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Flow level data network model (roberts & Massoulie '00)
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resource or server
nonempty subset of links

continuous transfer of document on a route
Simultaneous resource possession




Network structure

J links
I routes

C; > 0 capacity of link 7

J x I incidence matrix A

1, if route 2 uses link 3
Aji —
0, else




Stochastic primitives

For each route 2

e Renewal arrival process F;(-) with rate v;
kth document arrives at time 7

e i.i.d. document sizes {v;}72, with distribution 19;,

mean u; ', cumulative process V;(n) = Y7, vix

o Define traffic intensity p; = v;/p;




Weighted o-fair bandwidth sharing (vo & wairand '00)

a € (0,00), k; weight for route i

A;(Z) dynamic bandwidth allocation for route ¢
Z; number of flows on route ¢

Bandwidth A;/Z; provided to each flow on route ¢




Weighted o-fair bandwidth sharing (vo & wairand '00)

a € (0,00), k; weight for route i

A;(Z) dynamic bandwidth allocation for route ¢
Z; number of flows on route ¢

Bandwidth A;/Z; provided to each flow on route ¢

A(Z) = argmax{Gz(A) : AN < C,A >0}

o 200 for o £ 1
where Gz(A) = 2 miZ7 S 4

Zi KiZ; lOg(Ai), for o =1




Questions

For the flow level model with general interarrival &
document size distributions

e Stability when Ap < C7

e Heavy traffic behavior

e Propose fluid model
e Justify approximation via limit theorem

e Analyze fluid model
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Stochastic model

Performance processes

For each route ¢
e Z;(-) queue length process (number of documents)
e W;(-) workload process

For each link 3

e U;(-) cumulative unused capacity process for link j




Stochastic model

Measure valued process

For each route =:

e Z;(-) residual document size process

1 = 1 — o—0——o—0—0—0 ° °




Stochastic model

Measure valued process

For each route =:

e Z;(-) residual document size process

Zi(t) = (1, Z(1)),
Wi(t) = (x, Zi(t)) where x(z) = x




Stochastic model

Dynamic equations
For the vector valued processes

W(t) =W(0)+ V(E(®)) —T(¢)
U(t) = Ct — AT(t)

where Ti(t) = /Ot Ai(Z(u))du




Stochastic model

Dynamic equations

For the measure valued process

Consider projections (g, Z;(-)) for all g € C

C={g€C;:9(0)=g(0) =0}




Stochastic model

Dynamic equations

Route 1 AZ()
E;(t)
(9, Zi®)) = (g(- = Si(1)), Zs(0)) + > g (vir — Si(t) + Si(rix))
k=1
where Sz(t) — /O Azézz(ij;)) 1(0,00)(Z7;(u))du
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Functional law of large numbers approximation

Stochastic model
X =(Z2,Z,W,U)

Fluid model

(C) Z7w7u)




Fluid model

Network (J, I, A,C'") as before

Primitive parameters (v, )
For each ¢
o 1, >0
e ¥; probability measure on (0,00) with mean ;'

State space M!, where M is the set of finite
non-negative Borel measures on R

Performance functions

(C? Z? w? u)




Fluid model

A fluid model solution ¢ is a continuous function

¢ :[0,00) — M! such that

(i) (1;03,Gi(t)) =0forall ¢ <I,t>0

(ii) Foreach ge(C, i<I,t>0

(9,Gi(1)) = (9, Gi(0)) — J{g/, Gi(w) 258D o) (2i(w)) du

+vilg, 95) [y 1<ooo ()

(iii) For each 5 < J

wj(t) = Cit — Y, Aji [y {Ai(2(1))1 0,00 (2 (w))
+Pz1{0}(2z(u))}du

IS hondecreasing.
Here z;(-) = (1,{(+)) for all ¢« < T




Fluid model

Workload (when finite)

For each : < [
wi(t) = (x, Gi()) = wi(0) + J5 (pi — Ail2(w)) Lg,00) (2i(u))du
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Sequence of systems

T — (ZT,ZT,WT’ Ur)

Fluid scaling 27" (t) = + Z"(rt)
e.g. ZI'(t) = 1Z7(rt)

r




Asymptotic assumptions

Arrivals
v — v

() = v()

Document sizes

9" 5

lim sup,. (x!17¢,97) < oo
(= u" — p)

Initial condition
(Z7(0),W"(0)) = (2% (x, 2%)) e M! x RL
E[(1,2%)] < o0, E[{x, Z2")] < 00, (1441,2") =0 Vz € Ry




Limit theorem

Theorem (Gromoll-W) The sequence {Z "} is
C-tight; each weak limit point 2 = (Z,Z,W,U) a.s.
vields a fluid model solution Z with associated
queuelength Z = (1, Z), (finite) workload W = (x, Z),
and unused capacity U.
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Invariant States for Fluid Model

For each « < I, let ¥ denote the excess lifetime
probability measure associated with ¥9;, i.e., ¥¢ has
probability density pf(x) = ui(l(z,00), ¥i), T € Ry

Theorem (Gromoll-W) There are no invariant states
unless

Y Ajipi < C; forall j < J.

i<I
When the above holds, ¢ € M! is invariant if and only if
& = z9¢ for all « < I, for some z € RL satisfying
A;(z) = p; for all ¢ such that z; > 0.
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Linear network

A linear network consists of J links and I = J + 1 routes
where route 5 consists of link 3 alone for y =1,...,J
and route J + 1 consists of all of the J links.

et

A linear network with 3 links and 4 routes




Linear network

T heorem Consider a linear network and a fluid model
solution ¢ with finite initial workload w(0) = (x, (0)).
Suppose that e =C — Ap > 0. Then

¢(t) =0, for all t >,

where 0 = maxjgj(wj(()) —+ wj+1(0))/5.

Lyapunov function

H (w) = max(w; + wy41)
1<J




Tree network

A tree network (cf. Bonald and Proutiere (2003))
consists of J > 2 links and I = J — 1 routes such that a
single link (labeled J and referred to as the trunk)
belongs to all routes and each of the other links
(labeled by 1,...,J — 1) belongs to a single route.

=

A tree network with 4 links and 3 routes




Tree network

Theorem Consider a tree network and a fluid model
solution ¢ with finite initial workload w(0) = (x, (0)).
Suppose that e =C — Ap > 0. Then

¢(t) =0, for all t >,

where § =) ;. ;_; wi(0)/e.

Lyapunov function




