MATH 142A: Introduction to Analysis

www.math.ucsd.edu/~ynemish/teaching/142a

Today: Properties of continuous functions
> Q&A: February 10
Next: Ross § 19

Week 6:
Homework 5 (due Sunday, February 14)

Regrades of HW3 (Monday, February 8 - Wednesday, February 10)



The maximum-value theorem
Def 183 Let § be o function and let Acdom(f) . £is called
bounded on A if .
Thm 181 Let £ be o function, [abJc dom(¥), £ is continuous on [a,b]
Then ()
Gi)
Proot (i) Suppose that { is not bounded on taib)
=
® (%w) is bounded
® Yk  aexnceh
® xelab) £ cont. onfab)




The moaximum-volue theorew

Proof (i) Denote M= : PD\J (),

®© M=sup i £6): xeTaibl)
@ Vn (M-gefb)em)
@ Y¥n (Ine[a\b'l)
®  Yoeloubl 5 £ 15 continuous at yo
> by
(Exercise: prove that 3 xeefaib] st.  Vxe fah) (o) 4 £/x))

EXOLW\P‘QS

) ’Hﬂ:% 9) F() =2
. continuous on  (0,1] . cont on (0,1
« wnbounded ow (00 | ¢ NO MoXIMUM

on [o,1)



Intermediate value theorem
Thw 8.2 Let f be contimuous on the interval TecR. Let abeT
st a<¢h  Then
() (@) <£(6) and ye (He) F()
Gi) F(@>£(5) and ye (£ F(@)
Proot (i) Consider S= { xefab]: —F(1)>\j‘J

O aeS. gu?SZQ‘Su‘)(S)SSU.‘)fN\o—]‘b
‘4

®

Then
@ .DQ‘(:\'Y\-Q 'th =




Imoge of an (nterval
Cor. 182  Let § be continuous on the interval T. Then

f(D={+b): xeTy

Proof K ¥ xe T f{x)=yo  thew £(T)=y..
O Let Yi¢y. e (1), Then

| et ye (9 4e).

v x| then

£_>

cIF xe¢x,, then
5
® Let inf £ ¢ supF(1) Then | y e (inf £11), sup £0))



Exomples

) swn: (p,2m) - R

stn ((021)) c [-1,17

2) 4 >R, ()= sgnfx) {

1) =
= f(-£)c £lo) =0

But ¥ Y€ (—1.0)

{Xe(—i\o\ '. -F(l)z‘j‘] =



Continuwty of SJt\r‘iC‘Hj wnereosing  functions .
Def 18.8 Function § 15 cofled
(strictly) increasing if x<y = $60£l) (£x)ef))
(s{‘ricﬂuﬂ éecreusiv\3 £ 14y -F(:L)z-(-‘(uj) (,(:(1)>-F(j)>
Thm 18.5  Let g be strietly increasing function on interwal J

\f 3( 3) is an infervad | thew

Proo‘g . Let Xo € J‘ Aes > ‘\V\‘F .] | Xo< .SQP j_ ‘_rb\.ev\

\Je_rhrts the €-T definition ot contiwuity . Fix €>0, £¢&..
Then

Now | ¥ xe (x,71)

Talke Thewn



lnverse  function
Det 18.9 Function $: X~ 7’ is colled one-to-one (or bf‘)‘ec-h‘on)
f ind

Example  stn: 7, T] 010 is one-to-one

1) 2 '
Sth: [0, T = [ou) s not one-to- OV\e_/ .‘i \
2
Def 1810 Let §:X5Y be o b(jcct(on, Y= £(X).
Then the Function S'NQV\ by ( )

is called the inverse of §. In particular
Example - st LI S [0
« filore) 5[0 ) =1
E s S’(‘r'\c:\'\j ‘mc,re_cks'mc\x) (Aecxe_o.&'w\j)mn X (thew 4 X2 £ s

Qo 'oi:\e ction




Continuity and the inverse function

Thm 18. 4 Let £ be o continuous striduj ]V\crmsih3 finc tion
on some tnferval T, Then J=4(1) is an tnterval and

~r: 72T s
Proot ® -{:\ 'S S’(r(chLJ '\ncrmsimj . Take Yo g € J . iy

Denote %24 (4) | % =—f-|(\]1), “Then

|'€ I—| Z 17_ “LL\Q“
@ J is an nterval P;»j Cor.18.3 T is either o or
o . Since £ S‘\'ric.’rlj ‘mcreqs'\nB ~J is an

® O+



One - to-one  continuous functions

Thm 186 Let § be o one-to-one continuouws function on oM

wmteeval T Then £ 35 or
Proodt @ W a¢bee then either of
Otherwise or

\

£ £(b)>mox {$(a) f(c)y . choose
Then \»3 Thm 18.2

_ Sim'\‘m(sj when {(h)éwv\{-ﬁ&hﬂc)ﬁ.
@ lale any Ro¢bs . |§ F@s) < f(he) ,than £ is on 1.

® Similacly 1§ F(00)> F(bo) ,than £1s decreasing.
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