CHAPTER 6. ——

5 4
S2Y(8)+2sY(s)+ Y(s) =25 —3=——.
s+1
Solving for Y (s), the transform of the solution is
4 2s+3
Y(s) = =,
(s+1) (s+1)
First write
2s+3  2s+1)+1 2 1
3 ST T 2
(s +1) (s+1) s+1  (s+1)

We note that

So based on the translation property of the Laplace transform, the solution of the IVP is

y(t) = 2t%et +te '+ 2.

25. Let f(t) be the forcing function on the right-hand-side. Taking the Laplace transform
of both sides of the ODE, we obtain
s2Y (s) — sy(0) — y'(0) + Y(s) = LIf(#)].
Applying the initial conditions,
£Y(s) + Y(s) = LIF(B).

Based on the definition of the Laplace transform,

Clf (@) = A f(8) et

1
:/ te Stdt
U "3

o2 . )
Solving for the transform,
1 s+1
Y(s) = =
(8) s2(s2+1) $2(s2+ 1)
Using partial fractions,
1 1
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and

We find, by inspection, that

1
LY —| =t —sint.
Lz(s? T 1)] t — sin
Referring to Line 13, in Table 6.2.1,

Cluc(t) f(t = )] = e LI B
Let
s 1

—_—

s+ 1 1
s 2+1 2417

1
Ly = gan 5 &

Then g(t) = 1+1- cost — sint. It follows, therefore, that

+1
L {e 5. :%;——17] — ()1 + (1)~ cos(t — 1) — sin(t — 1)].

Combining the above, the solution of the IVP is

y(t) =t —sint — w14 (t—1)~ cos(t — 1) — sin(t — il

26. Let f(t) be the forcing function on the right-hand-side. Taking the Laplace transform
of both sides of the ODE, we obtain
$2Y(s) —sy(0) —y'(0) + 4Y(s) = L[f(B)].
Applying the initial conditions,
SY(s)+ 4Y(s) = LIf(t)]-

Based on the definition of the Laplace transform,

cisn = [ " fe) e tat

1 o0
fte'-“’dH] e tdt
0 1

B 1 e "
=2 8
Solving for the transform,
Vi
S T el -
$2(s2+4) s2(s2 + 4)
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Using partial fractions,

1 111 1
s2(s24+4)  4|s*? s*+4 ¥
We find that

1
=1 =
£ L‘E(S2 + 4)

Referring to Line 13, in Table 6.2.1,
Lluc(t)f(t )] = e “L[f?)]-

—lt 1"1t
= 8011.

It follows that

. 1 1
£l [e_—e . m] = uy(t) {%(t —1) - 3 sin(t — l)]

Combining the above, the solution of the IVP is

y(t) = it - % sint — uy(t) B(t -1) - é sin(t — 1)].

28(a). Assuming that the conditions of Theorem 6.2.1 are satisfied,
d

oo
F'(s) =g | e~ f(t)dt

oo(r) —st
[ 5l pwar
:/U [—te™f(t)]dt
:]me"“'[—tf(t)]dt.

0

(b). Using mathematical induction, suppose that forsome k > 1,
W -
F®)(g) = / e [(— 1 f(t)]at.
0

Differentiating both sides,
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pet = & [ (-t
0

- /nm% [ff_'”'i( = t)kf(i)] dt

= /:C[— te st — t)kf(t]]dt

_ A Te (- 1 5] e

29. We know that
1

s—a’

f, [eut] st

Based on Prob. 28,

“ d 1
ﬁ[—tn‘] :E[s—a]'

Therefore,
ﬁ[te“'] = - 5
(s —a)
31. Based on Prob. 28,
dﬂ
=8 = L[1
£i(- )" = 7 £[1]
_ (I‘N l
T odst|s |’
Therefore,
n ;n{ = 1)";’?’!
Lit"] =(-1) g
n!
= .b'”"'l .

33. Using the translation property of the Laplace transform,

b

at _: — e
ﬁ[e Smbt] = (3—a)2+b? :

Therefore,
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i)

0.8
0.6
0.4

0.2

7. Using the Heaviside function, we can write
f&) = (-2 u(t).
The Laplace transform has the property that
Lluc)f(t - ¢)] = e L[f(2)).
Hence

2e 2%

g2

r:[(t —2)? ug(:)] =

9. The function can be expressed as
F@) = (¢ — m)[un(t) — uz(t)).
Before invoking the translation property of the transform, write the function as
F(@) = (¢ = m) un(t) — (¢ — 27) ugr(t) — wuan(t).
It follows that
-ms  o=2ms ~2ms

L) =5 - -28

8 82 s

10. It follows directly from the translation property of the transform that

8—33 6—45

z:[ﬂz)]:‘e;m — 6

8

11. Before invoking the translation property of the transform, write the function as

F(t) = (t = 2) ua(t) — ua(t) — (t — 3) ua(t) — ua(t) .
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It follows that

12. It follows directly from the translation property of the transform that

e

1 .
Lol =5 -5

13. Using the fact that Lle® f(t)] = Llf B cisir

o \:( 3!2)4] _ 302
3

15. First consider the function

2(s — 1)
Gie) 82 —2s+2
Completing the square in the denominator,
2(s — 1
G(s) = _(__?)_ _
(s—1)+1

It follows that
L7YG(s)] = 2€ cost.
Hence

£ [e"2G(s)] = 2e* Pcos (t — 2) ua(t) .

16. The inverse transform of the function 2/(s* —4) is f(t) = sinh 2t . Using the
translation property of the transform,

-23
L [2; 4] = ginh 2(t — 2) - ua(t).
32 vt

17. First consider the function

(s—2)

S E e

Completing the square in the denominator,
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It follows that
L7YG(s)] = e* cosht.

Hence

o [Lﬂi] = 32” Deosh (t—1) uy ().

s2—45+3

18. Write the function as

& § 8 k]

It follows from the translation property of the transform, that

e 4 e 28 g

‘C—]

5

19(a). By definition of the Laplace transform,
Ll f(ct)] :/ e * f(ct)dt.
]

Making a change of variable, 7 = ct, we have

L[ f(et)] = 1/0 '(‘."”"T”":f(T}d'r

C

1] .e. "?‘“f"'""f(‘r)d'r.
0

[&

Il

Hence L[ f(ct)] = 2 F(2), where s/c >a.

¢

(b). Using the result in Part (a),

Hence

3s _ E_.—ﬂi:i
] = uy(t) + ua(t) — us(t) — ua(t).
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(¢). From Part (b),

sy = Lr(E
L [F(as)] = af(u)' '
Note that as + b = a(s + b/a). Using the fact that Le f(t)] = LI ()] ongmc
L Y[F(as + b)] = e/ lf(i) ‘

a a

20. First write

Let G(s) = n!/s"*!. Based on the results in Prob. 19,
1 . s\1 _
527 [6(3)] =
in which g¢(t) = t". Hence
LoUF(s)] = 2(2)" = 2°en.

23. First write

(_;4(5 -1/2)
F(s) = ————.
®)=3G6=1/2)
Now consider
—25
G(s) = =

Using the result in Prob. 19(b),

1 [t
L7YG(2s)]) = §g(§).
in which g(t) = ua(t). Hence L£7'[G(2s)] = 3 ua(t/2) = L uy(t). Tt follows that

L F(s)] = %erm uy(t).

24. By definition of the Laplace transform,
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yo
0.4

0.34
0.29
0.1

01 > S (| [ 10 12
0.4
024
03]

Since there is no damping term, the solution follows the forcing function, after which
the response is a steady oscillation about y = 0.

5. Let f(t) be the forcing function on the right-hand-side. Taking the Laplace transform
of both sides of the ODE, we obtain

5*Y (s) — 5y(0) — y'(0) + 3[s ¥ (s) — y(0)] +2Y(s) = LIf(2)].
Applying the initial conditions,
s2Y(8) +3sY(s) +2Y(s) = L[f(2)].

The transform of the forcing function is

—10s

) U
HOEEE
Solving for the transform,
1 e—l[]s
Y(s) = — e .
8(82+3s+2) s(s?2+3s+2)
Using partial fractions,

1 R S
3(s2+3s+2) 2|s s+2 s+1]
Hence
1 o
g = e by L g P )
i [3(32+33+2)] 3t 3

Based on Theorem 6.3.1,

=i g 1 —~2(t-10) ~(t-10)
i g e o

Hence the solution of the IVP is



1 e ¥ -t Lt _(t-20) -(t-10)
y(t) = 5[1 —up(t)]+ ——€e"— 5 [e —2e ]ulg(t) .

2
L]
1
0.6
0.6
0.4
0.2
072746 B 10 12 14 16 18 20

1

y(t)
051

0.4
0.3
0.24

0.1

0 iiéé1;u1'21'41'51'32'3

The solution increases to a temporary steady value of y = 1/2. After the forcing ceases,

the response decays exponentiallytoy = 0.

6. Taking the Laplace transform of both sides of the ODE, we obtain

Y (s) = sy(0) —y'(0) + 3[s Y (s) — y(0)] +2Y(s) =

Applying the initial conditions,

8°Y(s)+3sY(s) +2Y(s)—1=

Solving for the transform,

1 6—28
- s2+3s+2+ s(s24+3s+2)°

Y(s)

Using partial fractions,
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1 .3 1
$24+3s+2 s+1 s+2

and

d 11 i 12
8(s2+3s+2) 2|s s+2 s+1]
Taking the inverse transform. term-by-term, the solution of the IVP is

1 1
y@) =et—e % + [5 — e =B 4 53_2“_2)] ug(t) .

fft)

0.8

061

0.4

0.2

y(t)
0.5

0.47

0.37

0.21

0.14

L A - MR BRERC

Due to the initial conditions, the response has a transient overshoot, followed by an
exponential convergence to a steady value of y, = 1/2.

7. Taking the Laplace transform of both sides of the ODE, we obtain

6—311'3

§’Y(s) —sy(0) ~ y'(0) + Y(s) = 7

Applying the initial conditions,
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e—31rs
2Y(s)+ Y(s)—s= -
Solving for the transform, 1
8 e—37rs
¥
(s) $2+1 * s(s?2+1)
Using partial fractions,
kb B
s(2+1) s &241°
Hence
- S —3ms 1 - 8
Y(s)—32+1+e L‘ s?+1]'

Taking the inverse transform, the solution of the IVP is |

y(t) = cost + [1 — cos(t — 3m)]usx(t)
= cost+ [1 + cost]us(t).

ft)

0.8

0.6

0.4+

0.21

0724 6 3101'2114151320222,1

(U]
3 5
2.
1
WAVAVRLE
X 6 \jtz uvm 20%/24
1 i
214

Due to initial conditions, the solution temporarily oscillates about y = 0. After the
forcing is applied, the response is a steady oscillation about yn, = 1.
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18(a).
fit) [k=2]

0.24
022
02
0.18
0.16
0.14
0.124
0.14
o.08
0.06
0.04
0.02

(b). The forcing function can be expressed as

fi(t) = %[’Uq—.k(t) — ugi(t)].

Taking the Laplace transform of both sides of the ODE, we obtain

e—(é—k}s e—(4+k)s

s2Y(s) — sy(0) — y'(0) + %[3 Y(s) = y(0)] +4Y(s) = 2%ks  %ks

Applying the initial conditions,

2Y 1 v iV e-—(:i—k)s e—(4+k)s
s (3)+§s (8)+4Y(s) = TP T

Solving for the transform,
3 e—{4~k)s 3 e—(4+k)a

Tial= 2ks(3s2 + s+ 12) 2ks(3s2 + s + 12)

Using partial fractions,

1 __L 1_ 1+3s
8(3s2+s+4+12) 12|s 3s2+s+12

1 [1 1 1+6(s+1)
=|c - o ——0 |

12 | s 6(3+é) +13%3

Let

11 1 s+ 3
H(S):E]‘E[g_ 162 143 1 . 143]
(s+8) +% (s+3) +%

It follows that
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h(t) = L[H(s)] = % _ e;:f' [ ;43 Sm( 1643t) . cos( 1643t)}

Based on Theorem 6.3.1, the solution of the IVP is
y(t) =h(t —44+k)uei(t) —h(t—4-k) Ugrk(t) .

0.24
0.154
0.14
0.054

o /\ N A A
- 2 4 ve\}y 1b\/14\1_b’1h\/§i:

0.14
-0.159

0.37
0.21
0.17

o

0.1

0.24

3% U/B\\}‘/\i ﬁ\\gf?m

As the parameter k decreases, the solution remains null for a longer period of time.
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Jalh A sal L o

Since the magnitude of the impulsive force increases, the initial overshoot of the
response also increases. The duration of the impulse decreases. All solutions eventually
decayto y = 0.

19(a).

O™ 2774 6 8 10 12 14 16 18
t

‘- _— —

(¢). From Part (b),

u(t) =1—cost+ Zi( — 1)*[1 — cos(t — km)]u(t) .
k=1

. !\
i ﬁhf\zﬂ[l p [
Enaaiinn

&

~

r

. the
.nt. In fact,
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