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Appendix A

Conditional Expectation
and LP-Spaces

In this appendix (A), we briefly review the definition and some basic properties
of conditional expectation. We also establish some notation for L? spaces. For
more details we refer the reader to a graduate text in probability such as Chung
[9] or D. Williams [38].

Consider a fixed probability space (2, F, P), where {2 represents a sample
space of possible outcomes, F is a o-algebra of subsets of 2 representing the
events to which probabilities can be assigned, and P is probability measure
on (2, F). Expectation under P will be denoted by E[-]. The term a.s. will
mean almost surely with respect to the probability measure P. Given a random
variable X defined on this space satisfying E[|X|] < oo, and a sub-o-algebra
G C F, the conditional expectation of X given G is denoted by E[X|G]. This
represents a member of the equivalence class of G-measurable random variables
satisfying

E[E[X|G|14] = E[X14] forall Ae€g. (A1)
Because conditional expectations are only determined uniquely up to almost
sure equivalence, (in)equalities between conditional expectations are always in-
terpreted to hold almost surely. If Y is a random variable defined on the proba-
bility space and o(Y") denotes the o-algebra generated by Y, then the conditional
expectation E[X|o(Y)] is often simply denoted by E[X |Y]. We list several com-
mon properties of conditional expectation here. In the following, X and Y are
integrable random variables defined on (Q, F, P), and G, H are sub-c-algebras
of F.

(i) If X is G-measurable, then E[X|G] = X.
(i) If X is independent of G, then E[X|G] = E[X].
(iii) If Z is G-measurable and X Z is integrable (in addition to X), then
E[XZ|G] = ZE[X|]].
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(iv) For c € R,

ElcX + Y|G] = cE[X|G] + E[Y|G].

(v) f X <Y a.s., then

E[X|9] < E[Y|9].

(vi) |E[X|G]| < E[|X]|G].

(vii) (Jensen’s inequality) If ¢ : R — R is convex and ¢(X) is integrable (in
addition to X), then

$(E[X|G]) < E[p(X)][9].

(viii) (Tower property) If G C H, then

E[E[X|H]|G] = E[E[X|G][H] = E[X|F].

(ix) (Monotone convergence) If, for each n = 1,2,..., X,, is a random variable
such that 0 < X,, < X a.s., and X,, + X a.ss. as n = oo (where X is
integrable), then

E[X,|G] T E[X|G] as.asn— 0.

(x) (Dominated convergence) If, for eachn = 1,2, ..., X,, is a random variable
such that | X,| <Y as., and X,, = X as. as n = oo (where X,Y are
integrable), then

E[X,|G] = E[X]|G] a.s.asn— 0.

The following special case is relevant to the probability models treated in
Chapters 2 and 3. When the sample space 2 is a finite set, a sub-o-algebra
G of F can be specified by giving a finite partition P = {A;,...,A,} of Q
that generates G, i.e., A;, ¢ = 1,...,n are disjoint sets in F, U} ;A; = Q and
G = o(P), the smallest o-algebra containing P. In this case the random variable
Z = E[X|G] must be constant on each of the sets in the partition P and its
value on any set A; of positive probability is given by

E[X14;]/P(A).

For any c-algebra G C F and p € [1,00), LP(Q2, G, P) will denote the space
of random variables X : Q) — R that are G-measurable, i.e., X 1(B) = {w € Q:
X(w) € B} € G for each Borel set B in R, and that satisfy E[|X|P] < co. The
norm of X € LP(2,G, P) is given by

IX[l, = B[ X|PT/7.



Furthermore, L>*(Q, G, P) denotes the space of G-measurable random variables
X : Q — R such that X is bounded P-a.s. The norm on this space is the
so-called essential supremum norm given for X € L*(Q, G, P) by

1 X]loo = inf{a > 0 : P(|X| > a) = 0}.

The following interpretation of E[X|G] is useful when X is square integrable.
If the random variable X is such that E[X?] < oo, then the conditional expec-
tation Z = E[X|G] is a version of the orthogonal projection of X onto the L?
space L2(Q, G, P), i.e., Z is the G-measurable, square integrable random variable
(unique up to a.s. equivalence) that minimizes the squared distance

E[(Z - X)?).
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Appendix B

Discrete Time Stochastic
Processes

In this appendix (B), we briefly review some concepts and results for the types
of discrete time stochastic processes used in this book. For more details and
further background we refer the reader to a graduate text in probability such
as Chung [9] or D. Williams [38].

Only discrete time stochastic processes indexed by a finite set of times are
considered in this appendix, and so, without loss of generality, here we as-
sume that the time index set is the set of consecutive non-negative integers
{0,1,...,T} for some finite non-negative integer T'.

Throughout this appendix (B), we assume that (2, F, P) is a fixed probabil-
ity space, where (2 is a sample space representing the set of possible outcomes,
F is a o-algebra of subsets of ) representing the events to which we can assign
probabilities, and P is a probability measure on (2, F). The expectation with
respect to P will be denoted by E[-].

A filtration is a family {F;,t = 0,1,...,T} of sub-o-algebras of F indexed
by t =0,1,...,T such that

FoCFH CF...C Fr,

i.e., the family is increasing with time. If the sample space {2 is a finite set, often
the o-algebra Fy is trivial, consisting simply of the empty set §) and the whole
sample space 2. Also, since we shall only be considering random variables that
are Fr-measurable, without loss of generality (by redefining F to equal Fr), we
can assume that Fr = F. We often write {F;} instead of the more cumbersome
{F,t =0,1,...,T}. Intuitively, the filtration keeps track of what information
is known at each of the times t = 0,1,...,T, where information only increases
with time. More precisely, for each t = 0,1,...,T, the o-algebra F; tells us
which events may be observed by time ¢t. We call the quadruple (2, F, {F:}, P)
a filtered probability space.

For the remainder of this appendix (B) we suppose that in addition to
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(Q, F, P) being fixed, {F;} is a fixed filtration, and so (Q, F, {F;}, P) is a given
filtered probability space. All random variables and processes considered in this
appendix are assumed to be defined on this space.

Given a positive integer d, a d-dimensional (stochastic) process with time
index set {0,1,...,T'}, defined on the given filtered probability space, is a collec-
tion X = {X;,t=0,1,...,T} where each X, is a d-dimensional random vector,
i.e., a function X; : Q — R? such that X; '(B) = {w € Q: X;(w) € B} € F for
each Borel subset B of R?. The process X is called adapted if X; *(B) € F; for
each Borel set B in R? and for each t = 0,1,...,T. We often write X; € F;, as
shorthand for X;'(B) € F; for all Borel sets B in R?.

Two d-dimensional processes {Y;,t = 0,1,...,T} and {Z;,t = 0,1,...,T}
defined on (Q,F, P) are modifications of one another if P(Y; = Z;) = 1 for
t=0,1,...,T. Since the time index set is finite, this is equivalent to Y and Z
being indistinguishable, i.e., P(Y; = Zy for t = 0,1,...,T) = 1. We shall regard
two such indistinguishable processes as being equal as stochastic processes.

A (discrete) stopping time (or optional time) is a function 7 : @ — {0,1,...,T}U
{oo} such that

{r=t}eF for t=0,1,...,T. (B.1)

Note that for such a stopping time 7, we have
{r=00} =Q\ (UL {r =t}) € Fr.

For convenience we define o, = Fr and then (B.1) also holds with ¢ = oco.
A deterministic time in {0,1,...,T} U {oo} is a stopping time. Furthermore,
if 7 and o are two stopping times, then it is straightforward to verify that
7 Ao = min(r,0) and 7V ¢ = max(7,0) are also stopping times. There is a
o-algebra associated with any (discrete) stopping time 7, defined by

Fr={AeFo:AN{r=t}e F for t=0,1,...,T}.

Note that, for A € Fr, AN {7 = o0} € Feo.
A collection M = {My, F,t = 0,1,...,T}, where each M; is a real-valued
random variable, is called a martingale if the following three properties hold:

(i) E[|M]] < o fort=0,1,...,T,
(il) M; is Fy-measurable for t =0,1,...,T,
(i) E[M¢|Fe—1] = My_q fort=1,...,T.
In this discrete time setting, the condition (iii) can be equivalently replaced by
(iii)) E[M|Fs) =M, for all s < tin {0,1,...,T}.

We call M a submartingale if the “=” in (iii) (or (iii)’) is replaced by “>”, and
we call M a supermartingale if the “=” in (iii) (or (iii)’) is replaced by “<”. The
condition (iii) (or (iii)’) is often referred to as the (sub/super) martingale prop-
erty. Note that M is a submartingale if and only if —M is a supermartingale.



If M is a (sub/super) martingale and in addition there is p € (1, 00) such that
M; € LP(Q,F,P) for each t = 0,1,...,T, then we call M an LP-(sub/super)
martingale. In describing (sub/super) martingales, we shall sometimes omit the
filtration {F;} from the notation for M when it is understood.

We adopt the convention that a d-dimensional process M = {M, Fi,t =
0,1,...,T} is called a (sub/super) martingale if and only if each of its one-
dimensional components { M}, F;,t =0,1,...,T},i=1,...,d, is a (sub/super)
martingale.

Two basic results from discrete time martingale theory are stated here for
ease of reference. We state them for one-dimensional processes.

Theorem B.0.1 (Doob’s L?-inequality)

Forpe (1,00), let M = {My, F;,t =0,1,...,T} be a real-valued LP-martingale.
Then, for each t = 0,1,...,T, Ny = sup{|M;|,s = 0,1,...,t} € LP(Q, F;, P)
and

E[(N)P] < ¢"E[|Mf*], (B.2)
1,1 _
where s+s=1
Theorem B.0.2 (Doob’s stopping theorem,)
Let M = {My, F;,t =0,1,...,T} be a real-valued (sub)martingale and suppose
that T is a stopping time. Then {Minr, Finr,t =0,1,...,T} is a (sub)martingale.
Furthermore, if o is another stopping time and 0 < 7 < T, then M., M, are
integrable random variables and
E[M;] > E[M,], (B.3)

where equality holds if M is a martingale.

We shall use the last result above in particular with o = 0.
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Appendix C

Continuous Time Stochastic
Processes

In this appendix (C), we briefly review some concepts and results from the theory
of continuous time stochastic processes. Many of these concepts and results are
similar to those introduced for discrete time stochastic processes in the preceding
appendix. Some notable exceptions are the definitions of stopping time and
martingale, and the fact that filtrations and stochastic processes in continuous
time are frequently assumed to have some regularity, e.g., right continuity, due
to the fact that the time index set is now a continuum. In this appendix (C),
we restrict to compact time intervals.

In the following, we consider the compact time interval [0,7] where T is a
fixed value in [0,00). We denote the Borel o-algebra on [0,7] by Br.

A filtered probability space is a quadruple (2, F,{F;,t € [0,T]}, P), where
Q is a set representing the sample space, F is a o-algebra of subsets of 2, P
is a probability measure on (Q,F), and {F;,t € [0,T]} is a filtration, i.e., a
family of sub-o-algebras of F indexed by ¢ € [0,T] that is increasing: for each
s,t € [0, T] satisfying s < ¢t we have F; C F;. We often write {F;} instead of the
more cumbersome {F;,t € [0,T]}. Intuitively, we may regard F as containing
all events which might ever be observed or to which we can assign probabilities.
The filtration keeps track of what information is known by each of the times
t € [0,T], where information only increases with time. More precisely, for each
t € [0,T], the o-algebra F; tells us which events might be observed by time t.
For such a filtered probability space, a set A € F whose probability is zero is
called a P-null set. The expectation with respect to P will be denoted by EJ-].
Since we shall only be considering random variables that are Fr-measurable,
without loss of generality (by redefining F to equal Fr), we can assume that
Fr=2F.

In continuous time, some additional regularity assumptions are typically
imposed on a filtered probability space. In particular, a filtered probability
space (Q, F,{F:}, P) is said to satisfy the usual conditions if the following three
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conditions hold:

(i) (Q,F,P) is complete, i.e., if A C B where B € F and P(B) = 0, then
A€ F and P(A) =0,

(ii) Fo contains all of the P-null sets,

(i) {F:} is right continuous, i.e., Fy = Fry = [ Fs, forallt < T.
s€(t,T]

Remark. If we have a filtered probability space that does not satisfy the usual
conditions, by a standard procedure of completing the probability space, aug-
menting the members of the filtration using all of the P-null sets, and replacing
Fi by Fiy for t < T, we can ensure that the usual conditions are satisfied (cf.
Chung [9], page 291f.).

For the remainder of this appendix, we suppose that (Q,F,{F:},P) is a
given filtered probability space satisfying the usual conditions. All random
variables and processes considered in this section are assumed to be defined on
this space.

Given a positive integer d, a d-dimensional (stochastic) process on the given
filtered probability space is a collection X = {X;,¢t € [0,T]} where each X,
is a d-dimensional random vector, i.e., a function X; : Q@ — R? such that
X;Y(B) = {w € Q: X¢(w) € B} € F for each Borel subset B of R?. (In fact,
it is enough to check that this last property holds for all open balls B in R?.)
The process X is called adapted if X; ' (B) € F; for each Borel set B in R? and
for all t € [0,T]. We often write X; € F;, as shorthand for Xt_l(B) € F; for
all Borel sets B in R?. By setting X (t,w) = X;(w) for all t € [0,T], w € Q,
we may sometimes view X as a function from [0,7] x Q into R¢. The process
X is said to be (left/right) continuous if all of its sample paths are (left/right)
continuous. (Some authors only require that (left/right) continuous processes
have (left/right) continuous paths almost surely. Frequently a process with such
a property can be redefined on a P-null set to have (left/right) continuous paths
surely. For most practical purposes such a redefined process can be considered
to be the same as the original process. Accordingly, we have chosen to require
(left/right) continuous processes to have the desired path regularity surely.)

Two d-dimensional processes {Y;,¢ € [0,T]} and {Z;,t € [0,T]} defined on
(Q,F, P) are

(i) modifications of one another if P(Y; = Z;) =1 for all ¢t € [0,T],
(ii) 4ndistinguishable if P(Y; = Z; for all t € [0,T]) = 1.

(Note that for (ii) it is implicit that the event {Y; = Z; for all ¢t € [0,T} is
measurable.) Two right continuous processes that are modifications of one an-
other are indistinguishable and we shall regard them as being equal as stochastic
processes.
A stopping time (or optional time) is a function 7 : @ — [0,T] U {occ} such
that
{r<tleF forall te[0,T]. (C.1)
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Note that for such a stopping time 7, we have {T = 00} = Q\ {r < T} € Fr,
and so we define Fo, = Fr. Note that then (C.1) also holds with ¢ = co. There
is a o-algebra associated with any stopping time 7, defined by

Fr={AeFo:An{r <t} e F forall te0,T]}}.

It is easily verified that a stopping time 7 is measurable as a mapping from
(Q, F;) into ([0,T]U {oo}, Bs) where By, is the o-algebra on [0, 71U {00} gen-
erated by the Borel sets in [0, T'] together with the singleton set {oo}. If 7 and o
are two stopping times, then it is straightforward to verify that 7 Ao = min(r, o)
and 7V ¢ = max(7,0) are also stopping times.
Example. If X is a continuous, adapted d-dimensional process, then for any
open or closed set A C R?, 74 = inf{t € [0,T] : X; € A} is a stopping time. (As
usual, the infimum of the empty set is defined to equal co.) For a proof of this,
which uses the fact that the filtration satisfies the usual conditions, see Chung
[9], Section 2.4.

A collection M = {My, F;,t € [0,T]}, where each M, is a real-valued random
variable, is called a martingale if the following three properties hold:

(i) E[|My]] < oo for all ¢t € [0,T7,
(ii) M, is F;-measurable for each t € [0, 77,
(i) E[M¢|F,] = M, for all s <t in [0,T].

W_"

We call M a submartingale if the in (iii) is replaced by “>”, and we call M
a supermartingale if the “=" in (iii) is replaced by “<”. This condition (iii) is
referred to as the (sub/super) martingale property whenever M is a (sub/super)
martingale. If M is a (sub/super) martingale and in addition there is p € (1, 00)
such that My € LP(Q, F, P) for all t € [0, T, then we call M an LP-(sub/super)
martingale.

It is well known that under the usual conditions that we have assumed to
hold for the filtered probability space, every martingale has a modification whose
paths are all right continuous with finite left limits, c¢f. Chung [9], Theorem 3,
page 29 and Corollary 1, page 26.

The stochastic integrals that we consider will often define martingales; how-
ever, sometimes they will only locally define martingales. This leads us to the
notion of a local martingale. A collection M = {M;, F;,t € [0,T]}, where each
M; is a real-valued random variable, is a called a local martingale if M is an
adapted process and there is a sequence of stopping times {75}, such that
T < Tr41 for each k, limg_, o 7, = 00 P-a.s., and for each k,

Mk = {Mt/\TkJJ:t:t € [O7T]}

is a martingale. We call such a sequence {7} a localizing sequence for M. Here
we have used a slightly stronger notion of local martingale than that introduced
in [11] and [35]. In the case when the initial value My is a constant, our definition
is equivalent to that in [11] and [35]. As that is the only circumstance considered
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here, we have chosen to give the stronger and simpler definition. Indeed, for
stochastic integrals, the initial value is not only constant but zero.

In describing (sub/super/local) martingales, we shall sometimes omit the
filtration {F;} from the notation for M when it is understood. We also adopt
the convention that a d-dimensional process M = {M;,t € [0,T]} is called a
(sub/super/local) martingale if and only if each of its one-dimensional compo-
nents {M{,t € [0,T]}, i = 1,...,d, is a (sub/super/local) martingale. In the
case of a local martingale, one can choose a common localizing sequence for
all components, since the minimum of finitely many stopping times is again a
stopping time. We shall always assume that such a common sequence is being
used when we consider multi-dimensional local martingales.

Two basic results from continuous time martingale theory are stated here
for ease of reference. We state them for one-dimensional processes.

Theorem C.0.3 (Doob’s LP-inequality)

Forp € (1,00), let M = {M, Fi,t € [0,T]} be a real-valued right continuous
LP-martingale. Then, for each t € [0,T], Ny = supg<s<; |Ms| € LP(Q, F;, P)
and

E[(Ne)"] < E[|M¢|*], (C.2)
1,1 _
where >t = 1.
Theorem C.0.4 (Doob’s Stopping Theorem)
Let M = {My, Fi,t € [0,T]} be a real-valued right continuous (sub)martingale
and suppose that T is a stopping time. Then {Min;, Finr,t € [0,T]} is a right

continuous (sub)martingale. Furthermore, if o is another stopping time and
o<1 <T, then M, and M, are integrable random variables and

E[M:] > E[M,], (C.3)
where equality holds if M is a martingale.

We shall use the last result above in particular with ¢ = 0.



Appendix D

Brownian Motion

In this appendix (D), we briefly review some definitions and basic results for
Brownian motion. For more details and further background we refer the reader
to Chung [9] and Chung and Williams [11].

All stochastic processes considered in this appendix are indexed by time lying
in the compact time interval [0, T] for a fixed value T in [0, c0) and all processes
are assumed to be defined on a given complete probability space (Q, F, P).

A standard one-dimensional Brownian motion (on the time interval [0,77])
is a one-dimensional process W = {W;,t € [0,T]} such that

(i) Wy =0 P-as.,
(ii) all of the sample paths of W are continuous,

(iii) W has independent increments: Wy, —Wy,,..., W, — W, _, are indepen-
dent for any 0 <ty < t1,<---<thp <oo,n=1,2,...,

(iv) for 0 < s < t < 00, Wy — W; is a normally distributed random variable
with mean zero and variance ¢ — s.

One can think of standard Brownian motion as a limit in distribution of a
sequence of simple symmetric random walks where the time step and walk step
size are scaled to zero in a suitable way (see e.g., [27]).

For a positive integer n > 1, a standard n-dimensional Brownian motion is
an n-dimensional process W = {W;,t € [0,T]} such that the coordinate pro-
cesses W1, W?2 ... W™ are mutually independent and for each i € {1,...,n},
Wi ={W{, te[0,T]}is a standard one-dimensional Brownian motion.

Assuming that W is a standard n-dimensional Brownian motion defined on
the complete probability space (2, F, P), for each t € [0,T], let Ff = o{W; :
0 < s < t}, the smallest o-algebra on Q with respect to which W is measurable
for each 0 < s < t. For each t € [0,T], let F; denote the smallest o-algebra
containing F; and all of the P-null sets in F. This is called the augmentation
of F; by the P-null sets, and {F,t € [0,T]} is called the filtration generated by
the Brownian motion W under P. The latter is sometimes referred to as the

13
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standard filtration associated with the Brownian motion or simply the Brownian
filtration. It is well known that this filtration is right continuous, i.e., for each ¢ €
[0,T), Fi = Fey = Nse(t,1)Fs, cf. Chung [9], Section 2.3, Theorem 4. Hence the
filtered probability space (2, F, {F;}, P) satisfies the usual conditions. It is well
known that in this case when the filtration is the standard Brownian filtration,
every martingale relative to {#;} has a continuous modification, cf. Theorem
V.3.5 in Revuz and Yor [35]. It is straightforward to check that {W;, F,t €
[0,T1} is a continuous, n-dimensional martingale.
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