MARTINGALE REPRESENTATION THEOREM, AND THE LEVY
CHARACTERIZATION

NATE ELDREDGE

Header
General setup: Let B be Brownian motion on (Q, ¥, P) and {;} the filtration
associated to B.
General note: We are proving one-dimensional versions of all these theorems.
Multi-dimensional versions are also true and can usually be proved by similar ar-
guments.

1. MARTINGALE CONVERGENCE THEOREM
Lemma 1.1. Fix T > 0. Then the collection of random variables of the form
¢(Byy,....B,), ¢eCiR"), n=12,...
is dense in L*(F7, P).

Proof. Choose a countable dense subset {1,1,...}of [0,T]. LetG, = 0(By,, ..., By,);
then Gy € G» € ... and U, G, = Fr = o(B; : t € [0,T]) by continuity of the
filtration. So fix any X € L*(F7,P). Then M, = E[X|G,] is a discrete time mar-
tingale, and M,, — X a.s. and in L*. Now M, € G; by the Doob-Dynkin lemma
(Lemma 1.2 below), M, = g,(B;,,...,B;,) for some measurable g, : R" — R.

Moreover g, € L>(R", ) where  is the density of the random vector (By,...,By).
So we can approximate g, in L by some ¢,, € CZ(R"), and then M), is equally well
approximated by ¢,(By,, ..., B; ). Now we are done. O

Lemma 1.2 (Doob-Dynkin lemma). Let X be an n-dimensional random vector
defined on (Q,F, P) and let Y be a o(X)-measurable random variable defined on
the same space. Then Y = g(X) for some Borel measurable g : R" — R.

Proof. Start with a characteristic function. Let A € o7(X); then A = X~ '(B) for
some Borel set B. So 14(w) = lx-1(p)(w) = 15(X(w)) and the lemma holds for 14.
So it also holds for simple r.v.s, and thus, by the monotone class theorem, for all
o(X)-measurable r.v.s. O

Lemma 1.3. Random variables of the form

T 1 T
(1) exp( f h(t)dB; — - f hz(t)dt),
0 2 Jo

where h : [0, T] — R is a non-random step function of the form h(t) = ;1:1 Ailo4,
A; € R, span a dense subspace of L*(Fr, P).
1
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Proof. First, observe that random variables of the form (1) are in fact in L>(F7, P).
If h(t) = 37, il We have

T 1 (T 2
exp( f h(t)dB; — = f hz(t)dt)l
0 2 Jo
T T
:exp(— f hz(t)dt)E[exp(2 f h(t)dB,)].
0 0

T T n
E [exp (2f h(t) dB,)] = E|exp {Zf Z Ailo () dB,]
= E|exp (2 Z /liB,l.)
i=1

Since the By, are joint normal random variables, a linear combination of them is
normal, and so exp of it has finite expectation.

Let Y € L*(Fr, P) be orthogonal to all random variables of the form (1). Then
if h=3", Ailjos), we have

G(A) := Elexp(A41B;, + -+ 4,B,)Y] =0

E

However

for all A, where we divided out the constant exp(— fOT h*(t)dt/2). 1 claim this
equation also holds if I replace A with z = (z1,...,z,) € C". For observe that
G(z) is holomorphic (differentiate under the integral sign to verify the Cauchy-
Riemann equations) and is zero on R”. Then it must be identically zero . Now let
¢ € CZ(R™); by Fourier inversion ¢(x) = [, $(y)e™ dy. So

E[Y$(By,,...,B;)| = E [Y fR ) B() exp(i(Byy1 + -+ + By,yn)) dy

= fR GOELY exp(i(By,y1 + -~ + By,y.)] dy
=0

where Fubini’s theorem applies because ¥ € L'(Q),¢ € L'(R") and thus Y¢ €
L'(QxR"). Therefore Y is orthogonal to all random variables of the form ¢(B;,, ..., B;,).
These are dense by Lemma 1.1,s0 Y = 0. O

Theorem 1.4 (Itd Representation Theorem). Let F € L*(F7, P). Then we can write
T
F = E[F] +f f(t, w)dB;
0
for some unique process f for which the integral makes sense.
1Suppose G is holomorphic on C" and vanishes on R". Write z = x+iy. Now for x, € R" c C", we
have %—f(xo) = 0. By the Cauchy-Riemann equations, we also have %—f(xo) = 0. That is, G’(xy) = 0.

This is true for all x, € R", so G’ vanishes on R”, likewise G’ and so on. Thus G vanishes with all
its derivatives on R"; by expanding G in a Taylor series we see it must be identically zero on C".
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Proof. The integral makes sense for f with E [ fOT 12 dt] < oo, ie. feLXPxd),
which are adapted (or a.e. equal to such a process). Let H be the set of such f. I
claim this is a closed subspace of L>(P x df). For say f, € H, f, — fin L>(P xd?).
Then there is a subsequence with f, (t, w) — f(t,w) for a.e. t, w. Specifically, for
a.e. t, f,, (t,-) = f(t,-) a.s.; since each f,, (¢, ) is in F;, sois f(t,-). Thus by fudging
f on a dt-null set we can make it adapted, without changing its equivalence class
in L2(P x dr). So ‘H is a closed subspace of the Hilbert space L>(P x df), hence a
Hilbert space in its own right.
The It6 isometry says that the map

[:H — L*(P)
T
1) = fo f(.w)dB,

is a (linear) isometry of Hilbert spaces. The claim at hand is essentially that [ is
onto. Well, almost; we will always have E[I(f)] = 0. ButI claim ran/ = ker E.
First, take F of the form

T 1 T
F = exp ( f h(t)dB; = 5 f 20) dt).
0 0

where i : [0, T] — R is a step function, as in Lemma 1.3. Let

S 1 S
X, = f h(r)dB, — = f h(r) dt
0 2 Jo

and Y = exp(Xj;), so that Yr = F. Now
dYy = exp(X,)dX, + exp(X,)(dX;)?

1 1
= Y,h(s)dB, — EYshz(s)ds + EYshz(s)ds

Thus Y = Yy + fos Y;h(t) dB;, where Yy = 1. Why does this integral make sense?

As previously argued, X, is normal for each s, and thus Y; is L? for each s. In fact,
it is easily shown that E [Ysz] is a continuous function of s, hence in L!([0, T]). So

fOT E[Y?]ds < c0,i.e. Y € L*>(P X dt). This suffices, since / is bounded.

We now have I(Y) = fOT Yh(t)dB;, = Yr — Yy = F — 1. Since E[I(Y)] = 0, we
must have E[F] = 1.

Now let us think of expectation E as a bounded linear functional E : [*(P) - R.
Then F — F—E[F]is orthogonal projection onto ker E := {F : E[F] = 0}. Soas F
ranges over a dense subset of L*(P), F — E[F] ranges over a dense subset of ker E.
Thus we have shown ran [ is dense in ker E. But an isometry of Hilbert spaces has
closed range, thus ran / = ker E. Thus for any F' € L[*(P), F — E[F] € ker E and so
F — E[F] = I(f) for some f. Uniqueness follows because an isometry of Hilbert
spaces is one-to-one. O
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Theorem 1.5 (Martingale Representation Theorem). Suppose M is a continuous
square-integrable {F;}-martingale. Then

2) M, = E[My] + f g(s,w)dB;, t>0.
0

for some adapted process g such that fot E[g*1ds < oo for every t > 0. (In this way
the integral in (2) makes sense for each t.)

Proof. By the Ito representation theorem, for each ¢ there exists a unique f €
L*([0,1] x Q, dt x P) with

!
M, = E[M,] + f F9O(s, w) dB;.
0

Now E[M,;] = E[My] for all t. Moreover, for u < t we have
M, = E[Mo] + fo " f0(s, ) dB,
and also
M, = E[M|F.] = E[Mo] + fo " 195, w)dB,

since we know fot ---dBy is an {¥;}-martingale. By the It isometry, the stochastic
integral is 1-1, and so we have FO(s,w) = fW(s,w) for a.s. w and a.e. s € [0, u].
Thus let g(s, w) = fO(s, w) for any ¢ > s; it is well defined, and we get the desired
result. O

Using this theorem, we can characterize Brownian motion as a martingale with
a specific quadratic variation.

2. LEvy CHARACTERIZATION OF BROWNIAN MOTION

Definition 1. Let M, be a continuous square-integrable martingale. Then [M], is
the (unique) process such that M,2 — [M], is also a martingale.

By the Martingale Representation Theorem, we can write

t
Mz=Mo+stst-
0

Then by It6’s formula,

t !
M12 = M(Z) + 2f MgvsdBg +f IVS|2 ds.
0 0

martingale

Thus [M], = [ vy ds.
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Lemma 2.1. Let W be a one-dimensional Ito process of the form

!
3) m=%+fmwbt20
0
such that
t
4) (W], = f o> dt =1, Yt>D0.
0

Then W is one-dimensional Brownian motion.

Proof. First note that Wy must obviously be a constant for the lemma to hold. Take
Wo = 0 for simplicity.

Observe for reference that by the fundamental theorem of calculus for L' func-
tions, we can differentiate (4) to see that |v,]> = 1 for a.e. .

By definition of the It6 integral, W, is adapted and has continuous sample paths.
We will show that W, ~ N(0, ¢) for each r and that W has independent increments.

In fact, we can show both facts simultaneously. Fix T < U; we compute the joint
distribution of (Wy, Wy — Wy) via the characteristic function (Fourier transform).
Set X; = Wiar, Yy = W, — W7, Then

AT !
X, = f vsdBg = f l{ssT}Vs dBy,
0 0
! t
Y, = f Vg st = f 1{s>T}Vs st
AT 0

so that X, Y are Itd processes. Note that Xy = Wr, Yy = Wy — Wy,
Now fix &, 17 € R and let

glx,y) = M),

Let g; be the process g(X;, Y;). g; is bounded, in fact |g;| = 1 for all ¢, and gg = 1
since Xy = Yy = 0. We will denote the partial derivatives of g with superscripts, so
g = %(Xn Y)) = iég(X:, Y;) = ig,. Likewise g~ = -, g;cy = —{ng:, etc.

We will compute ¢(t) := E[g(X;, Y;)]. When we fix ¢ and allow &, 7 to vary,
¢(t) is the characteristic function of (X;, Y;), which is the characteristic function
of (X;,Y;). Note that by path continuity of X, Y, continuity of g and the bounded
convergence theorem, ¢ is a continuous function of 7.
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By It6’s formula, applied to the real and imaginary parts of g, we have
dg(Xy, Y1) = givedX, + gfvt dy,
+ % (8°(dX)* + g dXidY, + g)*dY,dX; + g(dY)?)

= iégily<ryvidB; + ingili>1)vidB;

1 2 2 ! 0 2
+ 3| ~Eeilper) Pt - engilyerriri vl dr
0 1
—nég upriuEn il di - nzg,a{»n)%f,r%)

. 1
= i(&ly<ry + Nly>1)8ve dB; — E(le{tsT} + 0 1) dt

Thus

é(t) = E[g:] = E[go] + E

f (e
0

0

where the second term vanishes because the integrand is bounded, thus in L*(P x
dr), and so the integral has zero expectation (Theorem 3.2.1 (iii) of @ksendal)

l !
=1- 3 f i<ty + 1 L1 Elgs1 ds by Fubini’s theorem
0

1 f
=1- 3 fo (E isery + 1P Ls1)B(5) ds

¢ is continuous, as claimed above, so we can differentiate this using the (classical)
fundamental theorem of calculus to obtain the ODE initial value problem

1
5 {¢’<s> =3 @lien, £ T+ le)Rs)
6(0) = 1

(The derivative clearly does not exist at s = T, but this is not an obstruction.) For
s < T this becomes

’ __l 2
© {ms)— SE00), s<T
6(0) = 1

which we solve to find ¢(s) = e812, By continuity of ¢ the same formula is valid
fors =T, s0¢(T) = e €T/2 Thenfors > T (and, by continuity of ¢, also s > T)
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we have
1
¥(5)=—3m¢(s), s>T

#(T) = 72

(N

whose solution is
(8) #(s) = o ETTIT2 ,=1s)2 _ ~ET+P(s-T)/2.

Taking s = U we find the joint characteristic function of (Wr, Wy —Wr) = (Xy, Yy)
to be
9) E[ei(§WT+77(Wu—WT))] — E[ei(fXUH]YU)] = ¢(U) = e—(§2T+772(U—T))/2_

This is the chf of a joint normal with means 0, variances (7, U — T') and covariance
0. Since Wy and Wy — Wy are joint normal random variables which are uncorre-
lated, they are independent. Thus W satisfies Wy ~ N(0, T) and has independent
increments. This completes the proof that W is a Brownian motion. O

Corollary 2.2 (A form of the Lévy martingale characterization of Brownian mo-
tion). W; is Brownian motion with respect to the filtration {F;} iff W, is a continuous
square-integrable {F;}-martingale with [W], = t.

As mentioned in class, this fact remains true with most of these conditions
dropped. We can take {F;} to be any filtration, not necessarily the one associated
to some pre-existing Brownian motion B;; and we can assume that W, is merely a
local martingale which need not be square-integrable (suitably defining [W],).



