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A Siegel-Weil formula for exceptional groups

By Wee Teck Gan at Princeton

Abstract. We obtain a Siegel-Weil formula for the dual pair G2 � F4 in the qua-
ternionic form of E8 over Q, with G2 split and F4 anisotropic. This identi®es the integral
over F4 of a theta function on E8 as an Eisenstein series on G2. The Fourier coe½cients of
the theta integral are related to an embedding problem involving cubic forms.

Introduction

If
ÿ
Sp�U�;O�V�� is a dual reductive pair in Sp�U nV�, the classical Siegel-Weil

formula expresses the integral over O�V� of a theta function on Sp�U nV� as a special
value of a corresponding Eisenstein series on Sp�U�, at least when some convergence
conditions are satis®ed so that both sides of the identity are well-de®ned. In its greatest
generality, this formula was established by Kudla and Rallis in [KR1] and [KR2]. Later,
in [KR3], they proved a regularized Siegel-Weil formula, even when the convergence con-
ditions are not satis®ed. Coupled with the Rankin-Selberg method, the Siegel-Weil formula
has been an important tool in the study of special values of automorphic L-functions (cf.
for example [GrK] and [HK]). With the discovery of Rankin-Selberg integrals involving
Eisenstein series on exceptional groups, it is natural to ask for an extension of the Siegel-
Weil formula to more general dual reductive pairs. In this paper, we take the ®rst step
towards such a formula in exceptional groups, by considering the simplest possible case
where one member of the dual pair is anisotropic.

To be precise, let H be the quaternionic form of E8 over Q. Hence H has Q-rank
4, and is split at all ®nite primes p. There is a dual reductive pair G2 � G in H. Here, G2 is
split, whereas G is anisotropic of type F4; it is the automorphism group of the exceptional
Jordan algebra of 3� 3 hermitian matrices with coe½cients in the Q-algebra of Cayley's
octonions. In [G], we have constructed an automorphic realization

y: P ,! L2
ÿ
H�Q�nH�A��

of the global minimal representation P � N̂
v

Pv of H�A�, and studied the lifting of non-

trivial automorphic forms from G to G2 via the theta kernel. Here, we consider the theta lift
of the trivial representation of G�A�, i.e. the theta integral



I
ÿ
y� f ���g� � �

G�Q�nG�A�
y� f ��gh� dh

for f A P, which de®nes an automorphic form on G2.

For us, the Siegel-Weil formula consists of the following two statements about I
ÿ
y� f ��:

(i) I
ÿ
y� f �� is a linear combination of theta functions, for a suitable f.

(ii) I
ÿ
y� f �� is an Eisenstein series E� f �.

The ®rst statement is more arithmetic in nature. In the classical case, it is almost im-
mediate and follows from unravelling the de®nition. This is because we have a good notion
of Fourier coe½cients for Siegel modular forms and a good model for the Weil represen-
tation. In the exceptional case, it is not even clear a priori what a theta function on G2

means. It turns out that the main problem here is to formulate a re®ned theory of Fourier
coe½cients for certain automorphic forms j on G2. Such a theory has now been developed
in [GGS], with the result that one can attach to j a collection of complex numbers fcA�j�g,
indexed by cubic rings A over Z with AnRGR3 and well-de®ned up to a universal scal-
ing. The numbers cA�j� are the re®ned Fourier coe½cients of j. With this notion of Fourier
coe½cients, our ®rst result is that I

ÿ
y� f �� is indeed a linear combination of theta functions.

These theta functions are so-called because their A-th Fourier coe½cients count the number
of embeddings of A into certain integral models of the exceptional Jordan algebra, an
embedding problem studied in [GG] and [GG2].

The proof of the above arithmetic result is based on a careful study of the Fourier
coe½cients (in the usual sense) of y� f �. This is possible even though we do not have a good
model for the minimal representation, but requires a very careful setting up of notations.
The ®rst ten sections of the paper systematically introduce these notations and the basic
objects of interest, as well as recall and re®ne various results needed from the literature.
Though they contain hardly anything new, they are quite necessary, especially the results of
Section 6 on integral models. After this long preparation, we construct in Section 11 some
theta functions on G2, and show in Section 12 that I

ÿ
y� f �� is a linear combination of these

theta functions.

The second statement in the Siegel-Weil formula is more a result about automorphic
forms, and occupies the rest of the paper. We study in Section 13 a particular Eisenstein
series on G2, and in Section 14, we identify the non-cuspidal part of the theta integral with
this Eisenstein series. Finally, we show in the ®nal section that the cuspidal part of the theta
integral vanishes.
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encouragement, and for many stimulating discussions during the course of this work.
Thanks are also due to Professor Gordan Savin for his invaluable assistance, and Professor
Steve Rallis for pointing out the relevance of the paper [KV].

Notations. We let Ẑ �Q
p

Zp denote the pro®nite completion of Z, and let

Q̂ � ẐnQ. The adele ring of Q is denoted by A.
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If V is a vector space over Q, we shall often let V denote a lattice in V. If v A V, the
content c�v� of v (relative to V) is the largest positive integer e for which v A e �V. This
notion makes sense locally as well: if v A VnZp, its content cp�v� is the largest p-power
such that v A cp�v� � �VnZp�. Moreover, c�v� �Q

p

cp�v� for v A V. Say that v is primitive if
it has content 1.

Finally, if G is an algebraic group over Q, G will denote an integral model of G, i.e. a
group scheme over Z with generic ®ber G.

1. A counting problem

We begin by recalling a counting problem which was studied in [GG] and [GG2], and
which motivates the investigations of this paper. The material below is largely taken from
[GG2], §1.

Let R be Coxeter's order in the Q-algebra of Cayley's octonions [GG], p. 265, and let
J3 be the free abelian group of 3� 3 Hermitian symmetric matrices with entries in R. An
element of J3 looks like

X �
a z y

z b x

y x c

0@ 1A�1:1�

with a; b; c A Z, and x; y; z A R. The determinant map

N: J3 ! Z;�1:2�
N�X � � abc� Tr�xyz� ÿ a �N�x� ÿ b �N�y� ÿ c �N�z�

gives a natural cubic form on J3. The identity matrix I and the matrix

E �
2 a a

a 2 a

a a 2

0@ 1A�1:3�

with a � 1

2
�ÿ1� e1 � e2 � � � � � e7� A R both satisfy N�I� � N�E� � 1. Hence the triples

JI � �J3;N; I�;
JE � �J3;N;E�

�
are pointed cubic spaces over Z.

Using I and E, one can de®ne symmetric bilinear forms TI and TE on J3, and qua-
dratic maps KI and KE from J3 to itself [EG]. For example, we have:

TI �X ;Y� � 1

2
� Tr�XY � YX�;�1:4�

where Tr: J3 ! Z is the trace form, and XY denotes usual matrix multiplication. The
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lattices �J3;TI � and �J3;TE� are both unimodular. The 5-tuples

JI � �J3;N; I ;KI ;TI �;
JE � �J3;N;E;KE ;TE�

�
are cubic norm structures over Z (cf. [KMRT], §38 and [GG2], §2), which give rise to
isomorphic Jordan algebras over Z�1=2�. In particular,

F � JI nQG JE nQ

is an exceptional Jordan algebra over Q.

Let A be an arbitrary order in an eÂtale cubic algebra k over Q, with norm map N and
trace map Tr. The triple �A;N; 1� is a pointed cubic space over Z, which gives rise to a
cubic norm structure �A;N; 1;K;T�, where

aK � aÿ1 �N�a� for a3 0,

T�a; b� � Tr�a � b�:
�

In [GG], we counted the number of embeddings

A ,! JI ;

A ,! JE

�
of pointed cubic spaces over Z, when A is the maximal order of integral elements in k. It
was shown in [GG], Lemma 2 that any such embedding is also an embedding of the cor-
responding cubic norm structures. Let N�A; JI � and N�A; JE� denote the number of such
embeddings, and let GI and GE be the ®nite groups of automorphisms of JI and JE (as
pointed cubic spaces or cubic norm structures). Then what we computed in [GG] is the
number

NA � N�A; JI �
KGI

�N�A; JE�
KGE

:�1:5�

This is zero unless AnRGR3, in which case it is given in terms of the value of the zeta
function zA�s� of A at s � ÿ3.

In the ®nal section of [GG], we speculated that the numbers NA, for A maximal,
occur as the Fourier coe½cients of an automorphic form on G2. We further speculated
that there is another automorphic form on G2 whose Fourier coe½cients are the numbers
MA � N�A; JI � ÿN�A; JE�. This paper began as an attempt to uncover and understand
these automorphic forms.

2. The group G and the genus of JI

Let L � Aut�F ;N� be the algebraic group of linear maps on F which preserves the
cubic form N. It is a quasi-simple simply-connected linear algebraic group over Q of type
E6, which has real rank 2 and is split over Qp for all primes p. Let G � Aut�F ;N; I� be the
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algebraic subgroup of L which ®xes I. It is anisotropic of type F4 over R, and is split over
Qp for all p. Moreover, G is the automorphism group of the Jordan algebra F.

The pointed cubic spaces JI and JE are globally inequivalent [EG], but are isomor-
phic over Q and Zp for all p. We say that they are in the same genus. The equivalence
classes of pointed cubic spaces in the genus of JI are parametrized by the double coset

space G�Q�nG�Q̂�=KI , where KI is the open compact subgroup of G�Q̂� which stabilizes
the lattice J3 n Ẑ. The bijection is explicitly constructed as follows. For a A G�Q̂�, let Ja be
the lattice in F � J3 nQ which is uniquely determined by the requirement that

Ja nZp � a � �J3 nZp�:�2:1�

Then I A Ja and the cubic form N takes integer values on Ja. The pointed cubic space cor-
responding to a is the triple �Ja;N; I�, and the 5-tuple �Ja;N; I ;K;T� is the corresponding
cubic norm structure. Here we have used K and T in place of KI and TI for simplicity. It
was shown in [Gr] that

KG�Q�nG�Q̂�=KI � 2;�2:2�

so that JI and JE represent the two distinct equivalence classes in the genus of JI . In the
sequel, it will be more convenient for us to work with the representative �Ja;N; I� (for
suitable a) in place of JE � �J3;N;E�.

Fix a A G�Q̂� and let A be an order in an eÂtale cubic Q-algebra k. For any Z-algebra
B, let S�AnB; a� denote the set of morphisms of cubic norm structures AnB! Ja nB.
We have:

Proposition 2.3. (i) S�AnQp; a� is non-empty, and G�Qp� acts transitively on

S�AnQp; a�.

(ii) S�AnR; a� is non-empty if and only if AnRGR3, in which case G�R� acts

transitively on S�AnR; a�.

(iii) S�AnQ; a� is non-empty if and only if AnRGR3, in which case G�Q� acts

transitively on S�AnQ; a�.

Proof. (i) is [J], Thm. 10, p. 389; (ii) and (iii) follow by a standard cohomological
argument [GG], §5. r

We shall show that for each a A G�Q̂�, there is an automorphic form ja on G2 whose
Fourier coe½cients are the numbers KS�A; Ja�. This exploits the fact that G � G2 is a dual
reductive pair in the quaternionic form of E8 over Q. We review the construction of this
dual pair in the following section.

3. The dual pair G2 � G in H

Let H be the (unique) algebraic group over Q of type E8, which has real rank 4, and is
split over Qp for all p. We begin with a construction of the Lie algebra h of H.
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Let V � he1; e2; e3i be a 3-dimensional vector space over Q, and let

V � � Hom�V;Q�

with dual basis fe�1 ; e�2 ; e�3g. Let sl�V� be the Lie algebra of endomorphisms of V with trace
zero. We identify sl�V� with sl3 using the basis fe1; e2; e3g, and write eij for the endomor-
phism e�j n ei of V.

The Lie algebra h can be described elegantly using a Z=3Z-grading:

h � hÿ1 l h0 l h1�3:1�

where

h0 � sl�V�lLie�L�;
h1 � V nF ;

hÿ1 � V �nF �:

8<:�3:2�

We refer the reader to [Ru] and [S2] for the de®nition of the Lie brackets in h. Using the
pairing T � TI of (1.4), we identify F � � Hom�F ;Q� with F in (3.2). The algebraic group
H is the automorphism group of the Lie algebra h. It has Lie algebra h, and contains the
algebraic subgroup �SL3 � L�=Dm3, whose Lie algebra is h0. Indeed (3.1) gives the decom-
position of h as a representation of this subgroup, while the grading is induced by the action
of its center m3.

As discussed in [S2], the Killing form of h restricts to a Killing form hÿ;ÿi on h0,
and induces a nondegenerate h0-invariant pairing

hÿ;ÿi: h1 � hÿ1 ! Q:�3:3�

One can normalize the Killing form on h so that on sl�V�, we have:

ha; bi � Tr�ab��3:4�

and the pairing (3.3) is given by

hvnX ; v�nYi � hv; v�i � T�X ;Y �:�3:5�

We can now construct the dual pair G2 � G ,! H. Let I A J3 be the identity matrix.
The stabilizer in L of V n I H h1 is the group G by de®nition (cf. §2). The centralizer of G
in H contains SL�V� and has Lie algebra equal to

g2 � sl�V�l �V n I�l �V �n I�:�3:6�

From the Lie brackets, one can check that this is the Lie algebra of the split group G2.
Hence the connected component of the centralizer of G is the split group G2, and we have
obtained an explicit embedding G2 � G ,! H. Since G2 � G is a maximal subgroup in H
[GrS], p. 210, G2 is in fact the full centralizer of G, so that G2 � G is a dual reductive pair
in H.
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4. The Heisenberg parabolic of H

The group H has a maximal parabolic subgroup P �M �N known as the Heisenberg
parabolic. The Levi subgroup M has connected center Z GGm, and its derived group is
simply-connected of type E7 and relative rank 3 [GrS]. The unipotent radical N is a 57-
dimensional Heisenberg group with 1-dimensional center Z2. We ®x an embedding P ,! H

by describing p � Lie�P� as a subalgebra of h using (3.1) and (3.2).

Let

h �
1

0

ÿ1

0@ 1A A sl�V�

and for i A Z, set

h�i� � fx A h : �h; x� � i � xg:

Then we have:

h�0� � tlLie�L�l �e2 nF�l �e�2 nF�;
h�1� � Qe12 l �e1 nF�l �e�3 nF�lQe23;

h�2� � Qe13

8<:�4:1�

where t denotes the diagonal torus of sl�V�. The Lie algebra p � ml n of P is given by:

p � h�0�l h�1�l h�2�;

with

m � h�0�;
n � h�1�l h�2�;
z2 � h�2�:

8<:�4:2�

We can choose a maximal split torus T0 of H, containing the diagonal torus of SL3 and a
positive system of roots such that h�2� � Qe13 is the root subspace of h corresponding to
the highest root a0. Then the diagonal torus of SL�V� serves as the maximal split torus of
G2, with highest root d. Note that d is simply the restriction of a0 to the diagonal torus of
SL�V�.

Let

W � h�ÿ1� � Qe21 l �e�1 nF�l �e3 nF�lQe32:�4:3�

We shall denote an element of W as �a;B;C; d�. Using the exponential map, and the pair-
ings in (3.4) and (3.5), we have:

W GHom
ÿ
h�1�;Q�GHom�N;Ga�:�4:4�
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Consider the action of M on W. The center Z acts by a fundamental character, and
we ®x an isomorphism of Z with Gm so that Z acts on W by the identity character. The
derived group of M acts by the 56-dimensional minuscule representation, described for
example in [GrS], Ch. 2, §3. A highest weight vector of W with respect to T0 is the vector
e21 � �1; 0; 0; 0�. The stabilizer of the line Qe21 is a maximal parabolic subgroup Q of M
with Lie algebra tlLie�L�l �e2 nF�. Let W be the M-orbit of e21; it is a subvariety of
the a½ne space W. Then we have [G], Lemma 2.7:

Lemma 4.5. The element �a;B;C; d� A W , with a3 0, lies in W if and only if

C � BK=a;

d � N�B�=a2:

�

5. The Heisenberg parabolic of G2

From the description of the embeddings G2 � G ,! H and P ,! H, we see that

�G2 � G�XP � P2 � G�5:1�

where P2 � L2 �U2 is a maximal parabolic subgroup of G2, known as the Heisenberg par-
abolic. On the level of Lie algebras, we have:

l2 � tlQ�e2 n I�lQ�e�2 n I�;
u2 � u2�1�l u2�2�;
u2�1� � Qe12 lQ�e1 n I�lQ�e�3 n I�lQe23 H h�1�;
u2�2� � z2 � Qe13:

8>>><>>>:�5:2�

Thus U2 HN is a Heisenberg group of dimension 5 with center Z2, and the Levi
subgroup L2 is isomorphic to GL2. We have already ®xed an isomorphism of Z with Gm in
the previous section; we now ®x an isomorphism of L2 with GL2 which restricts to the given
isomorphism of their centers. As a result, the modulus character dP2

of P2 is given by:
dP2
�g� � �det g�ÿ3, for g A GL2.

Let

V2 � g2 X h�ÿ1��5:3�
� Qe21 lQ�e�1 n I�lQ�e3 n I�lQe32:

We identify the element

a � e21 � b � 1
3

e�1 n I � c � 1
3

e3 n I � d � e32 A V2

with �a; b; c; d�. The pairings (3.4) and (3.5), and the exponential map, give an identi®cation

V2 GHom
ÿ
u2�1�;Q

�
GHom�U2;Ga�:�5:4�

Now consider the action of L2 on V2. If we identify V2 with the space of binary cubic forms
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over Q by sending �a; b; c; d� A V2 to q�x; y� � ax3 � bx2 y� cxy2 � d y3, then the action of
L2 on V2 can be idenitifed with the following action of GL2 on binary cubic forms:

�g � q��x; y� � det gÿ1 � q�Ax� Cy;Bx�Dy�

for

g � A B

C D

� �
A GL2:

Now we have [Wr]:

Proposition 5.5. For any ®eld extension E of Q, the L2�E�-orbits on V2 nE are in

bijection with the isomorphism classes of cubic E-algebras. The generic orbits correspond to
eÂtale cubic algebras, and are represented by those binary cubic forms q whose discriminant

D�q� is non-zero.

Example. Every L2-orbit has a representative q � �a; b; c; d� with a3 0, and for
such a q, the corresponding E-algebra is k � E�x�=�ax3 ÿ bx2 � cxÿ d�.

The inclusion U2 ,! N induces a restriction map Hom�N;Ga� ! Hom�U2;Ga� given
by

t: �a;B;C; d� 7! ÿ
a;Tr�B�;Tr�C�; d��5:6�

which is equivariant with respect to the action of L2. For any extension ®eld E of Q, and
any generic q A V2 nE, with corresponding eÂtale algebra k, let

W�q� � fx A W�E�: t�x� � qg:

Then we have:

Proposition 5.7. W�q� is in natural bijection with the set of embeddings k ,! F nE of

cubic norm structures. Moreover, if E � Q or R, both sets are empty unless AnRGR3.

Proof. Without loss of generality, assume that q � �a; b; c; d� with a3 0, so that k

is as given in the above example. To give an embedding of k into F nE, it is necessary
and su½cient to specify the image X of x, which can be any element satisfying:

Tr�X � � b=a;

Tr�XK� � c=a;

N�X � � d=a:

8<:
On the other hand, by Lemma 4.5, the map

X 7! ÿ
a; a � X ; a � XK; a �N�X��

sets up a bijection between the set of such elements X and W�q�. r
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6. Integral models

In this section, we ®x a A G�Q̂� and use it to carry out the constructions of Sections 2±
5 over Z. In particular, we construct integral models L, H, G, G2, P and P2. We stress that
these models depend a priori on the choice of a. This choice of a will be ®xed from this
section to Section 11, and we shall suppress a in many of the notations for simplicity.

Let J � Ja be the lattice in F determined by a in (2.1). As we have noted before,
the symmetric bilinear module �J;T� is unimodular. Let L be the group scheme of auto-
morphisms of the lattice J which preserves the cubic form N; it is a group over Z in the
sense of [Gr]. In other words, it is a smooth group scheme over Z, with generic ®ber L and
whose closed ®bers are reductive [Gr], §4. For di¨erent choices of a, the integral models L

are isomorphic, by the strong approximation theorem. Let G be the subgroup scheme of L

®xing I; it is also a group over Z [Gr], §4, so that G�Zp� is a hyperspecial maximal compact
subgroup of G�Qp� for all p.

Let V be the lattice spanned by fe1; e2; e3g in V. Using V and J, we can give a model
of H over Z, with good reduction [Gr] over Z=pZ for all p. More precisely, the lattice

H � Lie
ÿÿ

SL�V� � L
�
=Dm3

�
l �Vn J�l �V�n J��6:1�

is a Lie algebra over Z, and one can check that over Zp, it is the Chevalley order of h. Let
H be the schematic closure of H in GL�H�. The results of [BT], §3.2 and [B], §4 imply that
H is smooth over Z with Lie algebra H, and Ka � H�Ẑ� is a hyperspecial maximal compact
subgroup of H�Q̂�. In particular, we have the Iwasawa decomposition: H�Q̂� � P�Q̂� � Ka.

The smooth integral model
ÿ
SL�V� � L

�
=Dm3 acts faithfully on H and thus embeds

as a closed subgroup of H [BT], §1.2.5. Hence, we have an embedding G ,! L ,! H, which
realizes G as the pointwise stabilizer of the sublattice Vn I HH in L. In particular, the
schematic closure of G in H is the smooth model G.

Similarly, one can show that the schematic closure of G2 in H is the Chevalley model
G2. It is the closed subgroup scheme of H which ®xes Lie�G� pointwise, and has Lie algebra

sl�V�l �Vn I�l �V�n I�HH:

It is important to note that the closed subgroup scheme G2 of H is independent of the
choice of a, by which we mean that for any Z-algebra B, the subgroup G2�B� of G2�BnQ�
is independent of the choice of a. In particular, we obtain a speci®c hyperspecial maximal
compact subgroup of G2�Q̂�, and we have the dual pair G2 � G ,! H.

Now let P �M �N be the schematic closure of P in H. The results of [GrS], p. 173
imply that M is a group over Z, so that M�Ẑ� �M�Q̂�XKa is a hyperspecial maximal
compact subgroup of M�Q̂�. Let

W � H X h�ÿ1��6:2�

� Ze21 l �e�1 n J�l �e3 n J�lZe32:
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Then M acts on W and

WGHom
ÿ
H�1�;Z�GHom�N;Ga�:�6:3�

Proposition 6.4. For any n, M�Zp� acts transitively on the set

fv A �WnZp�XW�Qp� : cp�v� � png:

Proof. By the Iwasawa decomposition, M�Zp� acts transitively on the lines in
W�Qp�. On the other hand, it ®xes the lattice WnZp and so preserves content. r

Now let P2 � L2 �U2 be the schematic closure of P2 in G2. Then L2 GGL2 and
U2 HN. Further, Hom�U2;Ga�HHom�U2;Ga� is the sublattice

V2 � Ze21 lZ � 1

3
e�1 n I

� �
lZ � 1

3
e3 n I

� �
lZe32 HV2;�6:5�

which can be identi®ed with the lattice of binary cubic forms over Z. Now we have [GGS],
Prop. 4.2 and Prop. 5.2:

Proposition 6.6. There is a natural bijection between V2 and the set of pairs

�A; fa; bg�, where A is a cubic ring over Z and f1; a; bg is a good basis of A, i.e. a basis with

ab A Z. For �a; b; c; d� A V2, the corresponding pair �A; fa; bg� is given by:

A � Z � 1� Z � a� Z � b

with multiplication rules

ab � ÿad;

a2 � ÿac� baÿ ab;

b2 � ÿbd � daÿ cb:

8<:
This induces a bijection between the L2�Z�-orbits on V2 and isomorphism classes of cubic

rings over Z. The ring A is Gorenstein if and only if the corresponding L2�Z�-orbit is

primitive.

Example. Suppose that �a; b; c; d� A V2 satis®es a3 0 and the corresponding Q-
algebra

k � Q�x�=�ax3 ÿ bx2 � cxÿ d�

is eÂtale. Then A is the order in k with good basis 1, a � a � x and b � a � xK. In particular,

b � aÿ1 � aK;

Na � a2d:

�
�6:7�

The natural restriction map t: Hom�N;Ga� ! Hom�U2;Ga� sends the lattice W to
V2. For q A V2, let

W�q; a� � fv A WXW�Q� : t�v� � qg:�6:8�
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We remind the reader that W depends on the choice of a A G�Q̂� which explains the
appearance of a on the left hand side of (6.8). Moreover, if q 0 � g � q for g A L2�Z�, then
W�q 0; a� � g �W�q; a�. Now we have the following important observation:

Proposition 6.9. Suppose the L2�Z�-orbit of q corresponds to the eÂtale cubic ring A.
Then the sets S�A; a� and W�q; a� are in natural bijection.

Proof. By Proposition 5.7, both sets are empty unless AnRGR3. Let f1; a; bg be
the good basis of A determined by q � �a; b; c; d�. Without loss of generality, assume that
a3 0. Given j A S�A; a�, j is completely determined by B � j�a� A J and C � j�b� A J. By
(6.7), B and C satisfy:

C � aÿ1 � BK;

N�B� � a2d:

�

Hence the element v � �a;B;C; d� lies in WXW�Q� by Lemma 4.5, and t�v� � q. This also
shows that if S�A; a� is not empty, neither is W�q; a�.

Conversely, if �a;B;C; d� A W�q; a�, then we de®ne j: A! J by setting j�a� � B and
j�b� � C. One checks that j nQ is an embedding of cubic norm structures, so that
j A S�A; a�. This shows that if W�q; a� is not empty, neither is S�A; a�. Moreover, it is
easy to see that the two maps we have de®ned are inverses to each other. This proves the
proposition. r

7. The maximal compact subgroup of H�R�

The integral models constructed in the last section furnish maximal compact sub-
groups for the groups of Q̂-points. In this section, we describe a maximal compact
subgroup K of the connected real Lie group H�R�. As a compact Lie group,

K G �SU �2 � E7�=Dm2�7:1�

where the � is there to distinguish this SU2 from other SU2 which may appear later. We ®x
the embedding K ,! H�R� by describing its Lie algebra k � su�2 l e7 as a subalgebra of
hnR using (3.1) and (3.2).

Let so3 H sl�V nR� be the Lie algebra of 3� 3 skew symmetric matrices, and write
ei 5 ej for eij ÿ eji A sl3�R�. Let gHLie

ÿ
L�R�� be the Lie algebra of G�R�; it is the annihi-

lator of the subspace �V n I�nRH hnR. Then so3 l g is the Lie algebra of a maximal
compact subgroup of �SL3 �m3

L��R�. The Lie algebra of K can now be described as a
subalgebra of h as follows. Write e�i�nX for ei nX ÿ e�i nX , with X A FR � F nR.
Then

k � so3 l gl
ÿ
e�1�nFR

�
l
ÿ
e�2�nFR

�
l
ÿ
e�3�nFR

�
:�7:2�

The su�2 in k � su�2 l e7 is the subspace spanned by:
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e1 5 e2 � e�3�n I ;

e2 5 e3 � e�1�n I ;

e3 5 e1 � e�2�n I ;

8<:�7:3�

whereas the subalgebra e7 is spanned by g and elements of the form

ÿTr�Z�e1 5 e2 � e�3�nZ;

ÿTr�X �e2 5 e3 � e�1�nX ;

ÿTr�Y �e3 5 e1 � e�2�nY ;

8<:�7:4�

for X ;Y ;Z A FR.

From the above description, one sees that

K X
ÿ
G2�R� � G�R�� � KG2

� G�R��7:5�

where KG2
� �SU �2 � SU2�=Dm2 is a maximal compact subgroup of G2�R�, and SU2 HE7.

Similarly, K XM�R� is a maximal compact subgroup of M�R� with connected component
�U1 � E6�=Dm3. Its Lie algebra is

u1 l e6 � gl e�2�nFR�7:6�

where u1 is the 1-dimensional space R � e�2�n I .

Let

z0 � e3 5 e1;

z2 � e�2�n I :

�
These elements are both contained in Lie

ÿ
G2�R�

�
, and were denoted by z1 and z2 respec-

tively in [GrW], p. 114±115. Indeed, if Gl
2 FSL2 denotes the rank one subgroup of G2

corresponding to a root l, then z0 spans the Lie algebra of KG2
XG d

2 , where we recall that d
is the highest root of G2. On the other hand, z2 spans the Lie algebra of KG2

XL2�R�.
Writing z0 and z2 in terms of the decomposition k � su�2 l e7, we see that

z0 � 1

2
hÿ 1

2
z;

z2 � 3

2
h� 1

2
z

8>><>>:�7:7�

for z A e7 and h A su�2 given by

h � 1

2
e3 5 e1 � 1

2
e�2�n I :

8. The minimal representation of H�R�
We now recall some properties of the minimal representation of H�R�. The minimal

representation was constructed in [GrW] as a continuation of quaternionic discrete series
representations. It is a smooth FreÂchet representation Py of moderate growth in the sense

Gan, Siegel-Weil formula 161



of [C] and [W], and is canonically associated to its underlying Harish-Chandra module
�Py�K . We shall say that Py is the Casselman-Wallach globalization of �Py�K .

If l denotes the highest weight of the 56-dimensional minuscule representation of the
compact E7, the K-type decomposition of �Py�K is

�Py�K �
L
nZ0

Sym8�n�C2�n p�nl��8:1�

where p�nl� denotes the irreducible representation of compact E7 with highest weight nl.
In particular, the minimal K-type is the 9-dimensional representation Sym8�C2�nC of
�SU �2 � E7�=Dm2. Let fvÿ8; vÿ6; . . . ; v8g be a basis of Sym8�C2� such that

h�vi� � i � vi:�8:2�
Then we see from (7.7) that

z0�vi� � 1

2
i � vi;

z2�vi� � 3

2
i � vi:

8>><>>:�8:3�

It was shown in [GrW], Prop. 13.6 that there is an embedding

Py ,! Ind
H�R�
P�R� d

5=29
P :�8:4�

From (8.3), one sees that Sym8�C2�nC (and hence Py) occurs in the smooth induced
representation with multiplicity one, contrary to what was remarked in the introduction of
[GrW]. The unique subspace of the degenerate principal series a¨ording the minimal K-
type consists of functions of the form

f �k� � hv0; kvi; k A K and v A Sym8�C2�;�8:5�

where h� ; �i is a K-invariant inner product on Sym8�C2�, which is unique up to scaling.

In [HPS], Thm. 5.4, the decomposition of the restriction of Py to G2�R� � G�R� is
completely determined. The only case of their results we need here is:

Proposition 8.6. The G�R�-invariant subspace of Py is a quaternionic discrete series

representation p of G2�R�. The minimal KG2
-type of p is the minimal K-type of Py.

We now describe an important multiplicity one result for p. The group
V2 nRGHom

ÿ
U2�R�;R

�
can be identi®ed with the character group Hom

ÿ
U2�R�;S1

�
via f 7! e2pif . Recall that L2�R� has two generic orbits on V2 nR, determined by the
sign of the discriminant D. The following proposition is a special case of a result of
Wallach [W2]:

Proposition 8.7. Let w A Hom
ÿ
U2�R�;S1

�
, and let HomU2�R�

ÿ
p;C�w�� denote the

space of continuous linear forms l on p which satis®es l�g � v� � w�g� � l�v� for g A U2�R�.
Then

dim HomU2�R�
ÿ
p;C�w�� � 1; if D�w� > 0;

0; if D�w� < 0.

�
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9. The minimal representation of H�Qp�

In this section, we ®x a A G�Q̂� as in Section 6. In particular, this determines a
hyperspecial maximal compact subgroup Kp of H�Qp�. The minimal representation Pp

has a 1-dimensional space of vectors ®xed by Kp, and is the unique irreducible submodule

of Ind
H�Qp�
P�Qp� d

5=29
P [S]. As in the real case, we identify Pp with this subspace of the degenerate

principal series. Let Gp be the Kp-spherical vector in Pp normalized by Gp�1� � 1.

Fix a non-trivial additive character cp of Qp with conductor Zp. Then we identify

Hom
ÿ
N�Qp�;Qp

�
with Hom

ÿ
N�Qp�;S1

�
via f 7! cp � f . Hence the character group of

N�Qp� is identi®ed with W nQp. We have the following important multiplicity one result
[MS], Thm. 6.1 (the restriction p3 2 there has recently been removed by Savin):

Proposition 9.1. (i) For non-trivial L A Hom
ÿ
N�Qp�;S1

�
,

dim HomN�Qp�
ÿ
Pp;C�L�

� � 1; if L A W�Qp�;
0; otherwise.

�

(ii) For L A W�Qp�, let ML�Qp�HM�Qp� be the stabilizer of L. Then for any

LL A HomN�Qp�
ÿ
Pp;C�L�

�
, we have

m � LL � dP�m�ÿ5=29 � LL

for any m A ML�Qp�.

For the rest of this section, we consider the value of LL�Gp�, where LL is any non-zero
element of HomN�Qp�

ÿ
Pp;C�L�

�
.

Lemma 9.2. Let L and L0 be elements of W�Qp�.

(i) If L B WnZp, then LL�Gp� � 0.

(ii) If L and L0 in WnZp have the same content, then LL�Gp�3 0 if and only if

LL0 �Gp�3 0.

(iii) For any L, there exists L0 A Q�p �L such that LL0 �Gp�3 0.

Proof. (i) If L B WnZp, there exists n A N�Zp� � N�Qp�XKp such that L�n�3 1.
Hence,

LL�Gp� � LL�n � Gp� � L�n� � LL�Gp�

which implies that LL�Gp� � 0.

(ii) By Proposition 6.4, there exists m A M�Zp� �M�Qp�XKp such that L0 � m �L.
Suppose that LL�Gp�3 0. By the multiplicity one result of Proposition 9.1, m � LL is a non-
zero multiple of LL0 . Moreover, m � LL�Gp� � LL�Gp�3 0.
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(iii) Since Pp is generated by Gp as a representation of H�Qp�, LL�g � Gp�3 0 for
some g A H�Qp�. By the Iwasawa decomposition, we may assume g A M�Qp�. The stabi-
lizer of the line Q�p �L in M�Qp� is a maximal parabolic subgroup QL�Qp� of M�Qp�; so
by Iwasawa decomposition again, we may assume g A QL�Qp�. Then g � z �m for
z A Z�Qp� and m A ML�Qp�. Hence by Proposition 9.1(ii), LL�z � Gp�3 0 for some
z A Z�Qp�, i.e. Lzÿ1�L�Gp�3 0. Since zÿ1 �L A Q�p �L, this proves the proposition. r

The lemma implies the existence of a p-power ep with the following properties:

LL�Gp� � 0 unless L A WnZp has content divisible by ep;

LL�Gp�3 0 for any L A WnZp with content ep:

�
�9:3�

Moreover, we have:

Lemma 9.4. The quantity ep is independent of the choice of a A G�Q̂�.

Proof. Suppose that a and b are in G�Q̂�. Let L A Wa nZp have content ep�a�, so
that LL�Ga

p �3 0. Now baÿ1 � Ga
p is a K b

p -spherical vector in Pp, and baÿ1 �L is an element

of Wb nZp of content ep�a�. Since baÿ1 � LL is a non-zero multiple of Lbaÿ1�L and

baÿ1 � LL�baÿ1 � Ga
p � � LL�Ga

p �3 0;

we deduce that ep�b� divides ep�a�, and the result follows by symmetry. r

10. The automorphic theta module

Let P � Py n P̂, with P̂ � N̂
p

Pp, be the global minimal representation of

H�A� � H�R� �H�Q̂�. We identify P with a subspace of Ind
H�A�
P�A� d

5=29
P , and let

PK � �Py�K n P̂ be the subspace of K-®nite vectors.

Let A�H� denote the space of automorphic forms on H de®ned as in [GGS], §7. This
is the usual de®nition, except that we do not require the functions to be K-®nite; instead
we let A�H�K be the subspace of K-®nite functions in A�H�. In [G], we have shown that if

f A PK and fs A Ind
H�A�
P�A� ds

P is the unique standard section extending f, then the Eisenstein

series E�ÿ; fs� is holomorphic at s � 5

29
, and gives an embeddingd



N�Q� with the Q-vector space W. For L A W , de®ne YL: P! C by:

YL� f � �
�

N�Q�nN�A�
y� f ��n�L�n� dn;�10:2�

where dn is the Haar measure giving N�Q�nN�A� volume 1. It is an element of the space
HomN�A�

ÿ
P;C�L��. Proposition 9.1 and the weak approximation theorem imply:

Proposition 10.3. Suppose that L is non-trivial.

5)5Y

L



Set e �Q
p

ep. Then we have the following important proposition:

Proposition 10.7. Suppose that L A W�Q� and D
ÿ
t�L�� > 0. Let yL: p! C be the

linear form de®ned by

v 7! YL�vnG�

with G �N
p

Gp. Then

(i) yL is zero unless L A W and c�L� is divisible by e. If c�L� � e, then yL is non-zero.

(ii) If L and L0 in W�Q�XW have the same content, and t�L0� � g � t�L� for

g A L2�R�, then

yL0 � jdet�g�jÿ5 � �g � yL�:

Proof. Statement (i) follows from (10.6), (9.3) and the de®nition of e. We now prove
(ii). One can choose:

m A M�Q� such that L0 � m �L; by hypothesis;

m̂ A M�Ẑ� such that L0 � m̂ �L; by Proposition 6:4;

h A G�R� such that h �L0 � g �L; by Propositions 2:3�ii� and 5:7:

8<:
In particular, the elements mÿ1m̂ A M�Q̂� and mÿ1hÿ1g A M�R� both ®x L. Let

g � �mÿ1hÿ1g;mÿ1m̂� A ML�R� �ML�Q̂�:

Now we have:

yL0 �v� � YL0 �vnG�
� m �YL�vnG�

� jdP�g�j5=29 � ÿ�m � g� �YL

��vnG� by Proposition 10:3�ii�

� jdet�g�jÿ5 �YL�gÿ1 � vnG�

� jdet�g�jÿ5 � �g � yL��v�: r

11. Theta functions on G2

We continue to ®x a A G�Q̂�, and our goal is to construct some theta functions on
G2. Let j � ja: p!A�G2� be de®ned by

v 7! y�vnG�jG2�A�:�11:1�
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Then j is G2�R� � G2�Ẑ�-equivariant, and is a modular form of weight 4 and level 1 in the
sense of [GGS]. Note that j depends only on the double coset G�Q� � a � KI , where KI is the
stabilizer of J3 n Ẑ in G�Q̂� (cf. Section 3).

We ®rst review the notion of Fourier coe½cients for such forms, as developed in
[GGS]. For generic w A V2 HV2, the linear form lw: p! C de®ned by

lw�v� �
�

U2�Q�nU2�A�
y�vnG��u�w�u� du�11:2�

� �
U2�Z�nU2�R�

j�v��u�w�u� du

is an element of HomU2�R�
ÿ
p;C�w�� and thus by Proposition 8.7, is zero unless D�w� > 0.

Fix an arbitrary w0 with D�w0� > 0, and a non-zero element l0 in the 1-dimensional space
HomU2�R�

ÿ
p;C�w0�

�
. For any g A L2�R�, with w � g � w0, the element

l0
w �

1

jdet�g�j5 � �g � l0�

is a non-zero element of HomU2�R�
ÿ
p;C�w��, and is independent of the choice of g. Hence

there is a constant cw�j� A C so that

lw � cw�j� � l0
w :

The number cw�j� depends only on the L2�Z�-orbit of w, and hence we denote it by cA�j�,
where A is the corresponding cubic ring over Z. The collection fcA�j�g indexed by those
cubic rings A with AnRGR3 are the Fourier coe½cients of j.

We now compute some Fourier coe½cients of the modular form j de®ned in (11.1).
For wA A V2, whose L2�Z�-orbit corresponds to the cubic ring A, Proposition 10.7(i) implies
that

lwA
� P

L A e�WXW�wA;a�
yL:

Hence lwA
� 0 unless e �WXW�wA; a� is non-empty. Assuming that this is the case, we must

have D�wA� > 0 and e divides c�wA�. Now suppose that A � Z� e � A0 with A0 Gorenstein.
Then wA � e � wA0

in V2, with wA0
primitive. Moreover,

e �WXW�wA; a� � e �W�wA0
; a�;

so that

lwA
� P

L A e�W�wA0
;a�

yL:

Since every element of W�wA0
; a� is primitive, it follows by Proposition 10.7(ii) that yL is
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independent of L A e �W�wA0
; a�, and by Proposition 6.9

KW�wA0
; a� �KS�A0; a�:

Hence,

lwA
�KS�A0; a� � yL;

for any L A e �W�wA0
; a�. Note that this holds as well when W�wA0

; a� is empty, since both
sides of the equation are zero.

Since L has content e, Proposition 10.7(i) says that yL 3 0. So we can write

yL � cL � l0
wA

for some cL 3 0. Suppose now that wA 0 is another element of V2 of content e, with
A 0 � Z� e � A 00. Choose g A L2�R� so that wA 0 � g � wA. Then

l0
wA 0
� jdet�g�jÿ5 � �g � l0

wA
�:

By Proposition 10.7(ii), for any L0 A W�wA 0 ; a�, we deduce that cL0 � cL 3 0. Hence, by
rescaling the map j, we can assume that cL � 1. We have thus shown:

Theorem 11.3. Fix a A G�Q̂�, and let ja be the modular form of weight 4 and level 1
de®ned by (11.1). The Fourier coe½cient cA�ja� is zero unless e divides the content of A. For

any Gorenstein A0, let A � Z� e � A0, so that A has content e. Then

cA�ja� �KS�A0; a�:

Corollary 11.4. There is a modular form jI on G2, of weight 4 and level 1, such that

cA�jI� � 0 unless e divides the content of A, and for any A � Z� e � A0 of content e,

cA�jI� � N�A0; JI �:

Similarly, there is a form jE such that for A � Z� e � A0,

cA�jE� � N�A0; JE�:

12. The theta integral

In this section, we take a � 1 A G�Q̂� in the constructions of the previous sections. In
particular, G�Ẑ� � KI .
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For f A P, we de®ne the theta integral

I
ÿ
y� f ���g� � �

G�Q�nG�A�
y� f ��gh� dh; for g A G2�A�;�12:1�

where dh is the Tamagawa measure on G�A�. Then I
ÿ
y� f �� is an element of A�G2�.

Moreover, it is not di½cult to see that the modular form

v 7! I
ÿ
y�vnG��

is equal to

1

KGI
� jI �

1

KGE
� jE :

There is a unique (up to scaling) automorphic form F on G which is right-invariant
under G�R� � KI , and which is orthogonal to the constant functions. We set:

J
ÿ
y� f �� � �

G�Q�nG�A�
y� f ��gh�F�h� dh:�12:2�

Then J
ÿ
y� f �� is an element of A�G2�. Moreover,

v 7! J
ÿ
y�vnG��

is equal to jI ÿ jE , whence

Proposition 12.3. There is a modular form of weight 4 and level 1 on G2, whose A-th
Fourier coe½cient is zero unless A has content divisible by e. If A � Z� e � A0 has content e,
then its A-th Fourier coe½cient is equal to

NA0
� N�A0; JI�

KGI
�N�A0; JE�

KGE
:

Similarly, there is a modular form of weight 4 and level 1 whose A-th Fourier coe½cient, for

A of content e, is equal to MA0
� N�A0; JI � ÿN�A0; JE�.

We have thus con®rmed the speculations of [GG], §8. In fact, we shall see after The-
orem 15.5 that e � 1.

13. Eisenstein series on G2

The rest of the paper is devoted to the study of I
ÿ
y� f ��. We shall show that I

ÿ
y� f ��

is an Eisenstein series concentrated along the Borel subgroup of G2, and the goal of this
section is to investigate this Eisenstein series.

We begin with some results on the structure of G2. Let a be the short simple root, b
the long simple root, and d the highest root (relative to the diagonal torus of SL3 and the
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positive system of roots we've chosen before). We have:

hb; a4i � ÿ3;�13:1�
ha; b4i � ÿ1:

For any positive root l, let Gl
2 be the corresponding rank one subgroup, and let

hl: SL2 ! Gl
2

be the corresponding homomorphism. Let

wl � hl

0 1

ÿ1 0

� �
;

so that wl represents the simple re¯ection in l in the Weyl group WG2
of G2. Note that if l

is a long root of G2, then it is the restriction of a root for H. Hence l4 is also a coroot of H,
and wl A H�Q� represents a re¯ection in the Weyl group W of H.

Our description in Sections 3 and 7 shows that Kl � KG2
XGl

2 �R� is a maximal
compact subgroup of Gl

2 �R�. It is a one-dimensional compact torus, with Lie algebra kl.
For example,

ka � Rz2;�13:2�
kd � Rz0;

where z0 and z2 are de®ned in Section 7. Further, we let

ul�t� � hl

1 t

0 1

� �
;

and

kl�y� � hl

cos y sin y

ÿsin y cos y

� �
A Kl:

Recall that P2 � L2 �U2 is the Heisenberg parabolic subgroup of G2. The derived
group of L2 is Ga

2 , and the modulus character is given by:

dP2
� 3d � 9a� 6b:�13:3�

Moreover, the coset representatives for P2nG2=P2 can be chosen to be: 1, and

w1 � wb;�13:4�
w2 � wbwawb;

w3 � wbwawbwawb:
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For w A WG2
, let Fw � fl A F� : w � l < 0g. Then we have:

Fw1
� fbg;�13:5�

Fw2
� fb; a� b; 3a� 2bg;

Fw3
� fb; a� b; 3a� 2b; 2a� b; 3a� bg:

We are now ready to study a particular Eisenstein series on G2. Let

I � N̂
v

Iv � Ind
G�A�
P2�A�d

5=3
P2

�13:6�

be the smooth degenerate principal series. For f A I , the sum

E�g; f � � P
g AP2nG2

f �gg��13:7�

converges absolutely and locally uniformly in g, and de®nes an Eisenstein series in A�G2�.
For our purposes, we shall not need to consider an arbitrary f A I , but only those described
below. Recall that the minimal representation P of H is a submodule of Ind

H�A�
P�A� d

5=29
P . By

restriction, we obtain a G2�A�-intertwining map:

Res: P! I ;�13:8�
f 7! f jG2

:

We shall only be interested in those f in Res�P�. Following [KR1], we call these Siegel-Weil

sections. For v ®nite, the local induced representation Iv is irreducible [M], Theorem 3.1(i),
whereas for v real, Iv has p (cf. Proposition 8.6) as a submodule. Hence, f �N

v

fv is Siegel-
Weil if and only if fy A p.

Now the main result in this section is:

Proposition 13.9. If f is Siegel-Weil, the constant term EP2
�g; f �, when regarded as an

automorphic form on L2, is contained in the direct sum of the one-dimensional representation

jdetjÿ5 and the automorphic representation of GL2 generated by the holomorphic Eisenstein

series E12 of level 1 and weight 12, with central character jdetjÿ3.

The rest of this section is devoted to the proof of the proposition. First, note that

I H Ind
G2�A�
P0�A� d

1
2

P0
� w

where P0 is the Borel subgroup of G2, and w � � 1 263(3
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and E L2 refers to Eisenstein series on L2. We need to determine the induced representation
of L2 in which M�w1; w�� f �jL2

and M�w2; w�� f �jL2
lie. If

M�wi; w�� f �jL2
A Ind

L2�A�
B�A� �d

1
2�si

B � jdetj ti�;

where B is the Borel subgroup of L2, then si satis®es:ÿ
d

1
2

P0
� wi�w�

� � a4 � �d1
2�si

B � � a4:

This implies, for example, that

s1 � 11

2
;

s2 � 5:

8<:
Similarly, one ®nds that t1 � ÿ3. Hence, the function M�w1; w�� f �jL2

lies in the induced
representation giving rise to the twist of E12 by jdetjÿ3. This induced representation has a
unique irreducible submodule, whose real component is a discrete series representation.
Thus the content of the proposition is that M�w1; w�� f �jL 2

lies in this discrete series sub-
module and the last two terms on the right hand side of (13.10) vanish when f is Siegel-
Weil.

Henceforth, assume that f is Siegel-Weil. To complete the proof of the proposition, it
remains to show that

M�w2; w�� f � �M�w3; w�� f � � 0;

so that

EP2
�g; f � � f �g� � E L2

ÿ
g;M�w1; w�� f �jL2

�
:�13:11�

For this, it su½ces to show that, when v is real,

Mv�wa;wbw� �Mv�wb; w�� f � � 0�13:12�

for all f in the minimal KG2
-type Sym8�C2�nC. From the value of s1 computed above,

one sees that, considered as an intertwining operator for the rank 1 group Ga
2 GSL2,

Mv�wa;wbw� is the standard intertwining operator from the principal series representation
of SL2�R� with the 11-dimensional irreducible representation as a quotient to its dual.
Hence we have:

Lemma 13.13. Suppose that v is real, and f A Mv�wb; w��Iv� is KG2
-®nite. Then

Mv�wa;wbw�� f � � 0

if and only if, for all j in the KG2
-type of f, jjL2

is orthogonal to the weight spaces of
Ka � KG2

XL2�R� of weight between ÿ10 and 10.

In view of this lemma, we need to consider Mv�wb; w�� f �jKa
for f in the minimal

KG2
-type Sym8�C2�nC. Recall from (8.5) that
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f �k� � hv0; kvf i

for some vector vf A Sym8�C2�. By (8.3) and (13.2), the weights of Ka on Sym8�C2� are
ÿ12;ÿ9; . . . ; 12. Hence, by Lemma 13.13, it su½ces to show:

Lemma 13.14.

Mv�wb; w�� f ��k� � hv 0; kvf i

with v 0 A C�v8 � vÿ8�.

Proof. The proof of this lemma is a direct computation. For x A R, let x � cot y,
with 0 < y < p, Then, for k A Ka, we have:

Mv�wb; w�� f ��k� �
�y
ÿy

f
ÿ
wbub�x�k

�
dx

� �p
0

f

0@hb

sin y ÿcos y

0 cosec y

 !
kb�y�k

1A cosec2 y dy

� �p
0

sin3 y � hkb�ÿy�v0; kvf i dy:

Hence, we need to evaluate kb�ÿy�v0. Now fvig is a basis of eigenvectors for Kd,
but not for Kb. However, Kd and Kb are contained in SL3 HG2, and are in fact conju-
gate in K XSL3 � SO3. Suppose that C2 � he1; e2i is the standard representation of
su2 GLie�SO3� such that fe1; e2g is a basis of eigenvectors for kd. Then, with ei suitably
normalized, a basis of eigenvectors for kb is given by:

f1 � e1 � ie2;

f2 � e1 ÿ ie2:

Now v0 � e4
1e4

2 � 2ÿ8� f 2
1 ÿ f 2

2 �4 A Sym8�C2�. This allows us to compute the action of kb�y�
on v0, and an easy exercise in calculus gives:

Mv�wb; w� f �k� � 2

35
hv8 � vÿ8; kvf i

as required. r

The above lemma implies that M�w1; w�� f �jL 2
lies in the discrete series submodule

and

M�w2; w�� f � �M�w3; w�� f � � 0

for f A Res�P�, and the proposition is proved.

14. The Eisenstein component

In Section 12, we have introduced the theta integral I
ÿ
y� f �� for f A P. In particular,

I
ÿ
y� f �� is an element of A�G2�, and we can decompose I

ÿ
y� f �� into its Eisenstein part and
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cuspidal part:

I
ÿ
y� f �� � I

ÿ
y� f ��

Eis
� I
ÿ
y� f ��

cusp
:�14:1�

In this section, we show:

Theorem 14.2. For any f A P,

I
ÿ
y� f ��

Eis
� E

ÿ
Res� f ��:

It su½ces to prove the theorem for f A PK , and we begin by recalling some results
about the constant term y� f �P of y� f � along P. When f A PK



a A Z GGm, regarded as a subrepresentation of a suitable degenerate principal series, and
let

yM : PM !A�M�

be the automorphic realization of PM given by the Eisenstein series in the integral above.
Then we need to show:

Lemma 14.5. For any f A PM ,

I
ÿ
yM� f �

��g� � E�g; f jL2
�; g A L2�A�:

Proof. One can check easily that both sides have the same constant term. Hence,

I
ÿ
yM� f �

� � E�ÿ; f jGL2
� � f� f �;

for some cusp form f� f �, and we need to show that f� f � is zero for all f.

Let U be the unipotent radical of the Borel subgroup of L2, and c �Q
v

cv an arbi-

trary non-trivial character of QnA. Then we claim that:

dim HomG�A��U�A�
ÿ
PM ;CnC�c��Y 1:

To prove the claim, it su½ces to show that the corresponding multiplicity one statement
holds for each local place. For v real, any such linear form factors through the projection
map onto �PM�G�R�y . By [GrS], Section 3, Proposition 3.2, the G�R�-invariant subspace of
�PM�y is, as a representation of GL2, the discrete series representation with minimal
weight G12. Hence, the result follows by the uniqueness of the Whittaker functional. For p

a ®nite prime, it follows from [MS], Theorem 1.1 that

�PMp
�U�Qp�;cp

GCy
c �o�

where

o � fX A J3 nQp : Tr�X� � 1;XK � 0g:

But G�Qp� acts transitively on o [J], Chap. IX, Thm. 10, so that up to scaling, there is a
unique G�Qp�-invariant linear functional on Cy

c �o�. This proves the claim.

Now suppose that f� f � is non-zero for some f. The two linear forms

lc: f 7! f� f �U ;c�1�;
mc: f 7! E�1; f jGL2

�U ;c

�
on PM are non-zero elements of HomG�A��U�A�

ÿ
PM ;CnC�c��. Hence by the multiplicity

one result above, they are non-zero multiples of each other, say lc � ccmc. Since the non-
trivial characters of U�Q�nU�A� are in one orbit under the maximal torus of L2, cc is
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actually independent of c. This implies that, when restricted to SL2, f� f � is a linear com-
bination of a constant function and an Eisenstein series. With this contradiction, the lemma
is proved. r

We have thus shown statement (ii) above. Now we complete the proof of the theorem
by proving (i). Let P1 � L1 �U1 be the other maximal parabolic subgroup of G2. As in
Sections 4 and 5, one can ®nd a maximal parabolic subgroup P 0 of H, with Levi subgroup
M 0G �GL2 � L�=Dm3, and such that

�G2 � G�XP 0 � P1 � G:

It remains to show that I
ÿ
y� f ��

P1
has no cuspidal components, when regarded as an

automorphic form on L1. One shows that:

I
ÿ
y� f ��

P1
�g� � �

G�Q�nG�A�
y� f �P 0 �gg 0� dg 0:

But using the results in [G], one can check that, when pulled back to GL2 � L, y� f �P 0 is the
product of an Eisenstein series on GL2 and a constant function on L. Hence, I

ÿ
y� f ��

P1
is

also an Eisenstein series on L1. This proves (i), and hence the theorem.

15. The cuspidal component

We now study the cuspidal component I
ÿ
y� f ��

cusp
of I

ÿ
y� f ��, and our goal is to

show that I
ÿ
y� f ��

cusp
is identically zero.

We begin with the following criterion for the non-vanishing of a non-generic cusp
form on G2:

Proposition 15.1. The following are equivalent:

(i) F is a non-generic cusp form on G2;

(ii) FU1XU2
� 0;

(iii) FU 0 � 0, where U 0 is the commutator subgroup of U1.

In particular, if F is a non-generic cusp form on G2, satisfying FU2;w � 0 for any w A V2

with D�w�3 0, then F � 0.

Proof. The equivalence of (i) and (ii) follows immediately from the de®nition of a
non-generic cusp form. Moreover, since U 0HU1 XU2, it is clear that (iii) implies (ii). To
show that (ii) implies (iii), consider the Fourier expansion of FU 0 along U1=U 0. The fact
that FU1XU2

� 0 implies that FU1;c � 0 for any c such that cjU1�A�XU2�A� � 1. But the non-
constant Fourier coe½cients along U1=U 0 are permuted transitively by L1�Q�, the Levi
factor of P1�Q�. Hence, all the Fourier coe½cients of FU 0 are zero.
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Now suppose that F is a non-generic cusp form, so that FU 0 � 0. This implies that
FU2;w � 0 for all w satisfying D�w� � 0. Hence, by hypothesis, FU2;w � 0 for all w A V2. By
[G], Lemma 9.1, this implies that F � 0. r

Now we show the following multiplicity one result:

Proposition 15.2. Suppose that w A V2 satis®es D�w� > 0. For Qv � R or Qp,

dim HomG�Qv��U2�Qv�
ÿ
Pv;CnC�w�� � 1:

Proof. For v ®nite, this is similar to the proof of the analogous statement in the
proof of Lemma 14.5, and follows from [GrS], Ch. 6, Lemma 2.9, which in turn relies on
the multiplicity one result of Proposition 9.1.

It remains to treat the archimedean case. As we remarked earlier, this is a very special
case of a recent result of Wallach, but as his paper [W2] has yet to appear in print, we
provide a proof below. Lemma 10.5 implies that the relevant space of linear forms is non-
zero. Hence, it su½ces to show that

dim HomU2�R�
ÿ
p;C�w��Y 1:

We already know that p is a quotient of the degenerate principal series representation

Ind
G2�R�
P2�R� d

ÿ2=3
P2

. Thus the desired inequality is a consequence of the inequality

dim HomU2�R�
ÿ
Ind

G2�R�
P2�R� d

ÿ2=3
P2

;C�w��Y 1:

Now Bruhat's theory reduces this to bounding the dimension of a certain space of dis-

tributions on G2�R�, which transform via d
ÿ2=3
P2

under left translation by P2�R�, and via
w under right translation by U2�R�. Since there is only a one-dimensional space of such
distributions on the open orbit P2�R�w3U2�R�, it remains to show that there is no such non-
zero distribution supported on the complement of P2�R�w3U2�R�.

For this, it appears a priori that we are unable to apply the usual estimates in Bruhat's
theory, because the double coset space P2�R�nG2�R�=U2�R� has uncountably many repre-
sentatives. Fortunately, an extension of Bruhat's theory by Kolk and Varadarajan [KV]
allows us to proceed as usual. Hence, for m A P2�R�nG�R�=U2�R�, and k Z 0 an integer,
let

Nm;k � dim HomU2; m�R�
ÿ
Symk Vm nC;C�w��;

where

U2;m�R� � U2�R�X mÿ1P2�R�m;

and Vm is the representation of U2;m�R� on Lie�G2�=
ÿ
Lie�U2� � Lie�mÿ1P2m�� by the adjoint
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action. Then, by [KV], Theorem 3.15, we need to show that Nm;k � 0 if m3w3. For this, it
su½ces to show that w is non-trivial when restricted to U2;m�R� if m3w3.

Now we can enumerate the representatives m3w3 easily, as in [JR]. They are given
by the following list:

1;w1;w1waua�t�;
w2;w2waua�t�;

for t A R. It is easy to check that Nm;k � 0, whenever m � 1, w1 or w2. Hence it remains to
show that Nm;k � 0 for the other representatives m. The proofs are similar for these, and we
will just do the more di½cult case where m � w2waua�t�.

Let

u�a; b; c; d; z� � ub�a� � ua�b�b� � u2a�b�c� � u3a�b�d� � u3a�2b�z�

be an element of U2�R�. Under the adjoint action of L2�R�, the representation
U2�R�=Z2�R� is isomorphic to the representation of GL2 on the space of binary cubic forms
over R. This is given by the identi®cation:

u�a; b; c; d; z� 7! ax3 ÿ 3bx2 y� 3cxy2 ÿ d y3:

Using this, we can identify the subgroup U2;m, where m � w2waua�t� for a ®xed t. Indeed,
after a short computation, we see that if u�a; b; c; d; z� lies in U2;m�R�, then

c � 2btÿ at2;

d � 3bt2 ÿ 2at3:

Now suppose, without loss of generality, that w � �1; 0; p; q� as an element of V2 nR,
so that

w
ÿ
u�a; b; c; d; z�� � exp

ÿ
2pi�a� pc� qd��:

We need to show that the restriction of w to U2;m�R� is non-trivial. However, if it is, then

a� pc� qd � a�1ÿ pt2 ÿ 2qt3� � b�2pt� 3qt2�

must be identically zero, for all a and b. Hence the coe½cients must vanish, so that t3 0,
and we deduce that D�w� � 4p3 � 27q2 � 0. Since this contradicts the assumption that
D�w� > 0, we must have Nm;k � 0 for all k. This completes the proof of the proposi-
tion. r

Corollary 15.3. Suppose that w A V2 satis®es D�w� > 0. Then

dim HomG�A��U2�A�
ÿ
P;CnC�w��Y 1:
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Assume further that dim HomG�A��U2�A�
ÿ
P;CnC�w�� � 1. Then, for almost all p, any non-

zero element in the 1-dimensional space

HomG�Qp��U2�Qp�
ÿ
Pp;CnC�w��

is non-zero on the spherical vector of Pp.

We can construct a non-zero element of HomG�Qp��U2�Qp�
ÿ
Pp;CnC�w�� as follows.

Recall that there is a G2�A�-equivariant surjection

Res: P! pn
N̂

p

Ip

 !
H I :

For each prime p, the integral

j 7! �
U2�Qp�

j�w3u� � w�u� du�15:4�

is absolutely convergent and de®nes a non-zero element lp of HomU2�Qp�
ÿ
Ip;C�w�

�
. Hence,

lp �Resp is a non-zero element of the 1-dimensional space HomG�Qp��U2�Qp�
ÿ
Pp;CnC�w��.

Now suppose that w satis®es all the conditions of the above corollary, then for almost
all p, lp is non-zero on the spherical vector of Ip. For these p, we normalize lp so that it
takes value 1 on the spherical vector. Let ly be a non-zero element of the 1-dimensional
space HomU2�R�

ÿ
p;C�w��. Then the map lw :�N

v

lv is a non-zero element of

HomU2�A�
ÿ
Res�P�;C�w��;

and lw �Res is a non-zero element of HomG�A��U2�A�
ÿ
P;CnC�w��.

Now we can prove the Siegel-Weil formula:

Theorem 15.5. I
ÿ
y� f ��

cusp
� 0 for any f A P. In particular,

I
ÿ
y� f �� � E

ÿ
Res� f ��:

Proof. First we claim that there is no f A P such that I
ÿ
y� f �� is a non-zero cusp

form. If not, then by Proposition 15.1, there is an f0 A P and a nondegenerate w A V2 such
that

I
ÿ
y� f0�

�
Eis
� 0 and

I
ÿ
y� f0�

�
w
�1�3 0:

(

Then w satis®es all the conditions of the previous corollary, since I
ÿ
y� f0�

�
w

vanishes if
D�w� < 0. Hence the linear functional

f 7! ÿ
I
ÿ
y� f ��

cusp

�
w
�1�
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is a non-zero element of HomG�A��U2�A�
ÿ
P;CnC�w��, and f0 is not in its kernel. By

the discussion preceding the theorem, we have another non-zero linear form lw �Res. By
Corollary 15.3, these linear functionals must be non-zero multiples of each other. But this
is not possible, since lw �Res� f0� � 0. With this contradiction, the claim is established.

As a result of the above claim, the projection of I � y�P� onto the space of Eisenstein
series is injective. Hence I � y�P� is isomorphic to the irreducible representation Res�P�.
By [M], Lemma 5.1, the representations Ip are not unitarizable. Hence, the projection of
I � y�P� onto the space of cusp forms must be the zero map. This proves the theorem. r

It follows from Theorem 15.5 and [JR], Theorem 2 (i) that, when A� Z� Z� Z, the
A-th Fourier coe½cients of the modular forms in Proposition 12.3 are non-zero. Hence, we
conclude that the quantity e in Theorem 11.3, Corollary 11.4 and Proposition 12.3 is equal
to 1. For more details, we refer the reader to [GGS], §9 and §10.
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