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Introduction

Introduction

Suppose there are N players and the ith player’s strategy vector is
x; € R™. Denote

X = (X1, .00y XN)y  Xei = (X1, e ey Xim1y Xigds -« s XN)-

The Nash equilibrium problem (NEP) is to find a vector x such
that for each i =1,..., N, the x; solves the following optimization
problem, for given x_; of other player's strategies.

g, fi(xi, x—i)

Fi(X—i) : S.t. g;J(X,') =0 (j € g,’), (11)
gij(xi) = 0(j € Zy).

A solution of the NEP is called a Nash equilibrium (NE).
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Introduction

Notations

In the above
» fi(xi,x_;) - The ith player's objective function.
» g j(xi) - The ith player’s constraining function.
» &; - The labelling set of equality constraints.
> 7; - The labelling set of inequality constraints.
» n; - The dimension of x;.

Besides that, we let
> n:=m+---+ny.
> m; =& UTZ;.
> Xi = {x; eR": gij(x;)=0( € &), gij(xi) >0( €L}
> [k] :={1,..., k}.
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Introduction

Introduction

Example 1.1

Consider the 2-player NEP with the individual optimization

min  xq1(x1,1 + x2,1 + 4x02) + 2x1272,
1st player: ¢ x€R? ) )
s.t. 1— (Xl,l) = (X172) >0,

min X271(X171 +2x12 + X271)
XQERZ

2nd player: +x22(2x1,1 + x12 + X2,2),
s.t. 1— (X2,1)2 = (X2,2)2 > 0.
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Introduction

Introduction

This NEP has only 3 NEs, which are
Ist NE: x; =(0,0), x5 =(0,0);
2nd NE: x§ = (1,0), x= %( ,—2);
3rd NE: xf = (—1,0), x3 :%

It is interesting to note that each player’s objective is strictly
convex with respect to its strategy, because their Hessian's with
respect to their own strategies are positive definite. However, there
are 3 isolated Nash equilibria.
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ial optimization formulations

Optimality conditions for individual optimization

Consider the ith player's individual optimization problem F;(x_;) in
(1.1), for given x_;. For convenience, we write the constraining
functions as

gi(xi) == (gi1(xi), - & m(x))
Suppose x* = (x7,...,x5) is @ NE. Under linear independence
constraint qualification condition (LICQC) at x;*, there exist
Lagrange multipliers \;; such that

27 AigVxgij(x7) = Vi fi(x"), (2.1)
0<XijLegilx)=0( €T '

The above is the Karush-Kuhn-Tucker (KKT) condition for the
optimization F;(x*;).
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Polynomial optimization formulations
0®000000000

Optimality conditions for individual optimization
Therefore, x* and \;; satisfy the following polynomial system for
alli=1,...,N

vX,‘gi,l vX,‘gi,2 et vX,'gi,m,'

by \
gi1(x) 0 o 0 )\,’; 0
0 gio2lx) - 0 =1 . (22
0 0 - gim(x)] 2
i F(x
Gitx) fi(x)

If there exists a matrix polynomial H;(x;) such that
Hi(xi)Gi(xi) = Im;, (2.3)

then we can express \; as

Ai = Hi(x)Gi(xi)\i = Hi(x)F(x). (2.4)
X. Tang (with J. Nie) Nash Equilibrium Problems of Polynomials

UC SanDiego



= i imization formulations

Optimality conditions for individual optimization

Interestingly, the matrix polynomial H;(x;) satisfying (2.3) exists
under the nonsingularity condition on g;. The polynomial tuple g;
is said to be nonsingular if Gj(x;) has full column rank for all

x; € C" [1]. It is a generic condition. We remark that if g; is
nonsingular, then the LICQC holds at every minimizer of (1.1), so
there must exist \;; satisfying (2.1).
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omial optimization formulations

Optimality conditions for individual optimization

Assume that every constraining polynomial tuple g; is nonsingular.
Then \; j(x) can be expressed as polynomials as in (2.4), and each
Nash equilibrium x* satisfies the following polynomial systems
(i=1,...,N)

Vi fi(x) = 272 )‘u(x) x8ij(Xi) =
(Si) 9 &ij(xi) = (J € &), Aij(x)gij(xi) = O(J €Ly, (25)
gij(xi) 2 0( € T;), Aij(x) > 0(j € Z;).

The above are necessary conditions for NEs. When every
optimization in (1.1) is convex, the (2.5) are sufficient conditions
for NEs.
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Fu\ nomn\ ;pt\mum on formulations

Optimization based on KKT conditions

Let [x]4 be the vector of monomials in x whose degree are not
greater than d. Choose a generic positive definite matrix

O ¢ R(n—i—l)x(n—i—l)'

Then we consider the following optimization problem

min [Xl{ -© - [x]1
st Vifi(x) = 277 Aij(x)Vxgij(xi) = 0(i € [N]),
gij(x;)) =0( €& i€ [N]), (2.6)
ij(x)gij(xi) =00 € Zi, i € [N]),
(xi) = 0( €Z;,i € [N]),
)\,‘J(X) > 0(_/ SYINES [N])
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4 ial optimization formulations

Optimization based on KKT conditions

Under the nonsingularity assumptions on gj, every Nash
equilibrium x* is a feasible point of (2.6), while the converse is
typically not true. However, for every feasible point x of (2.6), the
x; is a critical point for the optimization F;(x_;). It is important to
observe that if (2.6) is infeasible, then there are no NEs. If (2.6) is
feasible, then it must have a minimizer, because its objective is a
positive definite quadratic function. Moreover, for generic ©, the
minimizer of (2.6) is unique.
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Po ial E};;t\'m'\zation formulations
Checking the Nash equilibrium

Assume that v := (u1, ..., uy) is an optimizer of (2.6). If each u;
is a minimizer for the optimization problem F;(u_;), then v is a
NE. To this end, for each player, consider the optimization
problem:
wi=min  fi(x;, u_;) — fi(uj, u_;)
s.t. gij(xi) =0( € &), (2.7)
gij(xi) = 0( €TL).
If all the optimal values w; > 0, then v is a Nash Equilibrium.
However, if one of them is negative, say, w; < 0, then u is not a
NE. Let U; be a set of some optimizers of (2.7), then u violates
the following inequalities

fi(xi,x—;) < fi(v,x—;) (v € U). (2.8)

However, every Nash equilibrium must satisfy (2.8).
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mial optimization formulations

Excluding a point which is not a NE

When v is not a NE, we aim at finding a new candidate by posing
the inequalities in (2.8). Therefore, we consider the following
optimization problem:

min [X]{ -© - [x]1
st Vifi(x) = X7 Xj(x)Vxgij(xi) = 0 (i € [N]),
gij(xi) =0( € &,i€[N]),
Xij(x)gij(xi) = 0(j € Ti, i € [N]), (2.9)
gij(xi) > 0(j € Z;,i € [N]),
Nij(x)>0(j e ie [N]),
filv,x_;) — fi(xi,x=i) > 0 (v € K;, i € [N]).

In the above, each KC; is a set containing optimizers of (2.7). If the
minimizer of (2.9) is verified to be a NE, then we are done.

Otherwise, we can add more inequalities like (2.8).
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Polynomial optimization formulations

Repeating this procedure, we get the following algorithm.

Algorithm 2.1 (Finding one Nash equilibrium)

For the NEP given as in (!.1), do the following

S.0 Initialize KC; := () for all i and / := 0. Choose a generic
positive definite matrix © of length n+ 1.

S.1 Solve the polynomial optimization problem (2.9). If it is
infeasible, there is no NE and stop; otherwise, solve it for
an optimizer u.

S.2 For each i =1,..., N, solve the optimization (2.7). If all
wj > 0, uis a NE and stop. If one of w; is negative, go to
the next step.

S.3 For each i with w; < 0, obtain a set U; of some (may not
all) optimizers of (2.7); then update the set K; := K; U U;.
Let /:= 1+ 1, then go to Step 1.
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optimization formulations

Finding one Nash equilibrium

Theorem 2.2 (J. Nie, X. Tang)

Assume each constraining polynomial tuple g; is nonsingular and
let A j(x) be Lagrange multiplier polynomials as in (2.4). Let G be
the feasible set of (2.6) and G* be the set of all NEs. If the
complement G\G* is a finite set, i.e., the cardinality

¢ :=|G\G*| < oo, then Algorithm must terminate within at
most ¢ loops.
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optimization formulations
oL}

Finding one Nash equilibrium

Corollary 2.3 (J. Nie, X. Tang)

Assume each gj is a nonsingular tuple of polynomials. Suppose
each g j(x;) (j € &) is linear, each g j(x;) (j € Z;) is concave, and
each fi(x;,x_;) is convex in x; for given x_;. Then Algorithm

must terminate at the first loop with / = 0, returning a NE or
reporting that there is no NE.
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Polynomial optimi formulations
00«

More Nash Equilibria

*

Assume that x* is a Nash Equilibrium produced by Algorithm
i.e.,, x* is also a minimizer of (2.9). Note that all KKT points x
satisfying

X{ Okl < [x{Ox']y

are excluded from the feasible set of (2.9) by the constraints
f,’(U,’,X_,') — ﬁ(X,',X_,') >0 (VU e, Vie [N])

If x* is an isolated NE (e.g., this is the case if there are finitely
many NEs), there exists a scalar ¢ > 0 such that

XI{ ©xl1 > [x]{ Ox"]1 + 6

for all other NEs x.
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Polynomial upt\mu n f >rmulations

More Nash EqU|I|br|a

For such 4, we can try to find a different NE by solving the
following optimization problem

min [x]{ ©[x]1

st Vifi(x) = 372 Aj(x)Vxgij(xi) = 0(i € [N]),
gij(xi) =0(j € &;,i € [N]),
Aij(x)gij(xi) = 0(j € Zi, i € [N]), (2.10)
gij(xi)>0(j €Zie[N]),
Aij(x) > 0(j € Z;,i € [N]),
filv,x_;) — fi(xi,x_;) > 0 (v € K;,i € [N]),
[X]{ ©[x]1 > [x*]{ ©[x*]1 + 9.

When an optimizer of (2.10) is computed, we can check if it is a
NE or not by solving (2.7). If it is, we get a new NE that is

different from x*. Otherwise, we can union new points to X;.
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Polynomial upt\mu on fumulat\'ons

More Nash EqU|I|br|a

A concern in computation is how to choose the constant § > 0 for
(2.10). We want a value § > 0 such that there is no other Nash
equilibrum v such that [u]{ ©[u]; < [x*]{ ©[x*]1 + §. To this end,
we consider the following maximization problem

max [x]{ ©[x]1
s.t. Vi f( ) Zmi )"J( )vx,gl,j(xi) :0(16 [N])a
g,'J(X,) O(_j €&, ie [N])
Aij(x)gij(xi) = 0(j € Zi, i € [N]), (2.11)
i(x;)>0(eZ,iec[N]),
>0(j €L, € [N]),
fi(v,x_i) — fi(xi,x_;) > 0 (v € K;,i € [N]),

Nash Equilibrium Problems of Polynomials
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Polynomial opti ion formulations

More Nash Equilibria

Interestingly, if x* is also a maximizer of ( ), then the feasible
set of ( ) contains all NEs except x*, under some general
assumptions.

Proposition 2.4 (J. Nie, X. Tang)

Assume © is a generic positive definite matrix and x* is a
minimizer of (2.9).
(i) If x* is also a maximizer of (2.11), then there is no other Nash
Equilibrium v satisfying [u]{ ©[u]1 < [x*]{ ©[x*]1 + 6.
(i) If x* is an isolated KKT point, then there exists § > 0 such
that x* is also a maximizer of (2.11).
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Polynomial optimization formulations
00008000

More Nash Equilibria

Algorithm 2.5 (Finding more Nash Equilibiria)

Give an initial value for ¢ (say, 0.1).

S.1 Solve the maximization problem (2.11). If its optimal value
n equals v := [x*]{ ©[x*]1, then go to Step 2. If n is bigger
than v, then let 6 = min(d/5,n7 — v) and repeat this step.

S.2 Solve the optimization problem (2.10). If it is infeasible,
then there are no additional NEs; if it is feasible, solve it
for a minimizer u.

S.3 For each i =1,..., N, solve the optimization (2.7) for the
optimal value w;. If all w; > 0, stop and v is a NE. If one of
wj is negative, go to Step 4.

S.4 For each i € [N], update the set K; := K; U U;, and then go
back to Step 2.
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Polynomial opti ion formulations

More Nash Equilibria

Theorem 2.6 (J. Nie, X. Tang)

Under the same assumptions in Theorem

positive definite matrix and x* is an isolated KKT point, then
Algorithm must terminate after finitely many steps, returning a
NE that is different from x* or reporting the nonexistence of other

NEs.

, if © is a generic

X. Tang (with J. Nie)
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Polynomial optimization formulations

More Nash Equilibria

Once a new NE is obtained, we can repeatedly apply
Algorithm 2.5, to compute more NEs, if they exist. In particular, if
there are finitely many NEs, we can eventually get all of them.

Corollary 2.7 (J. Nie, X. Tang)

Under the assumptions of Theorem 2.6, if there are finitely many
Nash equilibria, then all of them can be found by applying
Algorithm repeatedly.
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Polynomial optimization formulations
°

More Nash Equilibria

Theorem 2.8 (J. Nie, X. Tang)

Let dij > 0, ajj > 0 be degrees, for i € [N],j € [m]]. If each g;; is
a generic polynomial in x; of degree d;; and each f; is a generic
polynomial in x and its degree in x; is a; j, then the KKT system
has finitely many complex solutions and hence the NEP has finitely
many KKT points.
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Moment-SOS relaxations

Localizing and moment matrices

Let RN2¢ denote the space of all real vectors that are labeled by
o € Nj,. Each y € Ry is labeled as

y = (Ya)aeNgd-

Such y is called a truncated multi-sequence (tms) of degree 2d.
For a polynomial f = ZaeNgd foz® € R[z]2q4, define the operation

<f7)/> = Z faYa- (31)

ozEN’zd

The operation (f,y) is a bilinear function in (f,y).
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Moment-SOS relaxations

Localizing and moment matrices

For a polynomial g € R[z] with deg(q) < 2k and the integer
t = k — [deg(q)/2],

the outer product g - [2]:([z]:)" is a symmetric matrix polynomial
in z, with length ("T*). We write the expansion as

q- [Z]t([z]t)T = ZaeNgd Z%Qa,

for some symmetric matrices Q.. Then we define the matrix
function

L) = 3y Yo (3.2)

It is called the kth localizing matrix of q and generated by y. For
given g, Lgd)[y] is linear in y. Clearly, if g(v) > 0 and y = [u]24,
then

LY = q(u)[u]elu]{ = 0.
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SOS relaxations

Localizing and moment matrices

When g is the constant one polynomial, the localizing matrix
L(ld)[y] reduces to a moment matrix, which we denote as

Maly] == L{[y].

For instance, for n=2and y € RN?*, we have

Yoo Y10 Yo1 Y20 Yi1 Yo2

Yo Y20 Yi1 Y3 Y21 Y12

I\/I2[y] _ | Yor Y1 Yoz Y21 Yi2 Y03
Y20 Y30 Y21 Yao Y31 Y22
yir Y1 Y12 Y31 Y22 Y13

L Yo2 Y12 Yo3 Y22 Y13 Yo4 |
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The optimization for all players

First, we discuss how to solve (2.9). Suppose the set ; is given,
for each player. For notational convenience, denote the polynomial
tuples

®; = {Vx,-ff(X) - A,j(x)vxl_g,j}
{g"] Jeg} { () 8ij: jEI}
Vi= {f;(v,x_,-) — fi(xi,x—i): vEK; } (33)

ey i € Tpu{A00 e T},

And the unions
N N
o :=Jo, v:=v. (3.4)
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The optimization for all players

Then, the optimization (2.9) can be equivalently written as

Omin = mln 9(x) = [x]{ O[x]1

s.t. p(x)=0(Vpeod), (3.5)
q(x) 20 (Vge V).
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The optimization for all players

Denote the degree
do := max{[deg(p)/2]: p€ DU V}.

For a degree k > dy, consider the the kth order moment relaxation

for (3.5)
Iy = min 0,y)
st oy =1, Lf)k)[y]kz 0(p € @), (3.6)
Maly] = 0, LETy] = 0(q € W),
y € RN2k

Nash Equilibrium Problems of Polynomials

X. Tang (with J. Nie)



Moment-SOS relaxations

The optimization for all players

Algorithm 3.1

Let 0, ®,V be as in (3.7). Initialize k := dp.
Step 1 Solve the moment relaxation (3.0). If it is
infeasible, (3.5) has no feasible points and stop;
otherwise, solve it for a minimizer y*.
Step 2 Let u = (y5,...,ya ). If u is feasible for (3.5) and
Yk = 0(u), then v is a minimizer of (3.5).
Otherwise, let k := k + 1 and go to Step 1.
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Moment-SOS relaxations

The optimization for all players

Theorem 3.2 (J. Nie, X. Tang)

Assume the matrix © is a generic positive definite matrix and
Ideal[®] + Qmod[V] is archimedean.

(i) If the polynomial optimization (3.5) is infeasible, then the
moment relaxation (3.6) must be infeasible when the order k
is big enough.

(ii) Suppose the optimization (3.5) is feasible. Let u(%) be the
point u produced in the Step 2 of Algorithm in the kth
loop. Then u(%) converges to the unique minimizer of (3.5).
In particular, if the real zero set of ® is finite, then u(¥) is the
unique minimizer of (3.5), when k is sufficiently large.
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(periments

Numerical experiments

Example 4.1

. 3 .
min_ 37 g x (X —J - x2,)

1st player: ¢ x€R3 J
sit. 1—x11x122>20,1—x12x13>0, x12>0,

, 3
min  [[7oq xo + 2° X1 ix1 Xk + le iX2, i X2
7nd ol ) xeR3 1<i<j<3 1<i<3

na player: 1<k<3 1< <k§3

sit. 1—(x1)?— (x2)*=0.

The first player's optimization is non-convex, with an unbounded
feasible set.
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cal Experiments

The Lagrange multipliers can be expressed as

ofi of
Mg =1 —xax2)a.y M2 = —xiggs

A2 = (X2 vX2 f2)

ofi f
)\173 - X171 6)(1’1 - 72 dX172 ’

Applying Algorithm 2.5, we get four NEs:

(0.6396,0.6396, —0.4264);

— (0.3198,0.6396, —0.6396),  x; =
; (—0.8346,0.3895,0.3895);

x; = (0.0000, 0.3895, 0.5842),
x = (0.2934, —0.5578,0.8803), (0 5869, —0.5578, 0.5869);
x; = (0.0000, —0.5774, —0.8660), x} = —(0.5774,0.5774,0.5774).

Their accuracy parameters (the biggest absolute value of the
minimum of (2.7)) are respectively

7.1879-1078, 3.5040 - 1077, 4.3732-107",6.4360 - 10~".

It took about 30 seconds.
Nash Equilibrium Problems of Polynomials
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If the second player’s objective becomes

_ HX2’J —|—le iX2 i X2 k — le iX1,jX2 ks

1<i<3 1<i<j<3
1<j<k<3 1<k<3

then there is no NE, which is detected by Algorithm 2.1. It took
around 16 seconds.
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Example 4.2

1st player:

2nd player:

3rd player:

Numerical Experiments

min  (2x1,1 — x12 + 3)x1,1x0,1

x1 ER?
+[(2x1,2)? + (x3,2)%]x1,2
st. 1—x{x >0,

. 2_
Jmin, 10e1)" —x2bes

+[(x22)? + 2x32 + x1,2x3,1]%2,2
s.t. X2TX2 —1=0,x12>0,x,>0,

min (X171X172 = 1)X3,1 = [3(X372)2 + 1]X372
x3ER2

+2[x31 + X32]x3,1X32
st. 1-— (X371)2 >0,1-— (X3,2)2 > 0.

X. Tang (with J. Nie)

Nash Equilibrium Problems of Polynomials

UC SanDiego




al Experiments

The Lagrange multipliers can be represented as

1(,T LixJ o
A= =300 Vah), A1 =300 Voh), Ao =55 =201k,
_Bf, _ _ x31 Of: _ X320 Of;
A23 = 2 —2x02M21, A31= _78X33,1’ A3 = 2 8X332'

X2,2
Applying Algorithm 2.5, we get the unique NE

x; = (—0.3558, —0.9346),
x¢ = (1.0000, 0.0000),
x} = (—0.3331,1.0000).

The accuracy parameter is 9.2310 - 10~°. It took around 9 seconds.
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Numerical Experiments

Example 4.3

Consider the 2-player NEP

min  2xq1x12 + 3x1.1(x2.1)? + 3(x12)?x2.2
X1€R2

Ist player: s.t. (X171)2 + (X1’2)2 —-1>0,
2—(x1)* = (}2)* >0

min  (x21)3 + (%.2)% + x1.1(x2,1)?
XQERZ

2nd player: +x1,2(%2,2)% + x1,1x12(%2,1 + X2,2)
s.t. (X2’1)2 =+ (X2’2)2 —1> 0,
2— (x1)* 4 (x22)? > 0.
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Numerical Experiments

The Lagrange multipliers can be represented as (i = 1,2):

1
"V (1 — X" x).

1
)\,',1 = *Vx.f-TX,'(z — X,-TX,')7 )\,‘72 = 2

2 it
By Algorithm 2.5, we get the unique NE

xi = (—1.3339,0.4698), x5 = (—1.4118,0.0820),

with the accuracy parameter 3.5186 - 1078, It took around 5
seconds.
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ical Experiments

Example 4.4

Consider the unconstrained NEP

x F
1st player: ' I) 0<i<
X1 e R™,
X I
2nd player: i= ( 21) 0<i<
X2 € an
X: aF
3rd player: i=1 ( 2 0<i<
x3 € R™,

where X1,0 = X2,0 = X300 = 1, and n = np = n3.

X1, X1, (X1, k+X2,i+X3,7)

(m)?

2

<j<k<n

x2,ix2,j (X0, k+X3,i4X1,7)
(m2)?

2

<j<k<np

x3,ix3,j(X3,k+x1,i+x2,7)
(n3)?

2

<j<k<ns

X. Tang (with J. Nie)
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Experiments

We implement Algorithm for the cases nj =2,---,6. The
computational results are shown in the following table. For all
cases, we computed a unique NE successfully and obtained that
x{ = x5 = x3 (up to round-off errors).

m X[ =X =Xx3 w* time

2 (—0.8410, —0.7125) —8.8291-10~° 0.34

3 | (-0.6743,-0.6157,-0.5236) | —6.6507 - 10—° 1.58
(—0.5950, —0.5606 B 9

4 . 0.5007. —0.4363) 1.0577 - 10 16.86
(—0.5476,—-0.5247,-0.4919, | 109

5 ' 0.4472, —0.3860) 4.4438 - 10 177.63

¢ | (=0.5157,-0.4902,—0.4762, | o0 10 0| 1379 97

—0.4457, —0.4060, —0.3534)

The time is displayed in seconds.
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Experiments

Example 4.5

Consider the NEP of the electricity market problem [3]. There are
three generating companies, and the ith company possesses s;
generating units. For the ith company, the power generation of his jth
generating unit is denoted by x; j, whose maximum capacity is E; j,
and the cost is %c,-,j(x,-,j)2 + d; jx; j, where E; j, ¢; j, d; j are parameters.
The electricty price is given by

3 si
o(x) == b— Q(ZZX"J)'

i=1 j=1

The aim of the each company is to solve the following optimization
problem:

3 1 Si 2 Si
min 5> " (cij(xi; di ixij) — o(x 2 %% 5):
b players | 8 36000 + dhgr) — (ST x)
s.t. 0< Xjj < E,'J (j € [5,']).
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eriments

The Lagrange multipliers according to the constraints
8i2j-1:=Ejj—x;j>0,gi2; := x;j > 0 can be represented as

of; of;

Aigj—1= - Xij/ Eijs Nipj = Ix + Aigj—1-(J € [si])
i

COx J

We run Algorithm for the following setting:

si=1, a=1, b =10,

c1,1 = 0.4, c,1 = 0.35, 2 =0.35, c3,;1 = 0.46, c32 = 0.5, c3,3 =0.5,
di1 =2, dr1 =175, drp=1, d3 1 =225, d3p =3, d3 3 =3,
E11=2, Ey 1 =2.5, Ey» =0.67, E3;=1.2, E3» =18, E33=1.6.

We found the unique NE
xf =1.7184, x} = (1.8413,0.6700), x; = (1.2000,0.0823,0.0823).

The accuracy parameter is 5.1183 - 10~7. It took about 8 seconds.
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Conclusions

This paper studies Nash equilibrium problems that are given by
polynomial functions. Algorithms and are proposed for
computing one or all NEs. The Lasserre type Moment-SOS
hierarchy of semidefinite relaxations are used to solve the
appearing polynomial optimization problems. Under generic
assumptions, we can compute a Nash equilibrium if it exists, and
detect the nonexistence if there is none. Moreover, we can get all
Nash equilibria if there are finitely many ones of them.
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