Ik(¢) (91, 92)) dgdg.
X

But this is again zero becaudg,,,—.—1)(f1,¢7 ;) = fa(m—r—1)(f2,¢5 ;) = 0 by our assumption
thatfs,._o(7) = 0, and hence (13) follows. O
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Now this proposition implies the following inner productifioula.

Theorem 6.4(Inner Product Formula for 2nd term range)et = be a cuspidal automorphic rep-
resentation oO(V, A) with dim V' = m andr + 1 < m < 2r such thatfy,_o(7) = 0. Lety €
S((V®@W)(A))° be such thab'7"" is factorizable ass/®,,. Let us writep = 3, 0/(¢1. © bas ).
Then forfy, fo € m we have

> (2 (fr, b1.0), 02 (f2, B2.0))

2

1 1
=257 Val <LS(S + 5,77) ' H Zv(safl,vaf2,vaq)va77v)> )

dm(Pm,r) S=pPm,r ves
whered? (s) is the normalizing factor for the doubling method, whichxgleitly given by
05 (5) Z%:LCS(ZS +2i—1) if miseven
" I3 ¢5(2s+2i) ifmisodd
Proof. By Proposition 6.3 we have

> (2 (fr, b1.0), 020 (f2, B2.0))

2

=2 /[ch;] f1(91)f2(92)A8m’T)(Z o (1.5 ® $2.0))(i(g1, 92)) dgrdgs

K

2

=1/ F1(90) 2@ AL (U (i(g1 g2)) g dgs,
[GxG]

K

which is, by the doubling method, written as

1 1 g, 1
282\5)527611%(5) <L (S + ivﬂ-) H Z’U(Safl,van,vaq)vaﬂ—v)> .

veS

O

Remark 6.5. The assumption that, o(¢1,;®¢2 ;) is intheO(V, A)-span of the spherical Schwartz
functiony? is necessary because our second term identity works orgggti®in S(VT W) (A))°.
Of course, if the second term identity can be extended tchellSchwartz functions iS((V* ®
W)(A)), the inner product formula can also be completed in full galitg.

Next we also consider the inner product formula for the Ishteangej.e. m > 2r + 1. First of
all, for the boundary casége. m = 2r + 1, it is exactly the same as the inner product formula for
the 2nd term range. Namely we have

Theorem 6.6 (Inner Product Formula on the boundarypet = be a cuspidal automorphic rep-
resentation ofO(V,A) with dimV = m = 2r + 1 such thatfy,_o(7) = 0. Also lety €
S((V+®W)(A))° be such thab'""" is factorizable as/®,,. Let us writep = 3, o/(¢1. © ba ).
Then forfy, fo € m we have

> (Oar(f1,61.), 020 (f2, b2.0))

K2

2

E/(G G)(F)\(GXG)(A) Filg) Rlg) AT (S 0(61 @ $2.))(i(91, 92)) dgrdge.
X X .

3
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Furtherif o = 3", 0(614 © ¢a,) is such thab!"") = /®,,, then the latter is equal to

2 1
— = _wvallrL”® - Zo($, f1.0 f20, Po, 7o) | -
Hdgm@s_%( (s + 5.0 [] Zo(s frs fo, w)>

veES

Proof. This follows from a similar computation as the inner prodiocinula for the 2nd term range
by using Proposition 5.3. Actually this time is much easisd keft to the reader. O

Now for the 1st term range other than the boundary dasen > 2r + 1, by using the first term
identity Proposition 5.1, we can derive the inner produatfala as follows.

Theorem 6.7 (Inner Product Formula for 1st term rangd)et = be a cuspidal automorphic rep-
resentation ofO(V,A) with dimV' = m > 2r + 1 such thatf,, _»(7) = 0. Also lety’ €

S((Vt @ W.)(A))° be such tha@g?’m_“” is factorizable as®’'®,. Let us writelk(y') =
>, 0(¢1.: @ day). Thenforfy, fo € T we have

> (O2r(fr, b1.6), O2r (2, B2.4))

K2

am.r 1
' Res (Ls(s—i- 5,71') H Zu(s,fmez,v,fI)mm)) .

B dgm(_pm,r) S="Pm,r ves
Proof. Left to the reader. O

As the last thing in this section, let us mention the follogiBy looking at the equation (13) in
the proof of Proposition 6.1, one notices that this immexdyainplies the following fact, which we
will use later.

Lemma 6.8. If 7 is a cuspidal representation @f(V, A) with dim V' = m such thats, _2(7) =0
andr + 1 < m < 2r, i.e. the 2nd term range, then for € S((V* @ W)(A)) we have

S=pPm,r

Res /[ ] f1(91) f2(g2) EY™™ (i(g1, g2), 5, @L™))dgy dga = 0.
GxG

Hence iff, fo and d)fam’r) are factorizable a2’ f1 ., ®’ f2,, and ®’'®,,, respectively, then by the
doubling method, we have

R Q
= 45 (5)

1
LS(S + —,77) H Z’U(S; fl.,va f2.,7ja (I)Uaﬂ-’v) = 07
2 vES

and so
1
LS(S + 5? ﬂ-) H Z’U(Sa fl,va f2,717 (bvv Trv)
vES
is holomorphic ats = p,,, . (Note that in this lemmay is not just inS((V* ® W)(A))° butin
S(VT @ W)(A)).)

Proof. This is immediate from (13). The last statement follows fribwa fact that the Siegel Eisen-
stein series has at most a simple pole. Also note that the alming factord?, (s) is non-zero
holomorphic ats = p,,, . O
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7. Non-vanishing of theta lifts

In this section, as an application of our inner product foanwe show a certain non-vanishing
result for the global theta lift fron® (V") to Mp,,.. In this section(7 = O,,, ,, andP is the Siegel
parabolic ofG. We often writeG,, = G(F,) andP, = P(F,).

7.1. The structure of degenerate principal series.First, we need to recall the structure of the local
degenerate principal seriésd g:| |* for anyv. The detailed structure of this degenerate principal
series is well-known. (See [B-J] for the non-archimedeaecH o] for the real case, and [L-H] for
the complex case). For our purposes, we only need the faitpwi

Proposition 7.1. Let sg = pp,» = 2=+, where0 < 5o < Z-lie. 21 <r <m -1
Then the degenerate principal serigsl g;| |* has two maximum subrepresentatiens and o,

generatingind 1G3:| |*o, one of which, say;", is generated by a spherical vector. Moreover, for each
€=+ 0r —,
7y =0y /(o) Noy)

is irreducible. Also wher, = 0, ;7 N o, = 0 andInd g:| |0 =0of ®o,.

Proof. See [B-J, Proposition 3.3] for the non-archimedean case, Theorem A.2.1] for the real
case and [L-H, Theorem 1.3.2] for the complex case. O

The important fact we use about the structure of the degenprancipal series, which easily
follows from the above proposition, is the following. Firstall, for so = pp, r,
of +o0, =1Ind gj| 0.

Here the sum is not necessarily the direct sum. Now for gaeHnd g;| |*, letdet - f € Ind 1G35| |®
be the function defined by

(det-f)(g) = det(g) f(g)-
Then
o, ={det-f:feol}
Also notice that iflV, is the symplectic space withim W,, = 2r, then the image of the map
(mr)
S((VF @ W) (Fy)° =—— Ind §7[|

is 0., becauser,l is generated by the spherical vector. In fact, not only thagenofS((V,” ®
W,)(F,))° but of S(V,F @ W,)(F,)) is 0. This is because of the Howe duality for the trivial
representation, which is known to be true for any residuaratteristic. But we only need this
weaker version for our purposes.

Next, we consider the global degenerate principal séﬂdsﬁﬁﬁﬂ |*. For this, let
e : {placesv of F} — {+, -}
be a map such thatv) = + for almost allv. Then we say that
.| coherentif [T, e(v) = +, i.e. ¢(v) = — for an even number af's
€
incoherentif [[, e(v) = —, i.e. ¢(v) = — for an odd number of’s.
Notice that by the above proposition, we know that for eathe induced spackd ggﬁﬂ [%0 at
so = pm,r has a submodule and an irreducible quotient which are régpdsomorphic to

o(e) == ®/U§(U) and 7(e) := ®/TS(U).
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Thus one has an equivariant projection

Ind P(A)| |*0 — @T(E).

€

We say that

coherentats = p,, , if the image of®(—, p,,, ) lies INED, .onerent (€)

® ¢ Ind
nd Bl I {incoherentats = pm, if the image of®(—, py, ) lies I, ieonerent (€)-

7.2. The residues of Siegel Eisenstein serieRecall that the Siegel Eisenstein sei#g") (g, s; ®)
has a pole of order at most 1@t {0,...,p,, — 1, pn} Wherep,, = mT*1 or equivalently it has
apole ats = py,, = 2=t = p . for Z < r < m — 1. Also recall that at each = p,, , we
write Laurent expansion df ("™ (g, s; ®) as

E(m m) ga 53 (I) Z A(m T) (S - pm,r)d'
d=—1
Then we have the following important proposition, whichetatines the image of the leading term
Al

Proposition 7.2. Let® € Ind G(A)| |*. Then
(@) A" (@) = 0if @ is incoherent at = p,y, , where>1 < r <m — 1. In particular,

Image ofA""") =~ P .

e coherent

(b) A(()QT“’T)((I)) = 0 if ® isincoherent at = pa,41,,- = 0. In particular,

Image ofA" " = () 7(e).

e coherent

The rest of this subsection is devoted to the proof of thippsition. The proof is by induction
onm. For this proof, since we work witD(m, m) with variousm, let us write

Gy =0O(m,m) and P, = M,, - N, = the Siegel parabolic subgroup6f,,.

Whenm > 2, recall thatQ = Q,, is the parabolic subgroup @¥,, whose Levi factor isl, =
GL; xG,—1.- We shall also set

I, (s) :=In d A)|det| (normalized induction)

We are interested in the behavior of the Siegel Eisensteiessg(™ ™) (—, s; ®) associated to stan-
dard section®, of I,,,(s) for s in the set

433, pm}if miseven;
™ 1{0,1,..., pm ) if mis odd,

wherep,, = ’”T‘l A pointinX,, is of the form

2r—m+1
Py = ——5—— for

2| 3
IA
5
IA
3
!
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Also in this proof, the only Eisenstein series we shall woithvis the Siegel Eisenstein series, and
so we simply write
E™(s;®) := ™™ (—, 5, ),
when there is no danger of confusion. The leading term of tugrént expansion af™ (s; ®) at
s = pm,r is denoted by

(m,r) ; .
(m,r) _ ATy ((I)) if Pmr > 0;
0 Pm,r .

Consider the base step of the inductien= 1. In this case(; = O(1,1), P, = SO(1,1) and
3, = {0}, so that we are in situation (b) of the proposition with- 0 ands = 0. In this case,

1,(0) = @) dets
S

whereS ranges over finite subsets of the set of placeg ahd

detg = <®detv> ® <® 1v> .

veS vgS
The incoherent submodules &f(0) are spanned by thosktg’s with #S odd. The Eisenstein
series attached t® < I, (0) is given ats = 0 by
EMD(g,0;®) = &(g) + D(eg),

wheree € O(1,1)(F) ~ SO(1,1)(F). Itis thus clear that ifb is incoherent, thet(g, 0, ®) = 0
becauseb(eg) = —®(g). This proves the proposition when = 1, which is the base step of the
induction.

Now consider the case: > 1. We want to show thaﬂim"r)(cb) is zero whend is incoherent.
For this, it suffices to show that

AL (@) =0,

where the LHS denotes the constant termatff"" (@) alongQ. To computed ™" (&), we calcu-
late the constant term df™(s; @) along( and take the relevant term in its Laurent expansion at
5 = pm. . As an automorphic form af,,,_;, we have (cf. [Gl, Appendix B]):

U T
Eg(qu)) =E™ 1(8 + §;¢|Gm71) +E 1(8 - 5; (Mwl (S)¢)|Gm71)’

wherew; is the Weyl group element given by

0 0 1
wyp = 0 Ispmeo O
1 0 0
Moreover,M,,, (s) is the standard intertwining operator defined by
M (5)(®)(g) = [ &, (wrug) du
(Uﬁwl Pwl)\U

whenR(s) is sufficiently large. Thus, when= p,, ., we will be interested in the Laurent expansion
of
E™ (s;®lg,_,) ats=pm_ 1.,
and
E™ Y (s; (M, (s +1/2)®)[G,, ) @ts = 1,1,
We first note the following lemma:
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Lemma 7.3.
(i) Suppose thap,,—1, € X1, 1.€. pm—1,r < pm—1, then

® € I,,(pm,r) incoherent=- ®|¢. _, € I,(pm—1,r) iINCOherent.

(i) The intertwining operatoiM,,, (s) is holomorphic at alls € ¥,,,, except wher = 0 or 1/2,
in which case it has a pole of ordér

(iii) Denoting the leading term of the Laurent expansiol\ff, (s) ats = pm» € byM&T’”,
we have:

® € Iy (pm,r) incoherent=> M{™"®|q, | € Ly(pm—1,,—1) incoherent,

m—1
whenp,,_1,,-1 € ¥, i.e. whenp,,_1 ,—1 > 0.

Proof.
(i) This is obvious.

(i) Suppose that, € ¥,,. For each place of F, the local representatiah, ., (so) is generated
as aG, ,-module by the spherical vectdt , and its twistf, ,, - det,. Hence, the global
representation is generated a§'a(A)-module by

fs = (®v€5f0,v 'detu) & (®U¢5f077j)

as S ranges over all finite sets of places Bf Hence the analytic behavior dff,,, (s) at
s = s¢ is determined by the analytic behavior of the collectiorff, (s)(fs) ats = so. But
for R(s) > 0,

Mas.o(8)(fo - det)(g) = / fou(wiug) - dety (wyug) du
(Uﬁwl Pwq )\U

= —dety(9) - M, ,0(5)(fo.)(9)-

By meromorphic continuation, we thus have

My, 0(8)(fo,v - dety) = —dety, - My, 0(8)(fo,0)-

Globally, we deduce that

M, (s)(fs) = (=1)%% - dets - M, (s)(fo)-

Hence, for anyS, the analytic behavior off,,, (s)(fs) at s = sg is the same as that of
M., (s)(fo) ats = so. But by Proposition 4.1, we see that

¢(2s)

My, (s)(fo)(1) = ma

which is holomorphic at al¥ € %,,, except fors = 0 or 1/2 where it has a pole of ordét

(iii) For each placev of F, M&T’J)(fo_yvﬂgmfl is clearly, up to scaling, the spherical vector in

Ln—1(pm—1.-—1). Moreover, as we showed in (iiM&’ﬁf)(fow - dety)|q,,_, is the twist
by det, of the spherical vector it,,,_1(pm—1,—1) (again up to scaling). Since}, , , is

, 7,0
generated by, , ando, .., by fo,-det, asG., ,-modules, we see tthﬁf’J) carriess} .,
(resp.o

m,r,v

Ytoo ! (resp.o ...), and thus carries = No- too! N

m—1,r—1v m,r,v m,r,v m,r,v m—1,r—1,v
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Umfl.,rfl.,v'

This implies that, globally, one has a commutative diagram

M)
Ln(pm.r) —— In—1(pm—1,r—1)

l l

EBe coherent’m (E) EBe coherent’ m—1 (6)’

where to be more precise the upper vertical arrow is givei,by- M&T’T)(fvﬂgmfl. This
shows the desired result.

O

Going back to the proof of the proposition for > 1, we first consider situation (a) so that
pm.,r > 0. In this case, we have

AT (@) = AT (@, ) + AT (M @), ).

By the lemma and induction hypothesis, we know that the RHB®fabove equation is zero. This
establishes the induction step when . > 0.

m—1

It remains to treat the case whgp, , = 0, so that we are in situation (b) of the proposition. In
this casem = 2r + 1 is odd and we have

m,r m—1,r m— 1
AT (@) = AT (®la,, ) (B (s — 53 (M, (996, )]s
Examining the second term on the RHS above, we deduce bytisédnal equation for Eisenstein
series that

1 1 1
Em—l(s _ -

2; (Mwl (S)®)|Gm71) = Em_1(§ - S Mm—l(s - 5)((Mw1 (S)®)|Gm71))7
where
My—1(s) : Ip,,_,(s) — Ip,,_, (=)

is the standard intertwining operator defined¥#gs) > 0 by

Mya(90(0) = [ @uang) dn

with

0 1

w9 =

Now it is not difficult to see that

M5 = 5 (M (D)) = (M (5)®)le, -

Hence,
- 1 11
E 1(8 - 57 (Mw1 (S)¢)|Gm71) = E 1(5 -5 (Mm(s)(b)'Gnlfl)'
We are interested in
1,1 1,1
E" (5 4 896, ) + BTG = 5 (Min(9)®)]6, ) (14)

ats =0.
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Lemma 7.4.

(i) The intertwining operatoM,,(s) : Ip, (s) — Ip,, (—s) is holomorphic ats = 0. It acts
as+1, i.e. the identity, on the coherent submoduled gf (0) and as—1 on the incoherent
submodules.

(i) If M, (0) denotes the derivative dff,,(s) ats = 0, thenM/, (0) commutes with\/,,,(0). In
particular, M/ (0) preserves the incoherent submoduld gf (0).

Proof.
(i) We have the functional equation
M (—8) o My, (s) =1,

which implies thatM,, (s) is holomorphic at = 0 and is nonzero as an operator. Moreover,
M,,(0)? = 1, so thatM,,,(0) acts ast1 on any irreducible submodule @£, (0).

Now it is not difficult to see that iff is the spherical vector ifi,, (0), theni,,, (0) fo = fo.
One way of seeing this is to observe that the functional égu&br Eisenstein series

E™(=s8; My(s)fo) = E™(s; fo)
implies that

A" (Mo (0) fo) = AT (fo)-
As we observed in the proof of the spherical first term idgnitit§4 (see Proposition 4.5),
A (fo) # 0, so that we must havil,,, (0) fo = fo.

On the other hand, for a placeof F'

M »(8)(fou - dety)(g) = /N fo.u(wang) - det,(wang) dn

= =M. (5)(fo.0)(9) - det(g)
= —fou(g) - detu(g),
sincedet(wy) = —1 asm is odd. Thus, globally, we have
My (0)(fo - detg) = (—1)#% - fo - detg

for any finite subset of places df. This shows that\/,,(0) acts as+1 on the coherent
submodule off,,,(0) which is generated by th# - detg’s for #£5 even and it acts as1 on
the incoherent submodule which is generated byfthelets’s for #5 odd.

(ii) Differentiating
My (—s)o M, (s) =1
with respect tos and settings = 0 gives
My, (0) © M;, (0) = My, (0) 0 M, (0) = 0,
as desired.
O

From the lemma, observe that both terms in (14) could havdeagdmrderl ats = 0 but their
residues there cancel (as they should). More relevantlgnhis incoherent, the constant term in
the Laurent expansion at= 0 of (14) is:

AT @) = AST @l ) + AT (M, 0)®)6,, -
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The first two terms cancel whereas the third term vanishesdugction hypothesis singé//, (0)®)|a,, _,
is incoherent. Thus we conclude th@é’"””) (®)g = 0 whenp,,, = 0 as well.

We have thus shown that the leading term mdp" vanishes on all incoherefits. Hence

Image of A7"" C @ 7(€).
e coherent
On the other hand, we know thdf™" is nonzero on the spherical section, and thus by twisting by
automorphic determinant characters, we see that equali¢y hold above. This completes the proof
of Proposition 7.2

7.3. Non-vanishing results. In what follows, we will show our non-vanishing results foettheta
lift. First let us prove a couple of lemmas which will be quiteicial for our proof.

Lemma 7.5. Letw, be an irreducible admissible representation®(fV, F,). (Herewv can be either
archimedean or non-archimedean.) Alsodet(—, s) € Ind g;| |* be a (K -finite) standard section,
and(m,(g»)f1, f2) a (i(-finite) matrix coefficient of,,.

(a) Assumer, = m, ® det. Then there exist al{-finite) matrix coefficien{r, (¢,,)f1, f4) of 7, so
that

ZU(Saflaf27q)’U77rv) = Zv(saf{aféadet'q)vaﬂv)'
(b) Assumer, 2 7, ® det. Then

Zv(sv.fla an q)vvﬂ'v) = ZU(S, flv.andet 'q)vvﬂ'v & det)'
Proof. Note that

ZU(S, flafZa q)vaﬂ—v) = / q)v(i(gva 1))<7Tv(gv)f17f2> dgy

O(V,Fy)

= / det(i(gva 1))(1)1)(2(91)1 1))<det(gv)7rv (gv)fh f2> dgv
O(V,Fy)

So this proves the lemmadif, 2 7, ® det. Now if 7, & 7, ® det, then(det(g, )7, (g,) f1, f2) IS a
matrix coefficient ofr,, and so written asdet(g, )7, (9.) f1, f2) = {(mu(gv) f1, f5) for somef; and
f4. Hence the lemma follows. O

Lemma 7.6. Let ®(—,s) = ®@'®,(—,s) € Ind &||* be a standard section such that for every
placev, ®,(—, pm.) € ;. Then there is a Schwartz functigne S((V* @ W)(A))° of the form

o =>,0(¢1; @ p2,;) such thatb = @&m’”.

Proof. Sinced, (—, pm.) € o, for eachv we haved, (—, pp.) = ") (= p,. ) for some
¢, which is in theO(V, F,)-span of the spherical Schwartz functipp,,. Clearly, we can choose

©u = o, for almost allv. Thus if we letp = ®@'p,, we haved = tI)i,m"T), which is of the form

szif?(fbu@@)- O

Now we are ready to prove our non-vanishing theorems. Fermthipose, we need to introduce
the following notation. Lej:, be the group of order two and g@(A) =[], {+1}. For a finite set
of placesT’, we define the characteign(T") on us(A) by

sign(T) := ®'sign(T),
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where
1 ifoegT
sign(T),(—1) = )
o - {1 T0ET

Notice thatsign(7T’) is an automorphic character @n(F)\u2(A) if and only if the cardinalityT'|
of T is even. And any automorphic charagteon po (F)\ 2 (A) is of this form. From now on, by a
charactep we always mean an automorphic charactepef?’)\ u2(A). For each characterand
an automorphic representatiorof O(V, A), we write

TR p:=7mQ (uodet),
which is again automorphic.

We first prove the following non-vanishing result for the tiesim range. We should mention that
the same theorem has been proven by Ginzburg-Jiang-Saoutieii recent paper ((GJS, Thm. 1.1])
by following Moeglin ([Mo]) and using her method of “gendedd doubling method”. However,
we will show that the same theorem quite simply follows froar mner product formula together
with Proposition 7.2.

Theorem 7.7(Non-vanishing theorem for 1st term rangépt « be a cuspidal automorphic repre-
sentation oO(V, A) for dim V' = m wherem > 2r + 1.

(@) Assumen > 2r + 1. Further assume that the (incomplete) standaréunctionZ® (s, 7) has a
pole ats = =2". Then there is a character on ux(F)\u2(A) such that, (t @ p) # 0.
(b) Assumen = 2r + 1. Further assume that the (incomplete) standarfunctionZ°(s, 7) does

not vanish ats = 1. Then there is a characteron uo (F)\u2(A) such that, (1 @ p) # 0.

Proof. First let us assume: > 2r + 1 i.e. situation (a). Suppose that there is a charagtsuch
thatfs, (7 ® ) # 0. Then by the tower property of theta lifting, the theorenidat. Hence we
assume thaty, (7@ p) = 0forall 1, and hencé,,. (7 ® ) is in the space of cusp forms (possibly
zero) for all.

Now it is known that ifv is non-archimedean, one can always find a standard seéticand
vectorsf; , and f, , so that

Z’U(_pm,ra fl,va f2,va (I)va 7T’U) = 17
and ifv is archimedean, one can always fin&dfinite section®,, and vectorsf; , and f; ,, so that

ZU(Sa fl,va f2,717 ¢’Ua 7T’U)

either has a pole or is non-zero holomorphis at —p,, . (See [Kd-R1, Theorem 2.0.2 and 2.0.3].)
Moreover by Lemma 7.5, it, = 7, ® det, then we can find a suitabﬁv so that

Zv(sa fl,va f2,v7 q)vaﬂ-v) = Zv(sa f{7v7 féyvadet 'q)vaﬂ-v)-

Since if ®,(—, —pm,r) € o, thendet -@,(—, —pm,) € o, we may assume that at thosss
wherer, = 7, @ det the above choice ob, is such thatb,(—, —p,,.) € 0. Therefore one can
find a global standard factorizable sectibn= ®’®,,, which can be chosen to be either coherent or
incoherent at = —p,, -, and vectory; = ®'f1 , andf, = ®’ f2,, so that the product

H Z’U(Sa fl,va f2,va (I)va 7Tv)

veS
either has a pole or is non-zero holomorphicsa&= —p,, , for sufficiently largeS containing
all the archimedean’s, and all the non-archimedears where r, is ramified, and moreover
D,(—, —pm.r) € of if T, 27T, @ det.
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Now by the doubling method, for this choice ®f f; and f-, we have

/ f1(91) f2(g2) EC™™(i(g1, g2), 5; @) dg1dgo
(GXG)(F)\(GXG)( )

= 5 LS S + H Z fl,vafZ,’an)’Uaﬂ-v)'
dm( ) veS

Now ats = pmm-r—1 = —pm, the left hand side has at most a simple pole. Hence by our
assumption that® (s, ) has a pole at = mg”, we know that the product of local zeta integrals
on the right hand side cannot have a pole and so must be nomamorphic. Then we have

F1(91) F2(g2) AU ™ (@) (i(g1. 92)) dgrdyge

/(GxG)(F)\(GxG)(A)
1 |
= Ty s <L (s + Em)gzv(s,fl,v,fz,v,¢v,wu)> :
where the right hand side and hence the left hand side areemmnand in particular
ALTH(@) £ 0.
Therefore by Proposition 7.2, we know thiais a coherent section. Hence if we let
T={veS:Py(—,—pm,) ¢otl

then the sizgT| of T is even by the coherence &f, and so if we letu = sign(T), thenp is
automorphic. Since by our choice &, we know thatr, % 7, ® det for all v € T, and so by
Lemma 7.5 we have

H Z’U(S7 fl,va f2,'ua (I)va 7Tv) = H Z’U(Sa fl,va f2,va det '(I)va Ty & det)a
veT veT

which, together with: = sign(T'), gives
H ZU(Sv f1,117 .f?,vv (I)vv 7T7J) = H ZU(Sv f1,117 fQ,Ua Moy - q)va Ty @ ,LLU)
veS vES

Therefore sincd (s + 3,7) = L5(s + 3,7 ® p), we see that

1
LS(S + 5,77 ® ,LL) H ZU(S; fl,va fQ,UaHu : (I)vaﬂ'v ® ,uv)
veES

has a simple pole at= —p,,, ,.
Now by the very definition of:, we have
o - ®, € o forallv,

and so thereis @& € S(V* ® W,.)(A))° such tha@i,’?’m_r_l) = u- ® by Lemma 7.6. Hence by
invoking Theorem 6.7 (Inner Product Formula for 1st ternrgenwe obtain

D (O (f1, b14), 020 (3, 92,)

%

B Qm,r g 1
B ms:%%i,r (L (S + 577T®N) ggzv(svfl,vvflvvﬂv <@y, my ®Hv)> .

for some}", o (1, @ ¢2 ;) € S(VF @ W)(A))° and for somef; € = ® . Since the right hand
side is non-zero, we see that

(B2r(f1, P1.4), 02, (f2, d2.i)) #0
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for somei. Thus part (a) of the theorem has been proven.

The part (b) of the theorem can be similarly shown by usinginther product formula on the
boundary, and the detail of the proof is left to the reader. O

Next we prove our hon-vanishing result for the 2nd term ratgygortunately, however, for this
range we need to assume thlin V' = m is even. This is because we need to impose on the
cuspidal representatianthe assumption that, = =, ® det for at least one place, and ifdim V'
is odd, thenr, 2 m, ® det for all v. Also the reason we can get away with this assumption for
the 1st term range is Proposition 7.2. For the 2nd term rangehave not been able to prove the
analogous proposition and we do not even know if such a stateaven exists at all. In any case,
the following is our main non-vanishing theorem for the 2eid range.

Theorem 7.8(Non-vanishing theorem for 2nd term rangé&pt 7 be a cuspidal automorphic repre-
sentation ofO(V, A) for dim V' = m wherem is even with- + 1 < m < 2r. Assume that

(i) there is a placey such thatr, = 7, ® det;

(i) L9(1+4 2557, 7) # 0. (A pole is allowed.)
Then there is a character on us(F)\p2(A) such that

02T(7T ® N) 7£ 0.

Proof. One can prove this theorem analogously to Theorem 7.7 by tiseinner product formula
of the 2nd term range. However, this time the Beds defined in the proof of Theorem 7.7 cannot
be shown to have an even cardinality due to the absence oh#tiegue of Proposition 7.2. To get
around this, we use a placevherer, = 7, ® det. The detailed proofis as follows.

First if 69, _o(m ® ) # 0 for some characteu, then the theorem holds by the tower property
of theta lifting. Also if the (incompleteL-function has a pole at = p,, ,, then by Theorem 7.7
we already know thafty, 5, . (7 ® u) # 0, and so again by the tower propetty. o, (7 @ p) #
0 for k < 2p,,, and so the theorem follows. Hence for the rest of the proofassume that
Oar—2(m @ p) = 0 for all 4 and the (incomplete)-function is non-zero holomorphic at= p,, .

Now by the same reasoning as the proof of Theorem 7.7, therglisbal K -finite factorizable
standard sectiof® = ®’®, and vectors; = ®’f1 , andfs = @' f1, so that

H Z’U(Sa fl,va f2,717 (bvvﬂ.v)
veSs

is either non-holomorphic or non-zero holomorphigat p,, , for S as in the proof of Theorem
7.7. Moreover we may assume thiat(—, p,,, ) € o, for all v’s at whichw, = 7, @ det. Then let

T={veS:P,(—,pmr) ¢ o1,
and define

| sign(T) if |T|is even
H=  sign(T U {vo}) if T is odd

wherev is a place at which,,, = 7,, ® det. Theny is an automorphic character.
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Then by invoking the inner product formula for the 2nd termgea, for suitable choice of! €
T ® u we have

D (Oar(f1, D1,4), 020 (f3, 2,0))

3

1 g 1
- WS:\;%},T <L (S + 5777 ®N) ggzv(safl,vvflvvﬂv c Py, Ty ®Nv)>

wherep =", 0(¢1,, @ 2 ;) € S(VH @ W)(A))° is such tha@fam”) = & by Lemma 7.6. Notice
that in the right hand side, the product

1
LS(S + §a77 0 :u) H Zv(sa fl,va fZ,Ua,u'U <Py, Ty ® :uv)
veS

is holomorphic by Lemma 6.8 at = p,, ., and thus non-zero holomorphic at= p,, , because
the product of the local factors is non-zero aiti(s + %, T@u) = L%s+ %,w). Therefore the
theorem has been proven. O

The above two theorems are viewed as non-vanishing resiptfo“disconnectedness”. Indeed,
if we use the “dual pair(SO(V), Sp(2r)) instead of the usudD (), Sp(2r)), the above theorems
are restated as follows:

Corollary 7.9. Letr be a cuspidal automorphic representatiorSéi(V, A) with dim V' = m.

(@) Assumen > 2r + 2. Further assume that the (incomplete) standartlinctionZ® (s, 7) has a
pole ats = ™=2". Thenfy, (1) # 0.

(b) Assumen = 2r + 1. Further assume that the (incomplete) standarfunctionZ°(s, =) does
not vanish ats = 1. Thené,, (1) # 0.

(c) Assumen is even withr + 1 < m < 2r such that® 2 7. Assume that(1 + 25 1) # 0.
(A pole is allowed.) Thef,,.(7) # 0. (Here< is the representation obtained by conjugating
via the outer automorphism &0 (V).)

Remark 7.10. If we assumer is generic, then automatically®(1 + 2.2, ) # 0 for m = 2r,
and so part (c) of this corollary impliés, (7) # 0 (if 7¢ 2 7). This is a part of the main theorem of
[GRS], though their theorem applies even whére 7.

8. On the lowest occurrence conjecture

Once the non-vanishing theorems in the previous sectioa hegn proven, the natural question
to ask is whether thé-function conditions are necessary. In this last sectiawil examine this
issue. First we show that there is at least an example in vih&h-function condition is necessary.
Namely, we construct a cuspidal automorphic represemtation SO(4) so thatL°(s, 7) vanishes
ats = 1 andé,(7) = 0. After that, following [GJS], we will consider the non-vahing of theta
lifts by using the notation of the lowest occurrence as ing{5J

8.1. An example. We will construct an example as mentioned above. et D be a non-split
quaternion division algebra ovét. Then first consider the similitude gro@gO (D). It is well-
known thatGSO(D) = (D* x D*)/G,, whereG,, is embedded a§(t,t~1);t € G,,}. Hence,
a cuspidal automorphic representationf GSO(D)(A) is identified with a cuspidal automorphic
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representatiom X 7 of D*(A) x D*(A) so thatr; andr, have the same central character. Now
assume

Tl@TQZTl@l,

i.e. 71 has the trivial central character anglis the trivial charactet on D*(A). This is certainly
a cuspidal automorphic representation sitt$0 (D) is anisotropic. Then let be an irreducible
constituent ofry X 72|50 (p,a)- (Here the restriction refers to the restriction of funotg Then one
sees
1 1
L%(s,7) = L%(s + §,T1) L(s — 517-1)'
(See the second paragraph of the proof of Theorem 5.4 in [Sdkhce if we choose, to be such
thatL(3,71) = 0, then we have.®(1,7) = 0.
Now we have

Proposition 8.1. Letr be the cuspidal automorphic representatiorSén D, A) constructed above.
Thendy(7) = 0. Equivalently, ifr is a cuspidal automorphic representation &{D) such that
Tlso(p,a) (restriction of functions) contains then for any automorphic charactgron jus (F)\ 2 (A),
we havedy (m ® u) = 0.

Proof. To prove the proposition, it suffices to show that the globata lift of 7 X5 = 7 X 1 from
GSO(D) to GSp(4) is zero. For this, we note thaté{ X 7») is nonzero, it must have a nonzero
Bessel model associated to a p@lf, x) whereE is a quadratic field extension @ andy is an
automorphic character df* (cf. [PT] for the definition of Bessel models). By [PT, Theorg],
the Bessel model af(; X ») with respect to the paifF, x) is nonzero if and only if both; and
75 have nonzero period integrals against the charactérof the maximal toru€£> — D*. Since
To i the trivial representation dp*, the (E, x)-Bessel model of (7 X 72) is nonzero if and only
if y is trivial and; has nonzero period integral over<. By a well-known result of Waldspurger
[W], this holds if and only if

1

1
L(iaﬁ) 'L(§77'1 ®xEe) #0

wherey g is the quadratic character associated@d by class field theory. To summarize, we have
shown that a necessary condition for the nonvanishirfifafX 1) is the nonvanishing of.(3, 71).
Since we are assuming thati, 1) = 0, we conclude thad(r; K1) = 0. O

8.2. On the lowest occurrence conjecture Now we will consider the non-vanishing problem fol-
lowing [GJS]. First as in [GJS], we define the notion of lowesturrence. Letr be a cuspidal
automorphic representation OfV, A), wheredim V' = m. Then define

FOy(m) := min{r : 8 o,(7) # 0},

namelyFO,, () is the rank of first occurrence of the theta lift to the symfitetower. Then we also
define

LOy(m) == mjn{FOw(ﬂ' ®@p)}t,

wherey runs through all the automorphic charactergg0F)\ u2 (A), namelyLO,(7) is the rank
of first occurrence “up to disconnectedness”, and followi@dS] we call it the rank of “lowest
occurrence”. Note that until this point, we have been fixing additive charactep, but in this
section we considérO,, () andLO,, () varying asy varies.

Next recall that for each irreducible admissible represgon =, of O(V, F,,), Lapid and Rallis
([LR]) have defined the locdl-factor L, (s, 7, ) in such a way that it satisfies a number of expected
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properties which determine it uniquely. Hence it makes a¢asonsider the complete (standard)
L-function L(s, ) of 7. Then define

max{sp € {1,2,...,

max{sp € {2,2,...,

—1}: L(s,m) hasapole at = s} if miseven

Pole(nr) := e
—1}: L(s,m) hasapole at = sy} if misodd

m
2
m

2

whenever it exists. Now iPole(7) does not existi.e. the completel-function L(s, 7) does not
have a pole in the above set, then define

min{sg € {1,2,...,%} : L(s,m) does notvanish at= 5o} if miseven
min{so € {3,2,...,2 — 1} : L(s,m) does not vanish at= s,} if mis odd

Zero(m) = {

If Zero(r) is not defined in this way, namely the complétdunction L(s, w) vanishes at all the,
in the above set, then we define

Zero(r) = 7 +.1 |f m is even
% if mis odd

so that whenevePole(r) does not existZero(r) exists.

However, as we have see in the previous section, our norstviagitheorems are stated in terms
of the incompletel.-function L% (s, 7). So similarly toPole(w) andZero(r), let us define its in-
complete analogue. Namely for a finite $eof places,

Pole® () max{sg € {1,2,...,% — 1} : L(s,7) hasapole at = so} if miseven
™) =

max{sg € {2,5,...,2 —1}: L9(s,m) has apole at = so} if mis odd
whenever it exists, and when it does not exist we define” () in the analogous way &ero(r).
Those definitions make sense for any firfiteand sdPole” () = Pole(r) andZero® (1) = Zero(r)

if S is empty, though in practice we only consider the case wiierentains all the “bad” places.
Clearly,

Pole(r) > Pole®(7) and Zero(n) < Zero®(m),
whenever both sides exist, because each local fdgtarr, ) never has a zero.

In any case, using this language, let us state the lowestmewe conjecture by Ginzburg-Jiang-
Soudry [GJS, Conjecture 1.2] as follows.

Conjecture 8.2(Ginzburg-Jiang-Soudry)-etw be a cuspidal automorphic representatioryfl/, A)
with dim V' = m and assume thatole® () exists. Then

LOy (r) = % — Pole® ().

Note that in particular, this conjecture implies that fosatisfying the assumption of the conjec-
ture,LO, () is independent of the choice 6f

Now the non-vanishing theorems we proved in the previousaecan be stated as follows,
recalling that part (a) is a theorem of Ginzburg-Jiang-$p{@JS, Thm. 1.1].

Theorem 8.3. Let w be a cuspidal automorphic representation®fV, A), S a finite set of places
containing all the archimedean places and the ramified @ace

(a) Assumole® (7) exists. Then

LO,(7) < — — Pole® ().

S
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(b) Assumé’oles(w) does not exist. Further assuriam V' is even, and there is a plagesuch that
Ty = T, ® det. Then
LOy(r) < % — 1+ ZeroS ().

If one could show that the is actually= for the first case, then the conjecture by [GJS] would
be proven. Also analogously to their conjecture, one migitaer if the same is true for the second
case. In what follows, we will investigate this issue.

First of all, to make< into = in the above theorem is almost synonymous to the converse of
our non-vanishing theorem. However one difficulty is in hoveontrol the analytic behavior of the
“bad factors” of the local zeta integrals present in the ippreduct formula. One possible way to
get around this difficulty is to consider the complétéunction and assume the following expected
property of the local-factor.

Conjecture 8.4. Let 7, be an irreducible admissible representation®fV, F’,), wherev can be
archimedean or non-archimedean. Then the normalized netgrial
Z’U(Sa fl,va f2,717 (bva ﬂ-’U)
Ly(s+3,m)
is holomorphic for alls € C and for any choice of; ,, and standardb,,.

Z:(Sv fl,’LM f2,’U7 (I)va 7Tv) =

We will take up this issue in our later work. However for thepase of this paper, we do not
need the full strength of this conjecture but the followingaker version suffices.

Conjecture 8.5. Let 7, be an irreducible admissible representation®fV, F,), wherev can be
archimedean or non-archimedean. The we have the following.
(a) The normalized zeta integral (s, f1,v, f2,0, ®v, ™) is holomorphic at alls € C such that

1 {{1,2,...,%—1} if m is even

s+ - € . .
2 3,5,...,2 —1} ifmisodd

(b) The normalized zeta integrdl; (s, f1,v, f2.u, Pv, my) IS holomorphic at alls € C such that

1 {{1,2,...,%4—1} if m is even

S+ = € 1 3 . .
2 Sy 5y if m is odd

The reason we have two slightly different versions is thatwe will see below, when both
Pole® (1) andPole() exist, the first version suffices, and when batho® () andZero(r) exist,
the second one does.

Another difficulty lies in the fact that our second term idgnis “weak” in the sense that it works
only for thosep's in S(V+ @ W)(A))°. Of course, itis also expected that the second term identity
is true in the strong form. Namely, we have

Conjecture 8.6. The weak second term identity (Theorem 5.6) as well as thk fiveeterm identity
on the boundary (Proposition 5.3) can be extended tpall S((V* @ W)(A)).

Then we can prove the following

Proposition 8.7. Letr be a cuspidal automorphic representation@(fV; A) with dim V' = m.
(a) Assume Conjecture 8.5 (a), and b&tble(r) andPoleS(w) exist. Then

% — Pole(r) < LOy(r) < % — Pole® (n).
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(b) Assume Conjecture 8.5 (b) and 8.6 and bitho(7) andZero® () exist. Further assume that
m is even, and there is a plaeesuch thatr, = 7, ® det.Then

% — 1+ Zero(m) < LOy(m) < % — 1+ Zero® (7).

Proof. First let us consider (b). We already know thab,(7) < & — 1 + Zero® (). Letr =
LOy () and so there exisis such thab,, o, (7 @ 1) # 0, and moreover since= LO, (), itisin
the space of cusp forms. So there exj§tsf> € 7 @ pandgy, ¢2 € S((V ® WT)(A)) such that

<92T(.f17 Qsl)a 92T(f27 ¢2)> # 07
wheredim W = 2r. Notice that we may assume thAts are factorizable. But we do not know if
o(p1 ® ¢2) isin S(VT ® W)(A))°. (Hereo is as in Proposition 6.3.) However if we assume
Conjecture 8.6, by using essentially the same proof as théayrTheorem 6.4, we can obtain

<927‘(f11¢1)7927‘(f27¢2)>
Z Val (LS S+% 7T®,U H Z fl,vaf2,vaq)i,v77rv ®Mv)>

pm S=Pm,r vesS

1
= W;sz\g}m <L(S+ TR ) H Z5(8, [1,05 f2,00 Piws T ®,Uu)> ,

veS

for some standard section,, ®; so that eaci®; is factorizable. Then if the left hand side is non-
zero, then for somg

Val (L(S+ 7T®,Uz HZ fl,vaf2,vaq)i,va77v®lufv)>

S=Pm,r
veES
must be non-zero. By Conjecture 8.5 (b), we know that eactiymio

H Z:;(Sv f1,117 .fQ,vv (I)ia Ty @ ,uv)
vES
is holomorphic at = p, . Also by our assumptior,(s+ 3, 7), which is the same ab(s+ 3, 7®
1), does not have a pole at this point. So all those indply + %, m) must be non-zero at= p,, .
Then we have
m
Zero(m) <r — 5 + 1.

Hence the proposition follows.

Next we consider (a). For this “pole range”, to invoke theenproduct formula to the extent
we need, we do not have to extend the first term identity as @apdition 5.1, but we only need
the version of Proposition 3.3, which already works for anye S((V* @ W)(A)). Then the
proposition follows in a similar way as (b). The detail istlef the reader. O
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